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Motivation

e Information delay, delay in execution of orders.

e Aim: characterisation of the no-arbitrage property when the agent’s
filtration H = (H;); does not contain the filtration F = (F;); induced

by the price processes

e Useful to obtain dual formulation for the set of super-replicable claims.



T he case of markets without friction

e Discrete-time model*: t € {0,1,...,T}. The closure property of the
set

T-1
Ap = {G < LO . d¢ s.t. Z ¢§(St+1 — Sp) > G}
t=0

is done as in the “Teachers’ note"T.

e Separation and exhaustion argument: Q ~ P with dQ/dP € L such
that

E%[¢}(Se1 — Si)] < O
for all Hy-meas. ¢ € L. This implies EQ[S, 411 —S; | Hi ] =0, i.e.

SQ.— (E@[St | Hi])e<r is @ H-martingale under Q.

*Kabanov Y. and C. Stricker, The Dalang-Morton-Willinger theorem under delayed
and restricted information, preprint 2003.

fKabanov Y. and C. Stricker, A teachers’ note on no-arbitrage criteria, Séminaire de
Probabilites XXXV, Lect. Notes Math. 1755, Springer, 149-152, 2001.
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Problem

The recent modelisation does not fit with the case where H does not
contain [F.
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T he modelisation of Kabanov et al.

Wealth process and self-financing condition

e Wealth process described in quantities and not amounts: V) = num-
ber of units of asset 7 in the portfolio at time ¢.

o Strategy: § = (&)< Where g;fﬁ = number of units of asset ¢ bought
(against an other asset) at time ¢.

e Simple wealth dynamic: V4(§) = > s<¢&s.
e Abstract self-financing condition: & € — Ky for all t. Write £ € — K.

— —K; is the set of affordable exchanges at time t given the price of
the assets, the transaction costs,...

e K; is a.s. a closed convex polyhedral cone such that Ri\{O} C ri(Ky)
a.s.
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Solvency region
e Ve Ky = d& € —K¢ such that Vp = —&, i.e. Vi +& = 0.

— Up to an immediate transfer we can reduce to a portfolio with
non-negative holdings.

e K; is called the "solvency region™.



Example 1:

e 1 cash account with zero interest rate (S = 1). 1 risky asset with
price S2 in units of the asset 1.

e Proportional transaction costs of rate A on the transacted amount.

— Buying 1 unit of S? costs (14X)S? units of S1, one receives (1—-\)S?

units of S1 when selling one unit of S2.
e £'= number of units of S*

— —Ki(w) = {(a1,22) : =1+ 51325752((,0) + )\|x2|StQ(w) < 0}



Example 2:

e Modelisation of a d-dimensional market in terms of bid-ask spreads.
e ™ = number of units of i from which one can obtain one unit of j.

e [ he set of affordable exchanges at time t is:

— K¢ (w) ={w€Rd . JaeM4, 2 < > [aji—aijwzj(w)} , 1< d}.
j<d

e Rem: if S%is the price in term of a numeraire and \¥ is the transaction
cost paied in units of S* when exchanging units of S* to get some units
of SJ, then 7% = (S7/S%)(1 4+ \¥)
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Efficient and non-efficient frictions

e Set KP := K; N (—Ky).

o ¢ € —Ky belong to K; implies that there is £ € —K; such that & = —&;.
— KJ is the set of “reversible” exchanges.

e No friction: KP := —K; = any exchange is perfectly reversible.

o Efficient friction: Ky := {0} = no reversible exchange, i.e. there is
no couple of assets that can be exchanged freely. This is equivalent to
ng has non-empty interior where

Ki(w) = {y : (y,z) >0} .

e Mixed case: K? ¢ {{0},—K;} = some couple of assets can be ex-
changed freely, some other can not.
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Notions of No-Arbitrage in the full information case

e Set of wealth process at time ¢

e 1. Weak no-arbitrage property
NAY : ApnLP°RL;F) = {0}

e 2. Strict no-arbitrage property

NA®: AN LKy F) < LY(KP;F) forall t.

(recall Ky := K; N (—Ky) is the set of reversible exchanges).

e 3. Robust no-arbitrage property

NA" : NAY holds for some K which dominates K,
here K dominates K if K;\ KP C ri(K;) for all t.
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Interpretation of NAT"

e Take

—Ki(w) :{xERd : JaeML 2t < Z [aji—aijwzj(w)} , 1< d} .
j<d

o 0 = # of units of ¢ from which one can obtain one unit of j

e Bid-ask spread: [1/7r{i , wij]
e No friction between ¢ and j if 1/wg”i = wij.

o NA": there is # such that [1/7", #7] C ri[1/=]", =/] and NA¥ holds
for m

— there is no-arbitrage even in a model with slightly lower transaction
costs in the directions where they are not equal to O.
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Dual variables ~ "“equivalent martingale measures”

e Assume ATﬂLl is closed. By Hahn-Banach and NAY, find some
Z € L°° such that

E[(Z,G)] <0 forall Ge ApnLt.

e Since —K;NLY(F) c ArnL! for all t

E[(Z:,&)] <0 forall &€ —K¢n L' (F) .
with Z; = E[Z | Fi].

— Zy € K} + exhaustion under additional conditions: Z; € ri(K}).

e Dual variables: Z the set of bounded martingales Z such that Z; €
ri(Kf).



Interpretation of Z

e Take

—Ki(w) = reR? : JaeML, 2t < aji—aijﬂij(w) 1< d}.
t
j<d

o Z; € ri(K}) means

~

zl ozl i i
T:—-Gﬂlﬂ'j ,’7'("7
71 =z €/ w)

where Z = Z/Z1.
— there is a fictitious price process in the numéraire corresponding to

the first asset which is a martingale under dQ = Z%d,IP such that the
corresponding exchange rates evolve in the ri of the bid-ask spreads.
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Characterisation of No-Arbitrage

e T heorem:

1. Z#0) < NA"

2. Z# () = NA?® and the converse is true if K9 = {0}.
3. Z% () = (NAY and Ap is closed in probability)

Kabanov Y., C. Stricker and M. Rasonyi, No arbitrage criteria for fi-
nancial markets with efficient friction, Finance and Stochastics, 6 (3),
2002.

Kabanov Y., C. Stricker and M. Rasonyi, On the closedness of sums of
convex cones in LY and the robust no-arbitrage property, Finance and
Stochastics 7 (3), 2003.

Schachermayer W., The Fundamental Theorem of Asset Pricing under
Proportional Transaction Costs in Finite Discrete Time, Mathematical
Finance, 14 (1), 19-48, 2004.
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Main problems: back to example 1

e The set of affordable exchanges at time ¢ is:

~Ky(w) = {(a",27) : o' + 2257 (w) + Az?[SF(w) < 0}

e If # not H-adapted neither is K ! What about the constraint £ € — K
?

e To get one unit of 1: ¢ = —[S2(1 — A\)]~! is not Hy-meas. if S? is
not !
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New modelisation: order process and conversion m:e

e Orders: n is a simple order process if it belongs to LO(M¢; H).
e Typically:

n;fj > 0 is the order: buy \n,fj\ units of j against units of 3.

nij < 0 is the order: sell |n§j| units of 5 against some units of i.

e Conversion maps: F = (F};) a sequence of F-meas. random continu-
ous maps from M¢ into R<.

— Converts order into net changes in the portfolio, i.e. to an order n;
associate F;(m;) which is the impact on the portfolio of this order.

e ' need not to be H-adapted !
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Assumptions on F

e HF, : MFi(a) = Fy(Xa) for all A >0 and a € M€.

— the impact on the portfolio is proportional to the size of the order
o HF, : Fi(a+ ') > Fi(a) + Fi(d) for all a, o/ € M?.

— it is better to mutualise orders rather than to give them separately.
o« F(n) =X, () FFeiy) + () F(=eip)| with el = 1¢; y— ).

— the e;; can be viewed as simple orders. Any order can be decomposed
as the combination of simple ones. The impact is the corresponding
combination of the impact of the simple orders.

o HNO: Fy(m) € NP = Fy(—n) = —Fy(n) where Ny := {Ft(n), n € LO(MY; Hy
and NO = NN —N.



Wealth process

e TO £ € N, i.e. £ = F(n) for some order process n, we associate the
wealth process

Vi(€) = Zfs:ZFS(US)

s<t s<t

e Set of hedgeable claims with a strategy up to time ¢

Ay = {Vi(&) —r, €€ N, r e LO(RY)



Examples

Currency market #1

e ' defined by

7 - Jr 1] (%} . .
Fy(ne) = j;l {7775 Mt (Wt 177@]20 + ng177?<0>] ;
where

>0, 7% = 1 and =7k > 7Y for all 4, 4, k.

o T = # of units of ¢ from which one can obtain one unit of j



Currency market #2

e ' defined by

Fi(m) = ) {niz — (szlnij>o + il || — Li=1 2 AL
j=1 t = U kI
where

MN>0, 79 >0, 7% =1 and =7k > 7Y for all 4, 4, k.

# of units of ¢+ from which one can obtain one unit of j

o T =
e \Y = additional proportional cost paied in units of the first asset (e.qg.
execution cost paied in cash)



Stock market

e ' defined by

1 16 (41 14 : ; .
Fr(n) = > nt (W% 177tli>0 + Wtzlntlz’<o> and  F{(m;) = —ntlz for 4 >
1<i<d

e Asset one is the numéraire (e.g. cash account).

e 1 = number of physical units of asset 1 one receives when selling
one unit of ¢

o 71" = number of units of asset 1 one pays to buy one unit of z.

e Assume 7jt > il
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Natural set of dual variables

e Assume that AN L1 is closed and that

NAY :  ApnLO(R%) = {0} .

e Then, by Hahn-Banach, there is Z € L°° such that

E[(Z,G)] < 0 forall Ge ApnLt.

e For all bounded order process n: Fi(n;) € Apn LY. Thus,

E[(Z, Fr(m))] < 0 Vn and thus E[(Z, F(n)) | He] < 0 Ve

e Under additional assumptions, one also get that Z* > 0 for all 7+ and

Fy (i) L{E (2, F(n) | Hil}=0 € NE -
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Definition and Interpretation
o We define Fy(ny; Z) := E[(Z, Fy(nt)) | Hq.

e Set of dual variables: D is the collection of elements Z of L°((0, c0)%)
satisfying

Fy(mi; 2) <0 and  Fy(ne)1g,(,: 2)—0 € NP, for all n e LO°(M% H) and

e Define F by Fi(n; Z) .= E

1

ZiFi(m) | He] /B [Z0 | 1]
and Z; =E[Z | He], Z=Z/Z! and dQ = Z}dP.
o ['(-: Z) is the (Z,H)-expected impact of the order on the portfolio.

e The (Q,H)-martingale Z can be viewed as the expected price process
in @ model without transaction costs where the first asset is taken as
a numéraire.
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e In this “expected model” :

1. (Zy, Fy(n; Z)) < 0. The expected changes in unit in the portfolio
multiplied by the expected price is non-positive

— Self-financing condition.
2. (Zy, Fy(n; Z2)) = 0 & Fy(n) is reversible

— The self-financing condition is bind if the order is reversible, i.e.
order between freely exchangeable assets.
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No-arbitrage conditions

e 1. Weak no-arbitrage property:
NAY : ApnLP(RY) = {0} .

e 2. Strict no-arbitrage property:

NAS © AN (=N + LO(RY)) € NP for all ¢.

e 3. Robust no-arbitrage property NA": there is a conversion map G
such that for all n € LO(M?; H) and ¢:

L. Gi(me) = Fe(ne)
2. Fy(m) ¢ NY = P [EI k such that GF(n,) > Ftk(nt)] >0

3. NAY holds for d.

e The efficient friction assumption is EF : NP = {0} for all ¢.



Remark on the robust no-arbitrage

e Take F' defined by

d
i = 3 |ff —q¥ (21, A g
¢ () i=1 {nt & (Wt 1772‘720 ji1n§‘7<o>] !

4y
where
> O, ™ =1 and =gk > 7 for all 2, 7, k.
o ™ = # of units of ¢ from which one can obtain one unit of j.

e [ he robust no-arbitrage p'rope_.rty holds in_ the_ sense of Scachermayer
if there is 7 such that [1/7]", 7,/] C ri[1/x)" , =] and NAY holds for 7.

— In the case where 7 is H-adapted, the two definitions are equivalent.



Characterisation of the no-arbitrage properties

e T heorem:

1. If either NA" or ( NA% and EF ) hold, then D # () and A7 is closed
in probability.

2. If D # () then NAY, NA% and NA" hold.
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Alternative characterization of D

e I(e;;): impact on the portfolio of the order: buy one unit of 5 against
units of z.

o Fi(—e;j): impact on the portfolio of the order: sell one unit of j
against units of 1.

o Set —K(Z)(w) = cone{Fy(ei;; Z)(w) , Fi(—e;j; Z)(w) , 4,5} — R,
— Affordable exchanges in expectation.

o Consider its polar: K/ (Z)(w) = {y € R® : (z,9) > 0 forall z €
Ky(Z)(w)} .

e Characterization of D:

1. Z € D implies then Z € ri(K*(2)).

2. If P |Ffi(£e;;) > O| P |FF(&e;;) <0 = 0 then Z € ri(K*(2)) implies
Z €7D.
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e Typically:

FF(e;;) = 0 if k ¢ {4,5}, — price of buying one unit j with units of i if
k=iand 1if k=

FF(—e;;) = 0 if k ¢ {i,j}, gain for selling one unit j to get units of i if
k=iand —1 if k=j.

e In the perfect information case H=F.

1. F

F, Z=E[Z]| F],
2. —Ky(2)(w) = =Ky = cone{Fy(e;;)(w) , Fi(—ey)(w), i,5} —R%.
3. Z € ri(KY).

— We retrieve the characterization of the full information case.
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Examples

Stock market

e ' defined by

Ftl(m) = Z 771517’ (Wizillntli>o+77gzlnt1i<o) and  F{(m;) = —nt“ for ¢ >
1<i<d

e Set 7rz“7 = [lezj | Ht} | Z}

— Zy € ri(K}(Z)) if and only if Z}#it < Z! < Z1#}? with strict inequali-
ties on {7} > &1} = {P[r}! > 7l | H,| > 0}.

» Set dQ/dP = Z1/E |z1]. Then, & = EQm; | H].

— There is a (Q,H)-martingale Z/Z! such that each component i
evolves in the ri of the “estimated” bid-ask spread [7i!, 7).



e In the “no frictions” case, i.e. ©l = xl% then Zl7il = Z} = Z}7}*.
There is Q ~ P under which the optional projection 7 of the discounted
price processes « on H are (Q, H)-martingales.
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Currency market

e ' defined by

d
i _ gi_ i iy 1 .
Ey(ne) = jzl {nt M (7& 1n§9>0+ﬂgi1n§‘7<0>]

e Expected prices

7 =R (2T | 1] /2] and w0 =E|Z'n) | M /Z]

e Then Z; € ri(f(,fj*(Z)) if and only if
Ziz" < 7] < Zime

with strict inequalities on {%zj’“ > %zj’b} = {P [w;'ngi > 1 | Ht] > 0}.



Super-hedging with partial information

o Let G € LO be such that G — 1¢c € K for some ¢ € R. Then,

GeAp ifandonlyif E[(Z,G)] <0 forall ZeD.



