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Self-propelled particles aligning their body orientation [DFMA17]
Positions X, € R3, orientations A, € SO3(R).

ka = AkeldtL
dAx = — %Uj,kVA(%HAk - Aj\|2)df + 2ﬁPTAk 0 dB¢ k
JN
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Individual mechanisms : noise and alignment

dA=pV(A-Ap)dt+2Pr,cdB, p=1 dA = pV(A-Ag)dt +2Pr, = dB;, p=10
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Individual mechanisms : noise and alignment

dA =pV(A-Ag)dt + 2 Pr, = dB, p=1 dA = pV(A-Ag)dt + 2 Pr, = dB, p=10
[ ] [ ]
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Interacting particles (orientations only, mean-field, strength )

dAx = Va,(Ak - J)dt +2P7, 0dBey
J=plA) =5 Xk:Ak
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How to measure alignme

dA, =V(A,-/)dt +2Pr, e dBtn, p=1 dAn =V(Ap-J)dt + 2 Py, > dBt,n, p=10
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dAp =V(Ag-/)dt +2Pr, > dBtn, p=1

Simulation with 500 particles, p = 1

Simulation with 500 particles, p = 10
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Numerical evidence of a first order phase transition

Amic Frouvelle

Order parameter c

500 simulations with 500 particles at time t=0.00
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Equilibria of the space-homogeneous kinetic equation

Aggregation-Diffusion on SO3(R) for f(t, A)

{arf + VA [Va(A- J)f] = Aaf
o= f503(R) f(A)dA (constant 1), Jr = p(A) = fso3(]R<) AF(A)dA
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Equilibria of the space-homogeneous kinetic equation

Aggregation-Diffusion on SO3(R) for f(t, A)

{arf + VA [Va(A- J)f] = Aaf
o= f503(R) f(A)dA (constant 1), Jr = p(A) = fso3(]R<) AF(A)dA

“von Mises” associated to J € M3(R) : M,(A) = —exp(J -A).

2(J)
Fokker-Planck formulation : 8;f = V4 [MJfVA (M’C)]
f
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Equilibria of the space-homogeneous kinetic equation

Aggregation-Diffusion on SO3(R) for f(t, A)

{W + VA [Va(A- J)f] = Aaf
o= f503(R) f(A)dA (constant 1), Jr = p(A) = fso3(]R<) AF(A)dA

“von Mises” associated to J € M3(R) : M,(A) = —exp(J -A).

2(J)
Fokker-Planck formulation : 8;f = V4 [/\/IJfVA (M’C)]
f

Compatibility equation on M3(R) (9-dimensional ?)

Equilibria are functions of the form f = pM, such that

J=plAu, (=p [ AM(AIIA=p,)
SO3(R)
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Equilibria of the space-homogeneous kinetic equation

Aggregation-Diffusion on SO3(R) for f(t, A)

{W + VA [Va(A- J)f] = Aaf
o= f503(R) f(A)dA (constant 1), Jr = p(A) = fso3(]R<) AF(A)dA

“von Mises” associated to J € M3(R) : M,(A) = —exp(J -A).

2(J)
Fokker-Planck formulation : 8;f = V4 [/\/IJfVA (M’C)]
f

Compatibility equation on M3(R) (9-dimensional ?)

Equilibria are functions of the form f = pM, such that

J=plAu, (=p [ AM(AIIA=p,)
SO3(R)

Actually 3d : (A)mp,o = P(AYM, @ for P, Q € SO3(R).
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Link with quaternions and rodlike polymers

Doi-Onsager theory with Maier-Saupe potential
Density f(t, q), g € Sp/{%1} : try to maximise (g - q)°.

{atf + V4 [Vg(qg: Qrq))] = Agf
p=Jo, ey F(@da,  Qr = [s5,/r211(a © g — 31d)f (q)dq
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Link with quaternions and rodlike polymers

Doi-Onsager theory with Maier-Saupe potential

Density f(t, q), g € Sp/{%1} : try to maximise (g - q)°.

{atf + V4 [Vg(qg: Qrq))] = Agf
p=Js, 1y F(A)da,  Qr = J5,/¢41y(q ® g — 51d)F(q)dq

An isometry and isomorphism

Unit quaternion — Rotation matrix.
Matrix in M3(RR) —Symmetric, trace-free matrix in SJ(R).
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Link with quaternions and rodlike polymers

Doi-Onsager theory with Maier-Saupe potential

Density f(t, q), g € Sp/{%1} : try to maximise (g - q)°.

{atf + V4 [Vg(qg: Qrq))] = Agf
p=Js, 1y F(A)da,  Qr = J5,/¢41y(q ® g — 51d)F(q)dq

An isometry and isomorphism

Unit quaternion — Rotation matrix.
Matrix in M3(RR) —Symmetric, trace-free matrix in SJ(R).

“Polymers” in R* : equivalence of models [DFMAT18].
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Link with quaternions and rodlike polymers

Doi-Onsager theory with Maier-Saupe potential

Density f(t, q), g € Sp/{%1} : try to maximise (g - q)°.

{atf + V4 [Vg(qg: Qrq))] = Agf
p=Js, 1y F(A)da,  Qr = J5,/¢41y(q ® g — 51d)F(q)dq

An isometry and isomorphism

Unit quaternion — Rotation matrix.
Matrix in M3(RR) —Symmetric, trace-free matrix in SJ(R).

“Polymers” in R* : equivalence of models [DFMAT18].
Higher dimensional polymers : theorem of Wang and
Hoffmann [WHO8].
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Dynamical study : BGK instead of Fokker-Planck

The special singular value decomposition [DDFMA19].
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