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Abstract

We consider the diffusive limit of a typical pure-jump Markovian control problem as the
intensity of the driving Poisson process tends to infinity. We show that the convergence speed is
provided by the Holder exponent of the Hessian of the limit problem, and explain how correction
terms can be constructed. This provides an alternative efficient method for the numerical
approximation of the optimal control of a pure-jump problem in situations with very high
intensity of jumps. We illustrate this approach in the context of a display advertising auction
problem.
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1 Introduction

Let N be a random point process with predictable compensator Av(de)dt, for some probability
measure v on R, A > 0, and let X*®* be the solution of

Xtoa — o +/ /b(Xﬁ:%a’ as, e)N(de,ds),
t
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in which « belongs to the set A of predictable controls with values in some given set A. Then, under
mild assumptions, the value of the control problem

T
V(t,z) :=supE [/ r(Xzf’a,ozs)st} :
acA t

with Ny := N(R, [0,t]), t > 0, solves the integro-differential equation

0V + Asup (/ V(-4 0b(-a,e))v(de) =V + r(-,a)) =0on[0,7) xR (1.1)
achA
with boundary condition V(7,-) = 0, possibly in the sense of viscosity solutions. From this

characterization, standard numerical schemes follow that allow one to approximate both the value
function V' and the associated optimal control.

However, is non-local and obtaining a precise approximation of the solution is highly time
consuming as soon as the intensity A of IV is large. This is the case, for instance, for ad-auctions
on the web, see e.g. [I7], that are posted almost in continuous time, and on which one would
typically like to apply reinforcement learning technics based on the resolution of for the current
estimation of the parameters, leading to a possibly large number of resolutions for different sets of
parameters. On the other hand, when X is very large, it is tempting to approximate the original
jump diffusion control problem by its asymptotic as A — oco. In this paper, we consider the diffusive
limit approximation. Namely, if one takes A of the form A\ = 1/¢, with € small, and b = eb; + /eby
with [ by(-, e)v(de) = 0, then a second order Taylor expansion on implies that €V converges as
¢ — 0 to the solution V of

oV + sug (/ bi(-,a,e)v(de)d,V + % / b2]? (-, @, €)v(de)d,V + r(-, a)) =0, V(T,)=0. (1.2)

ae

The advantage of the above is that it is now a local equation which can be solved in a much more
efficient way. Note that another possibility is to consider a first order expansion as in [17], which
corresponds to considering a fluid limit, but this is less precise.

For such a specification of the coefficients (A, b), the existence of a diffusive limit is expected,
see e.g. [19] for general results on the convergence of stochastic processes. For control problems,
the convergence of the value function can be proved by using the stability of viscosity solutions
as in [I8], Section 3|, which considers the limit of discrete time zero-sum games, or by applying
weak-convergence results. In particular an important literature on this subject exists within the
insurance and queueing network literatures, see e.g. |3, [I3] 14]. However, it seems that there is no
general result on the speed of convergence in the case of a (generic) optimal control problem as
defined in Section 2l below.

In Section [3| we verify that the above intuition is correct. Unlike [I8], we do not simply rely on the
stability of viscosity solutions. Nor do we rely on the weak convergence of the underlying process.



The reason is that weak convergence does not give access to the convergence speed in optimal control
problems. Instead, we directly study the regularity of the solution to . Thanks to its vanishing
terminal condition (otherwise it should be assumed smooth enough), we show that 92,V is uniformly
p-Holder in space, for some 5 € (0, 1], whenever the coefficients of are uniformly Lipschitz in
space and under a uniform ellipticity condition. By a second order Taylor expansion, this allows
us to pass from to up to an error term of order eg, and therefore provides the required
convergence rate. In general this rate cannot be improved. As a by-product, we obtain an easy way
to construct an eg—optimal control for the original pure-jump control problem. We then study the
limit e_g(V — V) as € = 0. Under mild assumptions, we show that it solves a (possibly non-linear)
PDE. This provides a first error correction term. To achieve higher orders of convergence, this
approach can be generalised to a system of non-linear PDEs, upon its existence.

As an example of application, we consider in Section [4] a simplified repeated online auction bidding
problem, where a buyer seeks to maximise its profit when facing both competition and a seller who
adapts the price to incoming bids. Our numerical experiments show that our approximation permits
a considerable gain in computation time.

For ease of exposition, we shall restrict to situations where the controlled process is of dimension
one. This fact will be used explicitly only to derive our regularity results in Section Similar
results can be obtained in higher dimension, by using standard regularity results for parabolic partial
differential equations, see e.g. |20, 21].

2 The pure-jump optimal control problem

In this section, we begin by providing the definition of our pure-jump control problem, and state the
well-known link with its associated Hamilton-Jacobi-Bellman equation. The properties stated below
are elementary but will be useful for the derivation of our main approximation result of Section

2.1 Definition

Let €2 = D denote the space of one dimensional cadlag functions on R, and M(R x R, ) denote the
collection of positive finite measures on R xR, . Consider a measure-valued map N : D — M(RxR})
and a probability measure P on D such that N is a continuous real-valued R-marked point process
with compensator Av(de)dt, in which A > 0 and v is a probability measure on R. See e.g. [9]. For
ease of notations, we set N, := N(R, [0,t]) for ¢t > 0.



Let F' = (F!)s>¢ be the P-augmentation of the raw filtration generated by the random measure N
restricted to [t, 00), i.e. by e.g. the process [, [ exp(e)N(de,ds). Given a compact subset A of R, we
let A be the collection of Ft-predictable processes with values in A. For ease of notations, we also
define A := U;>0A". Throughout this paper, unless otherwise stated we will work on the filtered
probability space (Q, F,F,P), where F = F2 for T > 0 given and F = F°.

We now consider a bounded measurable map (x,a,e) € Rx AxR — b(x,a,e). Given (t,z) € Ry xR
and a € A, we define the cadlag process X“*“ as the solution of

Xboo — g —|—/ /b(Xﬁf’a,as,e)N(de,ds). (2.1)
t

Given a bounded measurable map (z,a) € R x A — r(z,a) € R, we consider the expected gain

function
T
(t,z,0) €0, T] x Rx A J(t,2;0) :=E [/ r(XE5, ag)dN, |, (2.2)
t
together with the value function
V(t,z) := sup J(t,x; ), (t,z) € [0,T] x R. (2.3)
acAt

All throughout this paper, we make the following standard assumption, which will in particular
ensure that V' is the unique (bounded) viscosity solution of the associated Hamilton-Jacobi-Bellman
equation, see Proposition below.

Assumption 1. For each e € R, (z,a) € R x A — (b(z,a,e),r(x,a)) is continuous. Moreover,
(b, 1) is bounded.

Remark 2.1. Note that boundedness of the coefficients b and r is not essential in the following
arguments. One could assume only linear growth in space, uniformly in the control. We make the
above (strong) assumptions to avoid unnecessary complezities.

2.2 Dynamic programming equation and optimal Markovian control

Let us now state the well-known characterization of V' in terms of the theory of viscosity solutions.
As usual, we say that a lower-semicontinuous (resp. upper-semicontinuous) locally bounded map

U:[0,7] x R+ R is a viscosity supersolution (resp. subsolution) of

acA

Oyp + sup (/ o( -+ b(-,a,e))v(de) — p + r(-,a)) A=0, on[0,7T) xR, (2.4)



if for all (¢,z) € [0,T) x R and all C* functions ¢ : [0, 7] x R — R such that (¢, z) attains a minimum
(resp. maximum) of U — ¢ on [0,7") x R we have

K {@gp(t, x) + sup </ U(t,x + b(x,a,e))v(de) — U(t, z) + r(x, a)) /\} <0
a€A

with Kk =1 (resp. k = —1).

Proposition 2.2. V is a continuous and bounded viscosity solution of (2.4) such that

lim V(t,2') =0, x € R. (2.5)

t'1TT 2 —x

Moreover, comparison holds for (2.4)) in the class of bounded functions.

Proof. The argument being standard, we only sketch it. First note that the continuity at T" follows
immediately from the fact that r is bounded, namely |V (¢,-)] < NT —¢t) ||r||,, for t < T. Fix
he (0, T —t],t <T and x € R. Let 7 be the first jump of N after time ¢. Denote by V, and V*
the lower- and upper-semicontinuous envelopes of V', i.e.

Vi(t',2') .= liminf V(s,y), V¥, 2") ;== limsup V(s,y).
(s,y)—=(t' ") (s,y)—=(t,x")

It follows from the same arguments as in [§] that V satisfies the (weak) dynamic programming
principle

sup E [V*(Tf A b, XEEOY e (X5PY 047{>1{rf§h}}

ac Al Tlt/\h Tlt—
<V(t, x) (2.6)
< sup B[V (71 A b X550 + (X5 ) iy |

acAt

Following [8] again and using [6, Lemma 22|, this implies that V, and V* are, respectively, a super-
and a subsolution in the viscosity sense of (2.4)). Since b is bounded, the map (¢,z) — (1 + 2?)e™ "
is also a viscosity supersolution of the above with » = 0, as soon as C' > 0 is large enough. Standard
arguments then imply that comparison holds for the above Hamilton-Jacobi-Bellman equation in
the class of bounded functions (or even with linear growth), and therefore that V., = V* meaning
that V' is continuous. O

We next prove the existence of an optimal Markovian control. In the following, we denote by 2l the
collection of A-valued Borel maps on [0,7") x R.



Proposition 2.3. For all (t,x) € Ry xR, there exists a[t, z] € A" such that V (t,z) = J(t,x;alt, z]).
It takes the form
1 e A tz,d[t,x])

a ¢
T 2+1 Ti

>0

in which 1} is the i-th jump of N after time t, for i > 1, with 7t :=t, and & € A satisfies

a(t',2") € argmax {/V(t',m' +0(2',a,e))v(de) + r(2', a) } , (t,2") €]0,t) x R.

a€A

Proof. Since V,b and r are continuous, by Proposition 2.2 and Assumption [I] and since A is compact,
we can find a Borel measurable map (¢, z) — a(t, z) such that (¢, z) belongs to argmax{ [ V (¢, +
b(x,a,e))v(de) + r(z,a), a € A} for all (¢,z), see e.g. [4, Proposition 7.33, p.153|. Let us fix
(to, zo) € [0,T] x R. By the dynamic programming principle in (2.6), the continuity of V, and the
definition of & above,

V(to,0) = sup E [V( ONT, Xto’mo’ )+ T(X;?(’)as_‘)’a,Oszo)l{TfoST}]

acAto

acAto

= sup E [( V(i AT, 2 + b(zo, Q10,7 e))v(de) + r(xo, oleto)> 1{Tf0§T}]
(11

K/ 7" AT, o + b(xo, G o s €) J1(de) +7”(550>d7;0>> 1{rf°§T}}

=F [V(T{O AT, inz(f;of) + r(Xj?fjﬁ, Gl {T;OST}]

in which & := éi(-,a:o)l(toﬁt(]].

. t
For ease of notations, we now set ¥; := 71° AT and X, := X O’xo’a By the same reasoning as above,

we have, for a fixed w € (Q,

V(9 (), Xi(w)) =E [V(Tf1<w> AT, XD (X9 6 0 @D e gy
1 1 -

in which
a(w) = é(-,zo)l(twio(w)] +af(, Xl(W))l(TtO(w) EAOR
The right-hand side of the above coincides P-a.e. with

. [V<Tf}1 AT, Xfél’f;a) * T(Xféi)fl7&’ &Tfl)l{TfIST} fm}
1 1
to,zo, to,x0,& A
—E {V( ONT X (X5 ) oy letOAT] .




Let us complete the definition of & by now letting it be defined by

~ ~ to,x0,0
o = E 1, g to a(-, X977,
(TiozTiJOrl] ( ! "l‘it0 )

>0

By iterating the above procedure, we have

V(tg, .270) = ]E

T,tlo/\T .
V(ro AT, X1970%) + / r(Xz‘ﬁxO’a,o}s)dNS] ,n> 1

7':'10 AT to

Since 70 — 0o P-a.s. as n — 00, it now follows from the dominated convergence theorem and ([2.5)
that

T
V(ty,z0) =E V r(Xj@xO’“,ds)st] .

to

3 Diffusive approximation

As already mentioned, the characterization of Propositions [2.2] and allows one to estimate
numerically the value function and the associated optimal control. However, the integro-differential
equation (2.4) is non-local and the computational cost of its numerical resolution increases as A
grows. On the other hand, we can expect that our pure-jump problem admits a diffusive limit as
A — oo which is, by its local nature, much easier to solve numerically, and can serve as a good proxy
of the original problem as soon as A is large enough.

In this section, we begin by defining the diffusion control problem that is the candidate for the
diffusive limit of our pure-jump problem. We then study the regularity of the corresponding value
function, from which we will be able to derive our main approximation result, see Theorem
below, and construct approximate optimal controls, see Proposition [3.4 Finally, we identify a first
order correction term in Subsection [3.5] which is extended to higher orders in Subsection [3.6]

3.1 The candidate diffusive limit

Given € € (0,1), we now take as A the intensity



so that it is large for e > 0 small. To ensure the existence of a diffusive limit, we need to assume
that the jump coefficient b introduced in Section [2] is of the form

be = €b1 + \/Ebg

for two bounded measurable maps by, by : R X A X R +— R, each satisfying Assumption |1| (with b; in
place of b, i = 1,2), and with by satisfying the additional Assumption .

Assumption 2. The function by satisfies:

/bg(a:,a,e)u(de) =0 forall (x,a) € R x A, and “ ai)IelﬂkaA/ |by(x, a,€)* v(de) = > 0. (3.1)
In the above, the coefficient b; should be interpreted as a drift term while by is a volatility. The
respective scaling in € and /e together with Assumption [2 are required to ensure that our pure-jump
problem actually admits a diffusive limit of the form below. Problems where this scaling of
coefficient is appropriate involve many jumps of small relative size, with a variance of the same order
as their drift over time.

Likewise, we consider the value function

1 T
Ve(t,z) := sup J(t,z; ) with J.(¢,x; ) := )\—IE {/ r(X0" ag)dN, |, (t,x) €[0,T] x R.
acAt € t

(3.2)

Note that the scaling by 1/A. means that (up to a constant factor 7' — t) we consider the gain by
average unit of actions on the system. Indeed E[Ny — N;| = A(T' — t) and the control applies only
at jump times of N. Note that we omit the dependence of N on ¢, for ease of notations.

We shall see that V., together with the associated optimal policy, can be approximated by considering
its diffusive limit as € — 0. The coefficients of the associated Brownian diffusion SDE are given by:

p(z, a) = /bl(x,a,e)y(de), o(x,a) = (/lbg(a:,a,e)ﬁy(de))é, (z,a) €R x A.

From now on, we assume that they satisfy the following.

Assumption 3. The maps x € R u(x,a), v € R o(x,a) and x € R — r(z,a) are Lipschitz,
uniformly in a € A, with respective Lipschitz constants ||ully;,, lo|ly;, and [|7]|,-

More precisely, let P be a probability measure on ID and let W be a stochastic process such that
W is a P-Brownian motion, let F* = (F!),>¢ be the P-augmentation of the filtration generated by

8



(W — W), and let A' be the collection of F'-predictable processes. Given a € Af, we can then
define X**% as the unique strong solution of

Xha = x+/ w( X5 ag)ds +/ o(X0™% ag)dWs. (3.3)
t

t
The candidate diffusive limit problem is then defined as

T
V(t,x) = sup E l/ T(Xst’w’a,@s)ds} , (t,x) € ]0,T] xR
acAt t

where E is the expectation operator under P.

3.2 Regularity properties

We first prove that V is a smooth solution of its associated Hamilton-Jacobi-Bellman equation. Most
importantly, its second order space derivative is S-Holder continuous, for some 5 € (0,1]. This will
allow us, in Section below, to prove that it actually coincides with the diffusive limit of V, as €
vanishes. The precise value of the Holder exponent S will be further discussed in Remark below.

Proposition 3.1. V belongs to C*([0,T) x R) N C([0,T] x R) and is the unique bounded solution
of

acA

V(T,")=0, onR. (3.5)

OV + sup (u(-, a)o,V + 302(-, a)o2,V +r(-, a)> =0, on [0,T) x R, (3.4)

Moreover, there exists 8 € (0,1], such that 02,V is (uniformly) 3-Hélder continuous in space on

0,7) x R.

Proof.  a) We first show that V € C,*([0,T) x R) N C°([0,T] x R). Note that the continuity at
T follows again from the fact that r is bounded: |V (¢,-)] < (T — t)||r||oo for t < T. Let us set

acA 2
and observe that, by Assumptions [2] and 3],

1
Fl,p,q) = sup (u<x,a>p+ L2, a)g + r<x,a>) . (@,p,q) € R,

1 1

37 lg — ¢ | <|F(z,p,q) — F(z,p,q)| < 3 |2 g — | (3.6)

vF(2,0,0) <|r|lo, (1+[vf) (3.7)
|F(2,p,q) — F(', 0", ) <(Ipl el + lal 1ol 1ol + [17llLp) |2 — 2]

1 9
+ el oo [P — Pl +§||0|!oo|q—q’| (3.8)



for all (z,2',p,p',q,q',v) € R".

Assume for the moment that ¢ — F(x,p,q) is differentiable for all (x,p) € R% For n > 1,
existence of a C12([0,T) x R) solution V;, to on [0,7") x (—n,n) with boundary condition
Vo =0o0n ([0,7) x {—n,n}) U ({T'} x [-n,n]) follows from [2I, Theorem 14.24|, (3.6),
and . It turns out that, using the notations of [21, Theorem 14.24|, V,, is even in Hy 4, (B)
for some 05 € (0, 1), on each compact subset B of [0, T) x (—n,n). These Ha,g,-norms depend
only on the upper and lower bounds on the derivative of ¢ — F(-,¢q) and not on the fact
that this map is differentiable. If it is not, one can thus first regularize F' with respect to
its last argument, by using a sequence of smooth kernels, and then pass to the limit. The
corresponding sequence will be uniformly bounded in Hy 4, (B) on each compact subset B of
[0,T) x (—n,n), so that the limit will keep these bounds. By stability, the limit solves the
required equation with the appropriate boundary conditions. See also the discussion in the
paragraph preceding |21, Theorem 14.24].

We now provide uniform estimates on the gradients. Note that, by the Feynman-Kac formula
and a comparison argument,

Vi(t,z) = sup E

acAt

TNATy 3 ~
/ (X420 5.)ds (3.9)
t

where
Tt,.f,o_t = lnf{s Z t : X?QT,@ ¢ (—n; n)} .

n

It follows that, for h € (0, T — t],

Vi(t+h,z) = sup E
acAt

(T—m)ATR ™%
/ r( X" a,)ds
t

which readily implies that |V, (¢t 4+ h,z) — V,,(t,z)| < h|r||«, and therefore
1, - _
Wl vioval, < lrll.. (3.10)
Similarly, for h € (—1,1) such that = + h € [—n,n],
— — — T —_ — —_ — — —
Va(t, 2+ 1) = Vy(t,2)| < sup E [HTHUP/ | Xomt e — Xpmds + 7]l [t — e ]
acAt t
The first term is handled by using the uniform Lipschitz continuity in space of (u, 0):

T
E { / [Xtetha _ ool ds} <Gy (3.11)
t

10



in which C; > 0 does not depend on n. As for the second term, Assumption , and our
boundedness assumptions on (by, by), and therefore on (u, o), allow us to apply [7, Theorem 2.3[]
with 7 = 0, 7 = 1 and for P of the form ¢(X"*+%) or (X %) for a smooth bounded function
¢, with bounded first and second derivatives, such that p(y) =y +n for y € [-n, —n + 1] and
o(y) =n —y for y € [n — 1,n]. It implies that

" t,x+h,a t,x,a i vtr+h,a t,x,a /
E HTn —Th H < OQE HX tath,a , _tw,a t,zth,a , tx,a < 02 |h’
Tn ATy Tn ATy

for some positive constants Cy and C% independent of n. Combined with (3.11)), this leads to

10:Vall oy < 17l C1 + Il s (3.12)
The fact that V, solves combined with , and then proves that
102,V2]| . < Cs (3.13)

for some C5 > 0 that does not depend on n.

¢) We now prove the uniform Hélder continuity of the gradients and second derivatives. As in a)
above, let us first assume that F is C*. Given a neighbourhood O C [0, 7] x [—n,n] of a point
(t,x), we derive as in [I, Section 3.1] that there exists C' > 0 and (5 € (0, 1], that depend only
on the ellipticity constant n and the Lipschitz constants of F' with respect to its second and
third arguments, such that

0.Vt 7)) — 8,Vi(t, )| < C <|t’ L x|6) sup |9,V,|, for (£.2') € O.
(@]

If F' is not C', one can first regularize it by using a sequence of kernels and then pass to the
limit to obtain that the above still holds for the original F'. In view of (3.10]), this implies that

OV 2) — OV, (t,2)| < C <|t’ L m|6> ), for (£,2) € [0,T] x R. (3.14)

o0 ?

Up to changing § € (0, 1], one can prove similarly that
10,V (¥, 2') — 0,V (t, )| < C (\t’ —H)7 e — x\ﬂ) , for (t,2) € [0,T] xR,  (3.15)

for some C' > 0 that does not depend on n. We now set A,V, = h™"? (Vn(-, -+ h)— Vn),
h € R. Again, up to mollifying F' with a smooth bounded kernel with derivatives bounded by
1, we can assume that F'is C'. Then, for t <T and x € (—n + h,n — h),

WP F(x+ h, 0.V, (t, x4+ h),02,Vo(t, o + h)) — F(z,0,Va(t,2), 02, Va(t, 2)) }
x)

- h'_/B {axF(xfll’plll’ qfll)h + aPF(l%’pZ’ q}zz)[ax‘_/n@? T+ h) - 5x‘7n(t, ]
+ g F (3, i, )02, Va(t, @ + h) — 2V, (t, )]}

!Note that their Assumption (L) is not required since we are considering a finite time interval [0, 7], this can be
easily seen from the proof of this theorem.

11



for some xi € [z,x + h], pi € [0, Va(t,x + h) A O, V,(t,x),0:.Vo(t,x + h) V 0,V,(t,z)] and
€ [02, Vi(t,x +h) ND2Y, ( x), 02 Vi(t,x + h) Vv 02V, (t, )], for i = 1,2,3. It follows that

AhVn satisfies a linearized equation of the form

0= 8,5Ah‘7n + Ahﬁz(AhVn) + Bhﬁim(AhVn) + Chhl_ﬂ

at every point (¢, z) € [0,T) xR such that z+h € (—n, n), in which, by Assumption 3] (3.1]) and
the estimates in b) above, (A, Cj)p>o is uniformly bounded and infy,~¢ infio 7xr By > 7/2 > 0.
Hence,

102,80V | < 207" (|0:20 V| + |An] |02 80V + Co| )

We conclude from (3.14] - - ) that

|07 — 2Vt 2)| < Clo' =2l w2’ € (—n,n), t <T, (3.16)

for some C' > 0 independent on n. If we now set AV, = h’g(f/n(- +h,-) —V,), then the same
type of arguments leads to

62,V _ RVt o) <CE—t|*, z e (—nn), ' <T, (3.17)
for some C' > 0 independent on n.

d) Tt follows from steps b) and c) that (V},),>1 is uniformly bounded in Hy5([0, T) x R), as defined
in [21l Section IV.1|. By the Arzela-Ascoli theorem, it admits a subsequence that converges
in Hy,5(B), for any compact set B C [0,T) x R, to a limit V... This limit shares the same
upper-bound in Hyy5([0,T) x R) as (V;,),>1. Since each V,, solves on [0, T) X (—n,n) and
satisﬁes the boundary condition (3.5) on [—n, n), it follows that V., solves on [0,7) x R
and (| on R. As V is also a bounded solutlon of the same equation, comparison implies
that V =V.

Remark 3.2. (a) Leta:[0,7) x R+ A be a measurable map satisfying
_ 1 _
a € argmax <,u(-, a)o,V + 502(', a)oz,V +r(, a)) on [0,T) x R, (3.18)
a€A

see e.g. [4, Proposition 7.33, p.153]. Assume that there exists B, € (0,1) such that (u,o,7)(-,a)
belongs to Hg, ([0, T) x R), then we can take 5 = [B,. This follows from [20, Section IV.14,
p.390].

() If (u(-,a),0(-,a),7(-,a)) has more regularity, one can obviously obtain more reqularity on V
by, for instance, differentiating the associated partial differential equation.

(c) In the case where o does not depend on its a-argument, then one can appeal to [21, Theorem
12.16] to deduce that we can take f = 1. This follows from the Lipschitz continuity of F.
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3.3 Convergence speed toward the diffusive limit

We now exploit the Holder regularity stated above to prove that V. converges to V at a rate €7 as €
vanishes. We shall see in Section below that it provides an eg—optimal control for the pure-jump
problem. In general, it can not be improved, see Example 3.8 in Section [3.5] below.

Theorem 3.3. For all (t,z) € [0,7] xR and e > 0,

T
Ve V() < sup e | [ oo X0 a)ds
ac At t

in which
5r, i €1 / (V1 b) = V) w(de) — ud,V — %&a&;xv (3.19)
satisfies
l67]|. < Ciee? (3.20)
with

e 1 - _8 1-8 K, 1
Cle =5 |02V || oo (€72 10115 + 2€ 72 [lballoo B2lloe) + = (€2 [Balloe + [1B2lo0)**7,
where K > 0 is the Holder constant of 92,V with respect to its space variable.
In particular,

_ 1
limsup e~ ||Ve(t,-) = V(t,)]| , < 5T = OE([ba]loe)*”, t <T.
€l0

Proof. Since V € C*([0,T) x R),
‘_/(t, T+ b(x,a,e)) — ‘_/(t, x)
_ 1 _ 1 _ _
= 0,V (t,x)b.(z,a,e) + Eﬁng(t, x)|be(z, a, e)|2 + 5(0§zV(t, Te) — 8§xV(t, z))|be(z, a, e)|2

for some z. that lies in the interval formed by z and x + b.(x, a,e). By the left-hand side of ({3.1]),
the definition of (11, ), and since 92,V is 3-Hélder continuous in space with constant K,

! / (V(tx + bz, a,e)) — V(b 2)) v(de) — e, )0,V (t,7) — %JZ(x, 2V (t,2)

€

1 _ 1 s K, 1
<3 102, V||, (ellballZ, + 2€7[[br]lscllballc) + € 5 (€2 161 ]]o + [[B2]lo0)* 7
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Hence,
— 1 _ 1 _ _
o,V + 5026;1/ +r=- / (V(, -+ be(-€) = V(t, z) + e(r — or.)) v(de) (3.21)
€
where dr, is the continuous function, defined in (3.19)), and satisfies
Lioe o 2 1 s K1 2+8

lrelloe <5 1192Vl (ellbrllZe + 2€2 [Balloc 1balloc) + €2 (€2 [[brfloc + 1Balloo) ™.

Combined with Proposition [3.1] this shows that V is a smooth solution of

OV + sup = / (V( b a,¢)) = T+ e(r(-,a) — 6re(-a))) v(de) = 0, on [0,T) x R,

ach €

V(T,-) =0, onR.

(3.22)
Applying Proposition (with the appropriate coefficients), this implies that
~ T
V(t,x) = sup E [/ e(r — ore(s, ~))(X§f’a,as)st} :
acAl t
so that, by the definition of V,
~ T
V.~ V| (t,2) < sup E [/ 67| (5,X1, as)st}
acAt t
T
=sup E [/ |07 | (S,Xﬁ’x’o‘,as)ds] :
ac Al t
O

3.4 Construction of an eg-optimal control for the pure-jump problem

We now show that an eg—optimal control for (3.2)) can be constructed by considering a measurable
map a: [0,7) x R — A satisfying

a € argmax (u(-, a)d,V + %02(-, a)o>,V +r(-, a)> on [0,7) x R, (3.23)

ach
see e.g. |4, Proposition 7.33, p.153], and define a** € A" by

ab® =a(s, X2, s e [t,T),

s

recall (2.1)). As it is driven by a compound Poisson process, the couple (X5 &) is well-defined.
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Proposition 3.4. For all (t,2) € [0,T) x R and ¢ > 0, a"* is eg-optimal for V.. Namely,

Ny

1 T ~t,x
+E [/ (X, alm)AN, | 2 Vet @) = AT = 1)Cies.
€ t

Proof. Tt follows from Proposition [3.1] (3.23) and (3.21)) that
_ 1 _
o+ (V64 b e) = Vot era) de) = = o .

0,V + sup ! / (V(-, A+ b a,e)) =V +er(, a)) v(de) < ||or]|..

ach €

so that applying It6’s Lemma and using (3.5)) leads to
V(t,z) — (T —t) 07ell o g {/ T(Xt““ ‘””)dNS}

T
V(o) + (T = 1) 6] > sup - [ [ e NS] Vo),
ac At

We conclude by appealing to ((3.20)). [

3.5 First order correction term

Under additional conditions, one can exhibit a first order correction term to improve the convergence
speed in Theorem [3.3] and Proposition [3.4] From now on, we assume the following.

Assumption 4.
a. The map (t,x,a) € [0,T) x R x A — e‘gére(t, x,a) is continuous, uniformly in e € (0,1).
b. The pointwise limit

ry:=lime~ 2(57“5, (3.24)

e—0

is well-defined on [0,T) x RxA.

c. Given .
o = avgus ()07 + 300V +1(0))
ach
comparison holds in the sense of bounded discontinuous viscosity super- and subsolutions for

acho 2

Oyp + max (u( a)0yp + la(-, a)*0% o +ri(-, a)) =0, on|[0,T) xR (3.25)

o(T,)=0 onR.
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d. For all (to, ) € [0,T) X R, as € Ag(to,zo) and (tn, Tpn)n>1 C [0,T) x R such that (t,,x,) —
(to, o) as n — 0o, we can find (Gn)n>1 Such that a, € Ag(t,,x,) for alln > 1 and a, — a. as
n — 00.

Remark 3.5. Let us comment the above:

a) Note that r1 is bounded, see (3.20) in Theorem [3.5 The right-hand side term in (3.24)
therefore admits a limsup and a liminf. The condition (3.24) implies that the limit is actually
well-defined. This point will be further discussed in Remark[3.7 below.

b) If V admits a continuous bounded third-order space derivative 83,V , then one easily checks
that B =1 and ry = 5 [ [3ba(-, )30, V+(b1bs) (-, €)02,V]v(de), by a simple Taylor expansion.

rxrxr

c) Assume that one can find a continuous map a : [0,T) x R — A such that Ay(t,x) = {a(t,z)}
for all (t,z) € [0,T) xR, and v € R — (u,0)(z,a(t,x)) is Lipschitz uniformly in t < T, then
comparison holds, see e.g. [15, Section 8]. In general, this can be checked on a case-by-case
basis.

Under the above conditions, (3.25) admits a (unique) bounded viscosity solution, denoted by 6V (),
see below, and it is the first order term in the difference V. — V, i.e. (3.27)) below holds with

V=V 4 2670, (3.26)

Theorem 3.6. Let Assumption [4] hold. Then, (3.25)) admits a (unique) bounded viscosity solution
SV and, for all (t,z) € [0,T] x R,

lime 2 (V, — V)(t, ) = sV (¢, 2)

el0

and therefore

limsup e [V.(t,2) — VO (t,2)| = 0, (3.27)
el0

in which V") is defined as in (3.26)). If in addition 5V is CY2([0,T)xR) and 82,6V is §3-Holder
continuous in space, uniformly on [0,T) x R, for some constant 63 > 0 such that

lim sup % e‘gére —r|| < oo, (3.28)
el0 [e%S)
then the control defined by
&b = a(s, X2 s e [t,T) (3.29)
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with

_ 1 _
a € argmax {u(-, )00V + 50(-, a)?02, 6V 4 r (-, a)} , on[0,T) xR, (3.30)

achg

satisfies

N1y

1 T st
—E [/ r(XEPYT @b YAN, | > Vit x) — o(e?), for all € > 0,
¢

Ae o

where 0: Ry — R is a continuous bounded function such that o(y)/y — 0 as y | 0.

Proof. We split the proof in two steps.
a. Let us set W, := e‘g(Ve — V) and consider its relaxed semi-limits

W*(t,z) :== limsup W (' 2), W.(t,z) := liminf W (¢ 2).
(' 2" )—=(t,z) (t’w’)ﬁ(t,z)
€l0 €

Note that Theorem [3.3] ensures that the above are well-defined and bounded. We claim that W* and
W, are respectively bounded sub- and supersolutions of . For brevity, we will only include the
details for the proof of the subsolution property, the supersolution property is proved similarly and
we only mention how to adapt the arguments. Fix ¢ € C,* and let (to,z.) € [0,T) x R achieve a
strict maximum of W* — ¢ on a ball By, := {(¢t,z) € [0,T) x R: |[to — /| < (T —t,)/2, |xo — 2’| <
k} C [0,T) x R, for some k > 0. Then, there exist a sequence (%, ., )., such that ¢, — 0,
We, (te,, xe,) = W*(to, xo), (te,, xe,) — (to, x5), and such that (¢, , ., ) is a maximum of W, — ¢
in the interior of B, see e.g. [2, Lemma 6.1]|. For k& > eé(||bl||OO + ||122||OO), the viscosity subsolution

property of V. , applying Proposition to the test function V + €2 ¢, implies that
_ 8
0 Sat(‘/ + 67’2L 90) (t5n7 xen)

1 _ 8 B 5
+ — (/ (V + € 90) (tens Te, + be, (Te,, G, €))v(de) — (V +€n <p> (te,, xe,) + €nr(ze,, an)>

€n

for some a, € A. Since p € C’,} 2 a second order Taylor expansion combined with Assumption
implies that

8 1
lim 672L [at¢(t5n, [Een) + — (/ ¢<t€n7 Le, + ben (x€n7 (_lny 6))V(d€) - ¢<t€n7 l’en)>:| = 0.
n—o00 €n

Thus, if @ is a limit point of (G, ),>1, we deduce from (3.19)-(3.20) and the above that

) ) 1 _
0 < 0V (to, o) + (0, @) 0,V (to, To) + 502(%, a)02.V(to, 2o) + (20, a).
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In view of Proposition , this shows that a, converges to some element of a € Ay(t,, x,) as n goes
to infinity, after possibly passing to a subsequence. By (3.22)) and the above,

1 _8
0 S atgp(tﬂﬂ xen) + - / (Sp(tﬁﬂ xen + ben <$5n7 a"“ 6)) - gp(ten’ xEn) + €ntn ? 5r€n (t€n7x€n7 C_Ln)) V<de>‘
€

n

Sending n — oo and using parts a. and b. of Assumption [4] together with Assumption [2] this leads to
1
0 < Opp(to, o) + (2o, @)Opip(to, o) + 50(%, )02, 0(to, To) + 11 (te, 70, @),

so that the required subsolution property is proved on [0,7") x R. The fact that W*(T,-) < 0 follows
from the last assertion of Theorem [3.3

To prove the supersolution property, it suffices to follow the same arguments but choose a, €
Ao(te,,xe,) that converges to some arbitrary a, € A(to,z,), see d. of Assumption [l For a test
function ¢ € Cp* for W, at (t,,2,) € [0,T) x R, keeping the same notations as above, this lead to

_ B8
0 Zat(v + 67% 90) (t€n7 xEn)
1 _ B8 _ 8
+ — {/ (V + €2 go) (te,, e, + be, (x(,, an, €))v(de) — (V + €2 gp) (te,, Te,) + €nr(ze,, dn)}

€n

B 1 _B
b (atsomn, )= [ (wten, T+ b (e s €)) — Plters 50,) + enen 670 (b an>) u<de>)
€

n

by Proposition 3.1 and (3.19).
By comparison, W := W* = W, is the unique bounded viscosity solution of (3.25)) and is therefore
equal to V(1.

b. We now assume that §V1) is C12([0,T) x R) and that 92,6V is §3-Holder continuous in
space, uniformly on [0,7") x R, for some 63 > 0 such that (3.28)) holds. Using (3.28) and the same
arguments as in the proof of Theorem [3.3]lead to

lim sup % Hdrﬁ””oo < 00, (3.31)
el0
in which
1 - _ _ 1 _
5%”::—:/(Mﬂnﬁf—km)—5Vunyﬁk)+e_iﬁf—u&ﬁVuL—§U%ﬁﬁvﬂ)—ry
€

Moreover, direct computations using the above and ([3.22]) show that V.Y defined in (3.26]) solves

_ 1 _ _
@m®+—/(wwy+¢um@ywyw@y%£&9@@)W@Hw@@

€

0

18



on [0,7) x R, where a is defined as in ([3.30). Together with (3.31)), this implies that, for &** defined
as in (3.29)), we have

1 T _
—E [/ r(XEPYT @bYdAN, | > V(¢ ) — egO(e),
t

Ac
in which O: R; — R is a continuous function with O(0) = 0. On the other hand, it follows from
Step a. that |V.(t,x) — ‘_/E(l)(t, r)| < o(eg), O

Remark 3.7. If the limit in 1s not defined, one can still define its relazed limsup and liminf
(recall that it is bounded). Let us denote them by ri and ri. respectively. Then, W* defined in the
above proof is simply a viscosity sub-solution of with ri in place of r1. Simalarly, W, is a
viscosity super-solution of the same equation but with r1, in place of r1. This still provides asymptotic
upper- and lower-bounds for e‘g(V6 - V).

Example 3.8. To illustrate the above, we consider a toy model in which explicit solutions can
be derived. Although it does not satisfy our general assumptions, e.g. of boundedness and Hélder
reqularity in space, we shall see that a similar approach can still be applied. We consider the dynamics

xtoo _ g / xtoe / (br (ers,€) + Veba(ars, ) N(de, ds),
t

in which by and by are bounded and continuous with respect to their first argument, uniformly in the
second one. For v € (0,1], the value function is defined as

‘/e(t7x> - Sup N |:/ /’tham" as Ns:| ;
aEAt

for some continuous function r. Then, one easily checks that V (t,z) = f(t)|z|” in which f solves
) ) 1
onf -+ sup (Flouta) + 590 = D*@) +1@) ) =0, on 0.1 x R,
ach

with f(T) = 0. Because |x|" factorizes, the Hélder constant of 9%,V can be considered around x = 1.
Since the third-order space derivative of V is bounded in a neighbourhood of 1, Theorem applies
with B = 1. The convergence rate is therefore of order €2 Moreover, by direct computations, the
first order correction term is of the form 6V (t,x) = §f(t)|x|" where §f # 0 solves

967 + sup <5f{w(a) Dy - De@) a)) 0

acho 2

with §f(T) = 0, in which

(t,a) € [0,T) x A r(t,a) :=~(y—1)¢ (/(blbg)(a,e)y(de)) f(t)

for some (explicit) continuous map € with linear growth. In particular, this shows that the convergence
rate in € proved in Theorem s sharp.
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3.6 Higher order expansions

To conclude this section, note that higher order expansions can be obtained. As opposed to Section
3.5, we only provide here a verification argument, upon assuming existence of an associated system
of parabolic equations. Namely, let us assume the following.

Assumption 5. There exists (053;)i=o.... i, C (0, 1] together with C*2([0,T) x R) N C°([0,T] x R)
functions (SV@D),_q . ;. such that, fori=0,--- ,i,, 02,6VW is §8;-Hélder in space, uniformly on
[0,T) x R, and 6V solves

_ . _ 1 _
B0V + (-, 80,6V + 500 80)202,0VD 4 1ry(-,8.) =0, on[0,T) x R,
SVO(T, ) =0 onR,
i which a, 1s a Borel measurable map such that
_ . 1 _
o, € argua (0L + ol POV 4 r(a) ).
achA
with ' ‘
— . _ ‘o Bj—1 — . ¢
V=gV O 4y " e 6V, Bi=> " 4p; fori <o,
j=1 =0
and, using the conventions 63_1 := 0 and oriY = r, for 0 <1 <i,,
) 1 _ _
or) = = / (VO +b) — VD) v(de) + €

€

8B,

550D — pd, sV — %0233151/(” —r

. _%6i—1
T, = 7“1{1':0} + 1{i>0} llif%é 2

orl=Y fori < i,. (3.32)

The limits in (3.32) are well-defined on [0,T) x RxA, and
6,BZ~O
limsupe 2

el0

Proposition 3.9. Let Assumption[5 hold. Then, for all (t,z) € [0,T] x R,

_6[:’7;071 P
€ 5 (STEZO 1) ri.

< 0. (3.33)

o0

. Big .
limsup e 2 ‘VE — L)
el0

(t,x) < oco.
Moreover, the control defined by
At = a (s, XL s € 1, T),

satisfies
1 g ta,ahT Lt Bio
/\—E (X0 a4y )dNs | > Vi(t,x) — Ce2, for all e > 0,
€ t

for some constant C' > 0.
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Proof. With the above construction

1 _ _ o1 ,
_/ (‘/6(10)('7 -+ be('a aa 6)) - ‘/e(%) - EEB 2 5T£ZO)('7 ée)) V<de) + T('a E16) =0

€

O, VLie) 4+
on [0,7) x R, while

_ . 1 _ . _ . o — .
at‘/e(%) + _/ (‘/6(7/0)(.7 -+ be('a a, 6)) - ‘/e(ZO) - 665715762%)('7 a)) I/(dG) + ’f‘(', a) < 0

€

on [0,7) xR forall a:[0,7)xR — A. By (3.33)) and the same arguments as in the proof of Theorem
B3

5B;,
> |

!57“2“)

limsup e

. < 00,
el0

so that the required result follows by verification. m

4 Application to an auction problem

Repeated online auction bidding are typical problems in which the real value of the parameters b, r
and v are unknown, and on which reinforcement learning techniques are applied. The later requires
to estimate, very quickly, the optimal control for different sets of parameters. Being modeled as a
discrete time problem, with fixed auction times, or more realistically in the form of a pure-jump
problem as in Section , see also [17], we face in any case the fact that auctions are issued almost
continuously which corresponds to a very small time step in the discrete-time version or to a very
large intensity in the pure-jump modelling. The numerical cost of a precise estimation of the optimal
control is too important to combine it with a reinforcement learning approach.

4.1 Model and description of the optimal policy

We consider here a simple auction problem motivated by online advertising systems. A single
ad-campaign is provided several opportunities to buy ad-space to display its ad over the course of the
day. These ad spaces arrive at random, according to the point process N, since they are dependent
on users from specific targeted audiences loading a website. In real-world display advertising, the
kind encountered on the sides of web-pages, these opportunities take the form of an auction between
several bidders and an ad-exchange platform.

The format of the auction used is critical to the strategic behaviour of bidders and the revenue of
the seller. There is a large amount of literature in auction theory on the subject, see e.g. [22H24],
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and real-world auctions can take very complex formats. For simplicity, we consider an auctioneer
which has implemented a lazy second price auction [24] 25] with individualised reserve price. In this
format, our bidding agent wins the ad-slot if it submits a bid above its (henceforth the) reserve
price and the competition, and if it wins it pays the maximum between the reserve price and the
competition. For a given reserve price z, a bid a € (0,400) and a random competition bid B > 0
following a smooth probability distribution Fp, the expected payoff r(x,a) for an auction is thus
expressible through a simple integration by parts as

r(z,a) =E[(v—2V B)lissvp] = lass ((U —a)Fg(a) + /a FB(b)db) : (4.1)

in which v is the value of the ad-slot for the bidder. Note that r is not continuous as it is assumed
in the preceding sections. In practice, one can replace it by a smooth approximation. In the
following, we shall construct a numerical scheme directly on r, without smoothing. It turns out that
convergence still seems to be observed at the rate €2 Intuitively, this is due to the fact that the
maximum values obtained in (2.4)) and are the same for r defined with 1,>, and 1,-, whenever
x < sup A, which is true at each time with probability one for the controlled processes defined below.

As the right hand side of highlights, reserve prices are a mechanism put in place by sellers to
compensate for lack of competition, which would drive down the price and their profits. It is well
established that a reserve price is not as profitable as increasing the number of participants by one
[11]. Consequently, when there are many bidders a control will have little effect on the system. To
clearly demonstrate the use of controlling the reserve price, we study a strongly asymmetric setting,
where the agent has a value v = 0.5 much higher than the competition, which we take uniform
on (0,0.3). In this setting, it is directly competing against the seller for its extra value above the
average competition. For the purpose of this example, we do not want to go to the limit of this
asymmetry, the posted price auction where there is no competition, as it could lead the control
problem to degeneracy, such as negative prices and difficult boundary conditions.

There is a large literature on revenue maximisation algorithms in online auctions, or how to set the
reserve price to maximise revenue, such as [0, [10, [12] [16]. For the sake of simplicity, in this example,
we will model the dynamics of the reserve price using a simple mean reverting process:

bi(x,a,e) = ra+ (1 — k)rg — = and by(x,a,e) = e with v ~ Unif(—0.1,0.1),

with x € (0,1) and ry € R,. The reserve price process X is then defined from these coefficients
as in , with b := b, = eby + \/eby and X := A\, = e!. This corresponds to setting a minimum
reserve price (1 — k)rg, and tracking the agent’s bid with aggressiveness measured by k. Setting
ro = 0.15 as the monopoly price of the competition guarantees the seller a better revenue against the
competition, while ka allows him to pursue the agent’s extra value. We set k = 1/2, for a balance
between prudence and aggression.
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The control problem consists in maximising the static auction revenue, while considering the impact
bids have on the system. In the static auction format, we can identify three domains the reserve
price can be in: “non-competitive”, “competitive”, and “unprofitable”. When the reserve price is
below the competition’s averageE] there is essentially no prejudice to the agent, since the reserve price
barely affects his profits. Therefore there is no need to compete with and control the reserve price.
On the other hand, when the reserve price is in the range between 0.3 and v = 0.5, the reserve price
becomes the dominant term in 7 and the agent has to compete with the seller over the value margin
it has relative to other buyers. Finally, if the reserve price is above v, there is no possible profit so

no reason to take part in the auction by bidding @ > 0. For the same reason, we take A := [0,0.5].

When the reserve price is dynamic, a good control seeks to maximise profit while pushing the reserve
price to the non-competitive domain. One can see this in effect on figure[I} In the non-competitive
regime (left), starting at a reserve price of 0.15, this policy recovers 85% of the best possible income
of the static setting, where the reserve price is 0 for all ¢, and the average price is 0.5 — E[B] = 0.35.
In the competitive regime (centre), the policy bids just above the reserve price to apply a downwards
pressure until it reaches the non-competitive domain again. Finally, in the unprofitable regime
(right), the agent boycotts the auction by bidding 0, bringing down the price. Notice how when the
agents stops boycotting there is an inflection point in the downwards trend of the price, schematically
represented by the dotted line.

4.2 Numerical implementation

Adapting and , we normalise the horizon to 1, and allow the reserve price to vary in R.
This allows us to easily set boundary conditions for the equation. When an auction happens with a
negative price x, the price is set by the competition, which will be a.s. positive. Thus as x — —o0,
the reserve price becomes irrelevant and the value converges to the value of a single auction without
reserve price. Conversely, for ¢ < 1, as © — 400, the probability of Xt0 % descending below v
by time 7" and generating any revenue decreases due to the noise. Hence, a Neumann boundary
condition set to 0 is appropriate at [0, 1) x { —00, +00}. In numerical resolution, we will use Neumann
boundary conditions equal to 0 on [0,1) x {—1,3}. Given this domain for the reserve price, we can
set the controls on an even mesh in A = [0, 0.5], of fineness 0.01.

We solve both problems numerically with an explicit finite difference solver, and for simplicity a
Riemann sum using the same mesh for the numerical integration part. This formulation is equivalent

to a Markov Chain control problem. Let M, = {kA;; k=0,...,[1/A|}, My ={-1+kA,; k=

2Recall that the competition here models the distribution of the maximum bid of all other participants, so this is
the average of the maximum of other participants’ bids.
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Figure 1: Selected sample realisations of the system for ¢ = 1079, starting from z = 0.15 (left),
x = 0.35 (centre), and x = 0.7 (right).

0,...,|4/A,]} be the time and space meshes, with finenesses A, = ¢¥/2/2, A, = AZ?. Denote
Vo (x;) the output of the solver at time t,, € M, and position z; € M,. For the pure jump problem,
we explicitly compute:

Ay
Vrf(xz) = n+1<xZ) +— sup Z n+1 x] (.TJ)A - ;+1(xi) + T(.Tz‘, a)

€
a€hn, z;eMa

where fr¢ is the transition kernel induced by bi(x,a,-), by(x,a,-), and v. For the diffusion, we

consider meshes M; = {kdy; k = 0,...,[1/d]}, M, = {1+ kd,; k = 0,...,|4/d,]}, with
d, = 1072 d; = d? and solve recursively

Vo1(x;) = \_/n(x,) + d; sup ((/-m +(1—K)ro— :E)5;Vn(IZ) + %azémf/n(xi) + r(x;, a))

ach,
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Figure 2: Numerical cost for V; (log scales).

where 6% and d,, are the uplift first order and centred second order finite differences on M,
respectively. We took A, = {1072k;k = 0,...,50} in both cases.

To give some insight into the complexity trade-off, see that, when € is large, there are relatively
few jumps so the time iteration won’t require many steps to get an accurate solution. This scaling
is indicated by the A;/e term. At the same time, the jumps are large so even a coarse mesh in z
will be sufficient for the numerical integration to approach the integral. Unfortunately as ¢ — 0,
one must refine both the time mesh, linearly with 1/¢, and the integration mesh which is paid
quadratically due to the non-local nature of the equation. In practice, this makes computations grow
at a super-cubic rate with e, which becomes prohibitively expensive quickly. In our example problem,
the noise is supported on a bounded interval of size /€, and one thus saves some computation time,
but Figure [2| shows the computation cost (pictured with dots) still grows super-quadratically and
overcomes the cost of our accurate diffusion mesh (solid horizontal line) even for large e. Even
though we computed the diffusive limit to a very high precision, and with an explicit scheme, for € of
order of 1073 the CPU time spent on resolution is already 6 times higher in the pure-jump problem.
Note that, in the pure-jump case, if the control were to intervene in a non-linear way we might need
to also refine the control mesh with e, further increasing the computational burden.
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Beyond gains in computation, Figure [3| verifies that Proposition holds with meaningful constants
in finite time on this problem. Figure [3| shows that the error is very low even for large values of e,
and decreases at the correct rate of €'/2. Likewise, Figure 4 shows the rate of Proposition also
holds even for large .

10~

(5 @)l

~ 107!

L]
€

IV = Vil

Ve -

1072

10° 107! 102 10° 107! 1072
€ €

Figure 3: Limit value function error relative  Figure 4: Limit policy error relative to V,, at
to Ve, at t = 0 (log scales). t =0 (log scales).

5 Remark on the diffusive limit of discrete time problems

Instead of considering the diffusive limit of a continuous time pure-jump problem, one could similarly

consider a sequence of pure discrete time problems with actions at time t? := iT'/n, i < n:

T n
Vo(t, z) = Sua EE E 1{t?2t}r(Xéfia,ozt?) ,
ac i=1

with X5%% defined by

Xt,I,Ol =x+ Z 1{t?€(t7}}b(xfflx_7a7 Odt,?7 gln)

i=1

and in which (£/");>; is i.i.d. following the distribution v and A is the collection of A-valued processes

that are predictable with respect to the P-augmented filtration generated by > 7, Limepo,y&i'

Upon taking b of the form

T T
by = —by + 1/ —by, with E[bs(-,&M)] =0,
n n
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one would obtain the same diffusive limit as in Section [3.3| when letting n — co. Namely, the same
arguments as in [I8, Section 3] combined with Proposition and the fact that comparison holds
for (3.4) imply that lim,,_, V,, is well-defined and is equal to V.

B
2

One can also check that the convergence holds at a speed n™2. Let us sketch the proof. First, the

same arguments as in the proof of Theorem [3.3] imply that
n — n = > 1 2 >
Or = = V(e +bu(-, &) = V] — pd,V — 50 OV
satisfies
|67l < Cn~2 (5.1)

for some C' > 0 independent on n. Thus, by Proposition 3.1

a€A

0=0,V(t, :L‘)% +supE {V(t, z+by(x,a,&)) — V(t,z) + %(r(m, a) — orn(t,z, a))}

so that

~

V(t}, x) =supE

acA

n
7

tha _
/ ’ oV (!, x)ds + V(I x + by(x, a0, &) + E(r(m, a) — or,(tx, a))]
t

_ T
= sup (E [V(t?+1,x +bn(z,0,8041)) + 57“(% aﬂ

acA

tha _
+E / : OV (t, x) — OV (s,x + bn(, 0,8, 1)) — oru(t 2, a)ds]) :
t

n

We then use (3.14) and (5.1]) to obtain that

V(t}, x) =supE

acA

_ T tita
V(t?Jrl? T+ bn(x7 a, 5::»1)) + ET(% a) + / wn<57 x, a)dS]
t

7

in which ||@,|| < Cn~%, for some C > 0 independent of n. It follows that

n

T T
—Zr(Xff_’a,oztn)—i—/ (s, X" ag)ds|
n J ¢ tn

j=i

V(t}, x) =supE
acA

which provides the expected result since 9,V is bounded.

B
2

Likewise, the Markovian control defined through (3.23|) can be shown to be n~
the proof of Proposition [3.4]

-optimal for V,,, see
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6

Conclusion

We studied the diffusion limit of a pure-jump control problem as the jump intensity goes to infinity,

upon assuming a correct scaling of the coefficients. Under appropriate conditions, we showed that

the second order derivative of the value function associated to the limiting diffusing problem is

Holder continuous and that its Holder exponent drives the convergence rate. Convergence can even

be improved by using a first (or even higher) order correction scheme. This approach is particularly

efficient for the numerical approximation of the optimal control associated to a pure jump process

with large intensity, as it is the case in auctions associated to online advertising systems.
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