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Motivation: “active matter”
Vicsek model (1995): self-propulsion, alignment, angular noise.
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Motivation

Aligning rotation matrices ?

dAk

dt
= −

∑
j∼k

νj ,k∇Ak (
1
2∥Ak − Aj∥2)

=
∑
j∼k

νj ,k∇Ak (Ak · Aj)

A · J is maximal (for J ∈ M3(R))
when A = A(J): polar decomp.

Self-propelled particles aligning their body orientation [DFMA17]

Positions Xk ∈ R3, orientations Ak ∈ SO3(R).dXk = Vkdt, Vk = Ake1

dAk = ν∇Ak (Ak · A(Jk))dt +
√

2τPTAk
◦ dBt,k , Jk =

∑
j∼k

νj ,kAj

Mean-field : νj ,k =
1
N K(|Xj − Xk |).
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Mean-field limit: propagation of chaos

Given A(x , t) ∈ M3(R), the law µ of

{
dX = V dt, V = Ae1

dA = κ∇A(A · A)dt +
√

2PTA ◦ dBt

satisfies the Vlasov–Fokker–Planck equation:

∂tµ+ (Ae1) · ∇xµ+ κ∇A · [∇A(A · A)µ] = ∆Aµ.

LLN: if (Xk ,Ak) follows the SDE system (+ independence of noises,
initial conditions), then 1

N

∑
k δXk ⊗ δAk ⇀ µ.

For A(J (Xk)), J (x) = 1
N

∑
j K(|x −Xj |)Aj , no more indep., but we get

asymptotic indep. when N → +∞: propagation of chaos [Szn91].

Transport + aggregation-diffusion on SO3(R) in the mean-field limit

If f N = 1
N

∑
k δXk ⊗ δAk , where (Xk ,Ak) is the solution of the coupled

SDE system, then for fixed T > 0, f N ⇀ f on [0,T ], where{
∂t f + (Ae1) · ∇x f + κ∇A · [∇A(A · A(Jf ))f ] = ∆Af

Jf (x) =
∫
R3×SO3(R) K(|x − y |)A f (A)dAdy .
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Local equilibria of the kinetic equation

Transport + aggregation-Diffusion on SO3(R) for f (t, x ,A){
∂t f + (Ae1) · ∇x f + κ∇A · [∇A(A · A(Jf ))f ] = ∆Af

Jf (x) =
∫
R3×SO3(R) K(|x − y |)A f (A)dAdy .

“von Mises” associated to A ∈ M3(R): MA(A) = 1
Z(A,κ)exp(κA · A).

Fokker-Planck formulation:

∂t f + Ae1 · ∇x f = ∇A ·
[
MA(Jf )∇A

( f
MA(Jf )

)]
.

Compatibility equation on M3(R). . .
Equilibria are functions of the form f = ρMA0 such that A0 = A(Jf ).

Jf = ρ⟨A⟩MA0
= ρJMA0

, A0 = A(ρJMA0
)

When A(J ) = J ∈ M3(R), another story [DDFMA20, Fro21] (first
order phase transition) ! But if A is the polar decomposition,
automatically satisfied for any A0 ∈ SO3(R): JMA0

= c1(κ)A0.
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BGK instead of Fokker-Planck

A simplified model (with same local equilibria)

∂t f + Ae1 · ∇x f = ρMA(Jf ) − f

From particles ? Run and tumble (exponential clocks, PDMP) ! [Die20]{
Xk(t) = Xk(tn) + (t − tn)Ak(tn)e1, t ∈ [tn, tn+1) (ballistic)

Ak(t) = Ak(tn), t ∈ [tn, tn+1), Ak(tn+1) ∼ MA(Jk (t−n+1))
(sampling)

Ake1

Ake1

1

Simulations by Antoine Diez
(Suppl. Mat. of [DDN22]).
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Hydrodynamic limit in the PDE world

Particles N→∞−→ mesoscopic (kinetic) PDE ε→0−→ Macroscopic PDE

Change scale in x and t by a factor ε (accelerate time, see from far)

∂t f ε + Ae1 · ∇x f ε =
1
ε

∇A ·
[
MA(Jf ε )∇A

( f
MA(Jf ε )

)]
(ρMA(Jf ε ) − f ε)

+O(ε).

Jf ε(x) =
∫

SO3(R)
f ε(A, x)dA (local in space).

Goal : “if”-theorem, supposing that f ε → ρ(x , t)MΘ(x ,t), with sufficiently
strong convergence and regularity. What is the PDE satisfied by ρ,Θ ?
Conserved quantities (such as mass) : integrate against invariant.

∂tρ+∇x · (JρMΘe1) = ∂tρ+∇x · (c1(κ)Θe1) = 0.

Trouble : no other conservation. . .

Amic Frouvelle Hydrodynamic models for rigid bodies October 2022 7/11



Hydrodynamic limit in the PDE world

Particles N→∞−→ mesoscopic (kinetic) PDE ε→0−→ Macroscopic PDE

Change scale in x and t by a factor ε (accelerate time, see from far)

∂t f ε + Ae1 · ∇x f ε =
1
ε

∇A ·
[
MA(Jf ε )∇A

( f
MA(Jf ε )

)]
(ρMA(Jf ε ) − f ε)

+O(ε).

Jf ε(x) =
∫

SO3(R)
f ε(A, x)dA (local in space).

Goal : “if”-theorem, supposing that f ε → ρ(x , t)MΘ(x ,t), with sufficiently
strong convergence and regularity. What is the PDE satisfied by ρ,Θ ?
Conserved quantities (such as mass) : integrate against invariant.

∂tρ+∇x · (JρMΘe1) = ∂tρ+∇x · (c1(κ)Θe1) = 0.

Trouble : no other conservation. . .

Amic Frouvelle Hydrodynamic models for rigid bodies October 2022 7/11



Hydrodynamic limit in the PDE world

Particles N→∞−→ mesoscopic (kinetic) PDE ε→0−→ Macroscopic PDE

Change scale in x and t by a factor ε (accelerate time, see from far)

∂t f ε + Ae1 · ∇x f ε =
1
ε

∇A ·
[
MA(Jf ε )∇A

( f
MA(Jf ε )

)]
(ρMA(Jf ε ) − f ε)

+O(ε).

Jf ε(x) =
∫

SO3(R)
f ε(A, x)dA (local in space).

Goal : “if”-theorem, supposing that f ε → ρ(x , t)MΘ(x ,t), with sufficiently
strong convergence and regularity. What is the PDE satisfied by ρ,Θ ?

Conserved quantities (such as mass) : integrate against invariant.

∂tρ+∇x · (JρMΘe1) = ∂tρ+∇x · (c1(κ)Θe1) = 0.

Trouble : no other conservation. . .

Amic Frouvelle Hydrodynamic models for rigid bodies October 2022 7/11



Hydrodynamic limit in the PDE world

Particles N→∞−→ mesoscopic (kinetic) PDE ε→0−→ Macroscopic PDE

Change scale in x and t by a factor ε (accelerate time, see from far)

∂t f ε + Ae1 · ∇x f ε =
1
ε

∇A ·
[
MA(Jf ε )∇A

( f
MA(Jf ε )

)]
(ρMA(Jf ε ) − f ε)

+O(ε).

Jf ε(x) =
∫

SO3(R)
f ε(A, x)dA (local in space).

Goal : “if”-theorem, supposing that f ε → ρ(x , t)MΘ(x ,t), with sufficiently
strong convergence and regularity. What is the PDE satisfied by ρ,Θ ?
Conserved quantities (such as mass) : integrate against invariant.

∂tρ+∇x · (JρMΘe1) = ∂tρ+∇x · (c1(κ)Θe1) = 0.

Trouble : no other conservation. . .

Amic Frouvelle Hydrodynamic models for rigid bodies October 2022 7/11



Hydrodynamic limit in the PDE world

Particles N→∞−→ mesoscopic (kinetic) PDE ε→0−→ Macroscopic PDE

Change scale in x and t by a factor ε (accelerate time, see from far)

∂t f ε + Ae1 · ∇x f ε =
1
ε

∇A ·
[
MA(Jf ε )∇A

( f
MA(Jf ε )

)]
(ρMA(Jf ε ) − f ε)

+O(ε).

Jf ε(x) =
∫

SO3(R)
f ε(A, x)dA (local in space).

Goal : “if”-theorem, supposing that f ε → ρ(x , t)MΘ(x ,t), with sufficiently
strong convergence and regularity. What is the PDE satisfied by ρ,Θ ?
Conserved quantities (such as mass) : integrate against invariant.

∂tρ+∇x · (JρMΘe1) = ∂tρ+∇x · (c1(κ)Θe1) = 0.

Trouble : no other conservation. . .

Amic Frouvelle Hydrodynamic models for rigid bodies October 2022 7/11



Generalized collisional invariants [DFMA17, DFMAT19]

For ∂t f ε + v · ∇x f ε = 1
εQ(f

ε), fix Θ ∈ SO3(R) and find invariants of
the form ψΘ(A) such that∫

SO3(R)
Q(f )ψΘ(A)dA = 0 for functions f such that PTΘJf = 0.

Integrate against ψA(Jf ε ) and pass then to the limit.

Theorem : formal hydrodynamic limit

If ρ and Θ are smooth enough, if f ε → ρMΘ strongly enough, they
satisfy the following PDE of first order (with Ω1 = Θe1):

∂tρ+∇x · (c1ρΩ1) = 0,

ρ
(
∂t + c2Ω1 · ∇x

)
Θ−WΘ = 0,

where W = F ∧Ω1 − c4 ρ∇x ∧Ω1, and F = −c3∇xρ− c4 ρΘ∇x ·Θ.
The constants are explicit (BGK) and c3 > 0.

BGK for SOn(R): [DDF21].
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Is it useful ? [DDN22]
Exact (interesting) periodic solutions found at the macroscopic level.
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Is it well-posed ? Numerically tractable ? [DFMAT22]
Hyperbolicity when c3 > 0. Uses some invariance by change of frame of
the linearized equation. In SOn(R), decouples in a 2× 2 system, (n− 2)
similar 2× 2 systems, and

(n−2
2

)
scalar equations.

By essence, non-conservativity. How to manage discontinuities ?

Relaxation schemes. Systems of first order PDES
for ρ > 0, M ∈ M3(R), conservative + source term inducing M to
converge to Θ ∈ SO3 when a small parameter α→ 0, and the
solution of the system to a solution of the original one.

∂tρ+ c1∇x · (ρMe1) = 0

∂t(ρM) +∇x · (F(ρ, ρM)) + λ∇xρ⊗ e1 = −
1
α
ρ(MMT − I )M

Larger interaction scaling : R = O(
√
ε).

Now Jf ε = Jf ε + εα∆xJf ε +O(ε2). Same strategy of generalized
collisional invariants lead to

∂tρ+∇x · (c1ρΩ1) = 0,

ρ
(
∂t + c2Ω1 · ∇x

)
Θ−WΘ = αPTΘ∆x(ρΘ).
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Individual mechanisms: noise and alignment

Interacting particles (orientations only, mean-field, strength ρ
N )dAk = ∇Ak (Ak · J)dt + 2PTAk

◦ dBt,k

J = ρ⟨A⟩ = ρ
N

∑
k

Ak
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How to measure alignment ?

Variance: ⟨∥A∥2⟩ − ∥⟨A⟩∥2 = 3
2 − (

∥J∥
ρ )

2 ∈ [0, 3
2 ].

Therefore c =
√

2
3 Tr(⟨A⟩⟨A⟩T ) =

√
2√
3ρ
∥J∥ is an order parameter: c ∈ [0, 1],

concentration ⇔ c ≈ 1, disorder (uniform) ⇒ c = 0.
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Numerical evidence of a first order phase transition
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