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• Value function:

v(0, X0, e0) := sup
ξ∈S0(e0)

E [ Π(ξ) ] .
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• Many others... mostly with infinite time horizon.

• Important points (compare with Tang and Yong):

- the switching process may have an impact on the terminal reward

function and the size of the jumps of the diffusion,

- the jump coefficients may depend on the current value of the diffusion

process X, (continuity of v ?)

- the cost function c is not assumed to be positive (nor non-negative)

(as in Ly Vath and Pham 2006).
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• PDE: Formal argument

1. Immediate switch: v(t, x, e) ≥ v(t, x+ β(x, e, j), e, j)− c(x, e, j) ∀ j.

2. No switch: Leϕ := ∂
∂tϕ+ b(·, e)′Dϕ+ 1

2Tr
[
aa′(·, e)D2ϕ

]
+ f(·, e) = 0.
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sup
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|ψ(t, x, e)|/(1 + |x|γ) < ∞ .

H2 : There is a function Λ on Rd × E satisfying

(i) Λ(·, e) ∈ C2(Rd) for all e ∈ E,
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2Tr
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aa′D2Λ

]
≤ %Λ on Rd × E, for some % > 0,

(iii) GeΛ(x, e) ≥ q(x) on Rd × E for some continuous function q > 0,

(iv) Λ ≥ g+ ,

(v) Λ(x, e)/|x|γ →∞ as |x| → ∞ for all e ∈ E.

• Theorem : Under H1-H2, v is continuous and is the unique (discon-

tinuous) viscosity solution of (PDE)-(B) satisfying the growth property

of H1.
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• Growth with coefficient γ ≥ 1 if: ∃ a supersolution w to (B)

satisfying H1 such that w(·, e) ∈ C2(Rd) for each e and (Lw)+ + |Dw′a|
is uniformly bounded.

• Growth with coefficient γ = p̄ if: c ≥ 0 and β = 0 on {x ∈
Rd : |x| ≥ K} × E2.
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Sufficient condition for H2

• General condition: For some γ ≥ p̄, ∃ (di)i∈E and α > 0 such that

−α < |x+ β(x, i, j)|2γ − |x|2γ for all (x, i, j) ∈ Rd × E2

η := min
i,j∈E

inf
x∈Rd

di − dj + c(x, i, j)

|x+ β(x, i, j)|2γ − |x|2γ + α
> 0 .

• Examples:

1. c ≥ ε for some ε > 0 and β has a compact support.

2. c independent of x, satisfies a strict triangular condition

c(i, j) + c(j, k) > c(i, k) , i, j, k ∈ E ,

and β has a compact support.
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• ⇒ Hedges the reward associated to a random policy.
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PDE characterization

• Formal argument: Set y = u(0, x, e) and “X0− = x”, “N0− = e”.

0 ≤ d

Y y,φ0 − u(0, X0, N0)−
∫ 0+

0
f(XN
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τNi −
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)


= (φ0 − a∇u) · dW0

− Leudt
− 1

τN1 =0 {u (0, x+ β(x, e,N0), )− u (0, x, e) + c(x, e,N0)} .

• Formal condition:

1. φ0 = a∇u

2. Optimality ⇒ min{−Leu , Geu} = 0 .
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H1’ : u+ satisfies the growth condition

sup
(t,x,e)∈[0,T ]×Rd×E

|ψ(t, x, e)|/(1 + |x|γ) < ∞ .

H2 : There is a function Λ on Rd × E satisfying

(i) Λ(·, e) ∈ C2(Rd) for all e ∈ E,

(ii) b′DΛ + 1
2Tr

[
aa′D2Λ

]
≤ %Λ on Rd × E, for some % > 0,

(iii) GeΛ(x, e) ≥ q(x) on Rd × E for some continuous function q > 0,

(iv) Λ ≥ g+ ,

(v) Λ(x, e)/|x|γ →∞ as |x| → ∞ for all e ∈ E.

• Theorem : Under H1’-H2, u is continuous and is the unique (discon-

tinuous) viscosity solution of (PDE)-(B) satisfying the growth property

of H1’.



Equivalence property



Equivalence property

Equivalence through PDEs

• Theorem If u and v are locally bounded, then both are discontinuous

viscosity solutions of

min {−Leϕ(t, x) , GeV (t, x, e)} = 0 .

with terminal condition

min {V (T−, x, e)− g(x, e) , GeV (T−, x, e)} = 0 , for all (x, e) ∈ Rd × E .



Equivalence property

Equivalence through PDEs

• Theorem If u and v are locally bounded, then both are discontinuous
viscosity solutions of

min {−Leϕ(t, x) , GeV (t, x, e)} = 0 .

with terminal condition

min {V (T−, x, e)− g(x, e) , GeV (T−, x, e)} = 0 , for all (x, e) ∈ Rd × E .

• Theorem If u+ and v+ have polynomial growth and H2 holds, then
u = v, i.e.

sup
ξ∈S0(e0)

E [ Π(ξ) ] = Super-hedging price of Π(N)

Economic value of the firm = Hedging value of the total reward

for a policy viewed as random

Recall

Π(ξ) = g(Xξ
T , ξT ) +

∫ T
0
f(Xξ

s , ξs)ds−
∑
τ
ξ
i ≤T

c

(
X
ξ

τ
ξ
i −
, ξ
τ
ξ
i −
, ξ
τ
ξ
i

)
.



Equivalence property

Equivalence through PDEs

• Theorem If u and v are locally bounded, then both are discontinuous
viscosity solutions of

min {−Leϕ(t, x) , GeV (t, x, e)} = 0 .

with terminal condition

min {V (T−, x, e)− g(x, e) , GeV (T−, x, e)} = 0 , for all (x, e) ∈ Rd × E .

• Theorem If u+ and v+ have polynomial growth and H2 holds, then
u = v, i.e.

sup
ξ∈S0(e0)

E [ Π(ξ) ] = Super-hedging price of Π(N)

Economic value of the firm = Hedging value of the total reward

for a policy viewed as random

Recall

Π(ξ) = g(Xξ
T , ξT ) +

∫ T
0
f(Xξ

s , ξs)ds−
∑
τ
ξ
i ≤T

c

(
X
ξ

τ
ξ
i −
, ξ
τ
ξ
i −
, ξ
τ
ξ
i

)
.



Equivalence property

An other dual formulation



Equivalence property

An other dual formulation

• Dual variables: Let U = set of predictable essentially bounded

processes ν = (ν0, . . . , νκ) with values in (0,∞)κ+1. Set

Hν := E
(∫ T

0

∫
E
(νσt − 1)µ̃(dσ, dt)

)
7→ Qν ∼ P .



Equivalence property

An other dual formulation

• Dual variables: Let U = set of predictable essentially bounded

processes ν = (ν0, . . . , νκ) with values in (0,∞)κ+1. Set

Hν := E
(∫ T

0

∫
E
(νσt − 1)µ̃(dσ, dt)

)
7→ Qν ∼ P .
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• Theorem If ũ+ and v+ have polynomial growth and H2 holds, then
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