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Abstract

We consider the stochastic target problem of finding the collection
of initial laws of a mean-field stochastic differential equation such that
we can control its evolution to ensure that it reaches a prescribed set of
terminal probability distributions, at a fixed time horizon. Here, laws
are considered conditionally to the path of the Brownian motion that
drives the system. We establish a version of the geometric dynamic
programming principle for the associated reachability sets and prove
that the corresponding value function is a viscosity solution of a geo-
metric partial differential equation. This provides a characterization
of the initial masses that can be almost-surely transported towards a
given target, along the paths of a stochastic differential equation. Our
results extend [16] to our setting.
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1 Introduction

Stochastic target problems are optimization problems in which the controller
looks for the values z of a state process X»*" at time ¢, so that it can reach
some given set K at a given terminal time 7', by choosing an appropriate
control v. Namely, the objective is to characterize the reachability sets

V(t) = {x cRY: Xh" ¢ K for some admissible control I/} (1.1)

for t € [0,T]. Such optimization problems were first studied in [17] and [16] in
which the function v(t,2) = 1 -1y () is shown to solve a Hamilton-Jacobi-
Bellman equation, in the viscosity solution sense. The main motivation of
[16], [17] is the so-called super-replication problem, in financial mathematics:
the controller looks for possible initial endowments such that there exists an
investment strategy allowing the terminal wealth to satisfy a super-hedging
constraint, almost-surely (see e.g. [8]). But, the range of applications is
obviously much wider.

Another important type of stochastic target problems concerns the case
where the terminal constraint is imposed on the mean value of a function of
the controlled process. In this case the reachability sets take the following
form:

Vi(t) = {m e R%: E[(X5™")] > 0 for some admissible control y}, (1.2)

for ¢ € [0, T]. This type of constraints is also common in financial applica-
tions. Indeed, the super-replication price is usually too high to be accepted
by buyers. This is a motivation for relaxing the a.s. super-hedging criteria
by only asking that X"*" € K holds, for instance, with a (high) probability
p < 1. In this case, the function ¢ takes the form ¢(z) = 1x(x) — p. For
p =1, one retrieves (L.1). This approach was introduced in [9] and further



developped in [3] where the authors take advantage of the martingale rep-
resentation theorem to transform the constraint given in terms of the mean
value into an almost-sure constraint.

One of the motivations of this paper is to study the stochastic target
problem (1.2) in the case of a mean-field (or McKean-Vlasov) controlled
diffusion:

X?X’V =X + / bu(thjXﬂ/, ]P)Xqi,x,u, Vu)du -+ / Ty (X,Z’XJj’ IP)‘XItL,)(,u7 Vu)dBu,
t t

where Pyt.x.v is the marginal law of Xxv under P, B is a standard Brownian
motion and y is an independent random variable whose distribution can be
interpreted as the initial repartition of a population. This type of stochastic
target problems can be embedded into a more general class of problems
involving the conditional laws given the Brownian path. Indeed, using the
martingale representation theorem as in [3], the constraint in (|1.2)) can be
rewritten as

Ep[f(X5")] — ftT asdBs > 0 for some control v and « ,

where Ep denotes the conditional expectation given B. In particular, if
we define the control 7 = (v,a) and the controlled process X007 —
(Xtxv, [ adB), this reads

L(IP’?(;(X,OW) > 0 for some control 7,

in which ]P’? denotes the conditional law of a random variable ( given B, and
L) = [ () - putdz,dy)
R4xR

These considerations suggest to study a general constraint:

Pf;—t,x,y € G for some admissible control v,
T

in which X*X%" is now defined by
X?X,V =X + [ bu(thjXW’ ]P))B;thx,u, I/u)du —|‘ \/t Uu(XfL’X’V’ ]P))B;EX’V’ Vu)dBu, (13)
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G is a Borel subset of probability measures and x is the (random) initial
position.

This general formulation is of importance on its own right as it is re-
lated to the probabilistic analysis of large scale particle systems, e.g. poly-
mers in random media, in which one is interested in the behavior of par-
ticles conditionally on the environment. This is also known as ‘quenched’
behaviors/properties (quenched law of large numbers, quenched large devi-
ations etc.), which is in general different from the so-called ‘annealed’ be-
haviors obtained by averaging over the underlying random environment (see
e.g. [2, 10}, [T4] and the references therein). For diffusion processes, quenching
boils down to making the drift and diffusion coefficients dependent on the
conditional marginal law given the environment, while annealing corresponds
to the case where the coefficients depend on the unconditional marginal law
(see e.g. [14]). We therefore coin the term quenched diffusion instead of
conditional diffusion to refer to SDEs of the form (|1.3). For our stochastic
target problem, the constraint ]P”;}T € G imposed on the conditional law of
the diffusion process is a quenched property for the underlying process.

One can also further identify the inital condition y as a law p. Then, our
problem can be interpreted as a transport problem. What are the collection

of initial distributions p of a population of particles, that all have the same
)B;;:Xﬂ/a
modelled by the Brownian path B, satisfies a certain constraint ? This

dynamics, such that the terminal repartition P given the environnement
amounts to asking what kind of masses can be transported along the SDE
so as to reach a certain set, almost-surely, at 7"

V(t) = {u : 3(x,v) st PP =p and ]P’f;;x,y € G}. (1.4)

The rest of the paper is organized as follows. In Section [2] we describe
in details the quenched controlled diffusion. We provide some (expected)
existence and stability results, together with a conditioning property. Section
is devoted to the detailed presentation of the quenched stochastic target
problem . We prove that it admits a geometric dynamic programming
principle. This is the main result of the paper. Then, one can combine the
technologies developped in [4, [6] and [16] to derive in Section[d] the associated
Hamilton-Jacobi-Bellman equation, which extends the main result of [16] to
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our context. In Section 5, we comment on the choice of the class of controls,
and provide an interpretation in terms of control of the law of a population
of particles.

2 Quenched mean-field SDE

We first describe our probabilistic setting. The d-dimensional Brownian mo-
tion is constructed on the canonical space in a usual way. More precisely,
given a fixed time horizon T" > 0, we let {2° denote the space of continuous
Re-valued functions on [0, 7], starting at 0, and let F° = (F7);<r denote the
filtration generated by the canonical process B(w®) := w®, w® € Q°. We set
F° = F5 and we endow (Q2°, F°) with the Wiener measure P°. Later on,
F° = (F?)i<r will denote the P°-completion of F°.

In order to model the initial repartition of the population, we let Q' :=
[0, 1]¢ be endowed with its Borel g-algebra F* := B([0,1]¢) and the Lebegues
measure P'. It supports the [0, 1]%uniformly distributed random variable
E(w') = w', w' € Q'. We then define the product filtered space (2, F,F,P)
by setting 2 := Q° x Q', P = P° @ P', F = Fr where F = (F}):<r is the
completion of (Fy @ F')i<r. From now on, any identity involving random
variables has to be taken in P-a.s. sens. We canonically extend the random
variable £ and the process B on 2 by setting {(w) = (w') and B(w) = B(w®)
for any w = (w°, w') € Q. We still denote by [F° the filtration generated by
the extended process B on . Note that it follows from [12, Theorem 6.15
and Proposition 7.7] applied to the process (t,w) € [0,7] x Q — &(w) + Bi(w)
that F is right continuous.

Given a random variable Y € Ly(Q, F,P; RY) (resp. Y € Li(Q, F,P; RY)),
we let PE (resp. Eg[Y]) denote a regular conditional law (resp. expectation)
under P of the random variable Y given (B;)i<7 on R%. In particular we have
the following identifications

PY(A,w) = Pye (A
Ep[Y](w) = E'[Y(«°.)]

for any w = (w°,w') € Q and any A € B(R?). Here, E' denotes the expecta-
tion under P* and IP;(WO“) denotes the law under P* of the random variable
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defined on ' by Y (w°,.)(w') = Y (w®, w"). We let P(S) denote the space of
probability measures on a Borel space (S, B(S)), and define

Py = {MEP(Rd,B(Rd)) t. /R 2 Pu(de) < +oo} |

In the above, |z| is the Euclidean norm of x. This space is endowed with
the 2-Wasserstein distance defined by

Wh(u, if') :=inf { /Rd g |z — y*n(dy,dy) : e PR xR B(R x RY)
st. 7(- x RY) = pand 7(R? x -) = ,u'}§ :

for yu, 1i' € P,. For later use, we also define the collection PX° of Fo-adapted
continuous Ps-valued processes.

Let now U be a closed subset of R? for some ¢ > 1 and denote by U the
collection of U-valued F-progressive processes. This will be the set of controls.
Let 7° denote the set of [0, T]-valued F°-stopping times. Given 6 € T° and
X € X2 := L2(Q,F,P;RY), v € U, and (b,a) : [0,T] x RT x Py x U
R? x R4 we let XX denote the solution of

ov- ov-
X:E[X|}"@,\.]+/ bs(Xs,Pfgs,us)dH/ as(Xs, PY,vs)dB,, (2.7)
0 0

in which (b, a) is assumed to be continuous, bounded and satisfy:

(H1) There exists a constant L such that
(s ) = bul' )+ gl ) = aale!, )| < L{Ja = 2|+ Walu, i) )

for all t € [0,T], z,2' € R? and p, p’ € Ps.

The term E[x|F,, ] in (2.7) allows to define X as a continuous adapted
process on [0,7], which is done for convinience of notations. One could
obviously only consider the process on [0, T].

Remark 2.1. Note that the controls can depend on the initial value of x. One
could also restrict to F°-progressive processes, see Section@ for a discussion.
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The above condition ensures as usual that a unique strong solution to
(2.7) can indeed be defined.

Proposition 2.1. For all§ € T°, v € U and x € X3, (2.7) admits a unique
strong solution X%XV, and it satisfies

]E[sup \X“”’ﬂ < 400 (2.8)
[0,7]
Moreover, for all (t,x,v) € [0,T] x X2 x U, if t, = t, Xn — X n Ly with
Xn € X7, for alln, and (v"), CU converges to v dt x dP-a.e., then

lim E[WQ(]P’BM ™ IPXtXV) ] =0. (2.9)

n—o0

Proof. 1. The estimate is a consequence of the boundedness of (b, a).
2. Existence follows from a similar fixed point argument as in [I1] (see
also [I8]). Since we work in a slightly different context, we provide the proof
for completeness.

2.a. Let C denote the space of continuous R?-valued maps on [0, 7’| endowed
with the sup-norm topology. For @, P € P,(C,B(C)) and t < T, we set

Dy(P,Q) :=inf { / sup [YP — YOP R(dY?F,dYR)

CxC 0<s<t

R e P,(C x C,B(C x C))
st. R(-xC)=Pand R(Cx-) = Q}5

We write P € P,(C, B(C)) if
“pHPg((C,B((C)) .= Dy (P, d) < 0

where d; is the measure putting mass equal to 1 to the constant path 0. If

Q € P,(C, B(C)) has time marginals (Q,),<r then
Wi QuQu < [ V=Y QUay)

so that WQ(Qt, QS) — 0 as s — t, by dominated convergence. Hence, (Qs)ng
is continuous.



2.b. Let S, denote the set of continuous adapted R%valued processes Z
such that ||Z||s, = E[supp g |Z]?]2 < co. Let Ly(Q°Py(C, B(C))) be the
collection of random variables defined on Q° and with values in Py(C, B(C)),
with finite norm E[||- ||392(<c73(@))]%. Let ® be the map that to Q € Ly(Q°; Py(C,
B(C))) associates P¥ 5 € Ly(Q° Po(C, B(C))) in which PF,(w°) is a regular
conditional law of X@ given w® € Q° with X% defined as the solution of

_ ov- _ ov- ~
X =E[x|F2,] + / b (X2, Q) ds + / 0.(X2,Q0,1,)dB
0 0

and where Q,(w°) is the s-marginal of Q(w®) for w® € Q°. It follows from
2.a. that P¥,(w°) has continuous path, for P°-a.e. w® € Q°. By repeating
the arguments in [I1, Proof of Proposition 2|, see also 3. below, we obtain
that @ is contracting. Since Lo (Q2°; P2(C, B(C))) is complete, it follows that
® admits a fix point Q.

3. It remains to prove our last estimate. The Lipschitz continuity and bound-
edness of (b,a) combined with Burkholder-Davis-Gundy inequality implies
that one can find C' > 0, that only depends on (b, a), such that

Efsup | X" — Xtnxn " |2]
0.5

O(’t - {n| + EHX - Xn|2])

+C]E / SuplXt,XV than/ ‘2+W2<PBth,Pthznyn)d7’]
0 [0,]

+CE / [br (XX PE 1) = by (XX PR )| dr}

+CE / Jan (XX Py 1) — ap(XE PR )] dr].

Since

BV (P PE o in )] < E[D2(BF 1, PRupirnn)]

S E[sup |Xt,x,u o th,rn,u |2]’
[0,r]



by Gronwall’s Lemma we obtain (for a different constant C' > 0)

E[W; (Pf;;X,u, Pf};n,zn,un )
< E[Sup |Xt7X’V — Xt”’man"IQ]
(0,71

< C(|t = tol + E[lx — xal*)

T
+ CE { /0 [0 (X5 P, V) = b (XY PL s, V;})Pdr]

T
+ CE |:/ |a7’ (Xﬁ’X7V7 ]P)B;;f»x,"a VT) - ar<X£7X’V, Pﬁ'ﬁ,%l’; V:L)|2d7":| .
0

The function (b, a) being continuous and bounded, the required result follows.

O
In the sequel, we denote by ‘w® the element (wg,,)sepo,r] for w® € Q° and
t € [0,7]. We note that the solution can also be defined w' by w'. More
precisely, we have the following.

Proposition 2.2. Fiz 0 € F°, xy € X2 and v € U. Let X9 be the solution of
with Q = (Qs)s<r € P5 in place of (PX )s<r. Then, there exists Borel
measurable maps x : Q° x Q' — R? and u : [0,T] x Q° x Q' — U such that
x = x P-a.s. and v. = u.('B,§) dt x P-a.e. on [0,T] x Q, such that, for all
stopping time T, XTQ\/";I = X?ve(-,wl) P°-a.s. for P'-a.e. w' € Q' in which
X« solves

ov-
X =E[x(B,w")|F. el +/ bS(XsQ’UJla QsaUS(SB’wl))ds
6
ov- L
+/ GS(XSQM vaUS(SB’wl))dBS'
0

Moreover, the map w' € Q' — X?\}gl € Ly(Q, F', P Lo(Q°, Fp, P RY)) is
measurable.

Proof. The existence of the Borel maps x and u is standard, and it is not
difficult to prove that w' € Q' — X@' € Ly(Q°, Fo, P°;RY) is measurable
because a and b are continuous and bounded. Standard estimates then show
that E[[ X35 — X,[2¢] = 0. 0



For later use, we now show that the law of (X*X¥ B) actually only de-
pends on the joint law of (y,v,'B).

Proposition 2.3. Letx : Q°x Q! — R? and u : [0, T] xQ2°x Q' — U be Borel
maps such that x = x(*B,¢) € X2 and v := u.(B,€) € U. Let & and £ be
[0, 1]%-valued Fy-measurable and set X := x('B,€) and 7 := w.(B, ). Assume
that (x,v.i,'B) and (X, U.i,'B) have the same law. Then, (X"X¥, B) and
(X% B) have the same law.

Proof. When the coefficients (b, a) of the stochastic differential equation do
not depend on the marginal conditional law but are F-progessive, the result
follows from the same arguments as in the proof of [7, Theorem 3.3]. In their
case, the conditioning is made with respect to !B, in our case it has to be
done with respect to ('B, &), where £ is independent of B, so that the equa-
tion can actually be solved conditionally to &, see Proposition [2.2] Given the
fixed point procedure used in Step 2. of the proof of Proposition above,

one can then find a sequence (P"),>; C Ly(Q2°,P2(C, B(C))) such that both
Pt —P%, ., and P" — P%

Xtoow Ytx.p s m — 00. O

3 The stochastic target problem: alternative
formulations and geometric dynamic pro-
gramming principle

Our aim is to provide a characterization of the set of initial measures for the
conditional law of the initial condition y given B such that the conditional
law of X" given B belongs to a fixed closed subset G' of Py:

V(t) = {u €Py: I(x,v) €XEXU s.t. Pf = and PfétT,X,u € G}.

Before to go on, let us first show that x in the definition of V(¢) can be
replaced by any random variable x’ € X7 such that P, = u. Apart from
showing that only the distribution p matters (which is a desirable property
if we think in terms of mass transportation), this will be of important use
later on to provide a geometric dynamic programming principle for V.
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Proposition 3.4. A measure u € Py belongs to V(t) if and only if for all
X € X2 such that Pf = u there exists v € U for which PB eq.

txv
XT

Proof. Let V(t) denote the collection of measures p € P, such that for all
X € X? satisfying Pf = u there exists v € U for which Pit,x,y € G. Clearly,
T

V(t) C V(t). We now prove the reverse inclusion. Let p € V() and consider
(x,v) € X? x U such that Pf = p and ]P’)'é%w € (. Since v is F-progressive,

it is, up to modification, of the form
vs(w® w') = u(s,’Bw°),&(w"), selt,T],

with u a Borel map. Recall that & = (&;,...&,) is the random variable on
Q defined by £(w°,w') = w' for w = (W°,w') € Q. Let Fi(-;z,'w®) denote a
(regular) conditional cumulated distribution of & given (x,'B) = (z,'w°), and
define F;(-;y1,...,yi_1,z,'w°) as the (regular) conditional cumulated distri-
bution of & given (&1,...,&-1,X,'B) = (y1,---,¥i_1,x,'w®) for i > 2. Given
X € X7 such that PZ = i, we then set & := Fy '(Fi(&; x.'B); x,'B) and
& = FTNF(&; &, &1, Xo'B); &, ..., &1, X,!B) for i > 2. Set now
v = ulpy + Lypru(-, B,§) € U, for some u € U. Then, (Y, 7., B) and
(X, Vsv., B) have the same law, and Proposition implies that P58 =

X5xr
]P’f;t,,—(,; so that the latter belongs to G, thus proving that V(¢) C V(t), by
T
arbitrariness of Y. a

Before to state the dynamic programming principle, let us provide the
following measurable selection lemma. We define the subset G of [0,7] x

Ly (', F*, P RY) by
G = {(t,x) €[0,T] x Ly(Q", F",P4RY) : v el st. Pl € G}
T

From now on, we consider U as a subset of Ly([0, 7] x 2, dt x dPP; U) endowed
with its strong topology.

Lemma 3.1. For any probability measure B on [0, T] x Lo(Q', F*, P} RY),
there exists a measurable map ¥ : G — U such that

B
IPXtaXvﬂ(th) E G
T

11



for P-a.e. (t,x) € G. Moreover, for each (t,x) € G, ¥(t,x) can be chosen to
be progressive w.r.t. Fr := (0((Brve — Bi)i<r<s: §))se1]-

Proof. It follows from ([2.9) of Proposition that the set
T = {(t,x,v) €[0,T] x Ly(Q", F*, P, RY) x U : Pf;;w € G}

is closed. Then, the Jankov-von Neumann Theorem (see [I, Proposition
7.49]), ensures that there exists an analytically measurable function 9 :
0, 7] x Lo(Q', F*,P*; RY) — U such that

(t,x,0(t,x)) € J forall (t,x) €G.

Since any analytically measurable map is also universally measurable, the
existence of ¥ follows from [I, Lemma 7.27]. It remains to prove our last
claim. Let u be a progessive measurable map such that ug(w®, w') = ¥(t, x)s
for s € [t,T]. For s € [0,T], w,w' € Q°, set w ®; W := W.ps + (W.ys — Ws).
Define v° (0°, w') 1= u,(w°® ®; ©°,w"). Then, one can find w°® € Q° such that
]P’)B;t’xwo (@°) € G for P°-a.e. @° € Q°, see 7, Theorem 5.4] and Proposition

The control v*° is progressive w.r.t. Fim. a

We can now state the dynamic programming principle.

Theorem 3.1. Fizt € [0,T] and 0 € T° with values in [t,T)|. Then,
V(t) = {u €Py: Ax,v) €XZxU s.t. ]P’f =p and Pf;;,x,u € V(G)}.

Proof. Denote by )A/(t) the right hand side of the equality.
1. We first prove the inclusion V(t) C V(t). Fix u € V(t). Then, there exists
(x,v) € X} x U and Q° € F° such that P°(Q°) =1, PY = ppand P%,,, € G

X5
on Q°. For @° € Q°, we define (x*°,°") by

~0

V(W) = X (@ w') v

o

g

(W) = Vs(Q0° Bp(aey w°,w'), s€[0,T]

for all w = (w°,w') € Q. Note that y*° € Xg(oo), IP’fm = Pgt,x,y(@") and

~ 6
V" € U for all &° € Q°. Moreover, it follows from [7l Theorem 5.4] and
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Proposition that Xi(@")’x“" " has the same law as X;X’” given Wy =

Wihg(@e)s for P°-a.e. @w° € 2°. Since Pgt,x,y(wo) € G for w° € Q°, it follows
T ~ A
that Pgé,x’y(d)o) =P, € V(0(@°)) for all ©° € Q°. Therefore p € V(2).
2. We now prove the inclusion V(t) C V(t). Fix u € V(t) and (x,v) € XZxU
B _ B L
such that P/ = p and ]P’Xg,x,y € V(0). It follows from Proposition that
(Q(MO),X;@:)(WO,.)) € G, for P°-ae. w® € Q°. Let B be the probability
measure induced by w® — (6(w®), X;’(fj’f)(wo, ) on [0, 7] x Ly(2', F*, P, RY).
By Lemma |3.1, there exists a measurable map 9 such that Pit%ﬂ(t/,xg ed
T

P°-a.s. for P-a.e. (t',x") € G. Since J(t',x’) can be chosen in the filtration
iy 7 to which B is independent, IP’)B; o 1S Measurable with respect to
T

o(B.yy — By). Hence, there exists null sets N and N such that

Piawo,‘)(@o) € G forw®¢ N and @° ¢ N,

T

where

aw’,) = (0(w), Xg™" (w?, ), 9(0(w?), X5 (w°, ).
It remains to define the process v € U by
17(0.;) = V(w)]l[(],@(wo)) + l(/l((g(wo), Xg,x,u<wo7 -))(w)]l[g(wo)’ﬂ , (310)

and observe that X% = X7X”, to conclude that p € V(). O

4 The dynamic programming partial differ-
ential equation

Let v: [0,7] x P, — R be the indicator function of the complement of the
reachability set V:

V(t,,LL) = 1= ILV(t)(/”L) ) (t’p“) < [O7T] X Ps. (4'11>

The aim of this section is to provide a characterization of v as a (discontin-
uous) viscosity solution of a fully non-linear second order parabolic partial
differential equation, in the spirit of [16]. Given Theorem [3.1] this follows
from combining the technologies developped in [4, [6] and [16].
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4.1 Derivatives on the space of probability measures
and Itd’s lemma

We first recall here the notions of derivative with respect to a probability
measure that has been introduced by Lions, see the lecture notes [4], and
further developed in [6], to our context.

For a function w : Py — R, we define its lifting as the function W from
Ly(QY, F1, P RY) to R such that

W(X) = w(Px), forall X €Ly(Q",F P;RY).

We then say that w is Fréchet differentiable (resp. C') on Py if its lift
W is (resp. continuously) Fréchet differentiable on Ly(Q', F', P RY). If it
exists, the Fréchet derivative DW (X) of W at X € Ly(Q', F*,P'; R?) can be
identified by Riez Theorem to an element of Ly(Q2, F*,P*; R?) and admits a
representation of the form

DW(X) = d,u(Py)(X)

for some measurable map 9,w(Px) : R? — R? that we call the derivative
of w at Px. We have d,w(u) € La(R?%, B(R?), u; R?) for 1 € Py. In the case
where x € R? — 9,w(p)(x) is differentiable at z, given pu € P, we denote
by 0,0, w(u)(x) the corresponding gradient.

Following [6l, Section 3.3], we say that w is partially C? if it is differentiable
on Py and if, for each u € Py, there exists a continuous version of the map
z € R — 9,w(p)(z) such that

e the map (p, ) — 9,w(p)(z) is continuous at any (u, z) € P x R? such
that = € supp(u),

e for any p € Py, the map x — J,w(p)(x) is continuously differentiable
and the map (i, z) — 9,0,w(p)(x) is continuous at any (i, r) € PyxR?
such that x € supp(u).

Under the additional assumption that W is twice continuously Fréchet
differentiable, D?>W can be identified by Riez Theorem as a self-adjoint op-
erator on Lo(Q', F' P;R?). We identify it as above to a map (z,2') €
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R? x R — 0%w(p)(z, x'). For later use, note that we also have the following
identification by [5, Remark 6.4]

E[DPW(X)YZ2)YZ'] = E[Tr(9,0,w(p)(X)YY")] (4.12)

for any random variables Y € Ly(Q', F',PL,R™ ) Z ~ N(0,1;) and Z
independent of (X,Y") (to be defined on an enlarged probability space).

From now on, we define C,*([0, T] x P,) as the set of continuous functions
w : [0,7] x Py — R such that w(t,-) is partially C? for all ¢ € [0,T], dw
exists and is continuous on [0, 7| x P, d,w and 9,0, w are continuous at any
(t, u, x) such that x € supp(p) and

sup / (190t )] + B0t ) ) + 100,000t ) ()] ) < o0
t€[0,T], pek JR4
(4.13)

for any compact subset IC of Ps.
Proposition 4.5. Let w € Cp ([0, T] x Py). Given (t,x,v) € [0, T] x X, xU,
set X = XXV Then,

w(s,P§ ) =w(t IF’B)

/ Eg [Qow(r,PY ) + O,w(r,PY )(X,)b, (X, PY ,v,)] dr
+ = 5 / Egp [Tr (8 o, w(r, IPX )(Xr)ara:(Xr,]P’%,yT))} dr
t

n / Ep [0,0(r, P2 )(X,)a,(X,, P 1,))] dB,

¢
for all s € [t,T].

Proof. The proof follows from similar arguments as in [6] and we only mention
the main ideas. Since y € X; and v € U, we can find Borel maps x and u
such that x = x(B, &) P-a.s. and v = u(-, B, §), up to modification. We first
enlarge the space by considering the space Q = Q° x Q' where Q' = (Q)N.
We endow this space with the completion F of the o-algebra F° @ (F1)®N
and the probability measure P = P° ® (P1)®N. We define on this space the
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sequence of random variables (£%),5; and we extend (£, B) in a canonical way
by setting

E=¢" w)=a) for €N, Bw) = w°,

for all w = (w®, (@} )een) € Q). Note that (£/)gey is an 7.i.d. sequence, indepen-
dent of B. We then set (x*,v*) := (x(B),u(:, B,&%)), for £ > 1, and define
X* as the solution on [t, T] of

ﬂ:%+/%m+/ﬁw&
t t

in which (v, a*) = (b,a)(X*, P%,,v"). It follows from Proposition that

(X5 4>1 is a sequence of i.i.d. random variables given (B,).<r, for each
€ [t,s]. Set @ == L3 Oxe fort <r < s.

1. We first assume that w is fully C? in the sense of [6, p17], that is (u,v) —

(Opw () (v), OuOpw(p)(v), Orw(p)(v)) is continuous, and that w, d,w, 00w

and 8Zw are bounded and uniformly continuous. Then, it follows from [6],

Proposition 3.1] combined with It6’s Lemma that

w(s, iY) = w(t, i) / Ouu(r, i )ir + < / By (r, i) (X)L dr
1 S
o Z | duutr ) cxdatas,

_,_% Z/ Tr [0,0,w(r, i )(X[)al(al) ] dr

=

7%me (e i) (X, X)ay(ap) ] dr.

=1

2

We now take the expectation given (B,) <y on both sides and use [I5]
Corollaries 2 and 3 of Theorem 5.13] and [I3, Lemma 14.2] together with
the fact that the quadruplets (i, X£, b%, a’),<n have all the same law given

s Opy Qp
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(B)<r, for t <r < s, to obtain

Bolu(s. i) = Ealut i)+ [ Ea )+l m) (X8 dr

t

n / Ep [00(r, 5N)(X))a)] dB,

+% /ts Eg [Tr (9:0,w(r, X ) (X} )ak(ar)")] dr

tom By [T (@2t m) (XL XD al(al)T)] ar
We then use the fact that Wh(zY,PE,) — 0 a.s. as N — oo for all r € [t, s].
This is a consequence of [11, Lemma 4]T and the fact that (X*),>; is a sequence
of i.i.d. random variables given (B, ) <r. Since all the involved maps are
assumed to be bounded and continuous, one can take the limit as N — oo
in the above to obtain

w(s.PE) = w(t.PA)+ [ Ep [l PE) + O PR (X0 dr
t

+ [ Bn [0 PR (X)al)] a5, (414)

% / Ey [Tr <8x(9“w(r, P%)(Xrl)ai(aif)] dr.

t

2. The validity of can be extended to the case where w is just as-
sumed to be fully C? by following the molifying argument of [6, Proposition
3.4] whenever the condition holds, recall that (b,a) is bounded. The
extension to a partially C? function then follows from the same considerations
as in the proof of [6, Theorem 3.5]. O

Later on, we shall need to use this I[t0’s formula at the level of the lift W of
a function w. From now on, we say that W : [0, T] x Lo(Q!, F*, P RY) — R
is C}? if it is the lifting function of a map w € C,*([0,T] x P,). Given
a random variable X € L2(Q, F,P;R?), we define W (¢, X) as the random
variable w® € ° — W(t, X (w°,-)) where X (w®,-) is now a random variable
on L2(Q', F', P R?). We use the same convention for DW (¢, X (w°,-)) and
D*W (t, X (w°,-)). As an immediate corollary of Proposition and ([4.12),
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we have the following. From now on Z denotes a d-dimensional Gaussian
vector N(0, 1;) independent of (B, ¢), whose existence is ensured, up to in-
creasing the probability space.

Corollary 4.1. Let W : [0,T] x Ly(Q', F',P,RY) — R be C,°.  Given
(t,x,v) € [0,T] x Xy x U, set X = XX Then,

W (s, Xs) = W(t x)
+ / Eg [0,W (r, X,) + DW (r, X,)b(X,.,PY ,v,)] dr
t

) / “Es [D*W(r, X,)(X,) (0, 2)(@2)T (X, P2, ,)] dr

+ / Es [DW(r, X,)a,(X,. P2, 1,))] dB,

¢
for all s € 10, 7).

4.2 Viscosity solution characterization

We aim at proving that v solves a Hamilton-Jacobi-Bellman equation of the
form

—0uw(t, ) + H (t, p1, Ow(t, ), 0, 0,w(t, ) = 0,
in the sense that the lifting function V : [0, T] x Ly(Q', F', P RY) — R of v
is solution on [0,7) x Lo(Q', F*, P RY) of

_atW(ta X) +H(t7X7DW(t> X)aDZW(t7X)) = 0. (415>

Before to define the operator H, let us recall that W : [0, T]x Lo (Q*, F*, P'; RY)
is extended to [0, T]x Ly (92, F, P; R?) by defining W (¢, X ) as the random vari-
able w® € Q° — W (t, X(w®,-)), and let us introduce the set S(Ly(2, F,P; R?))
of self-adjoint operators on Lo(Q, F, P;R?).

Then, H is defined as Hy where, for € > 0,

1
E;L(X, P7Q) = ]EB |:b:<X7PX7U>P + §Q(at<X7PX7U)Z)at(X7]P)X7u)Zi|
Hs(t7X7 P7Q) = sup { - £11}L(X7 P7 Q)}
ueNE(t7X7P)

Nt x, P) 1= {u € Lo(, F. B, U) + [Epla(x, Py, u) P <=},
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for t € [0,T], u € Lo(Q, F,P; U), x, P € Ly(Q, F,P;R?) and Q € S(Ly(Q,
F,P;R%)).

Since neither V' nor H. are a-priori continuous, we define V, and V* as
the lower-semicontinous and upper-semicontinuous enveloppes of V', and let
H* and H, be defined as the relaxed upper- and lower-semilimits as ¢ — 0.

We say that V, is a viscosity supersolution (resp. V* is a subsolution) of
(4.15) if for any (,x) € [0,T] x Ly(Q', F*,P*;RY) and any C,” function ®
on [0,T] x Ly(Q, F', P'; RY) such that

V.- ®)(ty) = | V.- ®
( JEX) = B )
(resp. (V¥ =®)(t,x) = max (V*—®))

[0,T]xLa(Q,F1,PL;R4)

we have

_atq)(tu X) + H* (t7 X5 D(I)<t7 X)7 D2q)(t7 X))
(resp. - atq)(tv X) + H* (t7 X D(D<t7 X)7 D2(I)(t7 X))

IN IV

0

0).

If V. is a supersolution and V* is a subsolution, we say that V' is a discon-
tinuous solution.

We are now ready to state the viscosity property of the function V. This
requires the following continuity assumption on the set N.

(H2): Let O be an open subset of [0, T] x Lo(Q, F,P; RY) x Ly(Q, F,P; R?)
such that Ay # 0 on O. Then, for every € > 0, (to, x0, Po) € O and ug €

No(to, xo0, Po), there exists an open neighborhood O of (tg, xo, Py) and a
measurable map @ : [0,7] x R? x R? x Q' — U such that:

(1) ]EBHat()(XOa POa 5) - uO” S €.
(ii) There exists C' > 0 for which

Elt(x, P,&) — (X', P, &)’] < CE[lx — X'|* + W3 (Pp,Pp:)]

for all (¢, x, P), (t,x',P") € O'.
(iii) @ (x, P,§) € No(t, x, P) P° — a.e., for all (¢, x, P) € O'.

We also strengthen (H1) by the following additional condition.

19



(HY’) There exist a constant C' and a function m : R, — R such that
m(t) — 0 as t — 0 and

(2, gy w) — by (@, )| + |ag(z, pyu) — ap(z, ') < m(t =)+ Clu — /|
for all t,#' € [0,T], z € RY, u € Py and u, v’ € U,

Theorem 4.2. Under (H1) and (H1’) the function V, is a viscosity super-
solution of (4.15)). If in addition (H2) holds, then V* is a viscosity subsolu-

tion of (4.15)).

Proof. Part I. Supersolution property. Fix (tg, xo) € [0, T)x Lo (9, F*, P*; R?)
and a C” test function ® on [0,T) x Ly(2, F', P, R?) such that

V, — ®)(to. x0) = i V.—®) = 0.
( )0, X0) [o,T]xngzl}%aPl;R%( )

We must prove that
—0,®(to, xo0) + H* (to, X0, DP(to, X0), D*®(to, Xo)) = 0. (4.16)

1. Suppose that the function V' is constant in a neighborhood of (g, xo)-
Then ®(t, xo) is a local maximum of ® and therefore

0 ®(to, x0) <0, D®(ty,x0) =0 and D?*®(tg,x0)<0. (4.17)
Hencea Nﬂ(t07 X0, Dq)<t07 XO)) = LO(Q7F7 ]P)v U) and
—0,®(to, x0) + Ho(to, X0, DP(to, x0), D*®(to, x0)) > 0,

so that (4.16) is satisfied.

2. We now consider the complementary case: Vi (o, xo) = 0. Let (¢,, Xn)n>1
be a sequence of [0,T) x Lo(Q', F*, P*; RY) converging to (tg, xo) and such
that

V(tn,xn) = 0, forall n>1. (4.18)
We argue by contradiction and suppose that
—9,®(to, xo0) + H* (to, X0, DP(to, x0), D*¢(to, x0)) == —27.
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for some 7 > 0. Define

O(t,x) = P(t,x)— |t —to] — EHX — Xoﬁ2
for (t,x) € [0,T] x Ly(Q', F*, P}, RY). Then,
(0:®, DB, D*®)(to, xo) = (@, DP, D*®)(t0, x0),
and we can find € > 0 and an open ball B.(tg, xo) such that
—1 > = 8:2(t,x) — L{ (x, D2(t,x), D*®(t, 1)) (4.19)

for any (¢, x) € B:(to, xo0) and any u € N.(t, x, D®(t, x)). Let 0,B:(to, xo0) :=
{to + e} x cl(B-(x0)) U [to, to + €) x 0B:(xo0) denote the parabolic boundary
of Bc(to, xo0) and observe that

= min (V,—-®) > 0. 4.20
C 8pBE(t07XO)< ) ( )

In view of , we can find a control v € U such that
PE. € @,
where X" = Xt Xn?" e then define the stoping times
0,(w®) = inf {s >t, ¢ (5, X0 (w°,.)) ¢ Bs(tO;XO)} , w e,

By Theorem , V(-,X™) = 0 on [t,,T], so that —®(-, X™) > 0 on [t,,T]
and —® (0, X5 ) > ¢ by (4.20). Let us set 3, := —®@(t,, x») and define

ap =Ep[0,®(t, X7) + L (X7, DB(t, X1), D*®(t, X))l
pli=—a"ly, , Y= —-Ep [G(XnaP)B;ann)D(i)('aXn)]

with
A, ::{t € [tn,0n] : —af > —7]}.

Applying Corollary and Remarkto ®(., X™), we then get that Mg >0

where

| | 1
MU GG [ s [ WraBz B -z -3¢ (2D

21



for n large. By (4.19),
Ep[a (X[, Py, vf) DOt XT)]| > e, forte Ay,

and we can define the positive F°-local martingale L™ by

t
o= 1- / L 2rdB, . > b
tn

The coefficients a and b being bounded, L" is a true martingale. In view of
(4.21), L™M™ is a non-negative local martingale that is bounded from below
by a martingale. Therefore, it is a super-martingale and

0 < E[Lg, Mg, ] < Ly M} = M; = B, — ¢

Sending n to oo, we get a contradiction since £, — 0.
Part II. Subsolution property. Fix (tg, x0) € [0,T) x Ly(Q', F*,P*; R?) and
a Cp” function ® : [0, T] x Ly(Q, F', P, R%)) — R such that

vV ®)(t = V- ). 4.22
( Mo xo) = X ) (4.22)

We have to prove that
—0,0(to, x0) + Hx (to, Xo. DO(to, x0), D*®(to, x0)) < 0.
We distinguish two cases.
1. Suppose that V*(ty, xo) = 0. Then, we deduce from that
0®(to,x0) > 0, D®(tg,xo) = 0 and D*®(ty,x0) > 0.(4.23)

Let (€n7 tn7 Xn; Pna Qn)nzl C [07 1] X [07 T] X LQ(Qla -Fla Pla Rd) X LQ(QI7 fla Plv
R%) x S(Ly(Q, F', P RY)) be a sequence converging to (0, tg, X0, DP (o, X0),
D?®(ty, xo)) such that

Hen(tna Xn» Pm Qn) — H*(t0> X0, D(D(tm XO)a DQ(D@O? XO)) . (424)
It follows from (4.23) that
]‘im Hé‘n(tnﬁ XTL? Pn? Qn)

n—-4o00

. 1 .
S TZETOO _5 UELo(Qllr,lﬁl ,]Pl;U) ]E’ [Qn(atn (X’VH IP)XVH U) Z)a’tn (X?’l) ]P)Xn’ U,)Z :
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Since a is continuous and bounded, it follows from the convergence of @),, to
D®(ty, xo) that

lim inf E[Qn(atn(xn, Py, w)Z)at, (Xn, Py, u)Z} =

n—+o00 ueLo(Q1,F1,P1;U)

E |:D2(I)<t07 XO)(a’tO (XOJ IPXO? U)Z)ato (XOJ Pxov U)Z] .

inf
ueLo(Q1,F1 PL;U)

Combining the above leads to

llm Hen (tn; X7L7 P'YLJ Qn)

n—-+o0o
1 .
S _5 uELO(Qllr,l_;-—l JPLU) E |:D2(D<t0’ XO)(&tO <X0’ PXO’ U)Z)&to <X0’ EDXO’ U)Z] ’

so that (4.23) and (4.24)) lead to

—0,®(to, X0) + Ha(to, X0, DP(to, X0), D*®(to, x0)) < 0.

2. Suppose now that V*(¢y, xo) = 1. We argue by contradiction and suppose
that

_atq)(t[bXO)+H*(tO>X07Dq)(thXO)aqu)(thXO)) = 4dn > 0.

Since the left hand-side is finite and Ay C N, for € > 0, there exists an open
neighborhood O of (g, x0, D®(to, X0)) such that Ny # @ on O and there
exists ug € Ny(to, x0, DP(to, X0)) such that

—0,®(to, x0) — L1 (to, X0, D (to, x0), D*®(to, x0)) > 277

Then, (H2) implies that for any € > 0 there exists an open neighborhood
O’ of (to, X0, D®(to, x0)) and a measurable map @ : [0, 7] x R? x R? x Q' —
U such that:

() Ellin (x0, Por€) — o] < =

(i) There exists C' > 0 for which

Ellt(x, P,&) — (X', P, &)’] < CE[lx — X'|* + W3 (Pp,Pp:)]

for all (¢,x, P), (t,x', P') € O'.
(i) u¢(x, P, &) € No(t, x, P) P° — a.e., for all (t,x, P) € O'.
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Define

B(t,x) = (t,x) +|t—to* +Esllx — xol] .
for (¢,x) € [0,T] x Lo(Q, F,P; R?). Then,
(at&)7 Di)? DQ(i)(tm XO) = (81‘/(1)7 Dq)? DQ(I))(t()a XO)

The above combined with (H1)-(H1’) shows that we can find some € > 0
such that

—0,0(t,x) — LMLy D(t,x), D*D(t, X)) > n (4.25)

for all (¢, x) € B:(to, x0)-
Let now (t,,, Xn)n>1 be a sequence of [0, T] x Ly(Q', F*,P*; RY) such that

(tn7Xn7 V<tn7Xn)) — (tO7XO7 V*(t07X0)) ) (426>

and consider the solution X™ of starting from y,, at t, and associated
to the feedback control ¥ := @.(X", D®(., X™),€). The fact that X" is
well-defined is guaranteed by (ii) above, this is obtained by a straightforward
extension of Proposition 2.1 We then define the stopping times 6,, by

O, (W) = inf{s >ty 0 (s, X (w°,.) ¢ Ba(tn,xn)} , wienN°.
Letting

C= BV < 0,
we have (V — @)(0,, Xy ) < —C.

We then apply Corollary and Remark , to deduce from (iii) and
that ®(6,, Xg ) < ®(t,, xn) which implies V (6,,, X3 ) < B (¢, xn) — C.
Since ®(t,, xn) — 1, we have V(0n, Xy ) < 1 for n large enough, which
contradicts Theorem [B.11 0

Remark 4.2. In the above proof, we needed to apply the chain rule formula
to the map W? where W : x € Lo(Q', F', P RY) — El|x — xo0/?] for some
Yo € Lo (', F1, P RY). Note that it is not lift-invertible. On the other hand,
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the fact that the chain rule formula of Proposition [{.5 hold can be verified
by simple computations and the use of [15, Corollaries 2 and 3 of Theorem
5.13] and [13, Lemma 14.2]. Namely, given (t,x,v) € [0,T] x Xy x U, set
X = Xt Then,

W(X,) =W(x) + /t Eg [2(X, — x0) " b:(X,, PY ,v)] dr

41 / Ep [21i(a,2)(a,2)" (X, PR ,v,)] dr

2
X0) ' ar(X,,P% v,))] dB,
= /E [DW (r, X,)b,(X,.,PY ,v,)] dr
t

+ /t Eg [D*W(r, X,)(X,)(a,Z)(a, 2) " (X, P§ ,v,)] dr

N | —

+/ Eg [DW(r, X,)a. (X, P§ ,v,))] dB,.
t

The same obviously holds for W? by application of the usual Ité’s formula.

We end this section with the derivation of the boundary condition at the
terminal time 7. To this end, let us define the function g = 1 — 15 where

{x € Ly(Q", F',P5RY) : P, € G}.

Notice that G is a closed subset of Ly(Q', F!,P*;R?) since G is closed for
Ws. Hence,

g =1-Tywea, 9=1-1g,

where ¢* and g, stand for the upper and lower semi-continuous envelopes of
g respectively.

Theorem 4.3. Under (H1), the function V satisfies
ViT,.) =g and V.(T,.) =g.

on Ly(Q, F', PHRY).
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Proof. (i) We first prove that V*(7T,.) = ¢*. Since V(T,.) = g, we have
V*(T,.) > g*. For the reverse inequality, we argue by contradiction and
suppose that 1 = V*(T,x) > ¢*(x) = 0 for some y € Ly(Q, F!, P RY).
Since g*(x) = 0, we know that x € int(G). Let (¢,,Xn)n be a sequence
such that (., xn, V(tn, xn)) = (T, x,1). Fix some uy € U and denote by
Xtnxnuo the solution to starting from y,, at t, and controlled by the
constant processes v = ug. Then, XX ¢ G¢ after possibly considering
a subsequence. Sending n to co, we obtain that y belongs to the closure of
G*, which is a contradiction.

(ii) We now prove that V,(7',.) = g.. Since V(T,.) = g we have V,(T,.) < g..
Again the reserve inequality is proved by contradiction. Suppose that 0 =
V.(T, x) < g.(x) = 1 for some x € Ly(Q, F*, P';R?). Since g, = g, we know
that Y € G° Let (t,,Xn)n be a sequence such that (t,, Xn, V(tn, Xn)) —
(T, x,0). Then, up to taking a subsequence, there exists v € U such that
XX ¢ . Since a and b are continuous bounded and G is closed in
Ly(Q', F1, P RY), we deduce that x € G by sending n to oo, which is a
contradiction. O

5 Additional remark on the choice of controls

In the above sections, the collection U of controls permits to take into ac-
count the exact value of the initial random variable y, it is F-progressively
measurable. If we think in terms of controlling a population of particles
which initial distribution is the law of y, this means that we allow to have a
different control for each of the particles. One could also consider the case
where the control belongs to the subclass U° of controls in 2/ that are only F°-
progressively measurable. This would mean that the control of each particle
does not depend on the position of each particle but only of the conditional
repartition of the whole population of particles given B.

This can be treated in a similar way as the case we considered above. In
particular, the result of Proposition becomes trivial, see Proposition [2.3|
In , the control v will be F°-progressively measurable and the map ¥
will take values in U°, so that 7 will actually be F°-progressively measurable
since the argument X;™"(w°, -) only enters as a random variable (not as the
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value of the random variable). As for the first part of the proof of Theorem
[3.1], the construction will just be simpler. Then, Theorem actually holds
for the class U° as well. As for the PDE characterization of Theorem [4.2] we
only have to replace N(t, x, P) by {u € U : |[Egla:(x, Py, u)P]| < e}, which
changes the definition of H* and H,. accordingly. Up to this modification,

the proof is the same.
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