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First example: Cucker–Smale Model
N particles, at positions xi ∈ Rd , aligning their velocities vi ∈ Rd .

dxi

dt
= vi ,

dvi

dt
=

1
N

N∑
j=1

K(|xj − xi |)(vj − vi).
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First example: Cucker–Smale Model

Theorem : Cucker-Smale 2007 [CS07, HL09]

Flocking if
∫ +∞
0 K(r)dr =∞.

For any initial condition, there exists C , λ,M > 0 and v∞ ∈ Rd such
that |vi(t)− v∞| ⩽ Ce−λt and |xi(t)− xj(t)| ⩽ M (for all i , j and t ∈ R).
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First example: Cucker–Smale Model

Exercise : a strong observation kernel is needed

For 2 particles, with x1 = x2 = 0 initially, prove that there exists some
“observation kernel” K > 0 such that |x1(t)− x2(t)| → +∞.
Idea : reverse engineering (start by given trajectories x1(t) and x2(t)
and find K).
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Second example: aligning self-propelled particles (2D)

N particles, at positions xi ∈ R2, with speed 1 and angle θi ∈ R.

dxi

dt
=

(
cos θi
sin θi

)
= τ(θi),

dθi
dt
=

1
N

N∑
j=1

K(xj − xi) sin(θj − θi).

Exercise : well-posed ODE in R3N

This is an ODE of the
form dZ

dt = B(Z). If K is bounded
and Lipschitz, then B is globally
Lipschitz and Cauchy-Lipschitz
theorem applies.
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Empirical measure, indistinguishable particles

Definition : Empirical measure µN
t =

1
N

N∑
i=1
δxi ⊗ δθi

∀ϕ ∈ C b(R2 × R), ⟨ϕ⟩µN
t
=

∫
R2×R

ϕ dµN
t =

1
N

N∑
i=1

ϕ(xi(t), θi(t))

Exchangeability : µN
t invariant under label permutations, all the particles

zi = (xi , θi) follow the (non-autonomous) flow{
dx
dt = τ(θ)
dθ
dt = b[µN

t ](x , θ),

where we have set b[f ](x , θ) =
∫
R2×R K(x ′ − x) sin(θ′ − θ) df (x ′, θ′).

Exercise : close equation for µN
t !

Prove that µN
t is a weak solution of the following kinetic equation :

∂tµ
N
t + τ(θ) · ∇xµ

N
t + ∂θ(b[µ

N
t ]µ

N
t ) = 0.
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Vlasov equation

Useful notation : Jf =
∫
R τ(θ)df (θ), and J K

f = K ∗ Jf . We then
get b[f ](x , θ) = ∂θ(τ(θ) · J K

f ).

Theorem : global well-posedness

If K is bounded and Lipschitz, then the Vlasov equation

∂t f + τ(θ) · ∇x f + ∂θ(∂θ(τ(θ) · J K
f )f ) = 0

is well-posed in C([0,T ],P1(R2 × R)).

Ref.: H. Spohn, “Large scale dynamics of interacting particles” [Spo91].

Solve the linear (nonautonomous)
equation ∂t f + τ(θ) · ∇x f + ∂θ(∂θ(τ(θ) · J(x , t))f ) = 0 by
characteristics : f = Φ(J).

Fixed point in C([0,T ],P1(R2 × R)) of f 7→ Φ(J K
f ). Links

between the Lipschitz character of K and contraction in
Wasserstein distance.
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Third example: same thing, with noise !

System of stochastic differential equations (SDE).

dxi =

(
cos θi(t)
sin θi(t)

)
dt,

dθi =
1
N

N∑
j=1

K(|xj − xi |) sin(θj − θi) dt +
√

2σ dB i
t .
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Artificial confinement
If x 7→ K(|x |) is periodic (think with small compact support + periodic
extension), then everything works in C([0,T ],P(R2/Γ× R/2πZ)).
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Same thing, with noise

dxi = τ(θi) dt, dθi =
1
N

N∑
j=1

K(xj − xi) sin(θj − θi) dt +
√

2σ dB i
t .
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More noise !

Now µN
t is a probabilistic object (realisations of the brownian motions).

How to get a kinetic equation for that ?

⇝ Law of large numbers. . . ⟨ϕ⟩µN
t
=

1
N

N∑
i=1
ϕ(xi(t), θi(t))

?→ ⟨ϕ⟩µt .

Main ref.: A.-S. Sznitman, “Topics in propagation of chaos” [Szn91].
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Existence theory for SDEs
Rewrite the system in integral formulation, and with b[µN

t ]

(exchangeability).

xi(t) = x0
i +

∫ t

0
τ(θi(s)) ds,

θi(t) = θ0i +
∫ t

0
b[µN

s ](xi(s), θi(s)) ds +
√

2σB i
t .

If K is bounded and Lipschitz : fixed point argument as in Cauchy-
Lipschitz theory. Pathwise global existence and uniqueness of solutions.

Law of the 3N-dimensional process (linear), Ito formula

Probability density f N(x1, θ1, . . . ) of finding particles around (xi , θi) :

∂t f N +

N∑
i=1

[τ(θi) · ∇xi f
N + ∂θi (b[µ

N ](xi , θi)f N)] = σ

N∑
i=1

∂2
θiθi

f N ,

where b[µN ](x , θ) =
1
N

N∑
j=1

K(xj − x) sin(θj − θ).
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Marginals, as in BBGKY hierarchy ?

Exercise : equation of the first marginal

If f N,1(x , θ) =
∫

f N(x , θ, x2, θ2 . . . )dx2dθ2 . . . dxndθn
and f N,2(x , θ, x ′, θ′) = . . . , then

∂t f N,1 + τ(θ) · ∇x f N,1 + N−1
N ∂θ(b[f

N,2(x , θ, ·, ·)](x , θ)) = σ∂2
θθf

N,1.

If f N,1 → f and f N,2 → f ⊗ f (asymptotic indep. of two particles), then

∂t f + τ(θ) · ∇x f + ∂θ(b[f ]f ) = σ∂2
θθf .

This is very formal, but we recover the (nonlinear) Vlasov equation with
a diffusion. Can we rigorously derive this equation ?
Notice that it can be written (since b[f ] = ∂θ(J K

f · τ(θ))) as

∂t f + τ(θ) · ∇x f = σ∂θ

(
e

1
σ
J K

f ·τ(θ)∂θ

(
f

e
1
σ
J K

f ·τ(θ)

))
.
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The nonlinear coupling processes
We look at processes which are the natural limits of (xi , θi) as N →∞.

Theorem [Szn91]

There exist a unique solution, pathwise and in law, to

x̄(t) = x0 +

∫ t

0
τ(θ̄(s)) ds,

θ̄(t) = θ0 +
∫ t

0
b[µ̄s ](x̄(s), θ̄(s)) ds +

√
2σBt ,

whee µ̄t is the law of the process x̄(t), θ̄(t) : E[ϕ(x̄(t), θ̄(t))] = ⟨ϕ⟩µ̄t .

No more index i , no more N, only one particle interacting with its
own law.
Fixed point problem for the law µ̄t .
PDE satisfied by µ̄t ? by Itō formula, we get

∂t µ̄t + τ(θ) · ∇x µ̄t + ∂θ(b[µ̄t ]µ̄t) = σ∂
2
θθµ̄t .
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Distance between processes
We therefore introduce (x̄i , θ̄i), the nonlinear coupling processes
associated to the same initial conditions x0

i , θ
0
i and Brownian

motion B i
t . Their law is always µ̄t (if the initial condition are iid), and

they are independent. They satisfy

xi − x̄i(t) =
∫ t

0
[τ(θi)− τ(θ̄i)](s) ds,

θi − θ̄i(t) =
∫ t

0

(
b[µN

s ](xi(s), θi(s))− b[µ̄s ](x̄i(s), θ̄i(s))
)

ds,

For convenience : z i
t = (xi(t), θi(t)), z̄ i

t = (x̄i(t), θ̄i(t)), and the new

empirical distribution µ̄N
t =

1
N

N∑
i=1
δz̄ i

t
. We obtain

|θi − θ̄i(t)| ⩽
∫ t

0
|b[µN

s ](z
i
s)− b[µN

s ](z̄
i
s)|ds (use b[f ](·) Lipschitz)

+

∫ t

0
|b[µN

s ](z̄
i
s)− b[µ̄N

s ](z̄
i
s)|ds (use b[·](z) Lipschitz)

+

∫ t

0
|b[µ̄N

s ](z̄
i
s)− b[µs ](z̄ i

s)|ds (LLN for indep. processes).
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Distance between processes (continued)

We obtain, after using exchangeability and taking expectation

E[|z1
t − z̄1

t |] ⩽ C
∫ t

0
E[|z1

s − z̄1
s |]ds +

∫ t

0
E[|b[µ̄N

s ](z̄
1
s )− b[µs ](z̄1

s )|]ds.

Recall: b[µ̄N
s ](z̄

1
s ) =

1
N

N∑
i=1
β(z̄ i

s , z̄
1
s ) and b[µs ](z̄1

s ) =
∫
β(z , z̄1

s )dµs(z),

with β(z , z ′) = K(x − x ′) sin(θ − θ′), so β is bounded and Lipschitz.

Therefore E[|b[µ̄N
s ](z̄

1
s )− b[µs ](z̄1

s )|] = E
[∣∣∣ 1

N

N∑
i=1

Yi

∣∣∣], where the random

variables Yi = β(z̄ i
s , z̄

1
s )−

∫
β(z , z̄1

s )dµs(z) are centered, bounded,

pairwise independent. We get E
[∣∣∣ 1

N

N∑
i=1

Yi

∣∣∣]2
⩽ 1

N2E
[( N∑

i=1
Yi

)2]
⩽

C
N
.

Final estimation (with Gronwall)

sup
t∈[0,T ]

W1(f N,1(t), µ̄t) ⩽ sup
t∈[0,T ]

E[|z1
t − z̄1

t |] ⩽
eCT
√

N
.
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Remarks, to go beyond

More details in [Szn91] : convergence of the empirical measure,
case of non independent initial conditions, but “chaotic”.

No propagation of chaos uniformly in time : eCT
√

N
is small only

if T ≪ ln N.

Can be adapted to non binary collisions, when b[µN ] is not linear
in µN , but only Lipschitz, and when σ also depends on µN [Oel84].

Same model in higher dimensions (on the sphere) : [BCC12]

Unit speed particles (Xi ,Vi) ∈ Rd × Sd−1

dXi = Vidt, dVi =
1
N

∑N
j=1 K(Xi − Xj)PV⊥i

Vj +
√

2σPV⊥i
◦ dB i

t .

Careful : orthogonal projection to keep unit speed + Stratonovich
formulation for diffusion on the sphere. Limit law, density f (t, x , v):{

∂t f + v · ∇x f +∇v · (∇v (J K
f · v)f ) = σ∆v f

J K
f =

∫
Rd×Sd−1 K(x − y)v f (t, y , v)dydv .

Careful : divergence and gradient on the sphere, Laplace-Beltrami.
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Space-homogeneous model

No space, or K = 1 : only equations on angles (f is 2π-periodic now).{
∂t f + ∂θ(∂θ(Jf · τ(θ))f ) = σ∂θθf
Jf =

1
2π

∫ π
−π τ(θ) f (t, θ)dθ.

Fokker-Planck factorized formulations :

∂t f = σ∂θ(e
1
σ
Jf ·τ(θ)∂θ(e−

1
σ
Jf ·τ(θ)f )) = σ∂θ

(
MJf ∂θ

( f
MJf

))
,

with von-Mises distribution

MJ(θ) =
e

1
σ
J·τ(θ)

Z(J) , Z(J) =
1
2π

∫ π

−π
e
|J|
σ

cos θdθ.

Useful : ∂t f = σ ∂θ(∂θ(ln f − 1
σJf · τ(θ))f ).

Dissipation of free energy F(f ) = 1
2π

∫ π
−π f ln f dθ − 1

2σ∥Jf ∥2

d
dt
F(f ) = −

σ

2π

∫ π

−π
|∂θ(ln f − 1

σJf · τ(θ))|2 f dθ := −σD[f ].
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Homogeneous steady-states

Equivalent conditions for steady states of FP equation

D[f ] = 0.

f = MJ where JMJ = ⟨τ⟩MJ =
1
2π

∫ π
π τ(θ)MJ(θ)dθ = J.

f = MJ where J is a critical point of V (J) = 1
2σ∥J∥

2 − lnZ(J).
f is a critical point of F under unit mass constraint.

f = MJ where J is a critical point of W (J) = F [MJ ].

f = MκΩ for Ω ∈ S1 and κ = c(κ) for c(κ) =
1
2π

∫ π
−π

cos θe
κ
σ cos θdθ

1
2π

∫ π
−π

e
κ
σ cos θdθ

.

κ
c(κ) ↗ +∞ as κ→ +∞, and ↘ 2σ as κ→ 0.

Families of equilibria : threshold of phase transition

Case σ ⩾ 1
2 . Only solution : κ = 0. Isotropic equilibrium (global

minimizer of F , 0 is global min for W and V ).

Case σ < 1
2 . Either isotropic (saddle for F , local max for W , V ),

or unique solution κ(σ) > 0 : family of von-Mises distributions
(global min of F , same for W , V ). Close to Diracs if σ small.
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Long-time behaviour : modified entropy methods

Relative entropy and Fisher information.

H(f |g) =
1
2π

∫ π

−π
f ln

( f
g

)
dθ, I(f |g) =

1
2π

∫ π

−π
f
∣∣∣∂θ ln ( f

g

)∣∣∣2dθ.
Free energy / relative entropy identities :

F [f ]−F [feq] = H(f |MJf ) + V (Jf )− V (Jeq),

H(f |feq) = F [f ]−F [feq] + 1
2σ∥Jeq − Jf ∥2,

D[f ] = I(f |MJf ).

Csiszár-Kullback-Pinsker and log-Sobolev inequalities

1
2π

∫ π

−π
|f (θ)− g(θ)| dθ ⩽

√
2H(f |g).

There exists λ > 0 such that for all ∥J∥ ⩽ 1 and proba f on S1 we have

H(f |MJ) ⩽
1
2λ
I(f |MJ).
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Exponential convergence to a stable steady-state
Coercivity properties of V : there exists C > 0 such for J close the
set V∞ of minimizers, there exists J∞ ∈ V∞ such that (using CKP):

1
C
∥J − J∞∥2 ⩽ |V (J)− V (J∞)| ⩽ C∥∇V (J)∥2 =

C
σ
∥JMJ − J∥2

For J = Jf , using CKP: |V (J)− V∞| ⩽ 2C
σ H(f |MJf ).

Therefore by the free energy / relative entropy identities and LSI :

0 ⩽ F [f ]−F∞ ⩽ (1+ 2C
σ )H(f |MJf ) ⩽ C̃D[f ].

Gronwall : exponential decay of free energy, controlled by H(f |feq,0)
thanks to the identities. Stability: Jf stays close to V∞ (coercivity +
identities). Then d

dtJf exponentially controlled (CKB + identities).

Theorem (see also [FL12]): exponential stability

Let E∞ be the family of stable equilibria (in the sense of free energy),
then there exists δ, λ,C > 0 such that if H(f0|feq,0) < δ for feq,0 ∈ E∞,
then there exists f∞ ∈ E∞ such that

∀t ⩾ 0,H(f (t, ·)|f∞) ⩽ C e−2λt H(f0|feq,0).
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Movie time : the travelling bands (the phase transition
picture for the inhomogeneous model is hard !)
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More geometries, more movies (in progress, with S.
Motsch and A. Diez) !
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