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First example: Cucker—Smale Model

N particles, at positions x; € R, aligning their velocities v; € R,

1 1
=V, — N ElK(X-—Xi)(V-—V!‘).

Theorem : Cucker-Smale 2007

S Al ' [CS07, HLO9]

o r o Flocking if [,"> K(r)dr = oco.
\é/w‘l/k - For any initial condition, there
- e exists C,A\, M > 0 and v, € R

N7 i [Vi(t) — Vso| < Ce™
> o xi(t) =X ()] < M
(for all /,j and t > 0).
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First example: Cucker—Smale Model

Exercise : a strong observation kernel is needed

For 2 particles, with x; = x> = 0 initially, prove that there exists some
“observation kernel” K > 0 such that |x;(t) — x2(t)| — +o0.

Idea : reverse engineering (start by given trajectories x;(t) and xx(t)
and find K).
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Second example: aligning self-propelled particles (2D)

N particles, at positions x; € R?, with speed 1 and angle ; € R.

dX,' COS@,‘ d@, 1 N .
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Second example: aligning self-propelled particles (2D)

N particles, at positions x; € R?, with speed 1 and angle ; € R.

dX,' COS@,‘ d@, 1 N .

L
Exercise : well-posed ODE in R3V
N This is an ODE of the
/;%/., o form 92 = B(Z). If K is bounded
e \ ) and Lipschitz, then B is globally
o f\ AN Lipschitz and Cauchy-Lipschitz
\\4 [ N theorem applies.
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Empirical measure, indistinguishable particles

A i 1N
Definition : Empirical measure Y = N > 0x ® Jg,
i=1

N
Vo CHREXR). Oy = [0 dull = 13 0lx(1). (1)

R2x

Amic Frouvelle Alignment models | : Particles — Kinetic equations June 2018



Empirical measure, indistinguishable particles

— . L &
Definition : Empirical measure pl = N > 0x ® Jg,
i=1

N
Vo CHREXR). Oy = [0 dull = 13 0lx(1). (1)

R2x

Exchangeability : u! invariant under label permutations, all the particles
zi = (x;, 0;) follow the (non-autonomous) flow

& = 7(6)
& = blul1(x.0),

where we have set b[f](x,6) = [po..p K(X' — x)sin(8' — ) df (X, 6').
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Empirical measure, indistinguishable particles

o iy 1N
Definition : Empirical measure ul = N > 0x ® Jg,
i=1

N
Vo CHREXR). Oy = [0 dull = 13 0lx(1). (1)

R2x

Exchangeability : u! invariant under label permutations, all the particles
zi = (x;, 0;) follow the (non-autonomous) flow

& = 7(6)
& = blul1(x.0),

where we have set b[f](x,6) = [po..p K(X' — x)sin(8' — ) df (X, 6').

Exercise : close equation for ul |

Prove that u,?’ is a weak solution of the following kinetic equation :

By +7(6) - Vst + Op(blug'Jut') = 0.
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Vlasov equation

Useful notation : Jr = [, 7(6)df(6), and JK = K Jr. We then
get b[f](x,8) = 0e(7(6) - JF).

Theorem : global well-posedness
If K is bounded and Lipschitz, then the Vlasov equation

Ocf 4 7(6) - Vi f + 86(8s(T(0) - JEYF) =0

is well-posed in C([0, T], P1(R? x R)).

Ref.: H. Spohn, “Large scale dynamics of interacting particles” [Spo91].
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Vlasov equation

Useful notation : Jr = [, 7(6)df(6), and JK = K Jr. We then
get b[f](x,8) = 0e(7(6) - JF).

Theorem : global well-posedness

If K is bounded and Lipschitz, then the Vlasov equation
Ocf +T(0) - Vif + 09(8s(T(8) - JE)F) =0

is well-posed in C([0, T], P1(R? x R)).

Ref.: H. Spohn, “Large scale dynamics of interacting particles” [Spo91].
@ Solve the linear (nonautonomous)
equation 0:f + 7(0) - Vi f + 0p(e(T(0) - J(x,t))f) =0 by
characteristics :  f = ®(J).
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Vlasov equation

Useful notation : Jr = [, 7(6)df(6), and JK = K Jr. We then
get b[f](x,8) = 0e(7(6) - JF).

Theorem : global well-posedness

If K is bounded and Lipschitz, then the Vlasov equation
Ocf +T(0) - Vif + 09(8s(T(8) - JE)F) =0

is well-posed in C([0, T], P1(R? x R)).

Ref.: H. Spohn, “Large scale dynamics of interacting particles” [Spo91].
@ Solve the linear (nonautonomous)
equation 0:f + 7(0) - Vi f + 0p(e(T(0) - J(x,t))f) =0 by
characteristics :  f = ®(J).
e Fixed point in C([0, T], P1(R? x R)) of f + ®(JK). Links between
the Lipschitz character of K and contraction in Wasserstein
distance.
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Artificial confinement

If K is periodic (think with small compact support + periodization),
then everything works in C([0, T], P(R?/I" x R/27Z).
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Same thing, with noise

N
dxi = 7(8,)dt, d6; ==Y K(x — x)sin(§; — 6;) dt + V20 dB.
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More noise !
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More noise |

P SR S

Now w} is a probabilistic object (realisations of the brownian motions).
How to get a kinetic equation for that 7

1 N
~> Law of large numbers. .. <Lp>“£v =N > o(xi(t)) 5 (©) e -
i=1
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More noise |

Now w} is a probabilistic object (realisations of the brownian motions).
How to get a kinetic equation for that 7

1 N
~> Law of large numbers. .. <Lp>“£v =N > o(xi(t)) 5 (©) e -

i=1
Main ref.: A.-S. Sznitman, “Topics in propagation of chaos” [Szn91].
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Existence theory for SDEs

Rewrite the system in integral formulation, and with b[u}]
(exchangeability).

xi(t) = x° —|—/0 7(6;(s)) ds,
0:(t) = 6° + /t bluM(xi(s), 6:(s)) ds + V20 Bi.
0

If K is bounded and Lipschitz : fixed point argument as in Cauchy-
Lipschitz theory. Pathwise global existence and uniqueness of solutions.
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Existence theory for SDEs

Rewrite the system in integral formulation, and with b[u}]
(exchangeability).

xi(t) = x° —|—/0 7(6;(s)) ds,
0:(t) = 6° + /t bluM(xi(s), 6:(s)) ds + V20 Bi.
0

If K is bounded and Lipschitz : fixed point argument as in Cauchy-
Lipschitz theory. Pathwise global existence and uniqueness of solutions.

Law of the 3N-dimensional process (linear), Ito formula

Probability density fV(x;, 81, ...) of finding particles around (x;, ;) :

N N
OcfN + ) [1(8:) - Vi N + 86, ([N (%, 0) FM)] = 0 > 03,
=1 i=1

where b[uN](x,0) = % ZN: K(x; — x)sin(6; — ).
=1
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Marginals, as in BBGKY hierarchy ?

Exercise : equation of the first marginal

If FN1(x,0) = [N(x,0, %, 05...)dxdbs . .. dx,db,
and FN2(x,0,x",6') = ..., then

e N+ 7(8) - VN1 4 ML 8(b[fV2(x,6, -, )](x, 6)) = 08",
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Marginals, as in BBGKY hierarchy ?

Exercise : equation of the first marginal

If FN1(x,0) = [N(x,0, %, 05...)dxdbs . .. dx,db,
and FN2(x,0,x",6') = ..., then

e N+ 7(8) - VN1 4 ML 8(b[fV2(x,6, -, )](x, 6)) = 08",

If fN1 — f and N2 — f ® f (asymptotic indep. of two particles), then
Otf 4+ 7(0) - Vif + 0p(b[f]f) = 0Oz .

This is very formal, but we recover the (nonlinear) Vlasov equation with
a diffusion. Can we rigorously derive this equation ?
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Marginals, as in BBGKY hierarchy ?

Exercise : equation of the first marginal

If FN1(x,0) = [N(x,0, %, 05...)dxdbs . .. dx,db,
and FN2(x,0,x",6') = ..., then

e N+ 7(8) - VN1 4 ML 8(b[fV2(x,6, -, )](x, 6)) = 08",

If fN1 — f and N2 — f ® f (asymptotic indep. of two particles), then
Otf 4+ 7(0) - Vif + 0p(b[f]f) = 0Oz .

This is very formal, but we recover the (nonlinear) Vlasov equation with
a diffusion. Can we rigorously derive this equation ?
Notice that it can be written (since b[f] = 8p(JK - 7(0))) as

L f
Orf +7(0) - Vif =00 (evjf 'T(e)ae(ux.@)) '
€of T

The right-hand side Fokker-Planck term is not only acting on the
angular variable 6, but not so far. ..
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The nonlinear coupling processes

We look at processes which are the natural limits of (x;, ;) as N — oo.

Theorem [Szn91]

There exist a unique solution, pathwise and in law, to
t -_—
x(t) = x° + / 7(6(s)) ds,
0
t
6(t) = 6° —l—/ blis](x(s),8(s)) ds + V20 By,
0

whee [i; is the law of the process x(t),0(t) : E[p(x(t),0(t))] = (©)a,.
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The nonlinear coupling processes

We look at processes which are the natural limits of (x;, ;) as N — oo.

Theorem [Szn91]

There exist a unique solution, pathwise and in law, to
t -_—
x(t) = x° + / 7(6(s)) ds,
0
t
6(t) = 6° —l—/ blis](x(s),8(s)) ds + V20 By,
0

whee [i; is the law of the process x(t),0(t) : E[p(x(t),0(t))] = (©)a,.

@ No more index /, no more N, only one particle interacting with its
own law.
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The nonlinear coupling processes

We look at processes which are the natural limits of (x;, ;) as N — oo.

Theorem [Szn91]

There exist a unique solution, pathwise and in law, to
t -_—
x(t) = x° + / 7(6(s)) ds,
0
t
6(t) = 6° —l—/ blis](x(s),8(s)) ds + V20 By,
0

whee [i; is the law of the process x(t),0(t) : E[p(x(t),0(t))] = (©)a,.

@ No more index /, no more N, only one particle interacting with its
own law.

@ Fixed point problem for the law [;.
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The nonlinear coupling processes

We look at processes which are the natural limits of (x;, ;) as N — oo.

Theorem [Szn91]

There exist a unique solution, pathwise and in law, to
t -_—
x(t) = x° + / 7(6(s)) ds,
0
t
6(t) = 6° —l—/ blis](x(s),8(s)) ds + V20 By,
0

whee [i; is the law of the process x(t),0(t) : E[p(x(t),0(t))] = (©)a,.

@ No more index /, no more N, only one particle interacting with its
own law.

@ Fixed point problem for the law [;.
e PDE satisfied by i; 7 by Ito formula, we get

Ol + 7(60) - Vxfie + Oa(bic]ie) = 0Ozt
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Distance between processes

We therefore introduce (x;, 9_;), the nonlinear coupling processes
associated to the same initial conditions x°, 6% and Brownian

motion BL. Their law is always fi; (if the initial condition are iid), and
they are independent. They satisfy

56— %(t) = /O [r(9) — T(8))(s)) ds,
6 — Bi(t) = / (ble1(xi(s). 6:(s)) — blEsI(Xi(s). 8i(s))) ds,

Amic Frouvelle
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Distance between processes

We therefore introduce (X;, ;), the nonlinear coupling processes
associated to the same initial conditions x°, 6% and Brownian

motion BL. Their law is always fi; (if the initial condition are iid), and
they are independent. They satisfy

56— %(t) = /O [r(9) — T(8))(s)) ds,
6 — Bi(t) = / (ble1(xi(s). 6:(s)) — blEsI(Xi(s). 8i(s))) ds,

For convenience : z/ = (x;(t),8:(t)), zi = (x:(t),8:(t)), and the new
N

empirical distribution Y = & >° d5;. We obtain
=1
t
16; — 6i(1)] </ |b[u](20) — b1(Z)|ds  (use b[f](:) Lipschitz)
0
t
+/ |b[u'](20) — b[Ed1(Z)|ds  (use b[-](2) Lipschitz)
0

t
+/ |b[EN](Z0) — blus](20)|ds  (LLN for indep. processes).
0
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Distance between processes (continued)

We obtain, after using exchangeability and taking expectation

Ellzt -z < C / E[|z} - 2![]ds + / E[b[aM)(z1) — blus] (21 1ds.
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Distance between processes (continued)

We obtain, after using exchangeability and taking expectation

Ellzt -z < C / E[|z} - 2![]ds + / E[b[aM)(z1) — blus] (21 1ds.

Recall: BEY(22) = & 32 (2L, 72) and blusl(22) = [ B(z, 2})dus(2)

=

1
with B(z,2") = K(x — x)sin(6 — €’), so B is bounded and Lipschitz.
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Distance between processes (continued)

We obtain, after using exchangeability and taking expectation

Ellzt -z < C / E[|z} — 2}[)ds + / E[b[AM)(21) — blus] (21 1ds.

Recall: B{Y)(22) = & 3 B(2, 21) and blus](2}) = [ B(z, 21 )chus(2),

1
with B(z,2") = K(x — x)sin(6 — €’), so B is bounded and Lipschitz.

f } where the random

Therefore ]E[|b[p,2’](251) - b[/“LS](ZSI)” - EH% -N1

variables Y; = B(2.,z}) — [ B(z, z})dus(z) are centered, bounded,

[ <a=l(S9)]<w

N
pairwise independent. We get EH%
i1

June 2018
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Distance between processes (continued)

We obtain, after using exchangeability and taking expectation

Ellzt -z < C / E[|z} - 2![]ds + / E[b[aM)(z1) — blus] (21 1ds.

Recall: B{Y)(22) = & 3 B(2, 21) and blus](2}) = [ B(z, 21 )chus(2),

1
with B(z,2") = K(x — x)sin(6 — €’), so B is bounded and Lipschitz.

N
Therefore E[|b[a](z2) — blus](22)]] = EH% ; } , Where the random
i=1

variables Y; = B(z!, z2) — [ B(z, z})dus(z) are centered bounded,

2 2 C
1 <% il
I <=5 <7

N
pairwise independent. We get EH%
i1

Final estimation (with Gronwall)

June 2018
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Remarks, to go beyond

@ More details in [Szn91] : convergence of the empirical measure,
case of non independent initial conditions, but “chaotic”.
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Remarks, to go beyond

@ More details in [Szn91] : convergence of the empirical measure,
case of non independent initial conditions, but “chaotic”.

@ No propagation of chaos uniformly in time.
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Remarks, to go beyond

@ More details in [Szn91] : convergence of the empirical measure,
case of non independent initial conditions, but “chaotic”.

@ No propagation of chaos uniformly in time.

@ Bolley, Cafizo, Carrillo deal with the case of non-Lipschitz
forces [BCC11]. Price to pay : estimate worse than ﬁ

June 2018

Amic Frouvelle Alignment models | : Particles — Kinetic equations



Remarks, to go beyond

@ More details in [Szn91] : convergence of the empirical measure,
case of non independent initial conditions, but “chaotic”.

@ No propagation of chaos uniformly in time.

@ Bolley, Cafizo, Carrillo deal with the case of non-Lipschitz
forces [BCC11]. Price to pay : estimate worse than ﬁ

e Can be adapted to non binary collisions, when b[u"] is not linear

in uN, but only Lipschitz, and when o also depends on u" [Oel84].

Amic Frouvelle Alignment models | : Particles — Kinetic equations June 2018



Remarks, to go beyond

More details in [Szn91] : convergence of the empirical measure,
case of non independent initial conditions, but “chaotic”.

No propagation of chaos uniformly in time.

Bolley, Canizo, Carrillo deal with the case of non-Lipschitz
forces [BCC11]. Price to pay : estimate worse than ﬁ

Can be adapted to non binary collisions, when b[u"] is not linear
in uN, but only Lipschitz, and when o also depends on u" [Oel84].

Same model in higher dimensions (on the sphere) : [BCC12]
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Remarks, to go beyond

More details in [Szn91] : convergence of the empirical measure,
case of non independent initial conditions, but “chaotic”.

No propagation of chaos uniformly in time.

Bolley, Canizo, Carrillo deal with the case of non-Lipschitz
forces [BCC11]. Price to pay : estimate worse than ﬁ

Can be adapted to non binary collisions, when b[u"] is not linear
in uN, but only Lipschitz, and when o also depends on u" [Oel84].

Same model in higher dimensions (on the sphere) : [BCC12]

Central limit theorem ? Fluctuations ?
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Remarks, to go beyond

@ More details in [Szn91] : convergence of the empirical measure,
case of non independent initial conditions, but “chaotic”.

@ No propagation of chaos uniformly in time.

@ Bolley, Cafizo, Carrillo deal with the case of non-Lipschitz

forces [BCC11]. Price to pay : estimate worse than ﬁ

e Can be adapted to non binary collisions, when b[u"] is not linear
in u", but only Lipschitz, and when ¢ also depends on u"V [Oel84].
@ Same model in higher dimensions (on the sphere) : [BCC12]

Central limit theorem ? Fluctuations ?

We want “local” interactions. . .

In simulations K(x) = Ko(R — |x|)+, with R small : in average, a
particle (among 4000) interacts with only 90. The strength Kj has to
be big, so bad Lipschitz constants... Scalings ? The goal is to increase
the size of the periodic box, without changing K.

Amic Frouvelle Alignment models | : Particles — Kinetic equations June 2018



Moderate interaction [Oel85] (Méléard, Jourdain,...)

Interaction between particles within distance Ry = N%

Take Ky = z»K(£-), interaction with around N*~# particles :
N

N

1 g . ;

dx; = 7(0,)dt, db; = NP E K(Nz(xj—x;)) sin(6;—6;) dt+v/20 dB;.
=1
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Moderate interaction [Oel85] (Méléard, Jourdain,. ..

Interaction between particles within distance Ry = N

Take Ky = z»K(£-), interaction with around N*~# particles :
N

N
1 g . ;
dx; = 7(0,)dt, db; = NP E K(Nz(xj—x;)) sin(6;—6;) dt+v/20 dB;.

Non-linear process | :
=7(OV)dt, @l =law(x"(t),0M(t))

:/ KNS (x — ) sin(6 — 8)d (x, 8) dt + v/25 dB:.
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Moderate interaction [Oel85] (Méléard, Jourdain,. ..

Interaction between particles within distance Ry = w57

Take Ky = z»K(£-), interaction with around N*~# particles :
N

dx; = 7(0;)dt, do, = ZK(N (x;—x;)) sin(8,—6;) dt++v/20 dBL.

Nlﬁ

Non-linear process | :
dx" = 7(8%)dt, A =law(x"(t), V(1))

é://\/ﬁK(/\/ (x — 2M)) sin(6 — §Y)dz" (x, 6) dt + V25 dB;.

PDE for the evolution of the law ) :
Belat + T(0) - Vifir + o (b" [l ae) = 085g/ie,

where b[f](x,0) = [po,z NPK( NE (X' — X)) sin(6’ — 6)df (x', 8).
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Moderate interaction (continued)

Non-linear process Il :
dx = 7(0)dt, [r = law(x(t),0(t))
6= u/ sin(6 — 0)dfis(x,0)dt +V20dB;, v= / K(x)dx.
R R2
PDE for fi¢ : 8¢fir + T(0) - Vifie + Oo(blfe] i) = 003 e,

where b[f](x,0) = [, sin(6/ —0)df(x,8") = Bp(7(6) - J¢(x)) is an
operator acting only on the angle variable 6.

Amic Frouvelle Alignment models | : Particles — Kinetic equations June 2018



Moderate interaction (continued)

Non-linear process Il :
dx = 7(0)dt, [r = law(x(t),0(t))
6= u/ sin(6 — 0)dfis(x,0)dt +V20dB;, v= / K(x)dx.
R R2
PDE for fi¢ : 8¢fir + T(0) - Vifie + Oo(blfe] i) = 003 e,

where b[f](x,0) = [, sin(6/ —0)df(x,8") = Bp(7(6) - J¢(x)) is an
operator acting only on the angle variable 6.

Candidate : Vlasov-Fokker-Planck, local in x

) f
Bef +7(6) - Vif = 00 (e”Jf'T(e)ag <W)) '
€o

Higher dimensions : 7(8) ~ v € S, Jr = [q,; vdf(v).

eg.}f'\/

Bef +v-Vyf =0V, - (eZJf'Vvv(f)) .

Problems : kinetic version + relies on the well-posedness of the PDE.
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The travelling bands
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More geometries (in progress, with S. Motsch)
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