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Abstract

Motivated by the design of fast reinforcement learning algorithms, see [17], we study the
diffusive limit of a class of pure jump ergodic stochastic control problems. We show that,
whenever the intensity of jumps e~ ! is large enough, the approximation error is governed by the
Holder regularity of the Hessian matrix of the solution to the limit ergodic partial differential
equation and is, indeed, of order e2 for all ~v € (0,1). This extends to this context the results
of [I] obtained for finite horizon problems. Using the limit as an approximation, instead of
directly solving the pre-limit problem, allows for a very significant reduction in the numerical
resolution cost of the control problem. Additionally, we explain how error correction terms of
this approximation can be constructed under appropriate smoothness assumptions. Finally,
we quantify the error induced by the use of the Markov control policy constructed from the
numerical finite difference scheme associated to the limit diffusive problem, which seems to be
new in the literature and of independent interest.

1 Introduction

Let N be a random point process with predictable compensator nv(de)dt, for some finite probability
measure v on R?, ' € N, > 0, and let X be the solution of
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in which « belongs to the set A of predictable controls with values in some given compact set
A C R™ and the initial data z € R%, m € N. Under some standard stability assumptions, see e.g.
[3, 28], the value of the ergodic optimal control problem

1 T

p" :=supliminf —E [/ r(XSf“,as)st}
acA T—+o0 1 0

with N, := N(R?,[0,]), t > 0, along with some continuous function w, solves the integro-differential

equation

p*=sup {n/[w( +b(-,a,e)) — wlv(de) + r(-, a)} on R? (1.1)
acA

possibly in the viscosity solution sense. This characterisation leads to numerical schemes for

approximating the value of the problem and the Markovian optimal control.

However, is non-local in nature which means that, unless v is concentrated on a small number
of points, the cost of numerical approximation is large, in particular when the intensity 7 is. This
is a problem, e.g., for bidding problems (see e.g. [16]) in online display-ad auctions, where the
system moves near-continuously in time, meaning that 7 is very large, and where unknown system
parameters motivate the use of reinforcement learning to solve the control problem. Reinforcement
learning compounds the cost by requiring computation of the optimal strategy for many plausible
values of the parameters, namely at each time the value of the parameter is updated given the flow
of new information, see [I7] for more details.

On the other hand, when 7 is very large, asymptotic regimes exist which offer an alternative
approximation path, notably the diffusive limit on which this paper focuses. Indeed, taking n = 7!
and b(z,a,e) = eby(z,a,e) + e2by(x, €), with Jga b2(-,e)v(de) = 0, an immediate second order

expansion suggests that (p*, w) converges as ¢ — 0 to the solution (p*, w) of

p'=sup {/ b (-, a,e)v(de)Dw + Tr {/ baby (-, e)y(de)DQW} + (-, a)} on R%. (1.2)
acA LJR R’

Unlike (1.1J), (1.2) is a local equation and much more easily solved numerically. Note that another

possible limit regime, albeit less precise, is obtained via a first order expansion as in [18], which

corresponds to considering a fluid limit.

For such a specification of the coefficients (7, b), the existence of a diffusive limit is expected, see
e.g. [22] for general results on the convergence of stochastic processes. Stability of viscosity solutions,
see e.g. [19, Section 3|, can also be used to prove the convergence of the value function of stochastic
control problems. This has been a subject of particular interest in insurance and queueing network
literatures, see e.g. |8, [13] 14]. Nonetheless, these approaches do not permit the characterisation of
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the speed of convergence in the case of a (generic) ergodic optimal control problem as defined in
Section [2| below, which is essential for regret analysis and design of efficient reinforcement learning
algorithms. See [I7] for a precise treatment of the Reinforcement Learning problem in this setting.

The aim of this paper is to characterize this convergence speed and explain how to numerically
construct, in an efficient way, an approximation of the optimal control. A first step in this direction
was done by [I] who considered finite time horizon problems. Such problems are easier to handle
from a mathematical point of view, but are unfortunately not adapted to reinforcement learning
algorithms that are based on a regret criterion that is intimately related to an ergodic control
problem, see [17]| again.

Still, a similar approach can be used, up to additional technicalities. As in [1], we study the regularity
of w in the solution couple (p*,w) to (1.2]). We show that its second order derivative is (locally)
~v-Holder with a constant of at most linear growth in z, for some v € (0, 1], whenever the coefficients
of are uniformly Lipschitz in space, [ bi(-, e)v(de) has linear growth, by and r are continuous
and bounded, and under a uniform ellipticity condition. By a second order Taylor expansion,
this allows us to pass (rigorously) from (1.2) to (I.1) up to an error term of order £z (locally),
and therefore provides the required convergence rate by verification. In general this rate can not
be improved. As a by-product, the Markovian control taken from the Hamilton-Jacobi-Bellman
equation of the diffusive limit problem provides an ez-optimal control for the original pure-jump
control problem. Under additional regularity assumptions, it can even be improved by constructing
a first-order correction term.

In principle, this provides an efficient way of constructing an almost optimal Markovian control.
However, it still remains to build up a pure numerical scheme. To complete the picture we therefore
derive a convergence rate for a finite difference method for the numerical estimation of p*, depending
again on . More importantly, we explain how to numerically construct an almost optimal Markovian
control process based on a smoothed version of the numerical approximation of W and we obtain a
convergence rate towards p*, and therefore p*, of the expected average gain associated to such a
control. The latter seems to be (surprisingly) completely new and of own interest in the optimal
control literature.

As an example of application, we consider in Section [5| a simplified repeated online auction bidding
problem, where a buyer seeks to maximise its profit when facing both competition and a seller who
adapts its price to incoming bids. Our numerical experiments show that our approximation permits
a considerable gain in computation time relative to a direct resolution of the pure-jump problem (as
expected).

Note that we restrict here to the case where by does not depend on the value of the control, meaning
that w solves a semi-linear equation. In principle, the fully non-linear case could be studied along



the same lines of arguments but the required regularity of the corresponding function w would be
much more complex to derive. We avoid considering this more general case for sake of simplicity.

Notations: We collect here some standard notations that will be used throughout this paper. We
take R, := [0, +00) and R} := (0,+00) throughout. Any element z of R? is viewed as a column
vector. M¢ (resp. S?) denotes the collection of (resp. symmetric) d-dimensional matrices. On R? or
M, the superscript | denotes transposition, we set (x,y) := 2"y and |z| := /(z, z) for 7,y € R
We let Tr[M] denote the trace of M € M¢ and |M| be the Euclidean norm of M viewed as a vector
of R™? 'We denote by By(x) the open ball centered at # € R? of radius £ > 0. Given an open set
O CR", n>1,pe{0,1,2}, we use the standard notation C?(O) to denote the space of p-times
continuously differentiable real-valued maps v on O, and C; (O) to denote the subspace of functions
u € CP(O) such that

p

||u||c,§’((’)) = Zsup ID7u(z)| < oo
=0 z€O

in which D% := u, D'u is the gradient of u, as a line vector, D?u is the Hessian matrix of u. Given
v € [0,1], we denote the y-Hélder modulus of u € C°(O) on O as

[0y = Sup [u(2) — u(@)|

z,z' €O |:LJ - 'r|ﬂy ’

where we use the convention 0/0 = 0. If u = (u!,--- ,u?) takes values in R¢, d > 1, we use the

same notation to denote the sum of the elements {[ui]zo(o),i < d}. We write u € CP7(O) if DPu is
v-Holder on each compact subset of O, and u € C7(O) if

HUHC,,W(O) = HUHC{;(O) + [DPU]ZO(O) < 0.

If u is restricted to take values in a subset O’ of R, we write C?(O; O'), C;(O; O"), CP7(O; Q') or
CP7(O; ') for the corresponding sets. We also use the notation C,(O) to denote the collection of
continuous real-valued function u such that

In all the above notations, we omit O if it is equal to RY.

2 Pure jump Ergodic Optimal Control

In order to alleviate notations, we first consider the case where the intensity of the jump process is
given, and recall rather standard results from the ergodic control litterature.
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Let Q = DD denote the space of d-dimensional cadlag functions on R, and M(R? x R, ) denote the
collection of positive finite measures on R* x R, for some d,d € N*. Consider a measure-valued
map N : D — M(R? xR, ) and a probability measure P on D such that N is a right-continuous real-
valued R?-marked point process with compensator nu(de)dt, in which n > 0 and v is a probability
measure on R?. See e.g. [I2]. For ease of notations, we set N, := N(R?,[0,¢]) for t > 0.

Let F = (F,)i>0 be the P-augmentation of the filtration generated by (f; [yu exp(e)N(de, dr));so.
Given a compact set A C R™, m € N, let A be the collection of F-predictable processes with values
in A. Throughout this paper, unless otherwise stated, we will work on the filtered probability space

(Q, F,F,P), where F = F.

Given (t,z) € Ry x R?, a € A, and a measurable map (z,a,¢) € R? x A x R? = b(z,a,¢) € R?,
we define the cadlag process X*“ as the solution of

X5 = x+/ / b(X, as,e)N(de,ds) . (2.1)
0 JRY

Note that, since the marked point process N has finite activity, the above can be defined path-wise
by (a.s.) finite induction on the jump times.

We then consider the ergodic gain functional

1 T

p(z,a) :=liminf —FE {/ T(Xf_’o‘,at)d]\/t} , (7,0) e R x A, (2.2)
T—o00 T]T 0

for some bounded measurable map (z,a) € R? x A ~ r(x,a) € R. Note that this actually also

pertains to the case where the reward function r depends on the mark e, by arguing as in Remark

below. By the same remark, the cost could have an extra component given in term of the Lebesgue

measure.

In the above the scaling by 1/(nT") means that we consider the gain by average unit of time the
controller acts on the system. Indeed, E[Ny] = nT and the control only affects the system at jump
times of N.

This functional induces an infinite horizon control problem corresponding to finding the value
function

p"i=supp(-, ). (2.3)

acA

All throughout this paper, we make the following assumptions. First, we impose some control on
the coefficients (b, 7).



Assumption 1. The map (b,r) is continuous. Moreover, there exists Ly, > 0 such that
[b(-, a, )]0+ ||r(.7a)HCg,1 < Ly, forall(a,e) € AxRY.

The next assumption, known as asymptotic flatness, guarantees that each control process contracts

all possible paths of (2.1)) exponentially fast to a single trajectory. This is a sufficient condition to

ensure that p* is constant, i.e. that initial conditions are forgotten. See the proof of Lemma in

the Appendix. It can be compared to standard assumptions used in the Brownian diffusion case as

in e.g. [3, Proof of Lemma 7.3.4], up to a more abstract statement. We refer to Example below
for a case of application.

Assumption 2. There is ¢ € C°(R? x R%; R ) such that

(i) There exists ({¢, L¢) € (R)* and pe > 1 for which
lelw —2'|P¢ < ((2,2)) < Lelr — 2'[¢, for all z,2" € RY,
(ii) There exists C; > 0 such that for all z,2 € RY, a € A

n {C(z +b(x,a,e), 2" +b(a',a,e)) — ((z,2")} v(de) < —Ce((z,2'). (2.4)

R

Our last assumption is typically required to control the long-time behavior of solutions of ({2.1f), see

Lemma in the Appendix. It is a form of Lyapunov stability assumption, see e.g. [10, 2] for
comparison.

Assumption 3. There is £ € C°(R? x R%: R, ) such that

(i) There exists (le, L) € (R%)? and pe > 1 for which

CelzfPe < €(z) < Le|xfPs, for all v € RY.

(it) There exists C¢ >0 and C¢ € R such that for all z € R?, a € A

0 [, (6o +b0,0) — (o) vide) < ~Cle(a) + C2 25)

Example 2.1. Consider a bidding problem in a repeated auction with reserve (see e.g. [Z4l] for an
introduction to auctions), in which X stands for the current reserve price and « is the bid. We
set e = (ey, e, e3,e4) € R and consider the dynamic induced by b(z,a,e) := e;(aey + e3 — x) for
A :=[a,a]C Ry. This means that the dynamic is mean-reverting around the level aey + e3. In this
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formula, ey corresponds to the retail value (the price at which the bidder will sell to the final client
the product he bought) so that the value a of the control is the so-called shading factor. Then, e;>0
is the realization of a random mean-reversion speed and es is the realisation of an exogeneous noise.
If the reserve price value x is smaller than the bid price aey (up to the additional noise value eg)
then it moves up for the next auction, and the other way around if it is bigger. In a second price
auction, with es as the value of the competition bid, the natural reward function is

r(z,a) = /R4(62 — 2V eq)l{aer>aveyv(de) .

We assume that v([0, 1]xRxR?) =1, 1 — [o,(1 — e1)*v(de) =: my € (0,1] and that o, sup,e, |aeiea+
ere3|?v(de)<oo, for some integer p > 1. Then, Assumption |9 holds with ((z,2') := |z — 2'|*" and
Ce = nmq, while Assumptian@ holds with &(z) = |z|*, Cf = tnmy and C¢ = nC. for some C. >0
that does not depend on 1.

Under a standard log-normal model for valuations (see e.g. [32]), and a uniform competition on [0, c|
for some ¢ > 0, it is easily verified that Assumption (1] holds. This example is developped further in
Section [

Under the above assumptions, we obtain the following classical result, Theorem below whose
proof is rather standard, but produced in the Appendix for completeness. To state it, we first need
to introduce the following auxiliary optimal control problems, defined for all z € R?, X\, T > 0 and
t<T:

1 e @]
Vi(x) :=sup Jy(z,a) with Jy(z,«a) = -E {/ eAsr(Xff‘,as)st} (2.6)
acA n 0
and
1 T
Vr(t,x) ;== sup Jp(t,z,o) with Jr(t,z,a) ;== —E {/ T(Xzf’a,ozs)d]\fs] (2.7)
acA n t

where X% is the solution of (2.1 on [t,00) such that X;** =z

Remark 2.2. Note that Assumption implies that, for allt > 0, (r,a) € R x A Supyp 4 | X
has moments of any order. Also, it follows from the Assumption[]] again and the fact that v is a
probability measure that

1 T
p(x,a) = lim inf TE [/ r(Xf’a,as)ds] ,
0

T—o0

oo T
In(z,a) =E {/ €_>\S’I“(X:’Q,O(S)d8} , and Jr(t,z,a) =E {/ T(X;f’z’a,ozs)ds} :
0 ¢



For the same reason, we could consider expected gains of the more general form

1 ’ 1 ’
—E {/ / (X, as,e)N(de,ds)} =—FE {/ / (XD, g, €)v(de)ds
nT 0 JRrY T 0o Jr

upon replacing r by (x,a) € R x A — [L, 7 (x,a,e)v(de).

Recall that p* is defined in (2.3). In the following, we show that this function is actually a constant,
i.e. p* = p*(0) on R%

Theorem 2.3. Let Assumptions @ and@ hold. Then, there exists sequences (A\,)n>1 going to 0
and (T,,)n>1 going to +oo such that (A, Vi, )n>1 and (T, 'V, (0,))n>1 converge uniformly on compact
sets to p*(0), and such that (Vy, — Vi, (0))n>1 converges uniformly on compact sets to a function
w € C% that solves

5 = sup {"/R (- 4+ b(-, a, €)) — w] v(de) + 7, a)}  onRY (2.8)

a€A

Moreover, p* is constant over R? and, if (w,p) € C}

lin

x R, solves the ergodic equation

p=supdn [5G+ 000 = de) 47, b on R
ach R

then p = p*.

Remark 2.4. As a by-product of Theorem [2.3 and the first part of the proof of Lemma[A], for all

x € RY, there exists an optimal Markovian control defined by & := é(X,“i’a) in which a is a measurable
map satisfying

n/ﬂw w(- +b(- (), e))v(de) + r(- a(")) = max {n/R W(-+b(-,a,e))y(de)+r(-,a)}, on R,

a€ch

Moreover,

1 T .
p* = lim —TE |:/ T(Xf’a,éét)dNt] .
0

T—o0 n

3 Approximation for models with large activity

Given an € € (0, 1), we now replace n by



In the following, we omit the dependence of N and X* on ¢ for ease of notations and set

pr :=sup lim inf

1 ’ 0,a
b L TIETE |:/O T(th ,Oét>dNt:| .

We shall see that p?, together with the associated optimal policy, can be approximated by considering
its diffusive limit as € — 0, upon assuming that the jump coefficient b := b. introduced in Section
is of the form

b. = by + /ebsy,

and making the following assumption.
Assumption 4. We have b = by 4 /by for some continuous functions by : R x A x R? - R?

and by : R% x RY +— RY such that:

(i) There exists Ly, p, > 0 such that
[bl('7 a, e)]Cﬂn + Hb2<7 6)“68 < Lb1,b2
for all (a,e) € A x R?.

(ii) There exists ¢ > 0 such that

/Rd/ ba(+,e)v(de) =0 and / ba(-, e)ba(-,e) Tv(de) > <y

R

where 1 is the identity matriz.

(iii) The map

(z,0) € RYx A v p(z,a) = / bi(x,a,e)v(de)

R

is Lipschitz in x uniformly in a, and there exists a Lipschitz R -valued function o defined on
R? such that

oo = /R bo(-, )b (-, ) (de).

(iv) The estimates of Assumptions @ and@ hold for each (1. b.,r) in place of (n,b,r), uniformly
m e > 0.

Example 3.1. Consider the context of Example in which n =&~ * and
be(z,a,e) = er(e(exa — x) + 8%63), (z,a,e) € R x A x R*
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with v as in Ezample such that in addition [y, eresv(de) = 0. In this context, we obtain
p(z,a) = noa — myx, with ny := [p, ev(de) and ny := o, e1eov(de), and o(x)?* = [44 leres|*v(de).
Assume that nqy > 0. Using a second order Taylor expansion around € = 0, one easily checks that
Assumptz'on@ holds with &(x) = |x*, p > 1, for some C¢ and C¢ that do not depend on € > 0.
Similarly, Assumption @ holds with ((z,2") = |v — 2/|*’, p > 1, for some C; > 0, uniformly in
e € (0,e,), for some e, > 0 small enough.

3.1 Candidate diffusion limit

Let P be a probability measure on D and let W be a stochastic process such that W is a P-Brownian
motion, let F = (F,).>0 be the P-augmentation of the filtration generated by W, and let A be the
collection of F-predictable processes taking values in A. Given & € A, we can then define X* as
the unique strong solution (see [34, Thm. 1]) of

ot o [t agds [ o(Xraw, (3.1)
0 0

The corresponding ergodic control problem is defined by

1 T s
p*(x) := sup lim inf TE [/ T(Xf’a,o_zt)dt} , © € R
0

acA T—oo

As in Section [2] we define for A > 0 and z € R

Vi(z) :=sup Jy(z,a) with Jy(z,a):=E [/ e’\sr()?x’a,o_zs)ds] :
0

S
acA
and impose conditions corresponding to the estimates of Lemma and [A.2]

Assumption 5. There exists Ly, Cg > 0 and pg > 1 such that:
(i) For all z,2’ € R? and X € (0,1),

Va(z) = Va(@)] < Lyl — o).
(ii) For all x € R? and & € A,
E[|X74Ps] < Cx {e /O5[afPs +1}, 1> 0.

Remark 3.2. (i) The condition (i) of Assumption[5 holds for instance under [3, Assumption 7.3.1].
Indeed, the latter implies a similar bound as (A.3)), see [3, Lemma 7.3.4], and the estimate of (i)
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then follows from the same arguments as in the proof of Lemma[A.1. More generally, it suffices to
find a family of C*(R? x R%; R)-functions ((,),so that is locally bounded, satisfies

D¢, (z, ") (5@, a)) + %Tr [S(z, 2")D?((z,2")] < —Ce(l(z,2') + 0., z,2' € R ae A, >0,
(3.2)

in which Cz > 0, lim, o 0, = 0 and

and such that ((,),~o converges pointwise as 1 — 0 to a map ¢ : R x R?+— R satisfing

C%]x — 2'|Pe < ((z,2') < Cglw — 2'|Pe | for all z,2" € RY,
for some p; > 1. This follows from the arguments used in the proof of Lemma upon first
applying Ité’s lemma to (, and then sending 1 — 0 to deduce the counterpart of before using
the inequalities just above.

(ii) The condition (ii) of Assumption@ holds for instance if we can find a smooth function & and
constants C% >0 and C’g such that

DE(x)u(r,a) + 5 Tr [o0" ())D%E(x)] < ~ClE(x) + 2 (3.3)
and

1 _
ol < E(@) < CRlal, (34)
3

for all x € R?, for some pe > 1. This follows from the same arguments as in the proof of Lemma
[A. As in (i) above, it suffices that (3.3)) holds for a sequence of approzimating smooth functions. In
particular, condition (ii) of Assumption [ holds under [3, Assumption 7.3.1], see [3, Lemma 7.6.53).

Example 3.3. Consider the context of Example with o constant, then it satisfies [3, Assumption
7.3.1], and therefore Assumption@ by [3, Example 7.3.3].

In order to state the counterpart of Theorem [2.3] for the diffusive limit ergodic control problem, we
also define, for 7> 0, t < T and x € R,

T
Vr(t,z) :=sup Jp(t,r, &) with Jr(t,z,a) :=E {/ r(Xﬁ’z’a,as)dsl :
acA t
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in which X% is the solution of (3.1 on [t, 00) such that X/*®* = z, and set
Pa . N2, -
L% = Dep(-,a) + §Tr[aa D], a € A,

for a smooth function ¢ : R — R.

Theorem 3.4. Let Assumptions and@ hold. Then, there exists sequences (A, )n>1 going to 0 and
(T,)n>1 going to +o0o such that (A\,Vy, )n>1 and (T, 1V, (0,+))n>1 converge uniformly on compact
sets to p*(0), and such that (Vy, — VA, (0))n>1 converges uniformly on compact sets to a function
w e C?NCY that satisfies

lin

p* =sup {L*W +r(-,a)} , on R, (3.5)
ach
and
HW“cg,l < L} and HWHC?W(BI(@) < LL(1 + |z|), for allz € RY, (3.6)

for some LY, > 0, for all y € (0,1). Moreover, p* is constant over R¢, and, if (W, p) € (C*NC}

lin

) xR
solves the ergodic equation
p=sup {LW+r(,a)}, onRY (3.7)
ach

then p = p*.

Proof. The proof is exactly the same as the one of Theorem upon replacing the estimates of
Lemmas and by the ones of Assumption[p] See the Appendix. The only significant difference
is that we have to show the estimate (3.6)).

1. The fact that, for an appropriate sequence (\,),>o that converges to 0, A\,Vy, (0) = ¢ € R and
Vi, — W, (0) — W uniformly on compact sets for some W € C%! follows from Assumption [5| and the
same arguments as in the first part of the proof of Lemma below.

2. We now argue as in the proof of [3, Theorem 3.5.6]. Fix n > 1, let 72 be the first exit time of
X% from B,(0), for (v,a) € R? x A, and set

Vi(x) :=supE

Tn
/ e_’\ST(X;”’a, a;)ds
acA 0

Then, V* € C*(B,(0)) by the arguments in the proof of [3, Theorem 3.5.6]. Moreover, Assumption
and the linear growth of r (recall that it is assumed Lipschitz) imply that

sup[Vy']co, < Ca
n>1
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for some C) > 0. Then, arguing as in the proof of [3, Theorem 3.5.6], we obtain that, for all A > 0,
(V"),>1 converges as n — oo to a map ¥y € C? that solves

My = sup {L*%\ +r(-,a)}, on RY,
acA

and has at most linear growth. Using this linear growth property, Assumption [5{and a verification
argument, we deduce that 1, = Vj.

Since Vy € Cg ! by Assumption , it follows from Assumption |4| and Lemma that, given v € (0, 1),
Vy € C?7 and that there is K > 0 (depending on « but not on A € (0,1)) such that

||AVA||C§,W(BI(I)) < K(1+|z]), forall (z,A) € R? x (0,1), (3.8)
where AVy = Vy — V(0) solves
)\V)\(O) + )\AV)\ = sup {ZaAV)\ + ?"(', &)} , on Rd.
acA

Let (An)n>0 be as in step 1. Passing to the limit in the above leads to (3.5), with ¢ defined in step
1. in place of p*, and to (3.6)).

3. By the same arguments as in Lemma[A.4] if (%, 5) € (C?NCY,) x R solves (3-7) then j = p*. In

particular, p* is constant and ¢ = p* by step 2.

4. The fact that there exists (T},),>1 going to +oo such that (T, 1Vr, (0,+)),>1 converge uniformly
on compact sets to p*(0) then follows from the same arguments as in Lemma [A.5] O

3.2 First order approximation guarantees

We can now turn to the main part of this paper and quantify the approximation error due to passing
to the diffusive limit in the original pure jump problem. We will show below that it controlled by the
Holder regularity of D*w, namely that the approximation error is of the order of 2 for all v € (0,1).
In Section (3.3, we will see that it can be improved by considering appropriate correction terms.

The cornerstone of the analysis is the residual term of a second order Taylor expansion of w performed
on the Dynkin operator of the jump diffusion process (2.1]), namely:

Sro(w,a) = é /R [+ b, ,0) = ()] wde) — D()p(z,a) — %Tr[aaT(a:)D2\7v(x)] (39)

defined for (z,a) € R? x A. The function 67° measures the error of the diffusion approximation
explicitely in terms of the control problem, and thus will be shown to effectively control the error in
all quantities of interest. Leveraging the regularity results in , the Holder regularity of D?w
yields Proposition [3.5], which in turn yields Theorem [3.6]
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Proposition 3.5. Let Assumptions and@ hold with pe > 3. Then, for every v € (0,1), there
exists L' L7? > 0 such that, for each 0 < & < &4 := (Lp, 3,) "2 and (z,a) € R? x A,

0r.(z,a)| < e LN + |z)?), (3.10)

and

sup sup E[|dr. (X%, ay)|] < £
t>0 acA

LU2(1 4 |z]?) . (3.11)

Proof. 1. We first prove the estimate using . Namely,
Wz + b.(z,a,€)) — W(x) = W(x + ebi (2, a,€) + 2by(2, €)) — W(x + £2bs(2, €)))
+w(x +e2by(z,e)) — W(x)
where
Wz + by (z,a,€) + e2by(z, €)) — W(x + e2bo(x, €)))

12
= eDw(x + e2by(x, €))by(x, a,€e) + / %bl(x, a,e) D*w(25(u))by(z,a,e)du
0

in which
~E

#5(u) 1=z + £2by(, €) + ueby (z, a, €)

is such that

e 1
sup |27 (w)| < || + €7 Loy py + €Ly, (1 + |2]),
u€[0,1

by definition of Ly, , in Assumption . By (3.6) and Assumption , this implies that

2
%bm,a, e) "D (25 (u))bi (2, a, €)

<

2
g 1
E(Lbl,bg)z(l + |2])? LG (1 + || + €2 Loy, + €Ly (1 + |2]))-

Moreover, since 5%Lb1,b2 <1, we have
IDW(x + £2by(z, €)) — Dw(@)| < LE(L + |2])e2 Lo, ,

by (i) of Assumption [4| and ({3.6]).

Using (ii) of Assumption 4] we next obtain that

{w(z + €%b2($, e)) —w(x)}tr(de) = /Rd/ /0 %bg(l‘, e) ' D*w (5 (u, €))by(x, €)du v(de)

R

14



in which
25(u,e) == x + usébg(x, e) € By(x)

since eéLbl,bQ < 1 by assumption and (i) of Assumption . Then, by (3.6) again and (iii) of
Assumption [4]

{W(a + £2ba(x, €)) — w(a)}r(de) - % Ti[oo " (2)D*W(x)]

R

/R (bl €)) — W) bude) - / b, ) D ()bl ()

R

£ 1
= é(Lbl,bz)zL;zv(l + |x|)(€§Lbl7b2)’y'

The estimate (3.10)) is obtained by combining the above.

2. The estimate (3.11)) follows from (3.10), Lemma and the fact that pe > 3. O

We are now in position to state the main result of this section.

Theorem 3.6. Let Assumptions [ and[3 hold with p; > 3. Then, for all v € (0,1), there exists
Ls, > 0 such that

Ip* — pi] < 5%Lgp for all e € (0,1).
Moreover, there exists a measurable map a : R? — A such that
L% +7(-,a) =sup {L*W+r(-,a)}, onR?
ach

and

3 1 Hp ;
pr —e2 L, <liminf —R& [/ r(Xi,a(X;))dN| , for alle € (0,1),
0

T—o0 Ne

in which X? solves

Xt — / / b.(X* A(X2 ), )N (de,ds).
0 JRZ

Proof. Fix v € (0,1). Hereafter, we denote by w. the function w introduced in Theorem for
n=mn. = e . By Theorems [2.3| and A® ;=W — w, solves

7o <spd [ A G b a0) - Avdo-dn0 b on Y

ach | €
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By the same arguments as in the proof of Lemma[A.4] (3.11) applied with = = 0, (3.6), (A.4) and
Lemma [A.2, we deduce that

p* - p: S L(%p‘g%
for some L} , > 0 that does not depend on ¢ € (0,1). Replacing A® by —A® in this argument implies
that

p: —p < Lgp&:%
for some Lg, > 0 that does not depend on ¢ € (0,1).

The second assertion of the Theorem is then proved by following the arguments in the first part of
the proof of Lemma and using the above. O

3.3 Higher order expansions

Under additional conditions, one can exhibit a first order correction term to improve the convergence
speed in Theorem [3.6] It is in the spirit of the correction term introduced in [I, Section 3.5|
but is formulated differently. In particular, the function éw. introduced below depends on £ and
the optimization in is performed over the whole set A. This approach can be iterated to
higher order correction terms in an obvious manner, upon additional regularity conditions, without
considering a coupled system of PDEs as in [Il, Section 3.6].

From now on, we assume the following.

Assumption 6. There ezists v, € (0,1) and (6y,0C) € (0,1) x R such that, for each £ € (0,1), we
can find §pF € R and 0w, € CY}, satisfying ||5W5||C§,M(Bl($)) < 6C(1 + |x|) for all v € R and

lin
05" = sup | LW, + &5 [0r. + f](-,a)| on RY, (3.12)

ach

i which
f<7C_L) = Z&W + T('7a> - p*

Theorem 3.7. Let the conditions of Theorem and Assumption [( hold. Assume further that
px > 3. Then,

lim sup |dp7| < oo
el0

and
ﬁ:(l) = p* +577°(5,5:, e€(0,1),
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satisfies

. _Jotéy _
limsupe™ "2 |pf — iV < 0.
el0

Moreover, for each € € (0,1), there exists a measurable map a. : R — A such that
L30W, 4+ e = [0r- + f](-, &) = sup | L26W. + e~ = [or. + f](-,a)| on R
achA
and

limsupe™ 27 |p — p.(0, 4-(X*))| < oo,
el0

in which X? solves

X —/ / (X a.(X%), e)N(de,ds).
R’
Proof. Tt follows from the same arguments as in Lemma and the fact that f <0 by (3.5) that
1 T Yo — — 1 T
dp: =sup lim —E [/ 2 [0re + f](Xg’a,ds)ds] < sup lim sup TE {/ e 0r. (X% a,)ds| .
0 0

acA T acA T—oo

Let & be as in Theorem [3.6] Then, f(-,a) = 0 by (3.5)). Hence,
1 r .
s e _1 A
dpr > thllolgf TIE {/0 2 or. (X2 a(XS))dS}

in which X? solves . .
;W=/MH£MW®+/dﬁMM-
0 0
Note that the existence of a solution of the above is guaranteed, upon considering another probability
space and Brownian motion. Combining the above inequalities with , applied with v = ~,,
and the second assertion of Assumption [5| with pg > 3 shows that |§pf| < C’ for some C” > 0 that
does not depend on ¢ € (0, &,].

Moreover, by Assumption [6] and the same arguments as in the proof of Proposition [3.5]

or.(z,a) == E/Rd/ [0W. (7 + bo(z,a,e)) — 6W.(z)] v(de) — LS.

€
satisfies
’ [
0. (x,-)| <2 C"(1+ |z*), z € RY,
for some C” > 0 that does not depend on ¢ € (0,&,]. Since, by construction, v =W+ £ 0w,
solves

1 Jo ’
P = sup L / (W +0:(a)) = W] v(de) —eFdr.(,a) +r(a) | onRY,
R

ach
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Yo+dy

the same arguments as in the proof of Theorem then imply that | ﬁz(l) — pt| < Le7 =, for some
L > 0 that does not depend on ¢ € (0, &,], and also lead to the last assertion of the Theorem.

4 Numerical resolution of the ergodic diffusive problem

The numerical resolution of can be done by using standard finite difference schemes as explained
in [20, Chapter 7|. We focus on the one-dimensional case d = 1 for simplicity, and also because
similar schemes in higher dimension often have to be constructed on a case by case basis, see e.g. [20],
Chapter 5].

Given k € N, K > 3, and h > 0, we consider the space grid M} := {z; := —rh+ (i — 1)h, 1 <i <

2k +1}. We use the notation Mj := M\ {21, 22,41} and denote by Lj the collection of real-valued
maps ¢ defined on M¥. For ¢ € L, we define the usual finite (central) differences operators:

z+h)—plx—nh z+h)+oplx—h) —20(x °
2h h
and set
_ 1
we = p(-,a)App + 502Aigo, acA. (4.1)

Then, we approximate the solution (p*, w) of (3.5) by a solution (p;”*, wf) € R x Lf of
ﬁ;,* = sup {ZZWZ + 7’(', EL)} , Ol M;, (42)
acA

with a suitable reflecting boundary at z; and 29,41, see below. Note that w} is defined only up to a
constant and that we can, and will, set w}i(0) = p,""At), in the following, with

h2
(L py)?

Let us now denote by A the collection of measurable maps from R to A and identify, given a € A,

Ath =

wr and 7(-,a(+)) on M¥ to column vectors W¥ := (W5(2;))1<i<2er1 and R(a) 1= (r(zi, 8(2))1<i<ant
of R***!. Then, to solve (4.2) on M} with wi(0) = p;"Aty, including a suitable reflection term on
the boundary {z1, 20,11}, we search for (57", W5) € R x R?**! that satisfies

Wi = sup Q3 { Wy — epi* Aty, + R(a) Aty }, on My (4.3)
acA
wi(0) = " At (4.4)

18



where e is the column vector of R***1 with all entries equal to 1, and Q% = ((Q3)")1<; j<ax+1 is the
matrix with all entries null except for

(@)™ =y (zi,8(2)) Q)" = an(zi,a(=)), and (Q)"" = ¢ (z1,a(2))
for 1 <i < 2k + 1, with

—ph + o?
2(Lb1,b2)2 ’

o? ph + o
gpi=1———— ¢ =————, and ¢ :=
" (Lbl,b2)2 " 2(L51752)2 "

and except for

Q)" = (Qp)* for j =2,3,4
(Q3)2+19 = (Q2)* M for j = 2k — 2,2k — 1, 2k.

The above scheme is of the form of [26] Chapter 7 (2.3)], and (4.2)) and (4.3) are the same on /\jlz

Without loss of generality, one can assume from now on that
Lb1,b2 > ||O-||C£'
Consequently, recalling (i)-(ii) of Assumption , Q% defines a transition probability matrix satisfying
i i D) =p >0
1§?§1122+1 1v(i—1)§j7érirg(gm+l)/\(i+l) @) Py
whenever
Lbl,b2<1 —+ lih)h <q. (45)
Given a € A, let (Z"),en be the Markov chain starting from x € MY and such that
PIZ5 = z| 20" = 2] = (@), 1<i,j <2x+ 1, t €N,
Then,
P[Z2% = 0] > (p,)" > 0, (4.6)
under (4.5)). Further assuming that
(b,7)(z,-) : A+ R? is continuous for all z € R, (4.7)

it follows that the conditions of [26, Chapter 7 Theorem 2.1] hold so that ()", W) is well-defined
and can be computed by using the iterative scheme of [26, Chapter 7 (2.3)].

Under the following conditions, one can exhibit an upper-bound on the convergence rate of the
above numerical scheme.
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Assumption 7. There exists a function ¢ € C3(R), pg > 2, and constants C’El >0 and C’g € R such
that and hold for all x € R®. Moreover, there are constants L >0, T >0, and Cy > 0,
such that |D2E(x)| + |D3¢(z)| < L(1 + |z[Pe™") for all € R, and sgn(x)DE(x) > Cy |z|P<" for all
|z| > Y, where sgn(-) is the sign function.

Proposition 4.1. Let Assumptions @ and @ hold with pe > 3. Assume further that (4.7) is
satisfied. Then, there exists Lyyy, > 0 and hyum > 0 such that, for all (h, k) € (0, hyum) X N, satisfying
[.5), kh* <1 and (k —3)h > T, we have

05" = 21 < L (B + B sh| P 1).
In particular,

75" = pt| < Luum(hY + 7Y xh|7Pe1) 4 €%L}p for all e € (0,1).

Proof. Given a € A and x € My, let X742 he the pure jump continuous time Markov chain defined
by a sequence of jump times (7,,),>1 such that the increments (7,41 — 7,)n>0 (With the convention
7o = 0) are independent and identically distributed according to the exponential law of mean Aty
and such that, for n > 1,

P[Xff = Zi|(Xg,a7 7_0)’ SR (Xfyfﬂ Tn—l)? Tn] = (Qi)i,j(if,il)7

with
j(XfT:a;l)e N St Z](X;l_i;la_l) - XCC78.

Tn—1"

~z,5 _ ~x,5,
and X®* = X2 on [1,_1,T,).

1. First note that, by construction, wj is bounded on the finite set M} . Then, by the arguments in
the proof of Lemma and (4.3)), we have

1 T e o vea
pp" =sup lim —E {/ T(Xf’a,a(X:’a))ds} . (4.8)
0

2. We now prove that there exists Cg, C’g, haum > 0 such that, forallz € R,a€ A, 0 < h < hpum
and  such that (4.5)) holds, kh? <1 and (k — 3)h > T, we have
2/

T, |ps —Cl/ 3 3 _Cl/
E[|X; |p&]sc*§{e CRlapet (1 - “)}JEO- (4.9)
1

Using Assumption [7] and Assumption @] and Taylor expansions of first and second orders, we first
deduce that, for v € M,

DE(x)p(z, alz)) + %Uz(x)Dzé_ (2) = EIE(X5Y) — ()] = c(2)h,
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in which |c(z)| < C(1+ |z|Pe) < C(1+ C’gf(x)) for some C' > 0 independent on z € R, a € A, h and
. Using (3.3), this implies that, for x € M7,

E[E(X) — £(2)] < — (og - hccg) £(x) + C2 + Ch. (4.10)

Consider now the case © = z1, the other boundary case, x = 25,11, being symmetric. Let = be a
discrete random variable taking value k € {1, 2,3} with probability (Q3)%*. Using Assumption
and (3.4), we obtain that, for some random variable Zz such that Zz € [z, 21 + Zh] a.s.,

1 & VvaT,Aa & _ 1 =
A BEKE) = €@)] = 3Bl +Zh) = €(20)]

1

= —E EhD A':
Al [ERDE¢(22)]
L2
< Lo piz g
< -1} ,,CxE[rh |2z 7]
< —C'¢(x) (4.11)

when |(k — 3)h| > T and xh? < 1, in which C’ > 0 does not depend on x nor h. The above also
holds with z,.,1 in place of z;. Combining (4.10))-(4.11]), we obtain

EE(X27) - €(2)] < - ((CL = hCC A C') E(2) + CF + Ch < ~CLE(w) + €,

for all z € M, whenever h < hyym, in which Cg, C’g, hpum > 0 do not depend on & nor h. One can
then argue as in the proof of Lemma to obtain (4.9)).

3. From now on, we denote by C' > 0 a generic constant, which may change from line to line, but
does not depend on x or h. We now appeal to (3.6) and the Lipschitz continuity of (i, 0?), and use
the fact that h <1 to deduce by consistency arguments that, for z € Mj,

LY@ F(x) = ALQLE[W(X?‘) —w(x)] + orp(z, a(x))

in which
|07 n (2, a(2))| <C((1+ |z)h+ A7) (1 + |z]) + Ch™ (1 + |2])L{jz/=xn}-

The above combined with (3.5)) implies that

1 _
pF=—supE [W(Xf’a) —w(z) + {r(z,a) + orp(x, &)}Ath] for x € Mj.
Atp gea '
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Arguing again as in the proof of Lemma recalling , and combining (4.9) with Holder’s and
Markov’s inequality, we deduce that we can find C,C’,C” > 0 such that

—K % —% : 1 g v0,a =/v0,a
oy — p*| <suplimsup ?E [/0 |67, |(X2?, a( X)) (1{‘Xg,a|<nh} + 1{‘5(2,5':%}) ds]

acA T—oo
c [T ~0a ~ 0 <0
<suplimsup— [ E [(h + | X222 + A XA + R+ |X§’a|)1{|)~(o,a|_ﬁh}} ds
aeA T—oo 1 Jo s
Pe
1 Y 3 - 0,a\p HX a‘pg] ¢
<C'(h+ h") + suplimsup h ™" E[(1 + | X%%)) f] — ds
acA T—oo ( )pé
<C"(hY + h™ Y kh|"lPe1y
It remains to appeal to Theorem to complete the proof. O

One can also construct from the above scheme an almost optimal control for the original pure jump
problem. We first extend the definition of W} by setting

Wh(2) = wi(I(2)), = € R,

in which IIf(z) := inf{z € M} : 2 > 2} A z9,41. Then, we let ¢ be a smooth density function with
support (—1,1) such that |[¢[lcz < 1. Given n > 1, let

& () = / (Wi(y) — A A )d(n(y — 2))dy, = € R,

with the convention that Wy = Wi(z1) — pi Aty on (—00,21) and W = Wi(22.4+1) — pr Aty on

<Z2/§+17 OO)
Let a;"" € A be such that

a," € arg magc[zaWZ’" +7(-,a)], onR, (4.12)
ac
and set G = ap" (X" with

Sk // b (XM G (XA )N (de, ds)
R4’

The control &, can be computed numerically at low cost, e.g. via first order conditions; Proposition
gives the associated error bounds. This approach seems novel in the literature, and is of
independent methodological interest.
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Proposition 4.2. Let the conditions of Proposition[{.1] hold. Then, there exists C' > 0 such that,
for all K >0,n>1ande € (0,1),

1p2(0,6;") — pZ] < C (nV te24n sup |WE— AL, — wl(z) + nK1> : (4.13)
2€BK(0)

If, moreover,

(i) o is constant,

(ii) there exists ¢ > 0 such that u(x) — p(2') < —c(z —2') if v > 2’ € R,

(iii) there exists R > 0 such that

1
sup sup p(x,a)r < —=o?, (4.14)
|z|>R acA 2
then

limsup sup |w;" — g Aty — wl(z) =0
h—0 xeBk(0)

_Pe
for any family (kp)ns>0 C N such that limy o k,h* = 0 and limy o k"6 = oo.

Proof. 1. We first note that
Dw,,™ () = / Dw(y)(n(y — x))dy — / (Wi = oy Aty — W) (y)nd' (n(y — x))dy

D*w" (x) = / D*w(y)¢(n(y — z))dy + / (wyy — pp" Aty — W) (y)n?¢" (n(y — x))dy, = € R,

in which ¢’ and ¢” stand for the first and second order derivatives of ¢. Hence, it follows from (3.6)),
(i) of Assumption 4| and (3.5)) that

L Owp 4o, ay" () = max[Lw," + r (-, a)
ac
_ 1
> @ ) I WA
> a2 + r(-, )] — L
—x 1 K,
=p — 557";;

in which dr;™" satisfies, for some C' > 0 independent on n, s and h,

0<or,"(x) <C(l+|z|) [n77 + 2n2/ |wWi— o At — Wl (y)dy
B

(z)

1
n

Similarly,



Recalling (3.9) and Theorem [3.6, we deduce that

pr—etl] < 1 / [W( + be(w, a3 (2), €)) = w(a)] v(de) + (2, &} (x)) + 0" (@) = Ore (2, 8" ()

for all x € R. We then deduce (4.13) by the same arguments as in the proof of Theorem .

2. It remains to prove the second assertion of the proposition. For ease of notations, we do not write

the dependence of k with respect to h, but we keep in mind that we can consider h small and that «

can be adjusted as soon as the following results can apply to sequences such that limy, k,h% = 0

.

and limy o /ihh"éiil = 00.

2.a. We first prove that [Wj]eo (v does not depend on « nor h. To this end, we adapt the arguments

of Lemma and Theorem [2.3] and actually prove that it is Lipschitz, uniformly in & and h.

Let (&;);>1 be a sequence of i.i.d. random variables following the uniform distribution on [0, 1] and let

(T)n>1 be a random sequence, independent of (£;);>1, such that the increments (7,41 — 7, )n>0 (With

the convention 7y = 0) are independent and identically distributed according to the exponential law

of mean At,. Given (z,a,y) € R x A x R, set
Ax(z,a,y) := hl{ygq;{(%a)} — hl{q;{( (wa)y T € M,

z,0)<y<(q; +qy,)

and
Ax(z1,a,y) := 2h + Ax(z3,a,y) , Ax(z2441,0,Y) ‘= —2h + Ax(z94_1, a, y).

Let A denote the collection of A-valued processes that are predictable with respect to the filtration
generated by t — 22‘21 §ilir<yy Given & € Aand z € M}, let X®% be the pure jump continuous
time Markov chain defined by

Nod Xf{d + Ax(f(fi’a, uryy 1)

Ti+1

and X% = Xf_“l on [, Tix1), ¢ > 0. It has the same law as the process introduced at the beginning
of the proof of Proposition [4.1], and in particular

1 T eea
P =sup lim —E {/ T(Xf’a,ds)ds} .
T 0

acAT—>

We set -
Vi(z) :=supE [/ e‘ASr(Xf’d,ds)ds} :
0

acA

2.a.(1) We first need to obtain contraction estimates similar to the ones obtained in the proof of
Lemma [A.1l We restrict for the moment to the case where the distance between the initial data are
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in 2hZ.

Let us first observe that, for h small enough for condition (4.5) to hold, we have ¢} (z) < (¢ +
¢, ) (') = 02/ (Lp, p,)* =: m and conversely. Although recall that, by Assumption, u(z) — u(z’) <
—c(x—2a') < 0 and therefore g;f (z) < ¢ (2') if © > 2’ € R. Keeping this in mind, direct computations

show that, if 7 — 2 € 2h7 and z,2' € M, and @ € A, then
E [z + Ax(z,a,&) — o' — Ax(2,a,&)| — |z — 2]

gy (x) Am — g, (2) A gy (2)

Aty

= (lz — 2’ + 2h| — |z — 2'|)

Aty,
) o G (@) Amo— g (@) A gy (2)
+ (|Jz — 2" — 2h| — |z — 2|) Aty
_ ) oy (@) = p(r) A p(a’) ) oy (Z') = p(x) A p(a)
= (Jo — 2" +2h] — |z — 2']) o, + (lz — 2" = 2h| — |z — 2|) o7
= [Laza (@) — p(@")) + Ligrsay (u(z’) — p(2))]

IN

—clx — 2.
On the other hand, if v = 2, 2’ € M} and z; — 2’ € 2hZ, then

E [|$ + AX(£a a, 61) - aj, - AX(ZE’, d7€1)| - |3j - ZL‘/”

Aty,
Ath ( 2hqh (33 a) - 4h(qh (237 )) - QF—RZL‘/’ d)) - Qh(l — gy (237 ))) 1{x’>Z1+4h}
1
At |z — 2] Lo <z 1any
< —clzg — 2|
< —E]x —a|.
2

In the case, ¥’ = 29,11 (with k£ > 4 which we can assume here w.l.o.g.), then

ar Bl 4 Ax(@,a,8) =" = Ax(2,8,4)| = |o = o]

Alth [—4hg;f (2, @) — 6h(q) (23,a)) — ¢ (220-1,a)) — 4h(1 — g} (23,Q)))]
= —C|23 - 22/@71‘
< —glaz — |,

in which the last inequalities follows from the fact that x > 4. A similar analysis can be done when
&' = 29441 and x € MJ. The above implies that, for h small enough,

E]E |z + Ax(x,a,&) — o' — Ax(2',a,&)| — |x — 2'|] < —g\x —2|Va,a" € Mjst. v —a' € 2hZ,
h
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which is the required contraction property, whenever x — 2’ € 2hZ. The key property is that
X% _ X remains in 2hZ whenever x — x’ € 2hZ (by the above calculations jumps of X% — X&
lie in {—6h, —4h, —2h,0,2h,4h,6h}). Then, the same arguments as in the proof of Lemma
imply that one can find L > 0, that only depends on ¢, such that

Vv,\ T)— VVA )| < f)x—x’, for z, 2" € M¥ s.t. o — 2’ € (2hZ). 4.15
h
In particular,

IVa(x) — Va(0)| < L|z|, for x € M5 N (2h7Z). (4.16)

2.a.(ii) We now turn to the general case in which the distance between the initial data does not

belong to 2hZ. Take x € {x, — h,xo +h} N M}, for some z, € My N (2hZ). Let 6, be the first time
at which |Xgl’d — x| = h. By the dynamic programming principle,

in which )v(;”l’d—xo € {—2h,0,2h} and therefore |VA(X;”1’5‘)—V>\(:UO)\ < 2L|h| by ([#.15). By exhaustive
enumeration, one can compute

00 k
1 -1
,)\9 - —At
1] 1 - v— n¥d
= an(x) q()(/ge A y)

. . 1 Cman -
[Va(z) = Valo)] < sup B [X(l — e M) Irlleg + e MVAXG) — Valzo)
ae

+E[(1— e ) Va(zo)]

- th Y1 — gu(z)) MAL, +1)7F
k>1
= (AAL, +1)7 (1= gu(2)) AQh + 1

)\Ath +1-— qh(ZL‘o)
e 1O
)\Ath +1-— qh(a:) -

Since 1 — gu(x) > (0/Lpyp,)* > (5/Lpyp,)? > 0 for all h, by Assumption [4] the above implies that,
for some C' > 0, independent on A, x and h,

) § At), 1 —qn(x) i
Va(x) — Va(z)| <supE 2 Hh
V(@) = Valwo)| < sup [whu—qh(@”r”cg ot -
AAL, .
E V o
" [AAthH—qh(w)' o)

:C(Ath + h+ )\Ath‘f/)\<l‘o)|)

26



Note that AV is bounded by [rlleo < oo, while At, < h < |z|, for z # 0 and h small enough. Since
To € MJ N (2hZ), the above, combined with (4.16)), thus shows that

V() — VA(0)] < Lla], ¥ & € M, (4.17)

for some L' > 0 that does not depend on A, h nor x. In the case where = € {21, 22k+1}, We can
conduct a similar analysis by considering the first time 6; at which X®® jumps. In this case,

X;”l’& € M4 by construction and \Xg’f — x| < 2h. Given (4.15)), we retrieve a similar estimate as
(4.17). Hence,

Va(z) = VA(0)| < L'|z|, V2 € M, (4.18)
for some L’ > 0 that does not depend on X, h nor k.

2.a.(iii) We are now in position to show that [W}]eo (v does not depend on x nor h. Using
(4.18) and the arguments of Lemma , we obtain that, after possibly passing to a subsequence,
(Vi — VA(0))aso converges pointwise, as A — 0, to Wi — pi"At;, and that the latter satisfies

Wi (2) — o Aty| < L'la], z € M. (4.19)

2.b. To complete the proof, it remains to appeal to the stability of viscosity solutions, and use
comparison results in the class of semi-continuous super/sub-solutions with linear growth. Let
(kn)n>o be as in the statement of the Proposition. By (£.19), (W;* — p,""At),)s>0 admits locally
bounded relaxed semi-limits

Wt (x) == limsup wy" (2') — gy " Aty , Wos(x) == liminf W™ (z') — pp"" Aty,.
@' =, hl0 @'z, hl0
which take the value 0 at 0, recall , and have linear growth. We can then use that is
satisfied on any bounded set B for h small enough with respect to B, Proposition [4.1] and standard
stability arguments for viscosity solutions, see e.g. [7, Theorem 2.1] for the case of numerical schemes
or [5, Theorem 6.2, p.77| for general stability results, to deduce that Wi and W™ are respectively
viscosity super- and subsolutions of in the classical sense of viscosity solutions for elliptic
equations (the constant p* being already given). We claim that wi** = w + g for some g € R. Then,
we will deduce that g = wi**(0) —w(0) = 0 by construction. The same argument can be used to prove
that Wi = w. To prove the above, we follow the arguments of [6, Proof of Theorem 3.1]. We first fix
R > 0 and let B := Br(0) be the open ball of radius R centered at 0. Set g := maxyp, (W™ — W).
Since ® := wi®* — W — g has linear growth, see and above, we can fix ¢+ > 0, independently of
R, such that x — ®(z) — ¢|z|* has a maximum point &z on (Bg). If sup g,). ® > 0, then, for + >0
small enough, we have ®(2x) — ¢|2g|?> > 0 and therefore 2 lies in the interior of (Bg)°. We now use
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the subsolution property of wi°* and the fact that W is a smooth solution of (3.5)) to obtain
0 <sup {L*W(Zg) + r(ir,a) — p* + ¢ (2u(Zg,a)ir + 0°)}
achA
<isup {2/1(:%3, a)ig + 02} .

ach
Using (4.14)), we get a contradiction for R large enough. This shows that sup(g,)e ¢ < 0. Now the
fact that maxpg,usp, = 0 follows by the maximum principle applied to (3.5 on Br with Dirichlet
boundary conditions on dBg. Moreover, ® is a viscosity subsolution of

0 <sup L%®.
ach

We can thus now appeal to the strong maximum principle, see e.g. [23, Theorem 1|, to deduce that
Wo* —w—g=® =0, with g = w®*(0) — w(0) = 0.

As mentioned above, similar reasoning can be applied to wgs, showing that

limsup |wi* — pp"" At — w|(2') =0, z € R,
z'—x, h]0

so that the convergence is uniform on compact sets. O]

5 Application to high-frequency auctions

5.1 Motivation and setting

Web display advertising is a typical example of real-world high-frequency pure jump control problems
[18]. The ad spaces are sold by algorithmic platforms in automated auctions which occur at the
dozen microsecond scale [32]. The frequency imposes computational issues on optimisation problems
in this industry, while at the same time, the volume creates a significant monetary incentive for all
parties to engage in revenue maximisation.

Consequently, the question of the strategic behaviour of bidders in repeated auctions in the face
of learning sellers has been a popular topic in contemporary auction theory, see e.g. [30, § 4] for a
survey. A rich line of work has focused on asymmetric problems where one player is significantly
more patient than the other |2, BI]. This asymmetry reduces game theoretic considerations in the
analysis to optimisation or control problems. In this example, we take interest in the case where
the buyer is infinitely patient (it optimises an ergodic objective), while the seller’s algorithm has
effectively finite memory.
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Given these horizons, the format of the auction will strongly influence the behaviour of bidders and
sellers when they seek to maximise their profit, see e.g. [24] for some generic examples. While it is a
sub-optimal auction format for the seller [29], we choose to focus on the second price auction format
here. Indeed, there are unsurmountable difficulties in learning the optimal auction format [27], and
second-price is in practice a common compromise between tractability and optimality [33].

Recalling the notations introduced in Example [2.1] in a second price auction with reserve, the bidder
wins if it outbids the maximum of the competing bids denoted by e,€ R, and the reserve price
x, and pays the smallest bid which still wins the auction, i.e. x V e4. As a result of the time scale,
there is little time in practice to perform computations to determine the bid, and one typically
relies on using a precomputed function of the value to bid when an ad-slot arrives and its value
es€ R, is revealed. More formally: the bid should be predictable. For simplicity, in this example,
we consider a linear shading of the value: aes, where the control input value a is the shading factor.
Consequently, we have the (expected) reward function for the bidder in a single auction

r(z,a) = /(62 — 2V e4)l{ae,>aveyv(de) . (5.1)

Such auctions are well-defined only for positive bids. Thus, we impose a € R.

Within the constraints of a second price auction, maximising profits corresponds to tuning the
reserve price x. Dynamically optimising the reserve price is a difficult problem even for a stationary
bidder, see e.g. [2, [16]. To simplify, we consider the mean-reverting dynamic introduced in Example
2.1l For some n = e fixed, this dynamic is given by with

b:=b. = eb; + \/eby where by (7, a,e) := e;(aey — x) and by(z,€) = eje3. (5.2)

In the above framework, the noise realisation of e; encodes seller aggressivity as an exogenous ran-
domness, while the noise realisation of e3 encodes the realisation of the seller’s internal randomisation
aimed at increasing robustness to strategic play.

Under the conditions outlined in Example [2.1] we can choose for simplicity

v(de) = H fi(e;)de;

in which
fi ~Unif(0,1) and f3 ~N(0,07)

1

with ¢ = 3.

Second price auctions without reserve leave the most revenue on the table when the buyers are
highly asymmetrical, we therefore study

fa ~ LogNorm(py,0q) and fy ~ Unif(0,1)
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with 3 =0 and 07 = % Note that empirical observations [32] suggest log-normals are a realistic
model for values.

Assumption [l and the remaining conditions in Example for Assumptions [2] and [3] are easily seen
to hold under the above choices. Therefore, this pure jump process admits, and converges to, a
diffusion limit by Theorem [3.6] in particular, it is easily checked that the coeflicients of the limit
diffusion are given by

Jo
\/ga

where C' := exp <u1 + g) It is clear from ({5.1)) and (j5.3]), that values of a larger than 1 cannot be
optimal, therefore we fix A = [0, 1].

w(x,a) = % (aC — ) and o(x) = (5.3)

5.2 Numerical Resolution of the HJB Equations

Using this example motivated by high-frequency auctions we illustrate in this section the benefits

of the diffusion limit problem in regards to numerical computation. We use the method detailed

in Section {4 to solve numerically (3.5, with parameters p and o given by (5.3). Throughout,
8

we will take xj, := h~'/4, for which & < (%)® suffices to uphold condition (4.5) since we have

[u]clq < (14 e/®)/2. Note that, with fi, f2, f3 as above, p in Example and Example can be
taken to be any positive real number.

In comparison to , solving with coefficients given by is complicated by the computation
of the integral term. In many situations, when v is a non-atomic measure with a known closed
form, quadrature would be the preferred method for resolution, see e.g. [I5]. In this example, this
quadrature would be 4-dimensional, which is somewhat expensive.

In contrast, the relatively simple form of the combination of independent noise sources makes Monte
Carlo simulation competitive in this specific example. Fixing a grid M3, analogous to the one in
Section , we compute the empirical transition distribution pi’,ﬁf (z,a) € MT5 XA — pf\’,}:g (;x,a) €
Ao 11, where Ay, 41 is the 2k, 4+ 1-dimensional probability simplex, based on N, independent
samples from each law, by projecting sample transitions onto M5 . We then approximate (2.8) by

solving the analogue of (4.3)), i.e. finding (p?h:, 55 )s WIS = (Wl (%) )1<i<ar. 41, solving

1
0= { P8, — e W25, — e, (0) + R} (5.4
oo = w5 (0) (5.5)
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by policy iteration, where Py __, = (pi’,fe(zj; ziya(2i)))1<ij<2m.+1, Lox.+1 1s the 2k, + 1-dimensional

identity matrix, and R(a) is as in Section [4]

As e — 0, all the transitions concentrate into a ball of size £2 with a drift of size €, meaning that the
mesh must refine faster than ¢, in order to avoid degeneracy. Therefore, we consider the sequence
of grids {MZ5 }eso, with M5 = {yi = =10+ (i — D)h,1 < i < 2k, + 1} with b, = ¢* and
ke = 20/h.. We take N, := k2 A 10° to reduce noise while capping unmanageable computation cost
once ¢ < v/2/10. Note that the refinement of the grid M5, as € — 0 does not imply that the
accuracy of the scheme increases as ¢ — 0, the increasingly fine resolution is a cost incurred due to
n-. The increase in this cost becomes impossible to maintain as € becomes small, this is illustrated

by Figure[l} it rises at a rate e~%.
104
£ 1]
bt
-
[a
@)
1074
104
10° 101 102

g h
Figure 1: Comparison of computation costs for (5.4) (p5.) and (4.3) (p)")-

In contrast, using the diffusion limit by combining Sections [3] and [4, allows us to solve the problem
to a high precision for relatively cheap. Figure [2| demonstrates the convergence in value of Theorem
m with a rate of 2.

Explicit computation for approximately optimal controls using is impractical for the r given
in , due to its lack of a closed-form derivative to apply first-order conditions. Nevertheless,
in order to illustrate the bounds in Propositions [£.2] we resort to numerical approximation. We
fix a grid Ap := {il'""1,0 <4 <T} on A = [0, 1], fixing I" = 1000, and then solve the maximum in
on Ar instead of A. Contrary to Section , we only compute it on M}". This yields a map
ay, : Mj" — Ar, which can be viewed as a vector of controls associated to Mj".

From here, we extend the definition of &, by setting a;,(z) := aj,(II;"(z)), for € R, where
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17" () := inf{z € MJ™ : 2 > &} A 2y, 11, 50 that &) € A. We now consider the solution X*™I' of

bl _ / / b (XEmhE GE (XD o) N (de, ds)
0 JR

nh,h,l"

and evaluate p. (0, &}) for each e, where &} = &' (X ). In practice, we fix T'= 1000 and compute

T
%]E [ / (Xt AR (X)) AN,
0

by Monte Carlo with 1000+ trajectorie of X#nhT for each e.

In spite of the noise and the simple approximate control scheme, we recover the bounds of Propositions
4.2 in terms of ¢ in Figure [3| with ~ = 0.0035570, the smallest h on Figure [l Note that this
convergence rate matches the one of Figure 2]

¢ 02, .

L 10721 * o ° I):;s

T S 1073 L

I ° o1

*x

gf ° . *&’ ° °

. . 1074 ¢
10° 101 10° 101
3 €

Figure 2: Approximation error of p* by p;"*.  Figure 3: Suboptimality of the diffusive con-

trol relative to pf.

Appendix

A Proof of Theorem 2.3

In this Appendix, we first provide the proof of Theorem [2.3] It follows a standard route. We adapt
arguments of [4] and [3] to our context.

!Computing an ergodic average over each trajectory is very numerically expensive for small values of ¢, reducing
the feasible amount of samples. In spite of the noise, a slope faster than % is still visible in Figure
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We first show that (Vi)ie(,1) is equi-Lipschitz continuous, under the contraction condition of
Assumption [2]

Lemma A.1. Let Assumptions [l and[g hold, then
Va(z) = Va(2)| < Ly|z — /|, for z,2’ € R% X € (0,1),

i which

J— Lb,rpC (Lf>pc
Yoo\ )
¢ ¢

Proof. Fix x,2' € R%, together with o € A. By applying (2.4) of Assumption , we have
n [ 000 DX, X 4B ,0) = (X X} rlde) € ~CeO(Xo, X ) (A)
R

in which (X, X’) := (X®* X%*) and (X._, X" ) is its left-limit. Applying Ito’s Lemm then

implies
XD =€t [ QK 46X ), X BN 1)) = X XVl )
0
for t > 0. Combining the above with yields
(X0 X)) < C(a, ') = Co /Ot (X, X')ds + M,

in which

Mim [0 X €)X B 0,6)) = (X X)) (Ve ds) = v(de)ds),

!

is a local martingale. Upon using a localisation argument, recall (i) of Assumption , taking the
expectation and using an immediate comparison result for ODEs leads to

E[¢(Xe, X)) < ¢(a,2")e™ ", >0, (A.2)
It remains to use (i) of Assumption [2/to deduce that

L
E[|X, — XI|¢] < 7<|x — /et > 0. (A.3)
¢

ZWhich, in this setting, is equivalent to writing ((X;, X]) as the sum of its jumps.
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Combining the above with Remark [2.2] the Lipschitz continuity assumption on r, Assumption
and using Jensen’s inequality then leads to

|\ (z, ) — J\(2/, )] < Lb,r/ e ME [| X, — Xj|]dt
0

1

< L. / e ME [|X, — XIP<)¢ dt
0

1
L-\rc [ VIS
< Ly, (e_c) C/ o —a|e "
¢ 0

1

Ly, Lo\ 7

Sbv_f%(_e“) e,
Og—i-/\pg £<

Since |V (z) — Via(2')| < supgeq |Ia(z, a) — Jx(2, )| and Ap; > 0, this completes the proof. O

We now use Assumption [3| to provide a uniform (in time and the control) estimate on the diffusion

2.
Lemma A.2. Let Assumptions and@ hold. Then, for all (z,a) € R% x A,

1 C?
E[|XPe] < 7. {ec”}tLalfcl’”£ + c_§1<1 - ecflt)} , 1>0.
3 3

Proof. Fix (z,a) € RY x A and let us write X for X®*. By (2.5) and the same arguments as in the
proof of Lemma [AT]

BIE(X)) < 6e) + [ EI-CE0X) + CElds, £ 20,

which implies that
02
E[¢(X0)] < e %"¢(x) + C—§<1 —e %), t>0.

We conclude with (i) of Assumption [3] O

We can now prove a first convergence result.

Lemma A.3. Let Assumptions and@ hold. Then there is ¢ € R and a sequence (\,)n>1 going to
0 such that (A, Vi, )n>1 converges uniformly on compact sets to ¢, and such that (Vy, — Vi, (0))n>1
converges uniformly on compact sets to a function w € C%' that solves

¢ = sup {n/}Rd/ [w(-+b(-,a,e)) —w]v(de) + r(-, a)} , onRY,

acA
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and satisfies

\w(z)| < Ly|z|, € R% (A.4)

Proof. The proof applies classical arguments from [4] to the pure jump setting. By Lemma
(Vi — Vi(0)) x>0 is equicontinuous in the Lipschitz sense and, in particular, |[Vy(z) — Vi (0)| < Ly ||
for all z € R? and A > 0. Hence, (A(Vy — V4(0)))r>o converges uniformly on compact sets to 0 as
A — 0. Since (AV)(0))r>o is bounded, recall Lemma and Assumption |1}, there is a sequence
(An)n>1 converging to 0 such that A\,V), (0) — ¢ € R as n — oo. Thus, A\,V), — ¢ uniformly on
compact sets.

By Lemma (VA — VA(0))aso is locally bounded. Then, a diagonalisation argument allows one
to extract a further subsequence (also denoted (\,),>0) such that Vi, — V4, (0) — w on Q7 for
some w : Q7 — R. By the uniform equicontinuity of (V)xe(,1), W can be extended to R? and
Vi, — Vi, (0) — w uniformly on compact sets. Moreover, w is Ly-Lipschitz and w(0) = 0, which

implies ((A.4)).

Next, it follows from standard arguments, see e.g. [11], that V), solves for each n > 1
0 = sup {77/ VA, (- + (-, a,e)) — Vi, Jv(de) + r(-, a)} — A\ Va,, on R% (A.5)
acA R4

Hence,
AV, (0) = = An(Vi,, — V4,.(0))
+ 81612 {n/ued’ (WVy, (- +b(-,a,e)) — Vi, (0) — (Vi, — Vi, (0))]v(de) + r(-, a)} ., on RY,
and passing to the limit (recall Assumption |Ij and that v is a probability measure) implies that

¢ =sup {?7/]1@' [w(-+b(-,a,e)) — wlr(de) + r(-, a)} , on R%

a€h

O

We now have to prove that the constant ¢ defined above equals p*(0) and that only (w, p*(0)) solves
(2.8]), up to restricting to functions with linear growth taking the value 0 at 0.

Lemma A.4. Let Assumptions(1], [4 and[5 hold. Let (W, p) € Cl, x R be a solution of the ergodic
equation

p = sup {n/]Rd, [W(-+b(-,a,e)) — wlv(de) + r(-, a)} , onR%

a€h

Then, p* is constant and equal to p. In particular, the constant ¢ of Lemmal[A.3 is equal to p*.
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Proof. Let us fix x € R%.

a. By Lemmaand [9, Proposition 7.33, p.153|, we can find a measurable map 2’ € R — 4(2') € A
such that

p= n/nxd’ [W(-+b(-,a(-),e)) — W]r(de) +r(-,a(-)), on R%

Let X denote the solution of (2.1)) associated to & := a(X._) and the initial condition . Then, Itd’s
Lemma implies that

~

R 1 [t
E {W(Xt) —w(x)+ 5/ r(Xs,ds)dNS} =pt, t > 0.
0

Moreover, since w has linear growth, there exists C' > 0 such that
E[[%(X) — W(x)|] < CE[1+|Xy| + |z]).

By Lemma E[|X,]]/t — 0 as t — oo since pe > 1. Then, the above implies that

1 b
lim —E {/ T(XS_,@S)dNS] = p.
t—o00 ’r]'[; 0

b. Conversely, for any o € A,

1 t
E {W(Xfo‘) —w(z) + —/ r(Xff‘,as)st} <pt, t>0.
mJo

By Lemma and the linear growth of w again, we deduce that

1 t
limsup —E {/ r(X:’_a,as)st] < p.
0

t—00 T]t
c. Combining a. and b. implies that p = p*(x). By arbitrariness of x € R?, p* is constant. ]

We are now in position to prove our second convergence result, and therefore to complete the proof
of Theorem 2.3l

Lemma A.5. Let Assumptions @ and@ hold. Then, there exists a sequence (T),)n>1 going to +0o0
such that (T, 'Vr, (0,-))n>1 converges uniformly on compact sets to p*(0).

Proof. The proof follows from the same arguments as in [4, Prop. VI.1| except that in their case the
convergence holds uniformly on R?. Let (An)n>1 be as in Lemma and set T,, :== §/\, for some
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§ € (0,1), so that A\, — 0 and T,, — oo as n — oo. Fix x € R%. By Lemmaand Lemma
we can find C' > 0 such that E[|V) (X;"") — V), (2)|] < C(1 + |z|) uniformly in « € A and for all
r € RY and t > 0. Arguing as in the proof of [4, Prop. VI.1], we then deduce from the dynamic
programming principle applied to V), see e.g. [11], Lemma[A.1] Lemma and Assumption [1] that,
for some C’ > 0 that does not depend on n,

)
(1= e™) = =V, (0,2)] < 2aVi, (2) = o[+ A C" (1 + a).
It remains to divide the above by 0, send n — oo and use Lemmas and to obtain that

10 1 1 1—e?
p*—( ) < liminf?VTn(O,x) < limsup T—VTn(Oax) < p*g

0 n—oo  Up n—00 n d ’

and we conclude by arbitrariness of 6 € (0,1). The fact that the convergence is uniform on compact
sets follows from the above and Lemma [A.3] O

B Estimates for elliptic Hamilton-Jacobi-Bellman equations
without control on the volatility part

In this section, we collect standard estimates on elliptic Hamilton-Jacobi-Bellman equations associated
to infinite horizon optimal control problems of a diffusion, in which there is no control on the volatility
part. This is a specific class of quasi-linear equations whose analysis is standard. Our focus here
is on the growth rate of local Cf _estimates in the case where the solution is already known to be
Lipschitz. We follow closely the arguments of [20] that considers compact domains and insist only
on the points where the Lipschitz continuity property is used.

As usual, we first consider linear equations of the form
1
0= (b,Du’) + 5T [aD*u] — Au — f on R% (B.1)

We fix M > 0 and a modulus of continuity o (i.e. a real valued map on R? that is continuous at 0
and such that o(0) = 0). We let &(M, o) denote the collections of real-valued maps u € C? such
that u(0) = 0, [Du| < M and that are strong solutions of (B.1)) with coefficients satisfying:

(i) A €[0,1],

(i) (b,f) : R? — R? x R is measurable and [bleo + ||ﬂ|cg <M,

(iii) a:R% — S is bounded by M and admits ¢ as a modulus of continuity,
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(iv) inf{¢Ta(z) &: (z,£) € RIXRY |¢| =1} > 1/M.

Hereafter, we use the convention 0/0 = 0.

Lemma B.1. For each v € (0,1), there exists K} , > 0 such that any u € &(M, o) satisfies

lllezo sy < Birg(L +1al), for all w € RY.

Proof. 1. Given p > 1, we first estimate ||u||w2»(p,()) in which || - [|w2s(B,()) denotes the norm
associated to the Sobolev space W?P(By(z)). We follow the proof of |20, Theorem 9.11]. Fix
1o € By(z). By [20, (9.37)], for any v € W*P(Bs(xg)) supported in some Bg(xy) C Bs(z), R > 0,
there is C; > 0, that depends only on p, such that

HDQUHLP(BR(:UO)) <M (BS‘EPO ja — a(zo)] ||DZU||LP(BR(10)) + HTr[aDQU]”LP(BR(zo))) ;
Rr(T

in which [|*[| 1,5, (2o)) denotes the usual norm of the LF-space associated to the Lebesgues measure
on Bgr(xg).

The uniform continuity of a implies that there exists R > 0 small enough, that only depends on p,
M and g, such that |a — a(z)| < (2C;M)~! on Bg(x), so that the above implies that

|D? ) < 2C1M || Tr[aD* (B.2)

UHLP(BR(xO ]“LP(BR(C”O)) '

Take u € &(M, p) a solution to (B.1)) in Bs(x), applying (B.2)) yields
2 T
D UHLP(BR(;CO)) < C2(||f||cg(33(z)) + A ||U||cg(33(x)) + ||b||cg(33(z)) |[Du Hcg(Bg(a:)))

for some Cy > 0 that only depends on M, p and p. From the definition of &(M, o), it follows that
there is C5 > 0, independent of x(, such that

lullwerBrey < C3(1+[2]),
and, by covering By(z) with finitely many balls of radius less that R, one obtains
[l gy < Ca(l + [2])
for some C} that depends only on p, M and p.
2. Using an imbedding theorem, see e.g. [20, Theorem 7.26], we can find K7* > 0 such that
||u||céﬂ(32(m)) < K7P|ul|wen (o), ¥V u € &(M, p), z € R,

for all p € N such that 0 < d/p <1 and v € (0,1—d/p). Given v € (0, 1), the required result follows
by combining the above for some p large enough. O
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We now turn to the quasilinear case
. 1
0="b(-,Du’) + 5T [aD*u] — Au on RY, (B.3)

in which
b(z,y) == (b(x,y),9) — f(z,y), (x,y) € RT x R?.
We again fix M > 0, and p = (p1, p2) € (0,1]?, and let S(M, p) denote the collection of real-valued

maps u € C? such that u(0) = 0, |Du| < M, and that are solutions of (B.3]) for some coefficients
satisfying:

(a.) A €[0,1],

(b.) (b,f) : R? = R? x R is measurable and [b]co (g2a) + 1fllep m2ay < M,

(c.) a:R?— S? is measurable and bounded by M.

(d) inf{¢Ta(z) £ : (.,§) € RIxRY, [¢| =1} > 1/M,

(e.) for all z, 2’ € R? such that | — 2/ < 1 and all y,y’ € R%

la(z) — a(a’)| + [b(z,y) — b(2',y)| < M (Jo = '] + |y — ¢'|**) .

Lemma B.2. Fiz vy € (0,p1 A p2). Then, there exists f(}mp > 0 such that any u € (M, p) satisfies

||uHc§W(Bl(x)) < ]’(/[,p(l + ’x‘), for all x € R<.

Proof. Fix # € R% Since |Du| < M, by Lemma applied to the coefficient 2/ € R?
(b(z', Du(x")),a(x’), f(«', Du(z’))) in place of (b, a,f), for each v € (0, 1), we can find C,, > 0 such
that

||u||C;7W(BQ(I)) S O—y(l + |ZE'|) for all x € Rd. (B4)

It then follows from [20, Theorem 9.19] that u € C.”(Bsy(x)) for any v € (0, p1 A p2).

To obtain an associated estimate, we turn to the proof of [20, Theorem 6.2] which we apply to
the solution w = u of the linear equation Lw := $Tr [aD?w] = —b(-,Dw") + \w, in our particular
setting. Fix g € By(x), and consider the constant coefficient equation Low := £ Tr [a(zo)D*w] = F
where F(z) := L1Tr [(a(z) — a(2))D?*u(z)] — b(z, Du’ (2)) + Au(z), z € R%.

2
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We first introduce some notations. For Q C R4, v € (0,1), and f € C*>7(Q) define the following
norm and Schauder semi-norm respectively as follows:

|f|(2) Q= sup d2|f(2)| + sup di? I7tz) = f(WZ/)l
(2,27)E02 |z — 2|
. D2f(z) — D2f
M= sup d 2] (‘Z)_ o &)l (B.5)
.0 :=sup & |D*f(2)] (B.6)

where d, is the distance of z to the boundary of Q and d, ./ := d.Ad, for any (z,2) € Q2.

We now fix v € (0, p1 A p2). Let u € (0,1] and set Q :=By(x). Fix yo € Ba(z) such that d,, < d,,

' 2
(without loss of generality) and set B := B4, (70). Then, [20, Lemma 6.1 (a.)| (see [20, (6.16)] for
details) applied to Low = F' implies that
[D?u(xo) — Du(yo)]

|$0 - y0|V

42 |D2u(x0) - DZU(?JO”
|$0 - yo|V

— g2+
Z0,Y0 d

2 4o
< W(Huucowz o+ IFIG.5) + 5 [l e

for some CY' > 0, which only depends on v € (0, p1 A p2). Then, using [20, (6.8)] yields
ID2u(z0) — D2u(yo)| _ C7 o
|z — yol” S;ﬂﬂ (Hu||cz?(32(x)) + |F|0,7,B)

+ 4 (Cu)ullegeme + 170l o))

for some C () > 0 that only depends on p. The Schauder estimate then comes from bounding term
by term |F|(()2%B First, we argue as for |20} (6.19)], using (c.) and (e.) in the definition of (M, p),
to obtain

2+
dﬂUO »Yo

T [(az0) = D] [, < G2 | Cali)legimatan + 1010l o |

for some C3, Cy(p) > 0 which only depend on v and u. Second, we combine (B.4) with items (a.)
and (e.) in the definition of &(M, p) to obtain that

(2)
<Cl 1+ |z
o B = 5 (1+ |z[)

‘6(-,DuT)—)\u

for some Cj > 0, that only depends on +.

Combining the above with (B.4)) and using the arbitrariness of xg,yo € Bs(x) leads to

c] clcy
[Wom) <t (0legeoniey + G301+ 1)) + =572

[02(M)||U||cg(32(x)) + 1 [uls 4 By ()

+ 4 (Cr) Nl + 1160 )
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We now take p > 0 small enough and recall (B.4]) to obtain, for each 0 < v < p; A pa, a constant
C} > 0, independent on x, such that

(U] Bya) < Cy (1 + |=|)

and we conclude by using [20, (6.9)] and the fact that the distance between a point of B;(z) and
the boundary of By(z) is a least 1. O

References

[1] M. Abeille, B. Bouchard, and L. Croissant. Diffusive limit approximation of pure-jump optimal
stochastic control problems. Journal of Optimization Theory and Applications, 196, 147176,
2023.

[2] K. Amin, A. Rostamizadeh, and U. Syed. Learning prices for repeated auctions with strategic
buyers. In C. J. C. Burges, L. Bottou, M. Welling, Z. Ghahramani, and K. Q. Weinberger,
editors, Advances in Neural Information Processing Systems, volume 26. Curran Associates,
Inc., 2013.

[3] A. Arapostathis, V. S. Borkar, and M. K Ghosh. Ergodic control of diffusion processes. Number
143. Cambridge University Press, 2012.

[4] M. Arisawa and P-L. Lions. On ergodic stochastic control. Communications in partial differential
equations, 23(11-12):2187-2217, 1998.

[5] G. Barles. An Introduction to the Theory of Viscosity Solutions for First-Order Hamilton-Jacobi
Equations and Applications. In P. Loreti, N. A. Tchou, editors, Hamilton-Jacobi Equations:

Approzimations, Numerical Analysis and Applications, Lecture Notes in Mathematics, volume
2074, Springer, Berlin, Heidelberg, 2013.

[6] G. Barles and J. Meireles. On unbounded solutions of ergodic problems in R™ for viscous
Hamilton—Jacobi equations. Communications in Partial Differential Equations, 41(12):1985—
2003, 2016.

[7] G. Barles and P. E. Souganidis. Convergence of approximation schemes for fully nonlinear
second order equations. Asymptotic analysis, 4(3), 271-283, 1991.

[8] N. Béauerle. Approximation of optimal reinsurance and dividend payout policies. Mathematical
Finance: An International Journal of Mathematics, Statistics and Financial Economics, 14(1):99-
113, 2004.

41



[9] D. P. Bertsekas and S. E. Shreve. Stochastic Optimal Control. The Discrete-Time Case.
Academic Press, New York, 1978.

[10] V. Borkar, S. Chen, A. Devraj, I. Kontoyiannis, and S. Meyn. The ODE Method for Asymptotic
Statistics in Stochastic Approximation and Reinforcement Learning. arXiv:2110.14427 [cs,
math, stat], December 2021. arXiv: 2110.14427.

[11] B. Bouchard and N. Touzi. Weak dynamic programming principle for viscosity solutions. STAM
Journal on Control and Optimization, 49(3):948-962, 2011.

[12] P. Brémaud. Point processes and queues: martingale dynamics, volume 50. Springer, 1981.

[13] H. Chen and D. D. Yao. Fundamentals of Queueing Networks, volume 46 of Stochastic Modelling
and Applied Probability. Springer New York, New York, NY, 2001.

[14] A. Cohen and V. R. Young. Rate of convergence of the probability of ruin in the Cramér—
Lundberg model to its diffusion approximation. Insurance: Mathematics and Economics,
93:333-340, 2020.

[15] R. Cont and P. Tankov. Financial modelling with jump processes. Chapman & Hall/CRC
financial mathematics series. Chapman & Hall/CRC, Boca Raton, Fla, 2004.

[16] L. Croissant, M. Abeille, and C. Calauzénes. Real-time optimisation for online learning in
auctions. In International Conference on Machine Learning, pages 2217-2226. PMLR, 2020.

[17] L. Croissant, M. Abeille, and B. Bouchard. Near-continuous time Reinforcement Learning for
continuous state-action spaces. Proceedings of the 35th International Conference on Algorithmic
Learning Theory (ALT), PMLR 237:444-498, 2024.

[18] J. Fernandez-Tapia, O. Guéant, and J-M. Lasry. Optimal real-time bidding strategies. Applied
Mathematics Research eXpress, 2017(1):142-183, 2017.

[19] W. H. Fleming and P. E. Souganidis. On the existence of value functions of two-player, zero-sum
stochastic differential games. Indiana University Mathematics Journal, 38(2):293-314, 1989.

[20] D. Gilbarg and N. S. Trudinger. Elliptic partial differential equations of second order. springer,
2015.

[21] S. Hafstein. Lyapunov Functions for Linear Stochastic Differential Equations: BMI Formulation
of the Conditions:. In Proceedings of the 16th International Conference on Informatics in
Control, Automation and Robotics, pages 147-155, Prague, Czech Republic, 2019. SCITEPRESS
- Science and Technology Publications.

42



[22] J. Jacod and A. Shiryaev. Limit theorems for stochastic processes, volume 288. Springer Science
& Business Media, 2013.

[23] B. Kawohl and N. Kutev. Strong maximum principle for semicontinuous viscosity solutions of
nonlinear partial differential equations. Archiv der Mathematik, 70(6):470-478, 1998.

[24] V. Krishna. Auction theory. Academic press, 2009.
[25] T. Lattimore and Cs. Szepesvari. Bandit Algorithms Cambridge University press, 2020.

[26] H. J. Kushner and P. G. Dupuis. Numerical methods for stochastic control problems in continuous
time, volume 24. Springer Science & Business Media, 2001.

[27] J. H. Morgenstern and T. Roughgarden. On the pseudo-dimension of nearly optimal auctions.
In C. Cortes, N. Lawrence, D. Lee, M. Sugiyama, and R. Garnett, editors, Advances in Neural
Information Processing Systems, volume 28. Curran Associates, Inc., 2015.

[28] S. P. Meyn and R. L. Tweedie A Survey of Foster-Lyapunov Techniques for General State
Space Markov Processes Proceedings of the Workshop on Stochastic Stability and Stochastic
Stabilization, 1993.

[29] R. B. Myerson. Optimal auction design. Mathematics of operations research, 6(1):58-73, 1981.

[30] T. Nedelec, C. Calauzénes, N. El Karoui, and V. Perchet. Learning in repeated auctions.
Foundations and Trends®) in Machine Learning, 15(3):176-334, 2022.

[31] T. Nedelec, N. El Karoui, and V. Perchet. Learning to bid in revenue-maximizing auctions. In
K. Chaudhuri and R. Salakhutdinov, editors, Proceedings of the 36th International Conference
on Machine Learning, volume 97 of Proceedings of Machine Learning Research, pages 4781-4789.
PMLR, 09-15 Jun 2019.

[32] M. Ostrovsky and M. Schwarz. Reserve prices in internet advertising auctions: A field experiment.
In Proceedings of the 12th ACM Conference on Electronic Commerce, EC ’11, page 59-60, New
York, NY, USA, 2011. Association for Computing Machinery.

[33] T. Roughgarden and J. R. Wang. Minimizing regret with multiple reserves. ACM Transactions
on Economics and Computation (TEAC), 7(3):1-18, 2019.

[34] A. J. Veretennikov. On strong solutions and explicit formulas for solutions of stochastic integral
equations. Mathematics of the USSR-Sbornik, 39(3):387-403, April 1981.

43



	Introduction
	Pure jump Ergodic Optimal Control
	Approximation for models with large activity 
	Candidate diffusion limit
	First order approximation guarantees
	Higher order expansions

	Numerical resolution of the ergodic diffusive problem
	Application to high-frequency auctions
	Motivation and setting
	Numerical Resolution of the HJB Equations

	Proof of Theorem 2.3
	Estimates for elliptic Hamilton-Jacobi-Bellman equations without control on the volatility part

