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Abstract

We propose a general framework for the optimal control/design of trading algorithms
in situations where market conditions or impact parameters are uncertain. Given a
prior on the distribution of the unknown parameters, we explain how it should evolve
according to the classical Bayesian rule after each sequence of trades. Taking these pro-
gressive prior-adjustments into account, we characterize the optimal policy through a
quasi-variational parabolic equation, which can be solved numerically. From the math-
ematical point of view, we indeed treat a quite general impulse control problem with
unknown parameters, and the derivation of the dynamic programming equation seems
to be new in this context. The main difficulty lies in the nature of the set of controls
which depends in a non trivial way on the initial data through the filtration itself.
Typical examples of application are discussed.
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1 Introduction

When trading at a high frequency level, several market parameters become of major im-
portance. It can be the nature of the market impact of aggressive orders, or the time to be
executed when entering a book order queue, see e.g. [15] and the references therein. However,
the knowledge of these execution conditions is in general not perfect. One can try to estimate
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them but they remain random and can change from one market /platform to another one, or
depending on the current market conditions. Most importantly, they can only be estimated
by actually acting on the market. We therefore face the typical problem of estimating a
reaction parameters (impact/execution time) while actually controlling a system (trading)
that depends on these parameters.

Such problems have been widely studied in the discrete time stochastic optimal control
literature, see e.g. [10] for references. One fixes a certain prior distribution on the unknown
parameter, and re-evaluate it each time an action is taken, by applying the standard Bayesian
rule to the observed reactions. The optimal strategy generically results from a compromise
between acting on the system, to get more information, and being not too aggressive, be-
cause of the uncertainty on the real value of the parameters. If the support of the initial
prior contains the true value of the parameters, one can expect (under natural identification
conditions) that the sequence of updated priors actually converges to it in the long range.

It is a-priori much more difficult to handle in a continuous time framework with continuous
time monitoring, as it leads to a filtering problem, leaving on an infinite dimensional space.
However, optimal trading under market impact can very naturally be considered in the
impulse form, as robots send orders in a discrete time manner. In a sense, we are back
to a discrete time problem which dimension can be finite (depending on the nature of the
uncertainty), although interventions on the system may occur at any time.

In this paper, we thus consider a general impulse control problem with an unknown
parameter, under which an initial prior law is set. Given this prior, we aim at maximizing a
certain gain functional. We show that the corresponding value function can be characterized
as the unique viscosity solution (in a suitable class) of a quasi-variational parabolic equation,
for which a convergent numerical scheme is constructed. To better fit with market practices,
we allow for (possibly) not observing immediately the effect of an impulse. This applies for
instance to trading robots that are launched for a certain time period and whose impact will
be observed only at the end of this period, or to dark pools in which nothing is observed but
the execution time.

The study of such non-classical impulse control problems seems to be new in the literature.
From the mathematical point of view, the main difficulty consists in establishing a dynamic
programming principle. The principal reason lies in the choice of the filtration. Because of the
uncertainty on the parameter driving the dynamics, the only natural filtration to which the
control policy should be adapted is the one generated by the controlled process himself. This
implies in particular that the set of admissible controls depends heavily (and in a very non
trivial way) on the initial state of the system at the starting time of the strategy. Hence, no
a priori regularity nor good measurability properties can be expected to construct explicitly
measurable almost optimal controls, see e.g. [5], or to apply a measurable selection theorem,
see e.g. [16]. We therefore proceed differently. The (usually considered as) easy part of the
dynamic programming can actually be proved, as it only requires a conditioning argument.
It leads as usual to a sub-solution characterization. We surround the difficulty in proving the
second (difficult) part by considering a discrete time version of our initial continuous time
control problem. When the time step goes to 0, it provides a super-solution of the targeted
dynamic programming equation. Using comparison and the natural ordering on the value



functions associated to the continuous and the discrete time model, we show that the two
coincide at the limit.

We consider two examples of applications. In the first one, aggressive orders are send
in a model with immediate and resilient impact. The unknown are the parameters of the
impact and liquidity costs functions. In the second one, we only consider limit orders. The
unknown is the distribution of the time to be executed. In both situations, the problems
can be solved numerically without much difficulties and we provide numerical illustrations
showing the dependence of the optimal strategies on the current priors.

The rest of the paper is organized as follows. The model is described in Section 2. In
Section 3, we provide the PDE characterization of the value function and an example of
numerical scheme. Proofs are collected in Section 5. Section 4 is dedicated to two examples
of application.

2 The impulse problem with parameters adjustment

All over this paper, C([0,T],R?) is the space of continuous functions from [0,7] into R?
which start at 0 at the origin. Recall that it is a Polish space for the sup-norm topology. We
denote by W(w) = w the canonical process and let P be the Wiener measure.

We also consider a Polish space (U, B(U)) that will support an unknown parameter v. We
denote by M a locally compact subset of the set of Borel probability measures on U endowed
with the topology of weak convergence. In particular, it is Polish. A prior on the unknown
parameter v will be an element m € M.

To allow additional randomness in the measurement of the effects of actions on the system,
we consider another Polish space E on which is defined a family (¢;);>0 of i.i.d. random
variables with common measure P, on E. On the product space Q := C([0,T],R%) x U x EN,
we consider the family of measures {P x m x P®N : ;m € M} and denote by P, an element
of this family whenever m € M is fixed. The operator E,, is the expectation associated to
P,.. Note that W, v and (¢;);>¢ are independent under each P,,.

For m € M given, we let F™ = (F");>0 denote the P,,-augmentation of the filtration
F = (Fi)i>o defined by Fi = o((Ws)s<t,v, (€:)i>0) for t > 0. Hereafter, all the random
variables are considered with respect to the probability space (2, F*) with m € M given by
the context, and where 7' is a fixed time horizon.

2.1 The controlled system

Let A C [0,T] x R? be a (non-empty) compact set. Given N € N and m € M, we denote by
PV the collection of sequences of random variables ¢ = (7;, @;);>1 on (Q, F7*) with values in
R4 x A such that (7;);>1 is a non-decreasing sequence of F”-stopping times satisfying 7; > 7'
P,, —a.s. for j > N. We set

o= | ) o™

N>1



An element ¢ = (75, a;)1<i<y € P> will be our impulse control and we write «; in the form
a; = (gz; 6@) with gz € [O,T] and B@ c Rd Pm — a.s.

More precisely, the 7;’s will be the times at which an impulse is made on the system (e.g. a
trading robot is launched), 8; will model the nature of the order send at time 7; (e.g. the
parameters used for the trading robot), and ¢; will stand for the maximal time length during
which no new intervention on the system can be made (e.g. the time prescribed to the robot
to send orders on the market). Later on we shall impose more precise non-anticipativity
conditions.

From now on, we shall always use the notation (77, a?);>; with af = (£, 3) to refer to a
control ¢ € .

We allow for not observing nor being able to act on the system before a random time 19?
defined by
0? = w(r?, Xf_(b_, ol v, ),
where X? is the controlled state process that will be described below, and
w:Ry xRYx A x UxE— [0,7] is measurable, such that w(t,-) >t for all t > 0. (2.1)

In the case where the actions consist in launching a trading robot at Tf during a certain time
éf, we can naturally take 19? = Tf + E?. If the action consists in placing a limit order during
a maximal duration ¢2, ¥ is the time at which the limit order is executed if it is less than
77+ ¢, and 77 + (¢ otherwise.

We say that ¢ € ™ belongs to ™ if
19? < Tzﬁl and Tf < T{il P,.-a.s. for all i > 1,
and define
N¢ .= |:Ui21[7_l¢719?)] - (2.2)

We are now in position to describe our controlled state process. Given some initial data
z:= (t,x) € Z = [0,T] x RY and ¢ € ®™, we let X*? be the unique strong solution on
[t,2T] of

X =+ (/ Lo ()1 (5, X,) ds + / Lys(s)o (s,Xs)dWS)

t t

+ Z 1{t§19‘f§~}[F(7—i¢7 XTf_a Oé?u v, Ei) - XTZ?_]' (23)

i>1
In the above, the function

(0, F) : Ry x REx A x UxEws R x M4 x R? is measurable.
The map (u, o) is continuous, and Lipschitz with linear growth (2.4)
in its second argument, uniformly in the first one.
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In the above, M¢ stands for the set of d x d matrices. This dynamics means the following.
When no action is currently made on the system, i.e. on the intervals in AN'®, the system
evolves according to a stochastic differential equation driven by the Brownian motion W:

dX, = (s, X,)ds + o (s, X,)dW, on N?.

When an impulse is made at Tf’, we freeze the dynamics up to the end of the action at time
#?. This amounts to saying that we do not observe the current evolution up to 9¢. At the
end of the action, the state process takes a new value

X

g6 = F(TZ-QS,XT_(p_,(X?,U,Ei), i>1.

The fact that I’ depends on the unknown parameter v and the additional noise ¢; models the
fact the correct model is not known with certainty, and that the exact value of the unknown
parameter v can (possibly) not be measured precisely just by observing (19? —Tf’, Xgo—X o).

In order to simplify the notations, we shall now write:
749 .= (-,XZ’¢) and Z7°:= (-, X*°) (2.5)

in which X*° denotes the solution of (2.3) for ¢ such that 7¥ > T and satisfying X;° = x.
This corresponds to the stochastic differential equation (2.3) in the absence of impulse. Note
in particular that

730 =427 ,af,v,a) on{r >1t}, (2.6)
1 T
in which

7= (w, F). (2.7)

From now on, we denote by F*™¢ = (F>™?), . or the P,,-augmentation of the filtration

generated by (X*¢ >, Lo o)) on [t,2T]. We say that ¢ € @™ belongs to ®*™ if (79)iz1

is a sequence of F*™?-stopping times and af’ is F Z;m’¢—measurable, for each 7 > 1. Hereafter
T

(3

an admissible control will be an element of ®*™.

2.2 Bayesian updates

Obviously, the prior m will evolve with time, as the value of the unknown parameter is
partially revealed through the observation of the impacts of the actions on the system: at
time ¢, one has observed {Z’(fo_, ozf’, V€)1 > 1,19?5 < t}.

It should therefore be considered as a state variable, in any case, as his dynamics will naturally
appear in any dynamic programming principle related to the optimal control of X*?, see

Proposition 5.2 below.



Moreover, its evolution can be of interest in itself. One can for instance be interested by the
precision of our (updated) prior at the end of the control period, as it can serve as a new
prior for another control problem.

In this section, we describe how it is updated with time, according to the usual Bayesian
procedure.
Given z = (t,x) € Z, u € U and a € A, we assume that the law of z'[z, a, u, €], recall (2.7),
is given by

Q('|27 a, U)dQ(|Z, a),
in which q(-|-) is a Borel measurable map and Q(-|z,a) is a dominating measure on Z for
each (z,a) € Z x A.
For z = (t,z) € Z, m € M and ¢ € ®>™, let M*™? be the process defined by

Mzm9[C) := P, [v € C|F>™?), C € B(U), s >t. (2.8)

As no new information is revealed in between the end of an action and the start of the next
one, the prior should remain constant on these time intervals:

M#™® = MZ"W on [99,78.), i >0, (2.9)

with the conventions 9§ = 0 and M7"™? = m. But, M*™ should jump from each 7; to each
19?, 1 > 1, according to the Bayes rule:

M;%’W = sm(JW"W5 ng,zw 9, i>1, (2.10)

in which

fc q(2!|ze, @, w)dm,(u)
Jo 42|20, a0, w)dme(u)

M (me; 20, 20, a0)[C] = , (2.11)

for almost all (z,, 2., a,, m,) € Z* x A x M and C € B(U).

Note that we did not explicit M*™¢ on each [1;, ;) since the controller must wait the time
19; before being able to make another action. A partial information on v through ¢; is known
as a right-censored observation of ¥J; is revealed through the interval [7;, ;).

In order to ensure that M*™® remains in M whenever m € M, we assume that

M(M; ) C M.
We formalize this in the next proposition.

Proposition 2.1. For all z = (t,x) € Z, m € M and ¢ € ®>™, the process M*™? is M
valued and follows the dynamics (2.9)-(2.10) on [t, 2T].



Proof. We fix ©+ > 0. Let C be a Borel set of U and ¢ be a Borel bounded function on the
Skorohod space D' of cadlag" functions with values in R*!. Set £ := 37, 140 o) and

set X7 1= X_Zv’ﬁq5 — X;f. One can find a Borel measurable map ¢ on D241 such that

2, 2,0 i ¢
()O(X-/\i)ag?j\s)l{ﬂfgs<q—f+l} P(X /\19¢76X/\s7€ 79¢)1{19¢<s<7

+1}

Then, the independence of v with respect to o(W, 4o — Ws) given f;;,m’¢, and the fact that

Ti‘il is measurable with respect to the sigma-algebra generated by (W40 — W) and f;;m’¢

imply that, for s > 0,

¢
V!

En [1{U60}90<X-ZA’?:’5'(1/)\5)1{19?§5<Tf+1}] =B | 1puecy 8(X 06, 0X00, 60, >1wfsS<nﬂ1}]

=E, _Mzé)mﬁ[C]SD(XZ ﬁd,,(SXlAs,f )1

— E, [M I3, 69,)1 MSK%}]

{ﬁj’gsqgl}}

This shows that szm’¢[C]1{ﬁ¢<S<T¢ 3= M;%m’¢[0]1{19¢<8<7¢ } P —as.
It remains to compute Mzm¢. Note that (2.3) implies that (X* §¢ ) =X 19¢’ : §§¢ ).

Let ¢ be as above, and let go be a Borel measurable map on DdJr1 X R x R? such that

20 /\194” § /\19¢> @<X-Z/ﬁf—’ gi\fj’—’ 19?’ X;%?)

@(leﬁf_, ff\ﬁb—’ Z/[Ti¢’ ijf_, Oé;-z), v, El])

2,1,

Then, since ¢; is independent of .7-" and has the same law as €,

z

[1{ve0}90( /\ﬁmfwaa)]
= ]E 1{@60}@(X‘/if¢_7 5‘(?\7__4)_7 Z/[Ti(b? Xjf_a a?? v, 61]>:|

=K, / 1{UEC}@(X_Z/<;¢_)¢77 g_d/)\réi7 Z/)q(’z/'ijia Oé?, U)dQ(Z/|ij:7 Oé?)):|

—Eu | ot € [z et warw ) iz o)

Let us now introduce the notation

M[CY(2') == MM ™2, 270 af).

i

Lcontinue & droite et limitée a gauche (right continuous with left limits)



Then,
IE‘:m [1{UGC}¢( 19¢>v€/\19¢)]
:m{ﬁmﬁwﬂﬁjmmwmwzﬁﬁmmwwﬁﬁ»
= Ep [p(X75,. €0 )MICIZ3)]

This concludes the proof. 0

Remark 2.1. Note from (2.11) that M*™° remains absolutely continuous with respect to m
over time.

Remark 2.2. For later use, note that the above provides the joint conditional distribution

of (Z;f,MZ ™) given Fz™?. Namely, for Borel sets B € B([t,T],R?) and D € B(M), a

szmple applzcatzon of Fubini’s Lemma tmplies that

IP[(Z;f,M“W) € Bx D|F "9 = k(B x D|ZZ¢ M e 0 f) (2.12)

in which
k(B x D|zy,m0, ay,) :—//1D(9ﬁ(mo;z’,zo,ao))q(z']zo,ao,u)dQ(z’\z,a)dmo(u), (2.13)
uJ/B

for (zo,mg,a,) € Z x M x A.

2.3 Gain function

Given z = (t,x) € Z and m € M, the aim of the controller is to maximize the expected value
of the gain functional

¢ € O s GH(9) = g(Zifyy, M, v, o),

in which T[¢] is the end of the last action after T":
T[¢] :=sup{¥?:i>1, 79 <T}VT.

As suggested earlier, the gain may not only depend on the value of the original time-space
state process ZT’[‘b] but also on M, z[ga’(ﬁ to model the fact that we are also interested by the
precision of the estimation made on v at the final time. One also allows for terminating the
last action after T. However, since g can depend on T[¢] through Z (g ONE can penalize the
actions that actually terminates strictly after 7.

Hereafter, the function ¢ is assumed to be measurable and bounded? on Z x M x U x E.

2Boundedness is just for sake of simplicity. Much more general frameworks could easily be considered.



Given ¢ € ®*™, the expected gain is
J(z,m; ¢) :=Epn, [GZ()],
and

v(z,m) = ¢sgp J(z,m; @) 1p<ry + L= [9(2,m, v, €9)] (2.14)
cdzm

is the corresponding value function. Note that v depends on m through the set of admissible

controls ®*™ and the expectation operator E,,, even if g does not depend on M;’[Zf]"é.

3 Value function characterization and numerical approx-
imation

3.1 The dynamic programming quasi-variational equation

The aim of this section is to provide a characterization of the value function v. As usual,
it should be related to a dynamic programming principle. In our setting, it should read as
follows: Given z = (¢t,x) € Z and m € M, then

v(z,m) = qjsgp Em[v(ng,M;d’,m’gb)], (3.1)
cdzm

for all collection (69, ¢ € ®*™) of F=™?-stopping times with values in [¢,27] such that
0° c NN [t, T[¢]] P, — aus. ,

recall the definition of N? in (2.2).

Let us comment this. First, one should restrict to stopping times such that #* € N'*. The
reason is that no new impulse can be made outside of N, each interval [Tf, 19?) is a latency
period. Second, the terminal gain is evaluated at T[¢|, which in general is different from 7.
Hence, the fact that 6% is only bounded by T[¢)].

A partial version of (3.1) will be proved in Proposition 5.2 below and will be used to provide
a sub-solution property. As already mentioned in the introduction, we are not able to prove
a full version (3.1). The reason is that the value function v depends on z = (t,z) € Z and
m € M through the set of admissible controls ®*™  and more precisely through the choice
of the filtration F*™¢_ which even depends on ¢ itself. This makes this dependence highly
singular and we are neither in position to play with any a-priori smoothness, see e.g. [5], nor

to apply a measurable selection theorem, see e.g. [16].
We continue our discussion, assuming that (3.1) holds and that v is sufficiently smooth.

Then, it should in particular satisfy

v(z,m) 2 En[v(Z;],m)]



whenever z = (t,z) € [0,7) x R and 0 < h < T —t (Z*° is defined after (2.5)). This
corresponds to the sub-optimality of the control consisting in making no impulse on [¢, ¢+ h].
Applying It6’s lemma, dividing by A and letting h go to 0, we obtain

—Lv(z,m) >0

in which £ is the Dynkin operator associated to X*°,
1
Lo = 0w+ (1, D) + §Tr[aaTD2gp].

On the other hand, it follows from (3.1) and Remark 2.2 that

V(Za m) > sup Em[V(Z/[Z’, a, v, 61]7 m(ma Z/[Za a,v, 61]7 = a))] = K:V(Z? m)
acA

where

Ko :=supK with K% := /go(z', m')dk(z',m’|-,a) for a € A. (3.2)
acA

As for the time-T boundary condition, the same reasoning as above implies
v(T,:) > Krg and v(T,-)>Kv(T,"),
in which
Krg(-,m) = /U/Eg(-, m, u, e)dP.(e)dm(u). (3.3)

By optimality, v should therefore solve the quasi-variational equations
min {—Ly , o —Kp} =0 on [0,7) x R  x M
min {¢ — Krg, o — Ko} =0 on {T} x R x M,

in the sense of the following definition (given for sake of clarity).

Definition 3.1. We say that a lower-semicontinuous function U on Ry xR4xM is a viscosity
super-solution of (3.4)-(3.5) if for any 2, = (to,7,) € Z, mo, € M, and p € CH*9([0,T] x
R? x M) such that mingup(U — ) = (U — ) (26, m0) = 0 we have

[min {=Ly, ¢ — KU} 1y, <7y + min {o —Krg, o — KU} 1{%:7’}} (20,m0) > 0.

We say that a upper-semicontinuous function U on R, x R x M is a viscosity sub-solution
of (3.4)-(3.5) if for any zo = (to,xs) € Z, my € M and o € CV29([0, T] x RY x M) such that
maxzxm(U — ¢) = (U — ¢)(20,m0) = 0 we have

[min {=Ly¢, ¢ = KU} 1, <7y + min {o—=Krg,o — KU} 1{%:7’}} (20,M5) < 0.

We say that a continuous function U on R, x R? x M is a viscosity solution of (3.4)-(3.5) if
it 18 a super- and a sub-solution.
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To ensure that the above operator is continuous, we assume from now on that, on R, x R%x M,

Krg is continuous, and Ky is upper- (resp. lower-) semicontinuous,

for all upper- (resp. lower-) semicontinuous bounded function . (3.6)

A sufficient condition for (3.6) to hold is that k defined in (2.13) is a continuous stochastic
kernel, see [16, Proposition 7.31 and 7.32 page 148].
Finally, we assume that comparison holds for (3.4)-(3.5).

Assumption 3.1. Let U (resp. V') be a upper- (resp. lower-) semicontinuous bounded viscos-
ity sub- (resp. super-) solution of (3.4)-(3.5). Assume further that U <V on (T, 00) x R x M.
Then, U <V on Z x M.

See Proposition 3.1 below for a sufficient condition. We are now in position to state the main
result of this paper.

Theorem 3.1. Let Assumption 3.1 hold. Then, v is continuous on Z x M and is the unique
bounded viscosity solution of (3.4)-(3.5).

The proof is postponed to Section 5.

Proposition 3.1. A sufficient condition for Assumption 3.1 to hold is: There exists a con-
tinuous function U on [0,2T] x R x M satisfying:

(i) ¥(.,,m) e CY*([0,T) x RY), for all m € M.

(ii) o¥ > LU on [0,T] x R x M for some constant ¢ > 0,

)
)

(iii) ¥ — KU > 4§ on [0,T] x R? x M for some § > 0,

(iv) ¥ > Kr[g] on [T, 00) x RT x M with g(t,.) := e®g(t,.) and o is defined in (ii),
) v

~ 1s bounded.

(v

The idea of the proof is the same as in [4, Proposition 4.12|. Note that their condition H2
(v) is not required here because we only consider bounded sub and super-solutions and we
take a different approach. To avoid it, we slighlty reinforce the hypothesis H2 (iii) and asked
for U~ to be bounded.

The proof is postponed to Section 6.

3.2 An example of numerical scheme

When the comparison result of Assumption 3.1 holds, one can easily derive a convergent
finite different scheme for (3.4)-(3.5).

We consider here a simple explicit scheme based on [6, 7|. We let hy be a time-discretization
step so that T'/hg is an integer, and set T := {t;m = jho,7 < T/ho}. The space R?

11



is discretized with a space step h; on a rectangle [—c, c|?

direction. The corresponding finite set is denoted by X",
The first order derivatives 9, and (9¢/0x%);<4 are approximated by using the standard
up-wind approximations:

, containing Ny points on each

AP o(t, z,m) = hy ' (p(t + ho, x,m) — o(t,,m))
hit(o(t + ho,x + eshi,m) — @(t,z,m)) if pi(z) >0
ho I 1 05 101y s Ly =
B pll xm) = { W (p(t e, m) — o(t+ ho, © — esh,m)) i pi(z) <0,

in which e; is i-th unit vector of R¢.
As for the second order term, we use the fact that each point € R? can be approximated
as a weighted combination

T = Z r'w(2|z)

x'€Ch, ()

of the points 2’ lying on the corners Cj,, (x) of the cube formed by the partition of R it belongs
too. Then, given another small parameter hy > 0, we approximate Tr[o(x)o(x) T D%p(t, ,m)]
by Tzi,m [o](t, 2, m) defined as

d

(hod)™ Y[l (¢ + ho, @+ V/hao' (), m) + [ln (¢ + ho, 7 = V/heo' (), m

=1
- 2h2_1(70(ta z, m)

in which ¢¢ is the i-th column of o and
[Pl (¢, 2,m) == Z w(m'|x)gp(t,x',m)
z'€Chy ()

1.

is a piecewise linear approximation of . In the case where only the first row ¢ of ¢ is not

identically equal to 0, one can use the usual simpler approximation

() oM |2 (ot + oy + v/lner, m) + ot + o v = v/haer, m) )
= 2(h1)~ o et 2, m).

Similarly, we approximate Ky by

Koy o(t, x,m) = sup/[go]h1 (max(t + ho,t"), ', m")dk(t', ', m'|t,x,m, a).
acA

Letting h := (hg, h1, h2), and setting

) (3.7)

Lo = AJ° A
p=ALp+ Y WA+

i<d

12



our numerical scheme consists in solving

min {—L"¢, o — Kp,o} =0 on (T" \ {T}) x (X! \ 9X!") x M, (3.8)
min{y — Krg , ¢ — Kn,p} =0 on {T} x (X' \ 9X") x M, :
0 —Krg:=0 on ([0,T] x X" x M) U ((T,2T] x R* x M).  (3.10)
We specify here a precise boundary condition on 9X™ but any other (bounded) boundary
condition could be used.

This scheme is always convergent as (ha, hy/ho, ho/h1) — 0 and ¢ — oo. The proof requires
the following additional lemma.

Lemma 3.1. If (u,)n>1 is a bounded sequence of functions on Z x M and (z,, mp)n>1 5 a
sequence in Z X M that converges to (2., m,), then

liminf — KChyp,Un(2n, mn) > Kuo(2zo, mo) , where uo := lminf wu, (2, m’),
n — oo n — oo
(ho, h1) — (0,0) (z',m') — -
and
limsup K pytn (20, mn) < Ku®(zo,mo) , where u® := limsup wu,(z',m’).
n — oo n — oo
(ho,h1) — (0,0) (z',m') = -

Proof. We first rewrite

Khg by tn(2n, my) = suAp/unyh(z’,m’)dk(z’,m’]zn,mn,a) (3.11)
ac
where u, 5 (2, m') = [up]p, (max(t, + ho,t'),2’,m’). Let @, be the lower-semicontinuous

envelope of inf,,>,, n<p, Unp. From (3.11), we get, for n > n, and h < h,,
’Cun,h(z’m mn) 2 Kﬂno,ho (znu mn)u
and, by (3.6), passing to the limit inf as (n, h) — (400, 0) leads to

lIminf Kuyp(zn, my) > K, b, (20, mo).
(n,h) = (+00,0)
Moreover, Uy, n, T uo point-wise. The required result is then obtained by monotone conver-
gence.

Proposition 3.2. Let v, denote the solution of (3.8)-(3.9)-(3.10). If Assumptions 3.1 holds,
then Vy — V as (hg, hl/hg, ho/hl) — 0.

Proof. Using Lemma 3.1, one easily checks that our scheme satisfies the conditions of [3,
Theorem 2.1.|. In particular, |v,| < sup|g| < co. Then, the convergence holds by the same
arguments as in [3, Theorem 2.1.|, it suffices to replace their assertion (2.7) by Lemma 3.2
stated below. 0J
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Remark 3.1. We did not discuss in the above the problem of the discrete approximation of
M. Applications will typically be based on a parameterized family M = {my, 0 € ©}, for a
subset © of a finite dimensional space. We can then further approximate © by a sequence of
finite sets to build up a numerical scheme.

We conclude this section with the technical lemma that was used in the above proof.

Lemma 3.2. Let (u,)n,>1 be a sequence of lower semi-continuous maps on Z x M and define
Uo := M INE (o s ) 00) Un (2, M) 0on Z x M. Assume that u, is locally bounded. Let ¢ be
a continuous map and assume that (z.,mo) is a strict minimal point of u, — ¢ on Z x M.
Then, one can find a bounded open set B of [0,T] x RY and a sequence (2, my, np)n>1 C
B x M x N such that n, — 0o, (zx,mg) is a minimum point of u,, — ¢ on B x M and
(21, Mgy Uny, (2, M) = (Zo0y Mo, Uo (20, M)

Proof. Since M is assumed to be locally compact, it suffices to repeat the arguments in the
proof of |2, p80, Proof of Lemma 6.1]. O

4 Applications to optimal trading

This section is devoted to the study of two examples of application. Each of them corresponds
to an idealized model, the aim here is not to come up with a good model but rather to show
the flexibility of our approach, and to illustrate numerically the behavior of our backward
algorithm.

4.1 Immediate impact of aggressive orders with dynamic resilience

We consider first a model in which the impact of each single order sent to the market is taken
into account. It means that «; represents the number of shares bought exactly at time 7;, so
that ¢; = 0, for each 7. This corresponds to A = {0} x B in which B C R, is a compact set
of values of admissible orders. Therefore, one can identify A to B in the following, and we
will only write b for @ = (0,0) € A and g; for oy; = (¢;, 3;).

Our model can be viewed as a scheduling model or as a model for illiquid market. The first
component of X represents the stock price. We consider a simple linear impact: when a
trade of size (3; occurs at 7;, the stock price jumps by

X5 = X0+ Bi(v+e)/2

in which v € R is the unknown linear impact parameter, (¢;);>; is a sequence of independent
noises following a centered Gaussian distribution with standard deviation o.. The coefficient
1/2 in the dynamics of X! stands for a 50% proportion of immediate resilience.
It evolves according to a Brownian diffusion between two trades and has a residual resilience
effect:

dX} = odW} + dX;} and dX; = —pX/dt, (4.1)

14



where o, p > 0 and X} € R are constants. The process X* represents the drift of X! due to
the non immediate resilience and X = 0. When a trade occurs, it jumps according to

Xy =X, +Bi(v+e)/2

We call it spread hereafter. This is part of the deviation from the un-impacted dynamic.
The third component, which describes the total cost, evolves as

2
X5 =X2_+X. Bi+(v+ ei)%.

Finally, the last component is used to keep track of the cumulative number of shares bought:

X, =X2_+ 6.

We are interest in the cost of buying N shares, and maximize the criteria
_Em[enL(XTv'U) AC]
where 1 > 0 is a risk aversion parameter, C' > 0, and

N — X3)?
L(Xr.v) == X3+ XHN = X3) + (0 4 e) 20
represents the total cost after setting the total number of shares bought to N at T
If the prior law m on v is a Gaussian distribution, then q(:|t,z, b, u) is a Gaussian density
with respect to
dQ(:E,’t’ xz, b) = dxl,d5:c2+bx1' <x2l)d5x3+b(x3l)d5:v4+(x1/—:cl)('IAI)
and the transition map

_ Joa(@|t @, b, u)dm(u)
Jza(@'[t, z, b, u)dm(u)’

maps Gaussian distributions into Gaussian distributions, which, in practice, enables us to
restrict M to the set of Gaussian distributions. More precisely, if (m,(7;—), 0, (7;—)) are the
mean and the standard deviation of M, _, then the values corresponding to the posterior
distribution My, are

M(m;t' 2" t,2,0)[C]

NI

1 1Y\
O-’U(ﬁl) = 1{0’1}(7'»;—)750} (O_ (7__)2 + ;) )
Xl. - X;_ Moy \T; —
bom X my(mo)

a? ay(Ti—)?

mu(’&z) - mv(ﬂ'_)l{av(n—):()} + ( ) 1{JU(Ti—)7éO}~

Comparing to the general result of the previous section, we add a boundary condition
v(t,z', 2%, N,z%) = 1 and restrict the domain of X3 to be {0,...,N}. Since this param-
eter 23 is discrete this does not change the nature of our general results.

15



Note also that the map ¥ (¢t,z,m) = N — 2% defined on [0,7] x R? x {0,...,N} x R x M
actually satisfies the conditions of Proposition 3.1.

We now discuss a numerical illustration. We consider 30 seconds of trading and N = 25
shares to buy. We take n = 1, zp = 100 and ¢ = 0.4xy which corresponds to a volatility of
40% in annual terms. The trading period is divided into intervals of 1 second-length. The
size of an order f3; ranges in {1,2,3,4,5}. We take 0. = 107* and p such that the spread
X* is divided by 3 every second if no new order is sent. We start with a prior given by
a Gaussian distribution with mean m,(0) and standard deviation o,(0). Finally, we take
C = 10?® which makes this threshold parameter essentially inefficient while still ensuring
that the terminal condition is bounded.

In Figure 1, we plot the optimal strategy for o,,(0) = 5.10~* and m,(0) = 5.1072 in terms of
(X2, X3). Clearly, the level of spread X* has a significant impact: when it is large, it is better
to wait for it to decrease before sending a new order. This can also be observed in Figure 2
which provides a simulated path corresponding to an initial prior (m,(0) = 2.1072,0,(0) =
1073): after 15 seconds the algorithm alternates between sending an order and doing nothing,
i.e. waiting for the spread to be reduced at the next time step. On the top right graph, we
can also observe that the low mean of the initial prior combined with a zero initial resilience
leads to sending an order of size 3 at first, then the mean of the prior is quickly adjusted to
a higher level and the algorithm slows down immediately.

4.2 Random execution times: application to strategies using limit-
orders

In this section, we consider a limit-order trading model. X! now represents a mid-price (of
reference) and, between two trades, has the dynamic

dX}! = cdW}. (4.2)

An order is of the form (¢, 3) in which ¢ is the maximal time we are ready to wait before
being executed, while 3 is the price at which the limit order is sent®. For simplicity, each
order corresponds to buying one share.
We assume that the time 6 it takes to be executed follows an exponential distribution of
parameter p(v, X! — (), given the information at time 7. One can send a new order only
after v :=7 4+ AN6.
Hence, given a flow of orders ¢ = (7;,¢;,3;)i>1, the number X3 of shares bought evolves
according to

X3 = ng on [191, Ti+1)

ng = Xi— + 1{916&}7
in which ¥; := 7,4+¢;A\0;. Each 6; follows an exponential distribution of parameter p(v, X le —Bi)
given .in’T’(b. As in the previous model, X3 is restricted to {0,..., N}. The total cost X? of

3Dark pool strategies could be considered similarly, in this case, 8 would rather describe the choice of the
trading plateform
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Figure 1: Evolution of 3 in terms of (X3, X?) at time Os (top), 15s (left) and 25s (right), for
(M, 00) = (5.10°2,5.10~4).
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buying the shares has the dynamics

X2 = X,gz on [19,, Ti—i—l)

We want to maximize

2
X2 41.02(N—X3  )4+2105(N_Xx3 )2
—E | e Tiel T[¢] 2 Tl AN CY

in which 1.02 is the best ask (kept constant) and 5.10% is an impact coefficient. This corre-
sponds to the cost of liquidating instantaneously the remaining shares (N — z3)* at T. This
model is a version of [1], [12], [14], see also [13].

Direct computations show that the prior process M evolves according to

M = My, on [U;,Ti11)
Mﬁi == ml(M‘l‘if; Zﬁm Z‘I"*a Oéz)]-{@zgfz} + i17{2(]\4'7'1'*; Zﬁp ZT¢*7 ai)1{9i>€i}

7

in which [ ) st b
p(u, xt — b)e=Pm =0 dm ()
My (m;t', 2 t,x,1,b)[B] := =E
1(m7 Jx ) 7:67 9 )[ ] j‘RJr p(u7 .Il . b)eip(u’xlib)t/dm(u)

and )
fB 6fp(u,x fb)ldm(u)

- Jor e P =Dldm (u)

My (m;t', 2’ t,x,1,b)[B]

for all Borel set B.
In the case where M is the convex hull of a finite number of Dirac masses, then the weights
associated to M can be computed explicitly.

Here again, the map ¥(¢,z,m) = N — 23 satisfies the conditions of Proposition 3.1.

We now consider a numerical illustration. We take C' = 10?°°. The time horizon is T' = 15
minutes. To simplify, we fix the reference mid-price to be X! =1 (i.e. ¢ = 0) and restrict to
¢ =1, i.e. an order is sent each minute. We take N = 10. One can send limit buy orders in
the range B := {0.90,0.92,0.94,0.96,0.98}.

As for the intensity of the execution time, we use an exponential form as in [12]: p(u, z' —b) =
A(u)e~20098=b) in which A(u) = — In(1 — ). This means that the probability to be executed
at the price 0.98 within one minute is u. Orders are sent each minute, but we use a finner
time grid in order to take into account that it can be executed before this maximal time-
length. The original prior is supported by two Dirac masses at u = 0.3 and v = 0.8. The
corresponding probabilities of being executed within one minute are plotted in Figure 3.
Our time step corresponds to 15 seconds, so that every 15 seconds the controller can launch
a new order if the previous one has been executed before the maximal 1 minute time-length.
In Figure 4, we plot the difference, in logarithms, between the value functions obtained
in the latter case and for a time step of 1 minute (in which case a new order cannot be
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Figure 3: Solid: u = 0.8. Dashed: v = 0.3
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launched before one minute). Clearly, the possibility of launching new orders in advance is

an advantage.

In Figure 5, we plot the optimal policy at time ¢ = 0 and ¢ = 7.5 minutes. As expected, the
algorithm is more aggressive when the probability of having v = 0.8 is higher.
In Figure 6, we plot a simulated path. The red and black lines and points correspond to the
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same realization of the random variables at hand, but for different values of the real value of
v. Black corresponds to the most favorable case v = 0.8, while red corresponds to v = 0.8 for
the first 7.5 minutes and v = 0.3 for the remaining time. The initial prior is Plv = 0.8] = 9%.
Again, the algorithm adapts pretty well to this shock on the true parameter. We also see
that it is more aggressive when the prior probability of being in the favorable case is high.
The difference in total cost is not important because of the number of shares already bought
before the shock, only two shares remain to be bought at 7" in the less favorable case.
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Figure 5: Top: t = 0. Bottom: ¢ = 7.5 minutes
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5 Proof of the viscosity solution characterization

This part is dedicated to the proof of the viscosity solution characterization of Theorem
3.1. We start with the sub-solution property, which is the more classical part. As for the
super-solution property, we shall later on introduce a discrete time version of the model that
will provide a natural lower bound. We will then show that the sequence of corresponding
value functions converges to a super-solution of our quasi-variational equation as the time
step goes to 0. By comparison, we will finally identify this (limit) lower bound to the original
value function, thus showing that the later is also a super-solution.

5.1 Sub-solution property

We start with the sub-solution property and show that it is satisfied by the upper-semicontinuous
enveloppe
vi(z,m) = limsup v(z,m) , (z,m) € Ry x R x M,

(z!,m")—(z,m)

recall (2.14).
Proposition 5.1. v* is a viscosity subsolution of (3.4)-(3.5).

The proof is rather standard. As usual, it is based on the partial dynamic programming
principle contained in Proposition 5.2 below, that can be established by adapting standard
lines of arguments, see e.g. [5]. For this part, the dependency of the filtration on the initial
data is not problematic as it only requires a conditioning argument. Before to state it, let us
make an observation.

Remark 5.1. Note that, given z = (t,x) € Z, the process X*° defined in (2.5) is predictable
with respect to the P-augmentation of the raw filtration FXW generated by (W.,; — W;). By
9, Lemma 7, Appendiz 1], it is indistinguishable from a FYY -predictable process. Using this

identification, X2°(w) = X2°(w'*) for s > t, with w" := wy.pns — wy. Similarly, 7{ and of
can be identified to Borel measurable maps on C ([0, T]; RY) that depends only on whT @) go

that (Z;f, M;;m’d’) can be seen as a Borel map on C([0,T]; R?) x U x E, while (ij:, M;;fﬁ"b)

can be seen as a Borel map on C([0,T]; RY) that only depends on Wt @) recqll (2.6), (2.9)

and (2.10). Iterating this argument, we also obtain that (Z;’[f;], M;’[Z;i’d’) is equal, up to P, -null

sets, to a Borel map on C([0,T];R?) x U x EN, for some N > 1 that depends on ¢.
We use the notations introduced in (2.5), (3.2) and (3.3) in the following.

Proposition 5.2. Fiz (z,m) € Z x M, and let 0 be the first exit time of Z*° from an Borel
set B C Z containing (z,m). Then,

z,0 a¢ Z,0
v(z,m) < sup En[f(Z, am)1{9<7f} +K lf(ZTf_am)]l{ngf}] (5.1)

z,m
pedZ]
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in which z == (t,z), ;" := {¢ € &> : 0 >t} and
f&m) = (", m ) 1 pery + Krg(2',m) 1>y (5.2)
for 2 = (t',2') € A and m’ € M.

Proof. Let N > 1 be such that Tf > T for i > N. By right continuity of (Z*¢, M*™¢) and
upper-semicontinuity of f and K f on [0,T) x R? x M, see (3.6), it suffices to prove the result
for the projections on the right of # and Tf) on a deterministic time grid. Then, it is enough to

consider the case where (6, 77) = (s, s') € [t, T]?, by arguing as below and conditioning by the

values taken by (0, 7¢) on the grid. In the following, we use regular conditional expectation

operators. We shall make use of Remark 5.1. In particular, we write ¢(w,u, (€;)i<n) to
denote the Borel map (w, u, (¢;)i<ny) € C([0,T];RY) x U x EN = {(77, a)) (W', u, (¢;);<i-1),
i < N} associated to ¢. If s < &', we have P,,-a.s.

En[G7™ ()| F2™ (@, u, (€1)in1) = By [GZ DM (g00)]

Zsz,o wt,s , s Z§10 wt,s Pt s
= By [Krg (X7 0 Mg )

in which Cr is defined in (3.3) and
Gutes (W' u, (€;)i<n) € C([s,T;RY) x U x EN = ¢(w™* + ', — W, u, (€i)i<n)
is an element of ®Z """ )meus Tt follows that
En[G* ™ (@) F2 ™ Lsey < f(Z2°,m)1scy Py — aus.
Similarly, if s > s’, we have P,,-a.s.

7v,617af(wt’8,)) (¢wfas' )]

B[ G5 (8)| ™) (w0, 1, (€)= B [GE
with

/

)7U7€1)7

E(Wh v, e, af (W) = <.79ﬁ(m; L Z5° (Wb, off(wt’sl))> 07 (Z5° (W), af (W'
recall the notations in (2.7) and (2.11). Hence, P,,-a.s.,

En[G5" (@) F™ ) (., ()ien) < B[ (6@ v, e1,08(w"*))] = KT £(22° (), m),

in which @ € A — K is defined in (3.2). O

Proof of Proposition 5.1 As already mentioned, the proof is standard, we provide it for
completeness. Let ¢ be a (bounded) C'*° function and fix (z,,m.) € Z x M such that

0= (v" = ¥)(2,mo) = max(v" — ¢). (5.3)

We use the notation z, = (t,,z,) € [0,T] x R%
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Step 1. We first assume that ¢, < T'. Let us suppose that
min{—Ly¢ , ¢ — Kv*} (25, mo) > 0,

and work towards a contradiction to Proposition 5.2. Let dy; be a metric compatible with
the weak topology and let || - ||z be the Euclidean norm on Z. We define

P2 m') = (2, ) + || = 2ollz + dnm(m, mo).

If the above holds, then
min{—L¢ , ¢ — Kv*} (25, mo) > 0.

By our continuity assumption (3.6), we can find ¢, > 0, such that
min{—-Lp, ¢ —Kv'} >n on B, (5.4)
in which
B :={(z\m) € ZxM: |2 — x|z +du(m’ ms) <} C[0,T) x R x M.
Note that, after possibly changing n > 0, we can assume that
(v —¢) < —non (B)". (5.5)
In the following, we let (z,m) € B, be such that
v(z,m) — @(z,m)| < /2, (5.6)

recall (5.3). As above, we write z = (¢,z) € [0,7] x R%. Fix ¢ € ®>™. We write (7;, o, ¥;)i>1,
Z and M for (r,a?,9?)i>1, Z5® and M*™®_ Let 6 be the first time when (Z, M) exits B,.

1771

Without loss of generality, one can assume that 7, > t. Define
X = ‘91{0<T1} + 1{927—1}191.
In view of (5.4), (5.5) and (5.6),

Em[V*(va Mx)]

I
H &3 H

3

m[V*(Zﬂl, M«ﬁl)l{x;ég} —+ V*<Zg, Mg)l{ng}]

m[ KV (Zry s Mz, )L zoy + V" (Zo, My)1x=0)]
[D(Zonr— Monr,—)] —

z,m) —n

z,m) —n/2.

VAN VAN VANVAN
E

=

Since x < 7', this contradicts Proposition 5.2 by arbitrariness of ¢.
Step 2. We now consider the case t, = T. We assume that

min{¢ — Kv* , ¢ — Krg} (20, ms) > 0,
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and work toward a contradiction. Let us define
(U0 m) 1= (@) + C(T = ) + |[(¢,2) — 2|l + dag(m’, me)
and note that, for C' large enough,
min{—L¢, ¢ — Kv*, ¢ — Krg} (20, mo) > 0.
Then, as in Step 1, we can find ¢+, > 0, such that
min{—L¢, ¢ —Kv*, ¢ — Krg} >n on B,
in which
B, :={({',2',m') € (T — 1, T] x M : ||2" — z,]|ga + daa(m’, mo) < ¢}
After possibly changing 1 > 0, one can assume that
(v =) < —non (B)".
Let (t,x,m) € B, be such that
[v(t,z,m) — o(t,z,m)| < n/2.
One can assume that t < T'. Otherwise, this would mean that

Vv (20,mo) = limsup  v(T,2',m') = limsup Kp(T,2',m") = Krg(z,,mo),
(T,x' ;m")—(20,m0) (Tyz" ;m’)—(z0,m0)

recall (3.6), and there is nothing to prove.
Given ¢ € ®*™ with z := (¢,z), let (1,%1,Z = (-, X), M) be defined as in Step 1 with
respect to ¢ and (z,m), and consider

X = 01o<ry + Lig>r 301,

where 6 is the first exit time of (X, M) from {(2/,m’) € R x M : ||’ — zo||ga + dm(m/, mo) <
t}. As in Step 1, the above implies that

]Em[V*(wa Mx)] <v(z,m)—n/2,

which contradicts Proposition 5.2 by arbitrariness of ¢. U

5.2 Discrete time approximation and dynamic programming

In this part, we prepare for the proof of the super-solution property. As already mentioned
above, we could not provide the opposite inequality in (5.1), with v* replaced by the lower-
semicontinuous envelope of v, because of the non-trivial dependence of F*™¢ with respect
to the initial data.
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Instead, we use the natural idea of approximating our continuous time control problem by a
sequence of discrete time counterparts defined on a sequence of time grids. In discrete time,
the dynamic programming principle can be proved along the lines of [16] for the corresponding
value functions (v,),>1. Passing to the limit as the time mesh vanishes provides a super-
solution v, of (3.4)-(3.5). As v* is a sub-solution of the same equation, Assumption 3.1 will
imply that v, > v*, while the opposite will hold by construction. Then, we will conclude
that v is a actually a super-solution, and is even continuous. This approach is similar to the
one used in [11] in the context of differential games.

We first construct the sequence of discrete time optimal control problems. For n > 1, let
T, = {t},7 < 2"} with ¢} := jT/2", and let ®™ be the set of controls ¢ = (77, af)i>1 in
®>™ such that (77);>; takes values in 7, U {t} U [T, 00), if z = (t,z). The corresponding
value function is
vp(z,m) = sup J(z,m,¢), (z,m) € Z x M.
pedy™

We extend v,, by setting
vp = Krg, on (T,00) x M, (5.7)
Remark 5.2. Note that v, < v < v* by construction.

We first prove that v,, satisfies a dynamic programming principle. This requires additional
notations. We first define the next time on the grid at which a new action can be made,
given that a is plaid:

s™t, ] ;= min{s € m, U [T, 00) : s > w(t,x,a,v,¢;) and s > t}.

Let 0 denote a cemetery point that does not belong to A. Given a € AU{0d}, we make a slight
abuse of notation by denoting by (Z®®)e M (#:2)ma) the process defined as (Z"#):¢, M (t:2)m.e)

for ¢ such that
o oy _ (t,a) if a#0
(Tl’al)_{(T—l—l,a*) ifa— 0

in which a, € A and 7¥ > T + 1 for 7 > 1. Then, we set

J(T,;a) == KK , vo(T,-) := sup J(T,-;a) on R* x M x (A U{9}),
acAU{0}

with the convention that &? is the identity, and define by backward induction on the intervals
[t?7T)7 j =n-— 17 707

J(z,m;a) = Em[x_/n(Z;ffa[z], M;"Z[Z])]
Vo= sup J(sa),
acAU{d}

together with the extension

Y i=Krg on (T,00) x RY x M.
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Lemma 5.1. Fiz 1> 0. Then, there exists a universally measurable map (z,m) € Z x M —
a™[z,m] € AU{0} such that

J(;a™ ) >V, —t, onZx M.
Moreover, the map v,, 1s upper semi-analitic.

Proof. Since Krg is assumed to be upper semi-analytic (indeed continuous), it follows from
[16, Proposition 7.48 page 180] that J is upper semi-analytic on [t?_,, T] x R x M x (AU{d}).

n—1»

Then, the required result holds on [t" ,,T] x R? x M by |16, Proposition 7.50 page 184]. It
is then extended to [0,7] x R? x M by a backward induction. O

Proposition 5.3. v,, = v, on Z x M. Moreover, given a random variable (¢, i) with values
in Z x M and v > 0, there exists a measurable map (z,m) — ¢'[z,m] such that

J(C? 3 ¢L[C7 ,U]) = Vn(Ca :u) -t Pm — a.8.

Proof. The proof proceeds by induction. Our claim follows from definitions on [t7, T X

R? x M. Assume that it holds on [t7,,,T] x R? x M for some j < n — 1. For the following,

we fix z = (t,x) € Z with ¢t € [t?,t? ;) and m € M.

i Litt
Step 1: In this step, we first construct a suitable candidate to be an almost-optimal control.
Fix e1,...,6, > 0, g9 := 0, and set (i) := (g, 1,...,&;). Let (a™"),50 be as in Lemma 5.1,

and consider its extension defined by a™* = a, on (T,00) x R? x M. Define ri(o) =t and
6" € @ by

e(1) e(1)
(7ol ) = (1 am = O e m) ey + L (T +dan) , 02> 1

3 (2

where

e(0)

[ ;O

a"! [}

a ~MN,EL

,x,m| = a , T, m).

We then set

e(1) e (0)

ro ) i=minm, N [19?1 271N (), 00).

ZZ7¢i(1)

Tg(l) I

By Lemma 5.1 and |16, Lemma 7.27 page 173] applied to the pull-back measure of (

e(1)
MZ™%Y we can find a Borel measurable map (¢, 2/,m/) € Z x M > @y [t ', m'| €

T;(l)

A U {0} such that

1 1
~MN,E2 [sz(bi( ) szqusi( )]

a ~AMNL,ED [ZZ@i(l) szmvd’i(l)

=a w ] Py —as.

T;(l) ’ 7n;(l) r;(l) ’ T;
2
We define gb‘;( ) by
(2) e(2) e(1) e(1) e(1) e(1)
¢; ¢2 o 5(1) ~n,E2 Z’¢1 z,m,(ﬁl ¢1 ¢1
T T 0y =(ry ,a [Zr;u) ’Mrg(n ])1{¢:2,r;<1>gT} +(5 {i#23u{r;M>1)
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for © > 1. We then define recursively for k£ > 2

(k)
e(k) . o e(k—1)
Tpyr =infm, N[I* 27N (r," 7, 00)
o sy e(k) ~n.e 2o rmmagr
(1 ,Q ) =141, @™ [Z s ’MTE(M
k+1 k+1

(k) (k)
+ (0 ad

])1{i:k+1,r;(f1)§T}

{i#k+130{r; ) > T

for i« > 1, in which (¢, 2’
map such that

m') € Zx M a7 [, 2/, m'] € AU{d} is a Borel measurable

’I”E<k) T T
k+1 k+1 k+1 k+1

(k) e(k) e(k) (k)
~n,e Z#’Z z,m, ¢ __ AmeE 2,9y, z,m, ¢,
a ’““[Zre(k) . M |=am= [zl M ] P —as.

We finally set
5( ) ¢8( i) m
Oé‘ )121 < (I)n’ .

7

= (7}
Step 2: We now prove that vn( ) > vp(z,m). By the above construction and Lemma 5.1,
_ = oS _
Vn<zam) > J(Z m; all ) > Vn(zam) —€1.
Since vy, (tg, -) = Vp(tg, -) for £ > j by our induction hypothesis, we obtain

Vo(z,m) > sup E, [Vn(Z 5‘(11),]\/[2581)“)] — &
ac AU{0}

Z Vn(Z, m) — &1,

in which the last inequality follows from a simple conditioning argument as in the proof of
Proposition 5.2. By arbitrariness of £; > 0, this implies that v,,(z,m) > v,(z,m).
Step 3: It remains to prove that v, (z,m) < v,(z,m). Define

)

Ys(l 1) (Zzezzz ) Mzgzv:,?) i>1,

with Yog(_l) := (z,m), and observe that Yf(i_l) and F2"% only depend on (i — 1). Then,
for each i > 0, Z

s(z 1)¢ Ys(z 1)

Vn(i/f(i_l)) = lim Em[\_,n(z (i) M 51( i) )’fZEZL Qf) ]]
€;40 Tiri iy
. _ s(z 1)7¢§( yeli= 1)’¢i g
= B B[l cry ¥ W2 re0) Mf&) IF ]

.s(z 1)

FImEn[L 0,902

(=) )

Mo, T eo)lfi”f?)] P,, — a.s.

i+1



on {r; = < T}. Since g is bounded, so is ¥,,. The above combined with the dominated

convergence theorem then implies

5(1 e(i) E’L 1) ,e(7)
— . 7¢ 7¢
Vp(z,m) = lﬁ% . hmE Z 1 1S S T3l 1)}g(Z o Mrfﬁ , U, €0)]
— lim -- - lim J :
limy -~ limy J (2, m; %)
< vu(z,m),

which concludes the proof that v,, = v,,.
Step 4. The second assertion of the proposition is obtained by observing that, given a random
variable ((, p) with values in Z x M, one can choose @™ Borel measurable such that

a™t¢, p] = a™t¢, p] Py, — aus.

O
We are now in position to conclude that v,, satisfies a dynamic programming principle.

Corollary 5.1. Fiz z = (t,z) € Z and m € M. Let (0°,¢ € ®>™) be such that each 0% is a
F=m%_stopping time with values in [t,2T] N (7, U [T, o0)) such that
e N?N[t, T[¢]] P — a.s.

for ¢ € ®2™. Then,

valz,m) = sup Eu[v. (250, MZ™9)].
ped™

Proof. The inequality < can be obtained trivially by a conditioning argument. Fix ¢ € ®2™.
By Proposition 5.3, we can find a Borel measurable map (2, m’) — ¢*[2/, m] such that

J(Z;;bqﬁ, MZ m,¢, QSL[ng’ MZ m,qﬁ]) > Vn(Z;f, Mz m,qﬁ) .

Let us now simply write ¢* for c;SL[ng, My; m’¢] Without loss of generality, one can assume
that Tf’ > t and that 7'1¢L > 0?. Let [ := card{z >1: 7'-¢ < 0%}. Then,

J(z,m;¢") > Eplv (ng,Mzm‘z’)] L

in which o
(Ti¢7af)_1l<1(7— a; )+1z>1( ¢[7a¢ 1)>i21-
Send ¢ — 0 leads to the required result. O

5.3 Super-solution property as the time step vanishes

We now consider the limit n — oco. Let us set

Vo(z,m) := lim inf v (', 2, m'),
(t",z";m’ n)—=(z,m,00)

for (z,m) € R, x R? x M.
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Remark 5.3. Note that (5.7) and (3.6) implies that vo = Krg on (T,00) x R% x M.
Proposition 5.4. The function v, is a viscosity super-solution of (3.4)-(3.5).

Proof. Let n; — oo and (zi, mg) — (2., mo) be such that v, (2, mi) = vo(2o, My).
Step 1. We first show that v (2., mo) > Kvo(2,ms). By Corollary 5.1 applied to v,, with a
control ¢* defined by

(7F, o) = (tr, ar)L=1y + Z(T + 7, a0)Limgy, 0 >1,

j>1

with a; € A, we obtain

Vi, (2, M) > sup /E[Vnk<Z:£;[z,],m/)]dk(zl,m/‘Zk,mkaak)] = ICE{V”’“(Z;E’“H’ Nz, my),

ap€A
in which s*[t,z] := minm,, N [t,00). Let ¢x, be the lower-semicontinuous enveloppe of
inf{E[vnk(Z'ka, )],k > ko}. Then, for k > ko,
S+ .

Vi, (21, M) > /goko(z/,m’)dk(z’,m']zk,mk,ak),

and, by (3.6), passing to the limit £ — oo leads to

Vo (20, Mo) > /g&ko(z',m')dk(z’,m'|zo,mo,ao).

We shall prove in step 3 that limy, .o ¢r, > V.. These maps are bounded, since g is.
Dominated convergence then implies that

Vo (2o, Mo) > /Vo(z',m’)dk(z’,m’|zo,mo,ao).

Step 2. Let ¢ be a (bounded) C122([0, T] x R¢ x M) function and (z,,mo) € [0,T) x R¢ x M
be a minimal point of v, — ¢ on Z x M. Without loss of generality, one can assume that
(Vo — ¢)(20,mo) = 0. Let B and (zg, mg,ng)n>1 be as in Lemma 3.2. We write z, =
(te, Tr), 20 = (to, o) € [0,T] x R%. On the other hand, by considering the control ¢* defined
by

(Tz‘kvaf) = (T+ i7a*)a 1> 1,

we obtain from Corollary 5.1 that

Vg, (Zk?7 mk) > Em[vnk(zf:—fhkv m)]

with hy € 727" (N U {0}) such that ¢, + hy < T if t, # T and t; + hy = T otherwise.
Let C' > 0 be a common bound for (v,),>1 and . Then we can choose (hy)r>1 such that

O 1= (go(zk,mk) — Vg (Zkvmk) —2C P[Z::fhk ¢ B])/hk — 0.
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This follows from standard estimates on the solution of sde’s with Lipschitz coefficients.
Then, if t, < T,

tr+hi
0> A B[ (25 1) = @y (20 m1)] + 0 = B[y / Lo(Z3+°, my)ds] + O,

173
sending k — oo leads to L¢(z,,ms) < 0.
Ift,=1T,
Vi, (Zk‘a mkz) Z Em[g(Z;‘hO? mg,v, 60)] = Em[ICTg(Z;k7Oa mk’)]
and passing to the limit leads to
So(zoa mo) Z ICTg(Zm mo)a
recall (3.6). Finally, p(2.,ms) > K¢(z,,ms) by Step 1. O
Step 3: It remains to prove the claim used in Step 1. Let us set

@r, (2,m') == inf {E |:Vnk <Z§£:[Z/]7m,))} },

k>ko

) COMVEIges a.s. to

z as (2, k) — (z,00). Hence, for all ¢ > 0, there exist open neighborhoods B.(z,m) and

Be(z,m) of (2,m), as well as k. € N such that ]P’[(ZZ;’,S[ e m') ¢ B.(z,m)] < e for k > k. and
S+ z

(2',m') € Bs(z,m). One can also choose k. and Bg(z,m) such that

so that ¢y, is the lower-semicontinuous envelope of ¢, . Note that ZSZ;’:[Z
+

: / / > AN

klg}ivnk(z ,m') > vo(z,m') —e
for all k¥ > k. and (2',m’) € Bz(z,m). Let C > 0 be a bound for (|v,|)n>1 and [vol, recall
that g is bounded. Then, for k, large enough and (2, m’) € Bz (z,m),

Ok, (2',m') > vo(z,m) — e — 2C sup ]P’[(Zj;,f . m') ¢ B.(z,m)] > vo(z,m) —e(1+2C).

2/

k>ko +
Hence,
lim ¢, (z,m)= lim liminf @ (2',m') > vo(z,m),
ko—00 ko—00 (2/,m/)—(z,m)
since v, is lower-semicontinuous. O

5.4 Conclusion of the proof of Theorem 3.1

We can now conclude the proof of Theorem 3.1. We already know from Proposition 5.1 and
Proposition 5.4 that v* and v, are respectively a bounded viscosity sub- and super-solution
of (3.4)-(3.5). By (2.14), Remark 5.3 and (3.6), we also have v, > v* on (0,7) x R x M. In
view of Assumption 3.1 and Remark 5.2, we obtain v, > v* > v,. Hence, v is continuous on

Z x M and is a viscosity solution of (3.4)-(3.5). Uniqueness follows from Assumption 3.1.
U
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6 Proof of the sufficient condition for the comparison

We provide here the proof of Proposition 3.1.

Proof of Proposition 3.1. Step 1. As usual, we shall argue by contradiction. We assume
that there exists (z9,m0) € Z x M such that (U — V)(z9,m9) > 0, in which U and V
are as in Assumption 3.1. Recall the definition of ¥, ¢ and ¢ in Proposition 3.1. We set
a(t,x,m) := e?U(t,x,m) and 0(t,z,m) := eV (t,x,m) for all (t,z,m) € Z x M. Then,
there exists A € (0, 1) such that

(@ — ) (20, mp) > 0, (6.1)
in which ©* := (1 — )0 + AW. Note that @ and @ are sub and supersolution on Z x M of
min {gp — Ly, — Kp} =0 (6.2)
associated to the boundary condition
min{¢ — Krg,p — Kp} = 0. (6.3)

Step 2. Let dyp be a metric on M compatible with the topology of weak convergence. For
(t,z,y,m) € Z x X x M, we set

Le(t, @, y,m) == a(t,z,m) — 0*(t,y,m) — € (|2 + [lyl* + dna(m)) (6.4)

with ¢ > 0 small enough such that I' (o, o, 9, mo) > 0. Note that the supremum of
(t,z,m) — L.(t,x,z,m) over Z x X x M is achieved by some (., x.,x.,m.). This follows
from the the upper semi-continuity of I'. and the fact that u,—v, —¥ are bounded from
above. Recall that M is locally compact. For (¢, z,y,m) € Z x X x M, we set

OL(t,z,y,m) =T (t,z,y,m) — nljz — yHQ.
Again, there is (t5, 25, y5, m:) € Z x X x M such that

sup O = OL(t:, x5, Y5, m;).
ZxXxM

It is standard to show that, after possibly considering a subsequence,

(5, x5,y ,m;) — (fs,ig,ﬁzs,ms) €ZxXxM, nlz; — yleZ — 0, 6.5)
and G)n(tea naym 2) — Fa(fayfi‘safﬁsams) = Fa(ta,xa’xayms)a ‘

see e.g. [8, Lemma 3.1].
Step 3. We first assume that, up to a subsequence,

(a— Ka)(t;, x5, m;) <0, forn>1.

n»“'n’

It follows from the supersolution property of © and Condition (iii) of Proposition 3.1 that

a(ts, x5, m;) — (th,ny, o) < Ka(t;, x5, m:) — /Cf)’\(tfl,yi,m,i) — ).

n’ n’ n’ n’
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Passing to the limsup and using (6.5) and (3.6), we obtain
(@ — 0N (te, Ty 2) + A < K(0 — ) (Ee, 2c, 1000).
In particular, by (6.4),
T.(fe, de, 2oy i) + A < K@ — 0™)(Ee, @2, 102).
Now let us observe that

sup (i — 9*) =lim  sup  T.(t,z,z,m)
ZxM €20 (1.2,m)eZxM

= lim . (¢., 2., 2., m.) (6.6)
e—0

— hm FE(Z?E, :%a, :%57 m&)?
e—0

in which the last identity follows from (6.5). Combined with the above inequality, this shows
that

sup (@ — ) + A6 < lim K(@ — %) (., 2, ),
Zx M e—0

which leads to a contradiction for ¢ small enough.

Step 4. We now show that there is a subsequence such that ¢7 < T for all n > 1. If not,
one can assume that t2 = T and it follows from the boundary condition (6.3) and step
3 that a(T,z5,m) < Krg(T, x5, ms) for all n > 1. Since, by (6.3) and Condition (iv) of

Proposition 3.1, 9 (T, y5, m&) > Krg(T,yS, ms), it follows that @ (T, x5, ms)—oNT,y5, ms) <
ICTQ(Ta xfw mfz) - ’CTQ(Ta yrem mfl) Hencea

P6<T7 xfw yfu mi) S ICTg(Tv xfm mi) - ICTE](T? yfw mfz)
Combining (3.6), (6.5) and (6.6) as above, we obtain sup(@ — ) < 0, a contradiction.

Step 5. In view of step 3 and 4, we may assume that

to<T and (a—Ka)(t,z;,m;)>0 foralln>1.

n»rnr

Using Ishii’s Lemma and following standard arguments, see Theorem 8.3 and the discussion
after Theorem 3.2 in [8], we deduce from the sub- and supersolution viscosity property of «
and 9%, and the Lipschitz continuity assumptions on x and o, that

o (a(ty, x5, my,) — 0M(t5, ynmy)) < C (nllaf, —ynll* +& (U4 25 ]” + wal?))
for some C' > 0, independent on n and €. In view of (6.4) and (6.5), we get
ol (te, &e, o) < 2Ce (14 |127) (6.7)

We shall prove in next step that the right-hand side of (6.7) goes to 0 as € — 0, up to a
subsequence. Combined with (6.6), this leads to a contradiction to (6.1).
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Step 6. We conclude the proof by proving that ||Z.||> — 0 as € — 0, up to a subsequence.
This is standard. First note that we can always construct a sequence (t., Z., M. )e>o such that

I.(t., %, %, ) — sup (@ —0") and e(||.]|* + dm(e)) = 0 ase — 0.
ZxM

By (6.5), T.(t., &., &, m.) < I.(t., 2., @, m.). Hence,

sup (@ — ) < sup (@ — ) — 2liminf ]| 2. .
ZxM ZxM e—0
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