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Abstract

We propose a general framework for studying optimal impulse control problem in
the presence of uncertainty on the parameters. Given a prior on the distribution of the
unknown parameters, we explain how it should evolve according to the classical Bayesian
rule after each impulse. Taking these progressive prior-adjustments into account, we
characterize the optimal policy through a quasi-variational parabolic equation, which
can be solved numerically. The derivation of the dynamic programming equation seems
to be new in this context. The main difficulty lies in the nature of the set of controls
which depends in a non trivial way on the initial data through the filtration itself.
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1 Introduction

We consider a general optimal impulse control problem under parameter uncertainty. This
work is motivated by optimal trading problems. In this domain, several market parameters
are of major importance. It can be the nature of the market impact of aggressive orders, or
the time to be executed when entering a book order queue, see e.g. [13] and the references
therein. However, the knowledge of these execution conditions is in general not perfect. One
can try to estimate them but they remain random and can change from one market /platform
to another one, or depending on the current market conditions. Most importantly, they can
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only be estimated by actually acting on the market. We therefore face the typical problem of
estimating a reaction parameter (impact/execution time) while actually controlling a system
(trading) that depends on these parameters.

Such problems have been widely studied in the discrete time stochastic optimal control
literature, see e.g. [10, 12| for references. One fixes a certain prior distribution on the un-
known parameter, and re-evaluate it each time an action is taken, by applying the standard
Bayesian rule to the observed reactions. The optimal strategy generically results from a com-
promise between acting on the system, to get more information, and being not too aggressive,
because of the uncertainty on the real value of the parameters. If the support of the initial
prior contains the true value of the parameters, one can expect (under natural identification
conditions) that the sequence of updated priors actually converges to it in the long range.

It is a-priori much more difficult to handle in a continuous time framework with continuous
time monitoring, as it leads to a filtering problem, leaving on an infinite dimensional space.
However, optimal trading can very naturally be considered in the impulse form, as orders
are sent in a discrete time manner. In a sense, we are back to a discrete time problem whose
dimension can be finite (depending on the nature of the uncertainty), although interventions
on the system may occur at any time.

In this paper, we thus consider a general impulse control problem with an unknown
parameter, under which an initial prior law is set. Given this prior, we aim at maximizing a
certain gain functional. We show that the corresponding value function can be characterized
as the unique viscosity solution (in a suitable class) of a quasi-variational parabolic equation.
We also allow for (possibly) not observing immediately the effect of an impulse. This applies
to any situations in which the effect of an impulse is observed only with delay, e.g. nothing
is observed but the execution time when an order is sent to a dark pool.

The study of such non-classical impulse control problems seems to be new in the literature.
From the mathematical point of view, the main difficulty consists in establishing a dynamic
programming principle. The principal reason lies in the choice of the filtration. Because of the
uncertainty on the parameter driving the dynamics, the only natural filtration to which the
control policy should be adapted is the one generated by the controlled process himself. This
implies in particular that the set of admissible controls depends heavily (and in a very non
trivial way) on the initial state of the system at the starting time of the strategy. Hence, no
a priori regularity nor good measurability properties can be expected to construct explicitly
measurable almost optimal controls, see e.g. [6], or to apply a measurable selection theorem,
see e.g. [4]. We therefore proceed differently. The (usually considered as) easy part of the
dynamic programming can actually be proved, as it only requires a conditioning argument.
It leads as usual to a sub-solution characterization. We surround the difficulty in proving the
second (difficult) part by considering a discrete time version of our initial continuous time
control problem. When the time step goes to 0, it provides a super-solution of the targeted
dynamic programming equation. Using comparison and the natural ordering on the value
functions associated to the continuous and the discrete time model, we show that the two
coincide at the limit.

Applications to optimal trading and an example of numerical scheme are provided in the
application paper [1].



The rest of the paper is organized as follows. The model is described in Section 2. In
Section 3, we provide the PDE characterization of the value function. Proofs are collected
in Section 4. A sufficient condition for comparison to hold is provided in Section 5.

2 The impulse problem with parameters adjustment

All over this paper, C([0,T],R?) is the space of continuous functions from [0,7] into R?
which start at 0 at the origin. Recall that it is a Polish space for the sup-norm topology.
We denote by W(w) = w the canonical process and let P be the Wiener measure. We also
consider a Polish space (U, B(U)) that will support an unknown parameter v. We denote by
M a locally compact subset! of the set of Borel probability measures on U endowed with the
topology of weak convergence. In particular, it is Polish. A prior on the unknown parameter
v will be an element m € M. To allow for additional randomness in the measurement of the
effects of actions on the system, we consider another Polish space E on which is defined a
family (¢;);>0 of i.i.d. random variables with common measure P. on E. On the product space
Q= C([0,T],RY) x U x EN, we consider the family of measures {PP x m x PN : m € M}
and denote by P, an element of this family whenever m € M is fixed. The operator E,, is
the expectation associated to P,,. Note that W, v and (¢;);>0 are independent under each
P,.. For m € M given, we let F™ = (F]");>¢ denote the P,,-augmentation of the filtration
F = (Fi)i>0 defined by Fy = o((Ws)s<t,v, (€;)i>0) for t > 0. Hereafter, all the random
variables are considered with respect to the probability space (2, F7*) with m € M given by
the context, and where 7' is a fixed time horizon.

2.1 The controlled system

Let A C [0,T] x R? be a (non-empty) compact set. Given N € N and m € M, we denote by
PV the collection of sequences of random variables ¢ = (7;, @;);>1 on (Q, F7*) with values in
R, x A such that (7;);>1 is a non-decreasing sequence of F"-stopping times satisfying 7; > T
P,, —a.s. for 7 > N. We set

o= | ] o™

N>1

An element ¢ = (75, ;) 1<i<ny € ™ will be our impulse control and we write «; in the form
o = (6, 3;) with ¢; € [0,T] and p; € R* P, — a.s.

More precisely, the 7;’s will be the times at which an impulse is made on the system (e.g. a
trading robot is launched), 8; will model the nature of the order send at time 7; (e.g. the
parameters used for the trading robot), and ¢; will stand for the maximal time length during
which no new intervention on the system can be made (e.g. the time prescribed to the robot
to send orders on the market). Later on we shall impose more precise non-anticipativity
conditions.

Tn many situations, the family of probability measures of interest will in fact be parameterized or be the
set of measures on a compact metrizable space, see Remark 2.1 below.



From now on, we shall always use the notation (77, a?);>; with af = (£, 8) to refer to a
control ¢ € ®>™.

We allow for not observing nor being able to act on the system before a random time 19?
defined by
0? = w(r?, Xj’d,i, al v, e),

where X? is the controlled state process that will be described below, and
w:Ry xRYx A xUxE—[0,7] is measurable, such that w(t,-) >t for all t > 0. (2.1)

In the case where the actions consist in launching a trading robot at Tf during a certain time
ﬁf, we can naturally take 19?’ = Tf’ + Ef. If the action consists in placing a limit order during
a maximal duration (7, 97 is the time at which the limit order is executed if it is less than
7%+ 02, and ¥ + (¢ otherwise.

77

We say that ¢ € ®>™ belongs to @™ if ¥ < T;ﬁ_l and 77 < Tfjrl P.-a.s. for all i > 1, and
define

N? = [Uizl[Tf,ﬂ?)]c. (2.2)

We are now in a position to describe our controlled state process. Given some initial data
z:= (t,x) € Z :=[0,T] x RY and ¢ € ®™, we let X*? be the unique strong solution on
[t, 2T of

x ot ([ euex)ast [ 1o xan)

t t

+ Z 1{t§§f§.}[F(Ti¢7 XT,?—’ Oé?, v, Gi) - XTf_]~ (23)

i>1
In the above, the function
(0, F) Ry xREx A xUxE— RYx M? x R? is measurable.

The map (u, o) is continuous, and Lipschitz with linear growth (2.4)
in its second argument, uniformly in the first one,

with M? defined as the set of d x d matrices. This dynamics means the following. When
no action is currently made on the system, i.e. on the intervals in A'®, the system evolves
according to a stochastic differential equation driven by the Brownian motion W:

dXs = p (s, X,)ds+ o (s, X;)dW, on N?.

When an impulse is made at Tfs, we freeze the dynamics up to the end of the action at time 19?.
This amounts to saying that we do not observe the current evolution up to 9¢. At the end of
the action, the state process takes a new value X o = F(Tf, X o, af, v, €;). The fact that F
depends on the unknown parameter v and the additional noise lez- models the fact the correct
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model is not known with certainty, and that the exact value of the unknown parameter v
can (possibly) not be measured precisely just by observing (97 — 77, X g0 — X o ).

In order to simplify the notations, we shall now write:
Z7¢ = (-, X*?) and Z*°:= (-, X*°) (2.5)

in which X*° denotes the solution of (2.3) for ¢ such that 7" > T and satisfying X;° = x.
This corresponds to the stochastic differential equation (2.3) in the absence of impulse. Note
in particular that

Z;z;) = z’(Zjlf_,o/f,U, e1) on {rf >1t}, with 7 := (=, F). (2.6)
From now on, we denote by F*>™¢ = (FZ™?), o the P,,-augmentation of the filtration
generated by (X*?, 37, Lo o) O [t,2T]. We say that ¢ € ®™ belongs to ™ if (7)1

is a sequence of F*™?-stopping times and af’ is }"f;bm"ﬁ-measurable, for each 7 > 1. Hereafter

an admissible control will be an element of ®*™.

2.2 Bayesian updates

Obviously, the prior m will evolve with time, as the value of the unknown parameter is
partially revealed through the observation of the impacts of the actions on the system: at time
t, one has observed {7’ (ij_, Oé?, v, €) 0> 1, 19? < t}. Tt should therefore be considered as a
state variable, in any case,z as its dynamics will naturally appear in any dynamic programming
principle related to the optimal control of X#? see Proposition 4.2 below. Moreover, its
evolution can be of interest in itself. One can for instance be interested by the precision of
our (updated) prior at the end of the control period, as it can serve as a new prior for another

control problem.

In this section, we describe how it is updated with time, according to the usual Bayesian
procedure. Given z = (t,z) € Z, u € U and a € A, we assume that the law under P, of
7'z, a,u, €], recall (2.6), is given by q(+|z, a, u)dQ(+|z, a), in which q(+|-) is a Borel measurable
map and Q(-|z,a) is a dominating measure on Z for each (z,a) € Z x A. For z = (t,z) € Z,
m € M and ¢ € ®>™, let M*™® be the process defined by

Mz™?[C] == Py[v € C|F>™9], C e B(U), s>t. (2.7)

As no new information is revealed in between the end of an action and the start of the next
one, the prior should remain constant on these time intervals:

MEmd — ]\45(})7”’(]5 on [19?,7?11) , 1>0, (2.8)
with the conventions 99 = 0 and Moz’m’¢ = m. But, M*™® should jump from each Tf to
each 19?, 1 > 1, according to the Bayes rule:

ME™ = MM 250, 2750 af), i > 1, (2.9)



in which

Je a2 2o, a0, w)dme(u)
fU 220, G0, u)dmy(u)

M (me; 25, 20, a0)[C] = : (2.10)

for almost all (z,, 2., ay, m,) € Z* x A x M and C € B(U).

Note that we did not specify M*™¢ on each [r 2 19¢) since the controller must wait until 19?
before being able to make another action. A partial information on v through 19?’ is known
as a right-censored observation of 19¢ is revealed through the interval |7 4 19¢)

In order to ensure that M?*™¢ remains in M whenever m € M, we need the following
standing assumption:

Assumption 2.1 (Standing Assumption).
M(M;-) C M.

Remark 2.1. The above assumption means that we have to define a locally compact space M
such the initial prior belongs to M, and that is stable under the operator M. It is important for
the use of viscosity solutions. This is clearly a limitation of our approach, from a theoretical
point of view. An alternative would be to lift M to the space of square integrable random
variables, and then use the methodologies developped in the context of mean-field games (see
e.g. [7, Section 6]). We prevent from doing this for sake of clarity. On the other hand, our
assumptions are satisfied in many pratical applications where M 1s either a set of measures
defined on a metrizable compact space, see e.g. [4, Proposition 7.22 p130], or a parameterized
family (which needs to be the case eventually if a numerical resolution is performed). If it
is a parameterized family, it suffices to find an homeomorphism f from an open set of R¥,
k> 1, to M to ensure that M 1is locally compact. On the other hand, the stability of M with
respect to M can be ensured by using conjugate families, as explained in e.g. [3, Chapter 5.2
The simplest example being the convex hull of a family of Dirac masses. See [1] for examples
of applications.

We formalize the dynamics of M*™¢ in the next proposition.

Proposition 2.1. For all z = (t,z) € Z, m € M and ¢ € ®>™, the process M*™¢ is M
valued and follows the dynamics (2.8)-(2.9) on [t, 2T].

Proof. Let C be a Borel set of U and ¢ be a Borel bounded function on the Skorohod
space D! of cadlag® functions with values in R, Set £ := .. 140 o) and set 0Xt =

XZ)(;S

e X;f. One can find a Borel measurable map ¢ on D?¥*! such that

%

()O(Xz/ﬁa f?\s)l{ﬂ?§5<7—f+l} QO(XZ/;?#? 6XZ/\57 €¢ 19(15) {79¢<5<7'

b

2continue a droite et limitée a gauche (right continuous with left limits)



Then, the independence of v with respect to o(W, ¢ — We) given F;;,m’¢, and the fact that

& i

7.1 is measurable with respect to the sigma-algebra generated by o(W., 46 — W) and ]:;;pm’d’

imply that, for s > 0,

IEm [I{UECHO(XZ;{?:&?\S) 79¢<s<7—+1}] Em _]-{UEC’}@()(.Z’(z)zb75)(-2'/\375.(15 ¢)1 ﬂ?SS<Tg—1}]

= B M (C1R(X 6XE €0 ) gyt

= ]Em _M;%m(z)[C] (Xz/\?aé- ) {19?§8<Tiﬁ1}:| ’

This shows that M'z’m"i’[C']1{19<z><5<7+ } = M;%m’¢[0]1{19¢<8<7+ } P — as.
It remains to compute Mzm¢. Note that (2.3) implies that (Xzf : 5¢ ) = (X;f : §j¢ ).
Let ¢ be as above, and let <,0 be a Borel measurable map on DI R+ x R? such that

( 19¢7£/\19¢> (Xz/\d)qﬁ ’5/\"5 719?>XZ¢) (Xz¢

Ard— ’5/\“5 ) [Tf’ijj:’a??UaEi])-

2,1,

Then, since ¢; is independent of ]—" and has the same law as €y,

Z

|:1{’L)€C}()0<X /\1945’5/\’l9¢)1|

= E 1{UEC}¢( AT ¢ 75/\ ¢ ) [Tf),Xjf_,Oé?,U, 61]>i|

- ]Em /]—{UEC}QO(X 45 76/\ ¢ ) )q(zllzjf_v O{?, U)dQ(Z,|Z:f_, O[j))):|

—B | [ € ([ a1z i ) doZ o).
L C g

Let us now introduce the notation 9;[C] (%) := SJT(MZ e, sz) ,a?). Then,

En, {1{1)60}90( /\ﬁmﬁw)]
— B | [ A0 MO 2 of 0012 0
=B, [p(X70.€0)mIC)(Z50)]
This concludes the proof. O

Remark 2.2. For later use, note that the above provides the joint conditional distribution

of (Z7 W” 7;,md)) given F™ d). Namely, for Borel sets B € B([t, T|xR%) and D € B(M), a

szmple applzcatzon of Fubini’s Lemma implies that

P[(Z§¢¢,Mzm¢) € B x D|F ™| = k(B x D|ZZ) ,M*",af) (2.11)



in which
k(B x D|z,,my, ay) :://1D(§m(mo;z',zo,ao))q(z’|zo,ao,u)dQ(z'|z,a)dmo(u), (2.12)
uJ/B

for (zo,mo,a,) € Z X M x A.

2.3 Gain function

Given z = (t,x) € Z and m € M, the aim of the controller is to maximize the expected value
of the gain functional

zZ,m zZ,m . 2,0 z,m,¢
¢ €d = G (¢) T g(ZT[d)}v MT[¢] y Uy 60)7
in which T[¢] is the end of the last action after 7"
T[¢] == sup{W? :i>1, 77 <T}VT.

As suggested earlier, the gain may not only depend on the value of the original time-space
state process Z;’[(Z but also on M;’gl’d’, to model the fact that we are also interested by the
precision of the estimation made on v at the final time. One also allows for terminating the
last action after 7. However, since g can depend on T[¢] through Z;’EZ], one can penalize the
actions that actually terminates strictly after T'.

Hereafter, the function ¢ is assumed to be measurable and bounded® on Z x M x U x E.

Given ¢ € ®*™ the expected gain is

J(z,m; ¢) = Em [GZ™(9)],

and

v(z,m) == ¢s¥p J(z,m; ¢)Lp<ry + LpsmEn [9(2,m, v, €)] (2.13)
cdpzm

is the corresponding value function. Note that v depends on m through the set of admissible

controls ®*™ and the expectation operator E,,, even if g does not depend on M;’[Zﬁ"z’.

Remark 2.3. Note that a running gain term could be added without any difficulty. One
usually reduces to a Mayer formulation by adding a component to the space process and by
modifying the terminal reward accordingly. Here, if this running gain only covers the period
[0,T7, it should be added explicitely because of the modified time horizon T[¢] at which the
terminal gain 1s computed.

3Boundedness is just for sake of simplicity. Much more general frameworks could easily be considered.



3 Value function characterization

The aim of this section is to provide a characterization of the value function v. As usual,
it should be related to a dynamic programming principle. In our setting, it corresponds to:
Given z = (t,z) € Z and m € M, then

v(z,m) = sup Em[v(ng, Mzm¢)], (3.1)

ped=m

for all collection (0,¢ € ®>™) of F="™?-stopping times with values in [t,27T] such that
0 € N?nN[t, T[¢]] P, — a.s., recall the definition of N'¢ in (2.2).
Let us comment this. First, one should restrict to stopping times such that §? € N'®. The
reason is that no new impulse can be made outside of N'?; each interval [7; i’ 19¢) is a latency
period. Second, the terminal gain is evaluated at T[¢], Wthh in general is different from 7.
Hence, the fact that 6¢ is only bounded by T[¢)].
A partial version of (3.1) will be proved in Proposition 4.2 below and will be used to provide
a sub-solution property. As already mentioned in the introduction, we are not able to prove
a full version (3.1). The reason is that the value function v depends on z = (t,z) € Z and
m € M through the set of admissible controls ®*™, and more precisely through the choice
of the filtration F*™¢ which even depends on ¢ itself. This makes this dependence highly
singular and we are neither in position to play with any a-priori smoothness, see e.g. [6], nor
to apply a measurable selection theorem, see e.g. [4].

We continue our discussion, assuming that (3.1) holds and that v is sufficiently smooth. Then,

it should in particular satisfy v(z,m) > E,,[v(Z;,, m)] whenever z = (t,z) € [0,T) x R?

and 0 < h < T —t (Z*° is defined after (2.5)). This corresponds to the sub-optimality of the
control consisting in making no impulse on [t,t + h|. Applying Itd’s lemma, dividing by A
and letting h go to 0, we obtain —Lv(z,m) > 0 in which £ is the Dynkin operator associated
to X*°,

1
Lo := 0+ (1, Do) + §TI[UJTD2¢].
On the other hand, it follows from (3.1) and Remark 2.2 that

V(’Z? m) > sup Em[V(Z/[Z, a, v, 61]>m(m; Z/[Za a, v, 61]7 2 CL))] = ICV(Za m)
acA

where Ky :=supK with K% := /go(z/, m')dk(z',m’|-,a) for a € A. (3.2)

a€A

As for the time-T" boundary condition, the same reasoning as above implies v(7T,:) > Krg
and v(T,-) > Kv(T,-), in which

Kry(-, // ,m,u, e)dP.(e)dm(u). (3.3)
By optimality, v should therefore solve the quasi-variational equations
min {—Ly, o — Ko} =0 on [0,T) x R x M
min {¢ — Krg, ¢ — Ko} =0 on {T} x R* x M,



in the sense of the following definition (given for sake of clarity).
Definition 3.1. We say that a lower-semicontinuous function U on Ry xRYxM is a viscosity
super-solution of (3.4)-(3.5) if for any 2o = (to,x0) € Z, mo € M, and p € CY*9([0,T] x
R? x M) such that ming,n(U — ) = (U — ©)(20,m0) = 0 we have

[min {=Ly, ¢ - KU} 1y, <7y + min {o —Krg, o — KU} 1{to:T}} (20,m0) > 0.
We say that a upper-semicontinuous function U on R, x R% x M is a viscosity sub-solution
of (3.4)-(3.5) if for any zo = (to, ) € Z, mo € M and ¢ € CV2°([0,T] x R? x M) such that
maxzxm(U — ¢) = (U — ¢)(20,mo) = 0 we have

[min {—=Ly¢, p = KU} 14, <7y + min {o—=Krg,o — KU} 1{to:T}} (20, m0) < 0.
We say that a continuous function U on R, x R? x M is a viscosity solution of (3.4)-(3.5) if
it 18 a super- and a sub-solution.
To ensure that the above operator is continuous, we assume from now on that, on R, x R%x M,

Krg is continuous, and Ky is upper- (resp. lower-) semicontinuous,
for all upper- (resp. lower-) semicontinuous bounded function ¢.

A sufficient condition for (3.6) to hold is that k defined in (2.12) is a continuous stochastic
kernel, see [4, Proposition 7.31 and 7.32 page 148].
Finally, we assume that comparison holds for (3.4)-(3.5).

(3.6)

Assumption 3.1. Let U (resp. V') be a upper- (resp. lower-) semicontinuous bounded viscos-
ity sub- (resp. super-) solution of (3.4)-(3.5). Assume further that U <V on (T, 00) x R%x M.
Then, U <V on Z x M.

See Proposition 5.1 below for a sufficient condition. We are now in position to state the main
result of this paper. The proof is provided in the next section.

Theorem 3.1. Let Assumption 3.1 (or the conditions of Proposition 5.1 below) hold. Then,
v is continuous on Z x M and is the unique bounded viscosity solution of (3.4)-(3.5).

Remark 3.1. We do not discuss here the issue of existence of an optimal control. We
refer to the application paper [1] for an example of numerical scheme allowing to construct
approzimately optimal controls. Note also that the construction of Section 4.2 below produces
an almost optimal control as the arguments of Section 4.4 show that the sequence of value
Junctions (vp)n>1 actually converges to v.

4 Viscosity solution properties

This part is dedicated to the proof of the viscosity solution characterization of Theorem
3.1. We start with the sub-solution property, which is the more classical part. As for the
super-solution property, we shall later on introduce a discrete time version of the model that
will provide a natural lower bound. We will then show that the sequence of corresponding
value functions converges to a super-solution of our quasi-variational equation as the time
step goes to 0. By comparison, we will finally identify this (limit) lower bound to the original
value function, thus showing that the later is also a super-solution.
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4.1 Sub-solution property

We start with the sub-solution property and show that it is satisfied by the upper-semicontinuous
enveloppe of v defined in (2.13):

vi(z,m):= limsup v(z/,m)) , (z,m) € R, x R x M.
(z!,m")—(z,m)

Proposition 4.1. v* is a viscosity subsolution of (3.4)-(3.5).

The proof is rather standard. As usual, it is based on the partial dynamic programming
principle contained in Proposition 4.2 below, that can be established by adapting standard
lines of arguments, see e.g. [6]. For this part, the dependency of the filtration on the initial
data is not problematic as it only requires a conditioning argument. Before to state it, let us
make an observation.

Remark 4.1. Note that, given z = (t,x) € Z, the process X*° defined in (2.5) is predictable
with respect to the P-augmentation of the raw filtration FXW generated by (W.,; — W;). By
9, Lemma 7, Appendiz 1], it is indistinguishable from a FYY -predictable process. Using this
identification, X?°(w) = XZ°(w"*) for s > t, with W"* = wypy.ps — wy. Similarly, ¥ and of
can be identified to Borel measurable maps on C ([0, T]; RY) that depends only on Wt @) g0
that (Z;;lf, M;%,m’d)) can be seen as a Borel map on C([0,T]; RY) x U x E, while (27 Mjffﬁ‘b)

¢
T —

can be seen as a Borel map on C([0,T|;RY) that only depends on Wt @) pecall (2.6), (2.8)

and (2.9). Iterating this argument, we also obtain that (Z;’[(Z], M;’[Z]"b) is equal, up to P, -null

sets, to a Borel map on C([0,T];R?) x U x EV, for some N > 1 that depends on ¢.
We use the notations introduced in (2.5), (3.2) and (3.3) in the following.

Proposition 4.2. Fiz (z,m) € Z x M, and let 0 be the first exit time of Z*° from a Borel
set B C Z containing (z,m). Then,

2,0 of 2,0
v(z,m) < sup E,[f(Zy am)1{9<71¢} +K 1f(ZT{z>Jm)]1{esz’}] (4.1)

S
in which z == (t,z), ;" := {¢ € &> : >t} and
f&m') =v* (", m) L pery + Krg(2',m) 1>y (4.2)
for 2/ = (t',2') € A and m' € M.

Proof. Let N > 1 be such that 7 > T for i > N. By right continuity of (Z*¢ M*"%) and
upper-semicontinuity of f and Kf on [0,T) x R? x M, see (3.6), it suffices to prove the result
for the projections on the right of § and T{b on a deterministic time grid. Then, it is enough to
consider the case where (6, ) = (s,8") € [t,T]?, by arguing as below and conditioning by the
values taken by (6, 7'1¢ ) on the grid. In the following, we use regular conditional expectation
operators. We shall make use of Remark 4.1. In particular, we write ¢(w,u, (¢;)i<n) to
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denote the Borel map (w, u, (¢;)i<ny) € C([0,T];R%) x Ux EN — {(77, a?) (W', u, (¢;);<i-1),
i < N} associated to ¢. If s < &', we have P,,-a.s.

B [G=™ ()| F2™ ) (w, 1, (€3)in1) = B [GZ @™ (00)]
Zj’o whs ,¢wt,s Z.?O whs 7m7¢wt«S
= Ep[Krg (X7 %0 a0 )

in which K is defined in (3.3) and
Guts (W u, (€)icn) € C’([S,T];Rd) x UxEN — P(wh* + W, — Wl u, (€)i<n)

is an element of ®Z"@")meues Tt follows that E,,[G>™(¢)|F2"9]1,cy < f(Z7°,m) ey
P,, — a.s. Similarly, if s > s’, we have P,,-a.s.

el @) (g ]

IEm [GZ7m(¢) ’fj;i%‘f’] (wa u, (ei)iSN) - Em[GS(W
with

/

§ e, af (@) = (L Mms -, Z5° (@), af (1)) 0 2 (232 (1), af (), v, ),

recall the notations in (2.6) and (2.10). Hence, P,,-a.s.,

En[Go™ (@) F™ ) (., (€)ien) < B[ (6w v, €1, 08 (w))] = KT £(22° (), m),

in which a € A — K® is defined in (3.2). O

Proof of Proposition 4.1 As already mentioned, the proof is standard, we provide it for
completeness. Let ¢ be a (bounded) C*?? function and fix (z,,m.) € Z x M such that

0= (" —¢)(z0,m0) = max(v: — ). (4.3)

We use the notation z, = (t,,z,) € [0,T] x R%

Step 1. We first assume that t, < T. Let us suppose that min {—Ly , ¢ — Kv*} (20, m0) > 0,
and work towards a contradiction to Proposition 4.2. Let dy; be a metric compatible with
the weak topology and let || - ||z be the Euclidean norm on Z. We define

B2 m') = (2, ) + |2 = 2ollz + dnm(m, mo).

If the above holds, then min {—Lp , ® — Kv*} (2, m,) > 0. By our continuity assumption
(3.6), we can find ¢, > 0, such that

min{—-Lp, ¢ —Kv'} >n on B, (4.4)
in which

B, :={(z,m)€ZxM: |2 — 2]z +du(m',m.,) <1} C[0,T) x R* x M.

12



Note that, after possibly changing > 0, we can assume that

(v = @) < —non (B)". (4.5)
In the following, we let (z,m) € B, be such that
v(z,m) — @(z,m)[ <1/2, (4.6)

recall (4.3). As above, we write z = (t,z) € [0, T] x R%. Fix ¢ € ®>™. We write (75, a;, ;) i>1,
Z and M for (77, a?,9?)i>1, Z%® and M*™®. Let 6 be the first time when (Z, M) exits B,.

Without loss of generality, one can assume that 73 > t. Define x := 017} + 1ip>-301. In
view of (4.4), (4.5) and (4.6),

Em[V*(Zx’ Mx)]

H =2 =

m[V (Zoys Mo, ) Lixzoy + V' (Zo; My)1x=0)]

ml KV (Zr, ) Ma, )L xz0y + V7 (Zo, My)1iy=0)]
mlP(Zonr —s Monr,—)] =1

(z,m) —n

(z,m) —n/2.

Since x < T', this contradicts Proposition 4.2 by arbitrariness of ¢.

Step 2. We now consider the case t, = T. We assume that min {¢ — Kv* , ¢ — Krg} (25, m0) >
0, and work toward a contradiction. Let us define

VAN VAN VAN VAN
Ay

<

@(t/? xla m/) = @(t/a :L'/, ml) + C(T o tl) + H(t,a 37/) - ZO”% + dM(m/’ mO)

and note that, for C' large enough, min{—Lp , g — Kv* |, o — Krg} (25, mo) > 0. Then, as
in Step 1, we can find ¢, > 0, such that

min{—L¢, ¢ —Kv*, ¢ — Krg} >n on B,
in which
B, :={({t',2',m') € (T — 1, T] x M : ||2" — z5]|ga + dna(m’, mo) < ¢}
After possibly changing 1 > 0, one can assume that
(V' = ¢) < —non (B)".
Let (t,z,m) € B, be such that
v(t,z,m) — @(t, z,m)| < n/2.
One can assume that t < T'. Otherwise, this would mean that

v (zo,mo) =  limsup  v(T,2',m') = limsup Kp(T,2',m") = Krg(z.,m0),
(T, x' ,m")—(z0,m0) (Tyx" ;m’)—(z0,m0)
recall (3.6), and there is nothing to prove. Given ¢ € ®*™ with z := (¢, x), let (7,91, 7 =
(+,X), M) be defined as in Step 1 with respect to ¢ and (z,m), and consider x := 01y} +
1{o>7 30, where 6 is the first exit time of (X, M) from {(z/,m’) € R* x M : ||2/ — 2o ||ga +
dm(m’,ms) < ¢}. As in Step 1, the above implies that E,,[v*(Z,, M,)] < v(z,m) —n/2,
which contradicts Proposition 4.2 by arbitrariness of ¢. O]
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4.2 Discrete time approximation and dynamic programming

In this part, we prepare for the proof of the super-solution property. As already mentioned
above, we could not provide the opposite inequality in (4.1), with v* replaced by the lower-
semicontinuous envelope of v, because of the non-trivial dependence of F>™¢ with respect to
the initial data. Instead, we use the natural idea of approximating our continuous time control
problem by a sequence of discrete time counterparts defined on a sequence of time grids. In
discrete time, the dynamic programming principle can be proved along the lines of [4] for
the corresponding value functions (v,),>1. Passing to the limit as the time mesh vanishes
provides a super-solution v, of (3.4)-(3.5). As v* is a sub-solution of the same equation,
Assumption 3.1 will imply that v, > v*, while the opposite will hold by construction. Then,
we will conclude that v is a actually a super-solution, and is even continuous. This approach
is similar to the one used in [11] in the context of differential games.

We first construct the sequence of discrete time optimal control problems. For n > 1, let
T, = {t},7 < 2"} with ¢} 1= jT/2", and let ®™ be the set of controls ¢ = (77, af)i>1 in
®>™ such that (77);>; takes values in 7, U {t} U [T, 00), if z = (t,z). The corresponding
value function is

vp(z,m) = sup J(z,m,¢), (z,m) € Z x M.
ey ™

We extend v,, by setting
Vp = Krg, on (T,00) x M, (4.7)
Remark 4.2. Note that v, < v < v* by construction.

We first prove that v,, satisfies a dynamic programming principle. This requires additional
notations. We first define the next time on the grid at which a new action can be made,
given that a is plaid:

s™t,x] ;= min{s € m, U [T, 00) : s > w(t,x,a,v,¢;) and s > t}.

Let 0 denote a cemetery point that does not belong to A. Given a € AU{d}, we make a slight
abuse of notation by denoting by (Z®®)-@ N (#:2)ma) the process defined as (Z®#)¢ M E2)m.e)
for ¢ such that

(Tf), Oé(lz)) = (t, a)l{a7,ga} + (T + 1, a*)l{a:a}
in which a, € A and 7 > T 41 for i > 1. Then, we set

J(T,;a) = KrKg , .(T,-) :== sup J(T,-a) on R x M x (A U{d}),
acAU{0}

with the convention that K2 is the identity, and define by backward induction on the intervals
[t?7T)7 ] =n- 17 707
J(z,m;a) = Em[\’/n(ija[z},MsZﬂij])} , Vpi= sup J(-a),
ac AU{0}
together with the extension

Vni=Krg on (T,00) x RY x M.
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Lemma 4.1. Fiz 1> 0. Then, there exists a universally measurable map (z,m) € Z x M —
a™'[z,m] € AU{3d} such that J(-;a™"[-]) > Vv, —t on Z x M. Moreover, the map v, is upper
semi-analytic.

Proof. Since Krg is assumed to be upper semi-analytic (indeed continuous), it follows from
[4, Proposition 7.48 page 180] that .J is upper semi-analytic on [t"_;,T] x R x M x (AU{d}).

Then, the required result holds on [t? ,, T] x R? x M by [4, Proposition 7.50 page 184]. It
is then extended to [0,7] x R? x M by a backward induction. O

Proposition 4.3. v,, = v, on Z x M. Moreover, given a random variable (¢, i) with values
in Z x M and v > 0, there exists a measurable map (z,m) — ¢'[z,m] such that

J(C w50 1C, 1)) > vl ) — 0 Py, — as.

Proof. The proof proceeds by induction. Our claim follows from definitions on [, T X
R? x M. Assume that it holds on [t7,,,T] x R? x M for some j < n — 1. For the following,
we fix z = (t,x) € Z with t € [t7,t7,,) and m € M.

3o Lit1
Step 1: In this step, we first construct a suitable candidate to be an almost-optimal control.
Fix e1,...,6, > 0, g9 := 0, and set (i) := (g, &1,...,&;). Let (a™"),50 be as in Lemma 4.1,

and consider its extension defined by a™* = a, on (T,00) x R? x M. Define ri(o) =t and
61" € B by

(1) ¢E(1)
%

(7_:51 ol ) = (Ti(o)’&n,é‘l [Ti(o);l’,m])l{izl} + 1{i>1}(T +i,a,), 1> 1.

where
(0)

~n,e1

a [ri(o),x,m] = a" r{, 2, m).

We then set

e(1) (O)

W= minm, N [19({51 2T N (r]

Ty ,00).
e(1)
By Lemma 4.1 and [4, Lemma 7.27 page 173] applied to the pull-back measure of (Zi’?f) ,
zZ,m ¢E(1) h
MO

T;(l)

A U {0} such that

), we can find a Borel measurable map (t',2',m’) € Z x M — ay=*[t/,a’,m'] €

1 1
~1N,E2 [ZZ7¢§( ) Mz,m,dﬁ( )]

a
T;(l) ) T;(l)

1 1
ATLED [Zz’d);:( ) MZ7m7¢i< )

T;(l) 9 r;(l) ] m

We define ¢5® by

e(2 e(2
¢2() 2()

(Ti » O

(1) £(1) (1) (1)
_ 5(1) ~N,E2 Z7¢1 Z7m7¢1 ¢1 ¢1
) == (TQ 5 a [Zr;(l) 5 M ])1{’i:271”5<1 + (TZ 5 OéZ

rs) ;<) {i#2pu{rsV>T)
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for © > 1. We then define recursively for k£ > 2

< (k)
rk(ﬂ .—infwnﬁ[ﬁ,f’“ 270N (r, ek 1),00)

(k+1) e(k+1) e(k) e(k)
¢Z+1 ¢k+1 E(k) Nn,EL P zZ,m ¢
(Ti ) O ) (rchrl?a i [Z (k) M (k) ])1{Z~:k+1 =0 <1y
Te+1 k+1 +1
(k) 4ek)
), b
+(nt o {i#k+10{rE ) > 1)
for i > 1, in which (¢,2',m’) € Z x M — a, ;"' [t',2/,m'] € AU {8} is a Borel measurable
map such that
(k) e(k) e(k) e(k)
~n,E 3456 z,m, ¢y __ AME ) Z2,m,dy,
a ’““[Z Joss ,MTEW | = a™eR [Z Joss ,Me(k) ] P, —as.
k1 k41 Th+1 Tet1

We finally set

e(7) e(z)
b; b; ;
, Q; )iZl € q)zm

= (7
Step 2: We now prove that Vn(Z m) > v,(z,m). By the above construction and Lemma 4.1,

_ e(1)
Vo(z,m) > J(z,m; aft ) > Vn(z,m) — €.
Since vy, (tg, -) = Vp(ty, -) for k > j by our induction hypothesis, we obtain

Vo(z,m) > sup E,[v.(Z° 5(1), Mzsf?)a)] — &1 > vp(z,m) — e,
acAU{0}

in which the last inequality follows from a simple conditioning argument as in the proof of
Proposition 4.2. By arbitrariness of £; > 0, this implies that v,,(z,m) > v, (z,m).
Step 3: It remains to prove that v, (z,m) < v,(z,m). Define

Ye e(i— 1) (Zzazzz ) Mzazvzz? )7 P> 1’

7

with Yos(fl) := (z,m), and observe that Y, =1 and }"ZEZL % only depend on ¢(i — 1). Then,
for each 7 > 0,

B i1 . B Y‘E(ifl)#);t(' E(i71)7¢§(7ﬁ) -
W) = B (2 T Ml I m
T 1+1 7,+1
5(7, 1) ,e(7) e(i— 1)
B _ SO, o
= EmEnllya (2 © My Rl
. a(z 1),¢5(2 E<i71),¢f(l 2 m,¢°
+ ll_mEm[l{ (i )>T}g(Z 0 ME() Pov €0)|-7:5<1 nl o Pn—as.
£;40 Tit1

on {rf(ifl) < T'}. Since g is bounded, so is v,,. The above combined with the dominated

convergence theorem then implies
- e _ yel=D) 7@36(1) Yie(i—1)7¢j(i)
Vn(27 m) - }?11?[]) T ii%]E : 1 E<l)>T> E(l D) }g<Z fj»l) ) MTfJ(er) Uy E0)]
=lim---lim J(z m; gb ) < vnl(z,m),
€140 end0
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which concludes the proof that v,, = v,,.

Step 4. The second assertion of the proposition is obtained by observing that, given a
random variable (¢, ) with values in Z x M, one can choose a™*' Borel measurable such
that a™='[C, u] = a™*[(, pu] P, — aus. O

We are now in position to conclude that v,, satisfies a dynamic programming principle.

Corollary 4.1. Fiz z = (t,z) € Z and m € M. Let (0°,¢ € ®>™) be such that each 6%
is a F*™%_stopping time with values in [t,2T] N (7, U [T, 0)) such that 0% € N¢ N [t, T[¢]]
P,, —a.s. for ¢ € ®2™. Then,

Vo(z,m) = sup Em[vn(ng,M@Z;,m’d))].
pedy™

Proof. The inequality < can be obtained trivially by a conditioning argument. Fix ¢ € ™.
By Proposition 4.3, we can find a Borel measurable map (2/,m’) — ¢*[2', m] such that

J(Z30, My 1250 M 1) 2 va( 25 M™) — 1.
Z7¢

Let us now simply write ¢* for ¢'[Z;", M, ggﬁm’(ﬁ]. Without loss of generality, one can assume
that 7¥ > ¢ and that 70" > 0. Let I := card{i > 1 : 7° < 6°}. Then, J(z,m;¢") >

Em[vn(ng, M;;m"z))] — ¢ in which (77, a‘?’L) = 11 (17,0?) + 1o (77,0 ), i > 1. Sending

)

t — 0 leads to the required result. O

4.3 Super-solution property as the time step vanishes

We now consider the limit n — oco. Let us set, for (z,m) € Ry x R? x M,

Vo(z,m) := lim inf v (', 2, m').
(tl7xl’ml7n)ﬁ(z7m7w)

Remark 4.3. Note that (4.7) and (3.6) implies that vo = Krg on (T,00) x R% x M.
Proposition 4.4. The function v, is a viscosity super-solution of (3.4)-(3.5).

Proof. Let ny — oo and (z, mg) — (20, mo) be such that v, (2, mr) — vo(2o, My).

Step 1. We first show that v (2o, mo) > Kvo(26,ms). By Corollary 4.1 applied to v, with a
control ¢* defined by (71, f) = (tr, ar) =1y + 2 ;o1 (T + j, @) lgzgy, @ > 1, with @), € A,
we obtain

Vo, (26, mE) > sup /]E[vnk(Zji’;[z,],m')]dk(z',m'|zk,mk,ak)] = KE[v,, (Z ", o ) (2, i),

ap€EA S+
in which s*[t,z] := minm,, N [t,00). Let ¢x, be the lower-semicontinuous enveloppe of
inf{E[vnk(Z'fk[.], ],k > ko}. Then, for k > ko, vy, (21, i) > [ g (2, m!)dk (2", m/| 2y, my, ay,),

S+

and, by (3.6), passing to the limit & — oo leads to vo(zo, mo) > [ g, (2, m/)dk(z', m/|z5, Mo, as).
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We shall prove in step 3 that limg, .o @k, > V.. These maps are bounded, since g is. Domi-
nated convergence then implies that vo(zo,mo) > [ vo(2/,m')dk(2', m/| 2, Mo, ao).

Step 2. Let ¢ be a (bounded) C12°([0, T] x R¢ x M) function and (z,,m,) € [0,T) x R¢ x M
be a minimal point of v, — ¢ on Z x M. Without loss of generality, one can assume that
(Vo — go)(zo,mo) = 0. Let B and (2, mg,ng)n>1 be as in Lemma 4.2 below. We write
2k = (th, 1), 20 = (to, ) € [0,T] x R On the other hand, by considering the control ¢*
defined by (T af) = (T +1i,a,), i > 1, we obtain from Corollary 4.1 that

Vi, (21, M) > Em[vnk(ZtZk-‘rohk7 m)]

with Ay, € T2 " (N U {0}) such that ¢ + hy < T if t, # T and tx + hy = T otherwise.
Let C' > 0 be a common bound for (v,),>1 and . Then we can choose (hy)g>1 such that

O 1= (go(zk,mk) — Vg (Zkamk) —2C P[Z::fhk ¢ B])/hk —0.

This follows from standard estimates on the solution of sde’s with Lipschitz coefficients.
Then, if t, < T,

tr+hi
0> hi "B o(Z45, s mik) — @y (2, )] + Ok = Em[hgl/ Lo(Z3°,my)ds] + 6,
173
sending k£ — oo leads to Lp(zo,mo) < 0. If to = T, vy, (25, mg) = Epng(Z72°, my, v, €0)] =
E..[Krg(Z7°,my)] and passing to the limit leads to ¢(z.,mo) > Krg(2o,ms), recall (3.6).
Finally, ¢(2.,ms) > K¢(z,, ms) by Step 1. O
Step 3: It remains to prove the claim used in Step 1. Let us set

Or, (2',m') := inf {E [Vnk (Zjé,f[z'],m’))} },

E>ko

so that ¢y, is the lower-semicontinuous envelope of ¢ . Note that ZSZ:J,CO[

, converges a.s. to
+ [#]

z as (2/,k) — (z,00). Hence, for all ¢ > 0, there exist open neighborhoods B.(z,m) and
Bs(z,m) of (z,m), as well as k. € N such that ]P’[(Zzn,f[ m') ¢ B.(z,m)] < e for k > k.
and (2',m’) € Bs(2,m). One can also choose k. and B (2, m) such that infy>s v, (2, m') >

vo(z,m’) —¢ for all k > k. and (2',m’) € Bz(2,m). Let C' > 0 be a bound for (|va|)n>1 and
|vo|, recall that g is bounded. Then, for ko large enough and (2, m’) € Bz (z,m),

Pho (Z,, m,) 2 VO(Z7 m) —e—2C sup ]P)[(Zj:’f[zqa m
k>ko +

") ¢ B.(z,m)] > vo(z,m) — (14 2C).
Hence, since v, is lower-semicontinuous,

lim ¢, (z,m) = lim liminf @ (2,m') > vo(z,m).
ko—ro0 ko—o0 (2/,m!)—(z,m)

We conclude this section with the technical lemma that was used in the above proof.
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Lemma 4.2. Let (u,),>1 be a sequence of lower semi-continuous maps on Z x M and define
Uo := M INE (o s ) 00) Un (2, M) 0on Z x M. Assume that u, is locally bounded. Let ¢ be
a continuous map and assume that (z.,mo) is a strict minimal point of u, — ¢ on Z x M.
Then, one can find a bounded open set B of [0,T] x R and a sequence (2, my, ng)n>1 C
B x M x N such that n — 00, (2, my) is a minimum point of u,, — ¢ on B x M and
(21, Mgy Uny, (2, M) = (205 Mo, Uo (20, M)

Proof. Since M is assumed to be locally compact, it suffices to repeat the arguments in the
proof of [2, p80, Proof of Lemma 6.1]. O

4.4 Conclusion of the proof of Theorem 3.1

We already know from Proposition 4.1 and Proposition 4.4 that v* and v, are respectively
a bounded viscosity sub- and super-solution of (3.4)-(3.5). By (2.13), Remark 4.3 and (3.6),
we also have v, > v* on (0,7) x R x M. In view of Assumption 3.1 and Remark 4.2, v is
continuous on Z x M and is the unique bounded viscosity solution of (3.4)-(3.5). O

Remark 4.4. The above arguments actually show that (vy,)n,>1 converges to v.

5 A sufficient condition for the comparison

In this section, we provide a sufficient condition for Assumption 3.1 to hold. We refer to [1]
for examples of application.

Proposition 5.1. Assumption 3.1 holds whenever there exists a continuous function W on
[0,2T] x R% x M satisfying

(i) ¥(.,m) € CY%([0,T) x RY), for all m € M.

(ii) o¥ > LV on [0,T] x R x M for some constant ¢ > 0,

)
)

(iii) ¥ — KU >§ on [0,T] x R? x M for some § > 0,

(iv) ¥ > Kr[g] on [T, 00) x R x M with g(t,.) := e®g(t,.) and o is defined in (ii),
) v

~ 18 bounded.

(v

The idea of the proof is the same as in [5, Proposition 4.12|. Note that their condition H2
(v) is not required here because we only consider bounded sub and super-solutions and we
take a different approach. To avoid it, we slighlty reinforce the hypothesis H2 (iii) and asked
for U~ to be bounded.

Proof. Step 1. As usual, we shall argue by contradiction. We assume that there exists
(20,m0) € Z x M such that (U — V)(z9, mg) > 0, in which U and V' are as in Assumption
3.1. Recall the definition of ¥, ¢ and § in Proposition 5.1. We set a(t,z,m) := e?'U(t, x,m)
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and 0(t, z,m) := eV (t,x,m) for all (t,z,m) € Z x M. Then, there exists A € (0,1) such
that

(@ — 0*)(20,m0) >0, (5.1)
in which * := (1 — )0 + AW. Note that @ and ¥ are sub and supersolution on Z x M of
min {op — Lo, — Ky} =0 (5.2)

associated to the boundary condition
min{¢ — K7g,p — Kp} =0. (5.3)

Step 2. Let dp be a metric on M compatible with the topology of weak convergence. For
(t,z,y,m) € Z x X x M, we set

Le(t, @, y,m) = a(t,z,m) — 0*(t,y,m) — e (2 + [[yl* + dna(m)) (5.4)

with ¢ > 0 small enough such that I' (o, xo, 9, mo) > 0. Note that the supremum of
(t,z,m) — L.(t,x,z,m) over Z x X x M is achieved by some (., x.,x.,m.). This follows
from the the upper semi-continuity of I'. and the fact that u,—v,—¥ are bounded from
above. Recall that M is locally compact. For (¢, z,y,m) € Z x X x M, we set

OL(t,z,y,m) =T (t,x,y,m) — nljz — sz.

Again, there is (¢5, 25,95, mS) € Z x X x M such that supy, x. OF = O (5, 25, y5, ms). It
is standard to show that, after possibly considering a subsequence,

(5, x5y, m;) — (fs,ig,ﬁzs,ms) €ZxXxM, nlz; — yleQ — 0, (5.5)
and @n<t87 naym 2) — Fa(fayfi‘sai'ama) = Fa(ta,xaxa»ms)a ‘

see e.g. [8, Lemma 3.1].
Step 3. We first assume that, up to a subsequence, (@ — Ka)(t5, 25, ms) < 0, for n > 1. It

n»rnr

follows from the supersolution property of © and Condition (iii) of Proposition 5.1 that
ny n7 fz) - K@A(ti,yi,mi) — Ad.

(t5
Passing to the limsup and using (5.5) and (3.6), we obtain (& — M) (te, 2o, m2) + A5 <
K(i — 9M)(t., &, ). In particular, by (5.4), To(t., @, &2, o) + A < K(@ — 0 ({e, Te, 122).
Now let us observe that

(L5, a5, ms) — (65, yhmS) < K

n’ n’

sup (@ — %) =lim  sup  T.(t,z,z,m) = limT.(t., 2., z.,m.) = hmF c(te, Boy 2oy ),
ZxM €20 (ta,m)eZxM e—0

(5.6)

in which the last identity follows from (5.5). Combined with the above inequality, this shows
that supg, (@ — ) + A6 < lim._o K(@ — 9*)(t., 2., m.), which leads to a contradiction for
¢ small enough.
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Step 4. We now show that there is a subsequence such that ¢; < T for all n > 1. If not,
one can assume that t5 = T and it follows from the boundary condition (5.3) and step
3 that a(T,z5,m%) < Krg(T, x5, ms) for all n > 1. Since, by (5.3) and Condition (iv) of

Proposition 5.1, 9NT, v, mg) > Krg(T, yE, ms), it follows that (T, 25, ms) —oMT, 5, ms) <

) n’

ICTQ(T ;, mfz)_lCTg(Tv yfw mfz) Hence, FE(Ta mf‘u yfm mfz) < ICTg(T T mfz)_lCTg(Tv yfw mfz)

yYn ’Un)

Combining (3.6), (5.5) and (5.6) as above, we obtain sup(# — o*) < 0, a contradiction.

Step 5. In view of step 3 and 4, we may assume that ¢ < T and (@ — Ka)(t5, 25, m5) > 0

n’ n’

for all n > 1. Using Ishii’s Lemma and following standard arguments, see Theorem 8.3 and
the discussion after Theorem 3.2 in [8], we deduce from the sub- and supersolution viscosity
property of @ and 7*, and the Lipschitz continuity assumptions on x and o, that

o (altr, @5, my) — 0M(t5, yn,my)) < O (nllaf, — wall” + e (L+ 22 + llwall?))
for some C' > 0, independent on n and . In view of (5.4) and (5.5), we get
oF:(t., e, &eym) < 2Ce (14 |12]7) (5.7)

We shall prove in next step that the right-hand side of (5.7) goes to 0 as ¢ — 0, up to a
subsequence. Combined with (5.6), this leads to a contradiction to (5.1).

Step 6. We conclude the proof by proving the claim used above. First note that we can
always construct a sequence (., Z.,Mc )~ such that

I.(t., &, %, m.) — sup (@ — ) and e(||#:]|* + dm(me)) — 0 ase — 0.
ZxM

By (5.5), To(t., e, e, ) < Te(te, e, @e,m.). Hence, supg (@t — 9) < supgu (@ — ) —
2lim inf. g e]|2.]|?. O
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