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Exercise I: Strongly convex functions

One considers a convex function f : X — R U {+oo}, proper, lsc, and one assumes it is p-strongly convex:

Yo,y € X, t €[0,1],

t(1—1)
e -

Here, X can be R¥, a Hilbert space, or even a Banach space, without changing much the results. We recall

(see lecture notes or slides) that for all z,y € X and p € 9f(x),

I”.

flz+ (1 =t)y) <tf(z)+ A -0)f(y) —n

F@) = f@) + oy —2) + Sl =yl

We introduce the conjugate:

f(p) := sup (p,x) — f(x)

zeX

1. What can we say about f*? Deduce that for any p,q € X'*,
* * * 1
F(@ < 70+ (VF@)a =)+ 3l —pll?

(here the norm || - ||« on X is the dual norm of | - ||, which, in the Euclidean or Hilbert cases, is the same as
- 1)

We know that f* is C! with V f* (1/u)-Lipschitz, from the lecture notes (this is obtained by considering the
conjugate of the second characterization of strong convexity). The estimate is then deduced in a standard
way (by considering Taylor’s expansion of f* near p).

2. We consider z,y € X with nonempty subgradients, and p € 9f(x), ¢ € 9f(y). Deduce from the previous
question that

f(@) < F) + @z — ) + inq 2.

Hint: use Legendre-Fenchel’s identity.

We use the inequality in the previous question. We first remark that

(p,x) = f(x) + f*(p), (¢ =fly)+f(0),

in addition, © = V f*(p) and y = Vf*(q). Then, we replace f*(q) with {(¢,y)— f(y) and f*(p) with (p, z) — f(x)
in that inequality. We easily conclude.

Exercise II: Polyak Step Sizes

[After Polyak, 1987, Hazan & Kakade, 2022] We consider a variant of the subgradient descent algorithm, with
the assumption that the value of the minimizer is known. The idea is due to Boris Polyak (Introduction to
Optimization, 1987).

Let f € CL(RY) (R is endowed with the standard Euclidean scalar product and norm) a convex function,
with a minimizer z*, and we assume the value f(z*) is known. We will denote o > 0 the convexity parameter
of f:

Vay, fy) 2 f@) + V@) - (o) + Gl -l (50)



(o = 0 means f is just convex, o > 0 means strongly convex), and § € [0, +0o0] the Lipschitz constant of the
gradient (8 = +o00 means f might not have a Lipschitz gradient):

Ve, f6) < F@)+ V@) (- o)+ Dyl (Lip)

We consider the algorithm, given zy and a number of iterations K:
1. let kK = 0 and then do:
fa*) = f(az¥)

k
S T
3. okt = 2k — kv f(2¥),
4. k+ k+1,
5. stop if K = K or some ending criterion is satisfied, else return to 2
6. return the point xj such that f(x*) = min, f(2°).

1. Welet dy := ||z* — 2*||. Show that

(f(=") = f(z*))?
IV

2 2
Ay < di —

One has
a1 — a2 = [l — 2| — 20V S (@) - (2 a®) + ()OS
By convexity, f(x*) > f(z¥) + Vf(aF) - (z* — 2¥), that is, =V f(2*) - (2% — 2*) < —(f(2*) — f(2*)), hence:
2™+t — 2| = [la® — 2| — 20" (f(2*) — f(@*) + )1V ()]

The choice 0¥ in the algorithm is precisely the 1 which minimizes the right-hand side, and the optimal value
answers the question.

2. Deduce that, lettlng G = Sup”m_z*ngﬂxo_ﬁ” ‘Vf(.'I?)H,

min f(a*)— (o) < A0

0<k<K \/E
Summing (1) from k£ =0 to K — 1, one finds
K— & -
))2

K
K a2 By N2 < (2K — 2|2
Iz T+ G? o?ililx(f(x ) =S < e wI Z ||Vf -

3. We now assume 3 < +o0o, that is, f has Lipschitz gradient. Show that
V@I < f@) — fa) < Dl -0
2p - =2

The right hand side comes from (Lip), replacing x with 2* (and using V f(z*) = 0) and y with x.
The left-hand side comes from the co-coercivity: one has

f) > F(@) + V@) - (y— )+ %nvm) V(@)

which can be deduced from the fact that f* is (1/8)-convex (see slides and lecture notes). Again, replacing
x with z* and y by x shows the inequality.



4. Deduce that .
”karl —.17*||2 < ||:17k o x*||2 . f(x ) — f(x*)
= 25 bl
and then that
28|2° — ||
< — .

min f(z¥) — f(z*) <

0<k<K K
One first uses that:
flz) — f(z")
IVf()?

1 1
%llvf(flf)ll2 < fl@) = fa") & > 55
so that from the first question,
f@@®) — f(z¥)

203 ’

2 2
Ay < dip —

Reasoning then as in the second question, we have

kY _ * k-1 kY _ *

The result follows.

7. One now assumes that o > 0. Show that for any x,

e - oI < @)~ ) < oV H@)I

Hint: one possibility is to use Exercise I, Question 2.

Now, the left-hand side follows trivially from (SC) (for = replaced with 2* and y with x). The right-hand side
follows from the previous exercise, second question: one has for any x, y:

F(@) < F0)+ V@) - (=) + 5 IV )~ V)P
Choosing y = z*, we get the estimate.

8. Show that for all £ > 1,
2G

avE+1

lz* — 2*|| <

where G is as in question 2.

Now, we use that (f(2*) — f(z*))? > a?d}/4 to find that:

2
2., < d? (1 . ad2>
b= AV f(zR)[2"

We deduce that if a;, = %d%,

ap+1 < ap(l —ag)

so that a; < k%_l Hence for all &, .
d? < _ 46T
~a?(k+1)



9. Now we consider the case where both a@ > 0 and 8 < +00. Show that for all k£ > 0,

taci-)a
Deduce that f(z*) — f(z*) < B(1 — a/(48))F||2° — z*||?/2.

As in question 4., we have

1) - )

2 2
dyy < dj — 23
Using then question 7., left hand side, we obtain
2
2 o _ ady
Ay < dj — a3

In particular, dy < (1 — a/(45))"~’/2d0,
Again using that Vf is Lipschitz, we have f(z*) — f(z*) < #/2d}, and the conclusion follows.

10. Returning to the strongly convex case (a > 0, § possibly +00), using (1) and question 8., show that

w_C

1) - s < S

for some constant C' depending on G, . Hint: sum (1) from k/2 (or (k + 1)/2 if k odd) to k.
Summing (1) from [k/2] to k, we find:

2
tdi < digyg < o

() — F(2*))2
3 (f (=) 2f( )
0=Tk/2]

where we have used the estimate in question 8. for d%k /21"
It follows that

koo . 8G?2
22 Oglglgk(f(xé) — f(z")? < %
so that 12
: AN ) <
Orgnelgkf(x )= flat) = —-.

Exercise III - conjugates

Find the convex (Legendre-Fenchel) conjugate f*(y) = sup,, (z,y) — f(z) in the following cases:

1 f(x)=alnz—2x for z >0 (and 0In0 = 0), and +oo for z < 0.

f'(z) = In(z), hence (f')~!(y) = exp(y), and this should be (f*)’, which shows that f*(y) = exp(y) (plus a
constant, but f*(0) = —min, f is reached for Inxz = 0, that is « = 1, and the value is 1).

2. fix— —yzifz>0,+ooif z <0.

For f(x) = —\/x (z > 0) we can have y = f'(z) = —1/(2y/x) only if y < 0. Actually, if y > 0, yx + /2 — +0
as ¥ — 400, so that f*(y) = +oo. Otherwise, z = 1/(4y?) and f*(y) = —1/(4ly]) + 1/2ly|) = 1/(4|y|) =
—1/(4y).



3. f(x)=0ifz; >0, ) 2; =1, and 400 else, for z € R™ (f is the characteristic function of the (n —1)-
dimensional unit simplex): show that f*(y) = max; y;.

First, denoting ¥ the unit simplex, one has f*(y) = sup,ey @ -y < (max; g,)(zj xj) = max; y; since y; <
max; y; for all i = 1,...,n and x; > 0 for x € X. Then, if z; = 0 for all 7 except z; = 1 for 7 such that
y; = max; y;, then z -y = max; y;. Hence, [*(y) = max; y;.

4. f(z)=0if Y ;z;=0and Y ., |2;| <2, and f(z) = +oo else, for € R™.

First, the sup is reached at an extremal point, hence one can assume » . |z;| = 2 at a maximum. Then for
such z, z; = 2 — x; (positive — negative part) with Y, 27 =", 2; and ), xE = 1. Hence,

[y = sup Z wfy + sup Z —T; Y

Ijzo,zi m:r:] i z, >0, z; =1
One has ), Tj'?/, < max; y; and if Tj' = 0 except ;7 = 1 for 7 such that y; is the maximal value, Do Tj'y, =
y; = max; y;. Then also, SUD,~ 505 41 > —x; ¥ = max;(—y;) = —min; y;. Hence, f*(y) = max;y; —
min; y;. ' o
Exercise IV: First eigenvalue of the Dirichlet Laplace operator

We consider @ ¢ RV, N > 1, a bounded, connected open set, and the (Hilbert) space H'(Q) of Sobolev
functions such that Vu € L?(€;RY) and

[l 1Val? do =
Q

is finite. We consider more precisely Hj(£2), which is the closure in H!(Q) of the smooth functions with
compact support. The first eigenvalue of the (Dirichlet) Laplacian is defined as the number:

M(Q) = mf{/ Vul2ds s u € HY(Q )/|u| dx—l} (M)

We admit that A\; > 0 and we want to show that the problem (A1) is in fact a convex problem.
We recall an important fact about Sobolev functions: if u,v € H!(Q), then w = max{u,v} € H(2) with,
for almost every x € :

Vu(z) if u(z) > v(z),
Vuw(z) = Vo(zx) if u(z) > v(z),
Vu(z) = Vo(z) if u(z) = v(z).
and in particular, |V|u|| = |Vu| almost everywhere.

1. Show that in (A1) one can consider only non-negative and boudned functions. One first has to show that
the set:

Ay = {/ |Vul*dz :u € H&(Q),/ |u|?dx = 1} = {/ |Vul?de : u € Hy(Q),u >0 a.c.,/ |u|?dx = 1}
Q Q Q Q
and then that

Ay = closure of{/ \Vul|?de :u € HY(Q),IM,u < M a.e.,u >0 a.e.,/ lu|?dx = 1}
Q Q

The first statemet is obvious since [|Vu|?> = [|V|u|[®. For the second, we consider u > 0 and the sequence
ur = min{u, k} for k > 1. Then, it is a sequence of non-negative bounded functions in Hj(£2). One has
ur < u, hence:

lz/uid.r:/ 1L2dm+k2\{u>k}\=1—/ w de + k*|{u > k}|.
Q {u<k} {u>k}



In particular [{u > k}| < 1/k* — 0 (so that (), {u > k} has zero measure) and one also deduces f{u>k} u?dr —

0, which shows that [uidz — 1. Welet u}, = ug/y/ [ u2 so that u}, is bounded, non-negative, and [ uﬁfd:z =1.
In addition, Vuy = Vu a.e. in {u < k}, 0 in {u > k}, so that

/\Vuk|2dx:/ \Vu\Qd:c:/ |Vu|2d;L'f/ |Vu|?d.
JO J{u<k} Q {u>k}

The last integral goes to zero again. We also deduce that [ |Vu}|*dz — [ |Vu|da.

2. We assume u € Aj, and that u is bounded and non-negative. We let v = u2. We admit that v € HJ ()
(this is because u is bounded). Show that:

Fo@l - if y(z) > 0,
Va(e)| = 4 20
0 ifo(z)=0

almost everywhere in Q.

One has Vv = 2uVu = 2y/vVu so that |[Vu| = 2,/v|Vu|. In addition, v = 0 if and only if u = 0. From the
introduction, Vu = 0 a.e. in {u = 0}. This shows the result.

3. We consider the function, defined for (p,t) € RN x R:

P ir e >0,

D(p,t) =<0 if (v,t) = (0,0),
+oo ift<0ort=0,v#0.

Show that ® is positively 1-homogeneous.
This is obvious as for ¢ > 0, A > 0, |Ap|?/(4\t) = A(|p|?/(4t)), etc.
4. Show that for (p,t) € RY x R,
D(p,t) :sup{p-q+ts (g,8) ERY xR, |q]? +5 < 0}

What can we say about the function ®?

e Ift <O, SUP|q|24s<0 P - ¢ + ts = +00 since one can send s — —o0.
o Ift =0, supjg2y45<op-q+ts=sup,p-q=+ocif p# 0,0 else (since one can always choose s = —1q|?).
o If t >0, sup|g25<oP ¢ +ts=sup,p-q— tlq]? = tsup,p- (q/t) — lq|? = |q|?/(4t).

In particular, ® is convex, Isc, as the conjugate of the characteristic function of {(g, s) : |q|*> + s < 0}.

5. Deduce that:

Ay = closure of{/ ®(Vo,v)dr :v € HY(Q),3M,0<v < M a.e.,/ vdr = 1}.
Q Q

and show that this set is convex. Conclude.

Given u € Hi (), bounded, nonnegative, with u € A;, we have that the function v = u? is in H}(Q), non-
negative and bounded, and [, vdz = 1. In addition, thanks to question 2., |[Vu|* is [Vv[?/(4v) if v > 0, and
0 if v = 0, almost-everywhere. As a result, [ |Vu|* = [ ®(Vv,v). Hence the set in the right-hand side of the
question is the same as the set in the last equation of question 1. Now since ® is convex, this set is convex.
Hence the minimization problem for finding A\; can be written as a convex minimization problem.



