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Self-propelled particles aligning their body orientation [DFMA17]
Positions X, € R3, orientations Ay € SO3(R).

dX, = Acerdt
WA= T v Ta 3~ AP0 +27Pr, o 0B
JN
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Individual mechanisms : noise and alignment

dA=pV(A-Ap)dt+2Pr, > dBt, p=1 dA = pV(A-Ap)dt + 2 Py, dBt, p=10
[ L]
] L]
[ L]
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Individual mechanisms : noise and alignment

dA=pV(A-Ap)dt+2Pr, > dBt, p=1 dA = pV(A-Ap)dt + 2 Py, dBt, p=10
[ L]
] L]
[ L]

Interacting particles (orientations only, mean-field, strength %)

dAx = vAk(Ak 0 J)dt I 2'DTAk o dB:
J=p(A) = %:Ak
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How to measure alignme

dA, =V(A,-/)dt +2Pr, e dBtn, p=1 dAn =V(Ap-J)dt + 2 Py, > dBt,n, p=10
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Numerical evidence of a first order phase transition

500 simulations with 500 particles at time t=0.00
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Equilibria of the space-homogeneous kinetic equation

Aggregation-Diffusion on SO3(R) for f(t, A)

{Grf + V- Va(A: Jp)f] = Aaf
p = fSO3(R) f(A)dA (COﬂStant I), Jf = ,0<A> — fSO3(R) A f(A)dA
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Compatibility equation on M3(R) (9-dimensional ?)

Equilibria are functions of the form f = pM such that

J=p(Am, (= p/ AM,(A)dA = pdum;,)
S05(R)
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Equilibria of the space-homogeneous kinetic equation

Aggregation-Diffusion on SO3(R) for f(t, A)

{Grf + V- Va(A: Jp)f] = Aaf
p = fSO3(R) f(A)dA (COﬂStant I), Jf = ,0<A> — fSO3(R) A f(A)dA

“von Mises" associated to J € M3(R) : M,(A) = %exp(J - A).
Fokker-Planck formulation : 8:f = V4 |:MJfVA : (MC)]
f

Compatibility equation on M3(R) (9-dimensional ?)

Equilibria are functions of the form f = pM such that

J=p(Am, (= p/ AM,(A)dA = pdum;,)
S05(R)

Actually 3d : (A0 = P{A)m, @ for P, @ € SO3(R).
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Link with quaternions and rodlike polymers

Doi-Onsager theory with Maier-Saupe potential
Density f(t,q), g € So/{%1} : try to maximise (g - q)°.

{atf +Vg- [Vq(Cl' qu))] = Aqf
p= o,y F(@da,  Qr = fs5,/211(a ® g — 31d)f(q)dq
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Doi-Onsager theory with Maier-Saupe potential
Density f(t,q), g € So/{%1} : try to maximise (g - q)°.

{atf +Vg- [Vq(Cl' qu))] = Aqf
p= o,y F(@da,  Qr = fs5,/211(a ® g — 31d)f(q)dq

An isometry and isomorphism

Unit quaternion — Rotation matrix.
Matrix in M3(R) —Symmetric, trace-free matrix in S3(R).
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Link with quaternions and rodlike polymers

Doi-Onsager theory with Maier-Saupe potential

Density f(t,q), g € So/{%1} : try to maximise (g - q)°.

{atf +Vg- [Vq(Cl' qu))] = Aqf
p= o,y F(@da,  Qr = fs5,/211(a ® g — 31d)f(q)dq

An isometry and isomorphism

Unit quaternion — Rotation matrix.
Matrix in M3(R) —Symmetric, trace-free matrix in S3(R).

“Polymers” in R* : equivalence of models [DFMAT18].
Higher dimensional polymers : theorem of Wang and
Hoffmann [WHO8].
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Solutions of the compatibility equation

The special singular value decomposition (SSVD) [DDFMA20] :
if J € M3(R), there exists (a unique) D = diag(d1, da, d3)
and P, Q € SO3(R) (non unique) such that

¢h >d>>|ds| and J= PDQ.
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Solutions of the compatibility equation

The special singular value decomposition (SSVD) [DDFMA20] :
if J € M3(R), there exists (a unique) D = diag(d1, da, d3)
and P, Q € SO3(R) (non unique) such that

¢h >d>>|ds| and J= PDQ.

Solutions to J = p(A)m, :
@ the matrix J =0,

@ matrices of the form J = a/, with A € SO3(R)
and a = pci(a),

@ matrices of the form J = aPdiag(1,0,0)Q, with
P,Q € SO3(R) and a = pca (o).
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The special singular value decomposition (SSVD) [DDFMA20] :
if J € M3(R), there exists (a unique) D = diag(d1, da, d3)
and P, Q € SO3(R) (non unique) such that

¢h >d>>|ds| and J= PDQ.

Solutions to J = p(A)m, :
@ the matrix J =0,
@ matrices of the form J = a/, with A € SO3(R)
and a = pci(a),

@ matrices of the form J = aPdiag(1,0,0)Q, with
P,Q € SO3(R) and a = pc(a).

Aligned with some A 7 Second case, a > 0.
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Solutions of the compatibility equation

The special singular value decomposition (SSVD) [DDFMA20] :
if J € M3(R), there exists (a unique) D = diag(d1, da, d3)
and P, Q € SO3(R) (non unique) such that

¢h >d>>|ds| and J= PDQ.

Solutions to J = p(A)m, :
@ the matrix J =0,
@ matrices of the form J = a/, with A € SO3(R)
and a = pci(a),

@ matrices of the form J = aPdiag(1,0,0)Q, with
P,Q € SO3(R) and a = pc(a).

Aligned with some A 7 Second case, a > 0. Uniform 7 First case.
Stability 7
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Dynamical study : BGK instead of Fokker-Planck

A simplified model

{8tf =pM, —f

Same compatibility condition : J = p<A>MJf.
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Dynamical study : BGK instead of Fokker-Planck

A simplified model

{8tf =pM,, — f

Same compatibility condition : J = p<A>MJf.
ODE satisfied by Jr :

d

a’r = p{AY M, — Jr-

Duhamel’s formula : if Jr = Jx as t = +o0, then f — pM,_.
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Dynamical study : BGK instead of Fokker-Planck

A simplified model

{atf =pM,, — f

Same compatibility condition : J = p<A>MJf.
ODE satisfied by Jr :
d Jr=p(A J
g0 = PLAM,, — Jr.

Duhamel’s formula : if Jr = Jx as t = +o0, then f — pM,_.

Reduction and “conservation”

If PDoQ is the SSVD of Jy, then Jr(y) = PD(t)Q, with the same
ODE on D (in R3).
d

—D = p(A —D.
dt o >MD
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Gradient flow and long time behavior

The equation is a gradient flow
Let V(D) = 3|DJ?> — pIn Z(D), where Z(D) = e eDAJA.
Then

d
D=-VV(D).
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Gradient flow and long time behavior

The equation is a gradient flow

Let V(D) = 3|DJ?> — pIn Z(D), where Z(D) = e eDAJA.
Then

d
D=-VV(D).

Bonus : we know the behavior of the Hessian of V |

o

a = pey(a)
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