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We consider a kinetic version of a model of alignment of oriented particles:
two particles are chosen uniformly at random and collide, their new orientation
becoming their previous “mean” orientation.

More formally, for any “precollisional” orientations x∗ and x′∗, we are given a
jump kernel in the form of a probability measure K(·, x∗, x′∗) for the orientation of
the particles after the collision. We suppose that the orientations are unit vectors
in Rn, so we consider probability measures in S, the unit sphere of Rn. The
model we consider here is the midpoint model: when two colliding particles are
not initially antipodal, their final orientation is the middle of the shortest geodesic
(an arc of great circle) joining their initial orientations. That is to say

K(·, x∗, x′∗) = δ x∗+x′∗
‖x∗+x′∗‖

.

When these colliding particles are initially antipodal, we require the probability
measure K(·, x∗, x′∗) to be supported in the set of possible midpoints (the corre-
sponding “equator” S ∩ x∗⊥).

The kinetic model describes the probability measure ρ(t, ·) (on S) of finding a
particle with a given orientation at time t (we will write ρ instead of ρ(t, ·) when
no confusion is possible). It evolves in time according to the following partial
differential equation:

(1) ∂tρ(x) =

∫
S×S

K(x, x∗, x
′
∗) dρ(x∗) dρ(x′∗)− ρ(x).

When the space variable is Rn instead of S, the analogous midpoint model,
given by K(·, x∗, x′∗) = δ x∗+x′∗

2

, is easier to study, because equation (1) conserves

the center of mass x0 =
∫
x dρ(x). We can then easily compute the evolution of

the second moment m2 =
∫
|x − x0|2 dρ(x), and get d

dtm2 = − 1
2m2. Therefore,

since the Wasserstein distance W2 between ρ and δx0
satisfies W2(ρ, δx0

)2 = m2,
we get that ρ converges towards a fixed Dirac mass at exponential rate 1

4 .
The aim of this talk is to present a method to circumvent the lack of conservation

of mass when the space variable is the unit sphere S. The main theorem is that we
still get convergence to a fixed Dirac mass, with the same (optimal) exponential
rate of 1

4 , provided the initial condition is sufficiently close to a Dirac mass (in
Wasserstein distance):

Theorem 1. There exist two positive constants C1, η such that for any solu-
tion ρ ∈ C(R+,P(S)) of (1) with initial condition ρ0 satisfying W2(ρ0, δx0) < η
for some x0 ∈ S, there exists x∞ ∈ S such that

W2(ρt, δx∞) 6 C1W2(ρ0, δx0) e−
1
4 t.
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The talk will consist in presenting the main ingredients of the proof of this
theorem. The first consideration is that we can define an analogous of the second
moment under the form of the following energy term:

E(ρ) =

∫
S×S

d(x, y)2 dρ(x) dρ(y),

where d(x, y) is the geodesic distance on the sphere. This energy would indeed
be equal to 2m2 if the space variable was Rn, but its definition does not use the
notion of center of mass. First of all, there is a link between this energy and the
Wasserstein distance W2 on P(S):

Lemma 1. If ρ ∈ P(S), we have for any x ∈ S,

E(ρ) 6 4W2(ρ, δx)2,

and there exists x̄ ∈ S such that

W2(ρ, δx̄)2 6 E(ρ).

In that case, for any κ > 0, we have∫
{x∈S; d(x,x̄)>κ}

dρ(x) 6
1

κ2
E(ρ), and

∫
{x∈S; d(x,x̄)>κ}

d(x, x̄) dρ(x) 6
1

κ
E(ρ).

Then we can compute the time derivative of the energy E(ρ). We obtain

(2)
1

2

d

dt
E(ρ) =

∫
S×S×S

α(x∗, x
′
∗, y) dρ(x∗) dρ(x′∗) dρ(y).

where the function α is defined by

α(x∗, x
′
∗, y) =

∫
S

[
d(x, y)2 − d(x∗, y)2 + d(x′∗, y)2

2

]
K(x, x∗, x

′
∗) dx.

The terms inside the brackets corresponds to three terms of the Apollonius formula,
and would be equal to − 1

4d(x∗, x
′
∗) in the case of Rn instead of S, when x is

the midpoint of [x∗, x
′
∗]. Therefore the main ingredients of this study are two

estimations of the error in Apollonius formula on the sphere (one local and one
global):

Lemma 2. For any x∗, x
′
∗, y ∈ S, we have

α(x∗, x
′
∗, y) 6 −1

4
d(x∗, x

′
∗)

2 + 2 d(x∗, x
′
∗) min

(
d(x∗, y), d(x′∗, y)

)
.

For any κ1 <
2π
3 , there exists a positive constant C1 such that for any κ 6 κ1, for

any x∗, x
′
∗, y ∈ S such that max (d(x∗, y), d(x′∗, y), d(x∗, x

′
∗)) 6 κ, we have

α(x∗, x
′
∗, y) 6 −1

4
d(x∗, x

′
∗)

2 + C1 κ
2 d(x∗, x

′
∗)

2.

Together with a splitting of the triple integral in (2) following regions provided
by Lemma 1, these two estimates allow us to obtain the local decay of the energy
with exponential rate 1

2 , provided it is initially sufficiently small. We then control
the displacement of x̄ provided by Lemma 1 by the same kind of arguments.
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A possible extension of Theorem 1 is to replace the sphere by a more general
Riemannian manifold. We obtain the same result, provided we have uniform
bounds on the radius of injectivity and the sectional curvature of the manifold.
Indeed, these bounds allow to use a corollary of Rauch comparison theorem and
we obtain the same kind of estimates in the error of Apollonius formula as we have
on the unit sphere.

We are also able to study more general models where the particles do not jump
exactly at the middle of the geodesic. Under a simple contraction assumption (for
the mean square distance to the possible midpoints), we are able to prove the same
result of convergence, at the price of a lower exponential rate.

Reporter:


