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SOME MOTIVATIONS




BSDE and finance

Hedging of the European option ¢(X7) (interest rate r)

p

Xy = Xo+ | ' diag [X,] b(X,)ds + | ' diag [X,] o(Xs)dWs |

Y:

1 1
g(X1) — /t (Ys — ¢,1)rds — /t o (Xs)dWs

\

Hedging of the European option ¢g(X;) (interest rate r° for

borrowing, ' for lending)

2

\

Xt

Xo + /Otdiag [Xs] b(Xs)ds + /Otdiag [Xs] o (Xs)dWs |

i = g(x0)- [ [0 — gyl — (% — 1)~ ds - / L B0 (X)W,



American option hedging

e Hedging of the American option g(X) (interest rate r)

(X, = Xo+ /Otdiag [Xs] b(Xs)ds + /Otdiag [Xs] o (Xs)dWs |
1 1
| Yo = 9(X1) = [ (Y= ll)rds — | $lo(X)dWs + K1 - Kq
1
Y > g(X), t<1 and | (Ye—g(Xs))dKs = 0.

= Y; = esssup E [e—"“Tg(XT) | .7—"4
7<1



Game option hedging

e Hedging of the Game option ¢(X) (interest rate r)

( t t
Xt = XO"‘/O diag [X5] b(Xs)dS‘I'/O diag [Xs] o(Xs)dWs
1 / 1 /
Y, = g(X1) - /t (Ys — ¢,1)rds — /t $lo(Xs)dWs + K1 — Ky
| 64X < Yi<h(Xy) , t<1
1
0 = [ (Ya—t(Xo))dKS
1
0 — /O(Ys—h(XS))dKS_.
=
Y%:

essinf esssup E [e_""(”\e) {(g(XT)]-T:T +4(X7)1rcr) 1< + h(X9)17>9} | 7
0<1 <1 -



Default options

e Free of arbitrage pricing rule:

ur(t,z) = Bz |g1(Xp)1rs7 + 90(X1)1r<7]
with default time: 7 ~ &£(p).

e Decomposition :

uy(t, )

ug(t, )

T
Et,o [gl<XT>e—<T—t>@ + | UO(S,XS)Qe_Q(S_t)dS]

Et,:r; [gO(XT)]



Default options

0 1
o+ 50202D%ug =0, uo(T,) =go=[5—1F 105
o 1
ot 1 + 5332021)2“1 +o(ug —u1) =0 , u(T,)=g1=1[5—-]7"
e BSDE:
dXt — XtO'th
My = p((0,t]) [2]
and
—dY; = (olag=1— ) Updt — Usfi(dt) — Z; - AWy
Yr = g1(X7)1pp=1+ 90(X7)10=0



BSDE and finance...

e g-expectations

e Optimal investment: Non Lipschitz coefficients !



Semilinear PDEs I: nho non-local term

t t
X, = Xo—l—/ob(XS)ds—l—/oa(Xs)dWS,

1 1
Y, = g(X1)+ /t f(Xs, Ys, Zs)ds — /t ZsdWs

= Y; = u(t, X¢) with u solution (in a weak sens) of

0 = w+bDu+ %Tr[JJ/DQU] + (-, u, Du'o)

g

= Z; = (Du'o)(t, Xy)



Semilinear PDEs II: with integral term

t t t
X, = Xg+ /O b(Xs)ds + /O o (Xs)dWSs + /O /EB(XS_,e)ﬁ(de,ds),

Vi = o)+ [ 1@ ds— [ ZeaW,— [ [ Us(e)aCde, ds)

\

with © 1= (X,Y.[,Z) and I := /Ep(e)U(e))\(de).

= Y; = u(t, X¢) with u solution (in a weak sens) of

0 Lu—+ f (-,u, Du’a,Z[u])
g = u(l,-),

where
Cu = w4+ b Du+ %TF[JU’DQu] n /E{u(-, 4 B(.€)) — u— Du'BC, e)} M(de)
Il = [ {u,-+BC,e)) —u}p(e) Ade)



Semilinear PDEs II: with integral term

Xt

Xo+ [ 6(Xds+ [ o)W+ [ [ X e)ide,ds)

Vi = o)+ [ 1@ ds— [ ZeaW,— [ [ Us(e)aCde, ds)

\

with © 1= (X,Y.[,Z) and I := /Ep(e)U(e))\(de).

= Y; = u(t, X¢) with u solution (in a weak sens) of

O
9

Lu—+ f (-, u, Du’a,I[u])
u(l,-),

= 4t = (D’U,/O')(t, Xt) and Ut(e) — U(t, X¢— + B(Xt—7 6)) - ’U,(t, Xt—)



Semilinear PDEs III: partially coupled systems

Pardoux, Pradeilles and Rao (97), Sow and Pardoux (04).

e System of x PDE’'s (1 =0,...,kx—1)

. 1 . .
0 = wu;+ bgDuZ + ETr[aiaéDQuz] + £:(-,u, (DU o;)
e Define for i =0,...,k—1

fG,z,y,7v,2) = f; (a:,(---,y+'y“2,y+’v“1>£/’y+71’y+72"")’2)

7

oSet E={1,...,5— 1}, A(de) = AXF_1 8,(e) and

M; = /Ot/Ee,u(de,ds) (<]



Semilinear PDEs III: partially coupled systems

Pardoux, Pradeilles and Rao (97), Sow and Pardoux (04).

e System of x PDE’'s (1 =0,...,kx—1)

O

: : 1 : :
up + b;Du' + S Trloioi D] + fiC:, v, (D) o)

— uMt(t, X;) = Y; where

dXy = by, (Xe)dt + o, (Xe)dWy
k—1
F(My, X0, Yi, U, Z)dt = X Y0 UR)edt = ZidWy — [ Up(e)i(de, db)

—dY;
el 1

Y1 = gm,(X1)



Semilinear PDEs 1IV: free boundary problems

t t
X; = XO—I—/Ob(XS)ds—I—/Oa(XS)dWS,

1 1
Yi = g(X0)+ [ f(XaYe Ze)ds— [ ZedWs+ Ky — Ky

1
h(Xy) , t<1 and /O<Ys—h<xs)>df<s — 0,

— Y; = u(t, Xy) where u solves

0 = min{—ﬁu—f(-,u,Du’a),u—h}



DISCRETE TIME APPROXIMATION




PDE and Tree methods: Some references

Solve the PDE and they use MC simulation

e Ma, Protter and Yong (1994). Solving forward-backward stochastic
differential equations explicitly - a four step scheme, PTRF.

e Douglas, Ma and Protter (1996). Numerical Methods for Forward-
Backward Stochastic Differential Equations, AAP.



PDE and Tree methods: Some references

Approximate the Brownian motion by a walk

e Coquet, MackeviCius and Mémin (1998). Stability in D of martingales
and backward equations under discretization of filtration, SPA.

e Briand, Delyon and Mémin (2001). Donsker-type theorem for BSDE's,
ECP.

e Ma, Protter, San Martin and Torres (2002). Numerical Method for
Backward Stochastic Differential Equations, AAP.

e Antonelli and Kohatsu-Higa (2000). Filtration stability of backward
SDE's, SPA.



Alm

— Use a pure probabilistic approach to obtain the required regularity
under weaker conditions.



Discrete approximation approach: Some references

e Zhang J. (01). Some fine properties of backward stochastic differen-
tial equations. PhD thesis.

e Zhang J. (04). A numerical scheme for BSDEs. AAP 14.

e Bally V. and G. Pageés (03). Error analysis of the quantization algo-
rithm for obstacle problems. SPA 106.

e Bouchard B. and N. Touzi (04). Discrete-Time Approximation and
Monte-Carlo Simulation of Backward Stochastic Differential Equations.
SPA, 111.

e Bouchard B. and R. Elie (05). Discrete time approximation of de-
coupled Forward-Backward SDE with jumps. Preprint.

e Ma J. and J. Zhang (05). Representations and regularities for solu-
tions to BSDEs with reflections. SPA 115.

e Bouchard B. and J.-F. Chassagneux (06). Discrete time approxima-
tion for continuously and discretely reflected BSDEs. Preprint.



OUTLINE

1. Discretization

a. BSDEs

b. BSDEs with jumps

c. BSDEs with jumps and partially non-Lipschitz driver

d. Reflected BSDEs

2. Numerical implementation and simulation
a. Regression based algorithm

b. Malliavin calculus approach

c. Quantization method



BSDES

t t
Xo+/0 b(XS)ds—I—/O o (X5)dWs ,

1 1
g(X1) + /t f(Xs, Ys, Zs)ds — /t ZodWs



Construction

Step 1: Step-constant driver with 7 :={¢t; ;== i/n, i < n}

T it o
Pr o= 5+ f(Xt,Yt,Zt) | zpaws,

where

biv1 -
/t ZFdW, = Y —E [V

)

i+1 | ftz‘]



Construction

Step 1: Step-constant driver with 7 :={¢t; ;== i/n, i < n}

T it o
Pr o= 5+ f(Xt,Yt,Zt) | zpaws,

where

| ]:ti]

biv1 -
/t Zfaw, = Y7, ~E[¥

Step 2: Best L2(2 x [t;,t;41]) approximation of Z™ F;-meas. process
ZI = nE

i+1 W) | Fti]

tH_l T - E 7T
7 Zds | Fiy| =n v (W

?



Construction

Step 1: Step-constant driver with 7 :={¢t; ;== i/n, i < n}

T it o
Pr o= 5+ f(Xt,Yt,Zt) | zpaws,

where

| ]:ti]

biv1 -
/t Zfaw, = Y7, ~E[¥

Step 2: Best L2(2 x [t;,t;41]) approximation of Z™ F;-meas. process
ZI = nE

i+1 W) | '7:157;]

tH_l T - E 7T
7 Zds | Fiy| =n v (W

?

Step 3: Discrete scheme: YT =E [Ytﬁl | ftz} + Lf (XZ;,YJ,Z;Z) .



Construction (an other interpretation)

Step 1: Euler scheme type approximation

_ — 1 Vel Z
VT~ Vi f (XY ZE) = ZEWays = W,

1



Construction (an other interpretation)

Step 1: Euler scheme type approximation

_ — 1 Vel Z
VT~ Vi f (XY ZE) = ZEWays = W,

1

Step 2: By taking expectation

Yo o= E[TL, | R+ f (KT T 2E)



Construction (an other interpretation)

Step 1: Euler scheme type approximation

_ _ 1 o o\ _ 7
VT~ Vi A (XL 2E) = ZE Wy = W),

1

Step 2: By taking expectation

Yo o= E[TL, | R+ f (KT T 2E)

Step 3: By multiplying by (WtiJrl — Wt,) and taking expectation

ZZZ = nlkE [?W(Wti+1 — Wti) | fti]



Discrete scheme

o= g(X7)
Zf = nB|VT, (Wi, — W) | P,

Vo= B[N, | R4 (KT ZE)



Implicit vs Explicit

e Implicit

BT o= B[V R (X 2E)



Implicit vs Explicit

e Implicit
BT o= B[V R (X 2E)
e EXxplicit
Vo= B[, A4 B (TR, Z) 1R



Implicit vs Explicit

e Implicit

BT o= B[V R (X 2E)

e EXxplicit

Vo= B[, A4 B (TR, Z) 1R

e It actually leads to the same approximation error: choose one or the
other depending on f.



First bound

Set
Errs :=maxE | sup |¥7 —Y° —|—/1E[|Zt—ZZT|2] dt
U t;<t<tit1 0
T heorem:
Err’ < C <|7r| + /OlE 12 — Z4)?| dt)
where

b
7, = nk / T Zods | ]-"tz.]
t

)

—— Regqularity of Z 7



Regularity of Z (simplification: f depends only on X )

e Malliavin calculus approach

Proposition: (Y, Z;) admits a Malliavin derivative and (DsY, DsZ)
solves

1 1
DsY; = Vg(X1)DsX1+ /t Y f( X)) DsXrdr — /t Ds Zyrd Wy,

e Since
t t
Y, = Yj —/O F(X0)dr +/O ZrdW,
we have
[ 1
Zt — DtY% = K VQ(Xl)DSXl —I_/t V:Bf(Xr>D3XTd’I“ | ft]

| 1
= E |Vg(X1)VXy +/t Ve f(Xr)VXrdr | ft] (VXt)_la(Xt)



Regularity of Z (simplification: f depends only on X )

o 7 = (Vi — o) (VX)) Lo(X;) where

Vi

1
E !Vg(Xl)VXl +/O Vef(Xr)VXpdr | F

t
o = /O Vo F(X,)V X dr

e We have for some € L?(2 x [0, 1])

t
v, = VO—I—/OFdeWS

thus
Z/t E||V; — Vi |?] dt < CZ/t /tE[|5s|]dsdt

< Clnl /01E 15/] ds .



Discrete time approximation error

Theorem: Assume that all the coefficients are Lipschitz continuous,

then
1 _
Err? < C<|7r| +/O E ||Z; — Z4|] dt)

and

1 _

[ Elz-Za < ¥ / E (|12 - 2°] dt < C/n|

0 <n—1
where

Ly = nlk

t;
/; T sts | ftZ]

)



Discrete time approximation error

Theorem: Assume that all the coefficients are Lipschitz continuous,

then
2 1 = |2
Err2 < C |7r|+/O]E[|Zt—Zt| ldt) < Cnl

and

1 _

[ Elz-Za < ¥ / E (|12 - 2°] dt < C/n|

0 <n—1
where

Ly = nlk

t;
/; T sts | ftZ]

)



Discrete time approximation error

e Gobet and Labart (2006). Error expansion for the discretization of
Backward Stochastic Differential Equations.

— Under smoothness conditions and uniform ellipticity:
Y~ Y, = Du(t;, X)) (XL — Xy,) + Oi(|n]) + O(XT — X4,|?)

and weak convergence of /n(Y™ —Y) where Y™ is a continuous-time
extension of Y.

e Similar result for Z7.



Discrete-time scheme II.:
BSDEs with jumps

t t t
X, = Xo+ [ 0(X)ds+ [ o(X)aWs+ [ [ B(Xo-,)ilde,ds)

;i = g(X1)+ /t ' F(©4)ds — /t " ZedWs — /t : /EUs<e>ﬁ(de,ds>

\

with © 1= (X,Y.I, Z) with I := /E o(e)U(e)A(de).



Construction

Step 1: Step-constant driver with = {t; = i/n, i < n}

_ _ tit+1 i+1
Vo= Y+ f(Xt,Yt, 7L ZE) — [ Zfaws - / | UFR(de,dt),
where

ti-l—l T ti-l—l T — T T
/t Zi dWy + /tz /E Ui p(de, dt) = Y;tz-+1 B [Y;fi—l—l | fti}

1



Construction

Step 1: Step-constant driver with 7 :={t; =1i/n, i < n}

_ _ tit+1 i+1
Vo= Y+ f(Xt,Yt, 7L ZE) — [ Zfaws - / | UFR(de,dt),

where

tz'_|_1 T ti-l—l T — T T
/t Zi dWy + /tz /E Ui p(de, dt) = Yti+1 B [Y;fi—l—l | fti}

1

Step 2: Best LQ(Qx[ti,tHl]) approximation of ZT and I'™ = [ U™ (e)p(e)A(de)
by Fi-meas. process

_ | tit1 _
zZl nlk /t Zlds | th‘] = nlk [Kf?-pl(wti—l—l - Wy,) | :Fti]

Rt

_ [ it = —
T = nE /t Tds | ]—}Z.] = nkE [Kﬁl /E p(e)pn(de, (¢, ti4+1]) | ftz']

Rt



Construction

Step 1: Step-constant driver with 7 :={t; =1i/n, i < n}

_ _ tit+1 i+1
Vo= Y+ f(Xt,Yt, 7L ZE) — [ Zfaws - / | UFR(de,dt),

where

tz'_|_1 T ti-l—l T — T T
/t Zi dWy + /tz /E Ui p(de, dt) = Yti+1 B [Y;fi—l—l | fti}

1

Step 2: Best LQ(Qx[ti,tHl]) approximation of ZT and I'™ = [ U™ (e)p(e)A(de)
by Fi-meas. process

_ | tit1 _

z = nE /tz Zlds | th‘] = nlk [Kf?-pl(wti—l—l - Wy,) | :Fti]

7F = nkE /tH_l Tds | F,| = nE |V / (e)u(de, (t;, t;41]) | F
t . tz- S ti t’i—l—l EIO lu’ ) (2 ’l,+1 tz'

Step 3: Discrete scheme: 377; =K [?ZZTH | ]—“tz.} + %f (Xg;,?g, FZ,ZZ;) .



First bound

Set

Err2 := maxE +/ 12— 2712 + |1 — F7?) dt

7

sup YT — Y4|?
6, <t<t;11

T heorem:
1 _ 1 _
Err? < c<|7r|+/o E ||Z; — Z4|] dt—l—/o E ||l — 4] dt)

where

t; _
/ " Zds | ]-“ti] and Ty :=nE
t

)

t
Z, = nkE / T rads | ]-"tz.]
t.

1

—— Regularity of Z and I



Discrete time approximation error

e Assumption : For each e € E, the map x € R B(x,e) admits a
Jacobian matrix VB(x,e) such that the function

(2,8) e R xR = a(z, & e) 1= &(VB(z, ) + [9)E
satisfies one of the following condition uniformly in (z,¢) € R% x R4

a(x,&e) > |§|2K_1 or a(xz,&e) < —|§|2K_1.
Proposition: Under the above condition

Z/ E (12— 242 dt < Cln

T heorem: Under the above condition

Err? < C|n].

e The same results hold if o, b, 8(-,e), f and g are Cbl functions with
K-Lipschitz continuous derivatives, uniformly in e € E.



Discrete time approximation error

e Assumption : For each e € E, the map x € R B(x,e) admits a
Jacobian matrix VB(x,e) such that the function

(z,8) € RTx R — a(x, &) := &' (VB(x,e) + I3)¢

satisfies one of the following condition uniformly in (z,¢) € R% x R4

a(x,&e) > |§|2K_1 or a(xz,&e) < —|§|2K_1.
Proposition: Under the above condition

Z/ E (12— 242 dt < Cln

T heorem: Under the above condition

Err? < C|n].

e The same results hold with h1—¢ without condition.



Discrete time approximation error: extensions

e b,0,0, and f can depend on t if 1/2-HOlder in t




Discrete time approximation error: extensions

e b,0,0, and f can depend on t if 1/2-HOlder in t

e Consider the system
t t _
My = Mo+ [ ba(Mp)dr+ || Bry(M;—,e)fi(de, dr)

t t t |
XO—I—/O b(Mr,Xr)dr—l—/O a(MT,Xr)dWr+/() /EB(MT_,XT_,e)ﬁ(de, i

2
[

=
[

1 1 1
g(M1, X1) + /t f (My,©,) dr — /t ZydWy — /t /EUT(G)ﬁ(dead"“)



Discrete time approximation error: extensions

e b,0,0, and f can depend on t if 1/2-HOlder in t

e Consider the system

t t ~
M; = Mg+ /O bar(M;)dr + /O /E6M<M _, e)i(de, dr)
t t t _ |
X, = XO+/Ob(Mr,Xr)err/Oa(MT,Xr)dWT+/()/Eﬁ(Mr_,XT_,e)u(de,dr
1 1 1 _
Y, = g(My,X1)+ /t f (My, ©,) dr — /t ZrdWy — /t /EUr(e)H(dead”’)

= M independent of X and its Malliavin derivative equals zero.



Discrete time approximation error: extensions

e b,0,0, and f can depend on t if 1/2-HOlder in t

e Consider the system

t t ~
M; = Mg+ /O bar(M;)dr + /O /E6M<M _, e)i(de, dr)
t t t _ |
X, = XO—I—/Ob(Mr,Xr)dr—I—/Oa(MT,Xr)dWr+/()/EB(MT_,XT_,e)u(de,dr
1 1 1 _
Y, = g(My,X1)+ /t f (My, ©,) dr — /t ZrdWy — /t /EUr(e)M(dead”’)

= M independent of X and its Malliavin derivative equals zero.

= Inversibility condition on V3 or smoothness of b(m,-),o(m,-), B(m,-),
f(m,-) and g(m,-) (for each m) sufficient.



Discrete-time scheme 111

systems of semilinear PDEs

My
d X+
Yi

= /Ot /E eu(de,ds) [k]
b(My, X¢)dt + o (My, X¢)dWy

F(My, X, Yo, Z0, To)dt = ZedWe = [ Up(e)ii(de, dt)
= g(My, X1)

Where f is not Lipschitz in M !



Construction

o M = [jeu(de,dt) [k] can be simulated perfectly.

e By adding the jump times of M in the Euler scheme X7 of X one has

E| sup |X;— X,Z|2
teltitit1]

even if b, and B are not Lipschitz in m.

< Cltig1 —




Construction

o M = [jeu(de,dt) [k] can be simulated perfectly.

e By adding the jump times of M in the Euler scheme X7 of X one has

E| sup |X;— X,Z§|2
teltitit1]

even if b, and B are not Lipschitz in m.

< Cltig1 —

e The approximation scheme for Y is defined as follows:

ZZT = nk _E?_I_lAWi‘Fl | ftz}

7= nE |V, [ p(@de, (ttiga]) | F

o T bit1 T W ST BT

Y, = E[Y%H—l | ]:tz'] + E / f(MS,Xtial/;fi_l_laZtiarti) ds | }_75@']

for t € [t;,t;4+1), with the terminal condition Y{* = g(M1, XT).



Discrete time approximation error

e We assume that, for each m, b(m,-),oc(m,-),3(m,-), f(m,-),g(m,-)
satisfy the previous Lipschitz continuity assumption.



Discrete time approximation error

e We assume that, for each m, b(m,-),oc(m,-),B3(m,-), f(m,-),g(m,")
satisfy the previous Lipschitz continuity assumption.

Proposition: Let (Fy);<r and (Fy);<p be defined, for ¢ € [t;,t;41], by

L _ ti—l—l _
Ft = f(Mt,Xti,}/%i,Zti,rti), Ft = E n /t f(MsaXt,i)}/ti)Zt@')rti) ds | ftz]

{




Discrete time approximation error

e We assume that, for each m, b(m,-),oc(m,-),B3(m,-), f(m,-),g(m,")
satisfy the previous Lipschitz continuity assumption.

Proposition: Let (Fy);<r and (Fy);<p be defined, for ¢ € [t;,t;41], by

L _ ti—l—l _
Ft = f(Mt,Xti,}/%i,Zti,rti), Ft = E n /t f(MsaXt,i)}/ti)Zt@')rti) ds | ftz]

{

Then,

1 _ _ _
Err < C <|7T| +/o E [|Zt — ZyP 4 [T — T2+ | Fy — Ft|2] dt) :



Discrete time approximation error

e We assume that, for each m, b(m,-),oc(m,-),B3(m,-), f(m,-),g(m,")
satisfy the previous Lipschitz continuity assumption.

Proposition: Let (Fy);<r and (Fy);<p be defined, for ¢ € [t;,t;41], by

Fy = f(Mtati}/%iazth:ti)7 Ft = K

{

bit+1 = =
n /t f (Msati}/tiaZt@'? rtz) ds | ftz]

Then,

1 _ _ _
Err < C <|7T| +/o E [|Zt — ZyP 4 [T — T2+ | Fy — Ft|2] dt) :

Proposition: Under the above conditions

Err? < C||x|+ 1E[|F—F'2 dt 0
< A / t|] — 0.



Discrete-time scheme 1V

Reflected BSDEs and free boundary problems

( t t
X, = XO—I—/Ob(XS)ds—I—/Oa(XS)dWS,
4 1 1
Y, — g(Xl)—I-/t f(XS,YS,ZS)ds—/t ZsdWs + K1 — K;
1
Y; > R(Xy) , t<1 and /O<Ys—h(Xs>>sz =0,




Previous works

e f independent of Z: Bally, Pages and Printemps (02,...), B. and
Touzi (04).

e f depends on Z: Bally (with randomization of the time horizon), Ma
and Zhang.



Construction

e Approximation scheme
VT o= B[V, ] +nt SXEL VL ZE)
with the terminal condition
Vi = g(X7) .
where for R ={r;, 0<j <k} D

R(tvxay) =Y + [h(w) — y]—l_l{teﬂ%\{O,T}} ) (t,CU,y) S [OaT] X Rd—l_l .



Construction

e Approximation scheme
VT o= B[V, ] +nt SXEL VL ZE)
with the terminal condition
Vi = g(X7) .
where for R ={r;, 0<j <k} D

R(tvxay) =Y + [h(x) — y]—l_l{teﬂ%\{O,T}} ) (t,CU,y) S [OaT] X Rd—l_l .

e f independent of Z (Bally and Pages): When ® = x, error on Y
1
controled in |r|2 and by |7| when h is semi-convex.



Regularity of ~Z:

e Ma and Zhang approach: Integration by parts = uniform ellipticity
condition on o

1 1
Zt=E[g<X1>N{+ /t f(©s)Nids + /t NydKs | ft]
where

Nf = -7 " (X)X dWs (VX)) Lo (X))



Regularity of ~Z:

e Ma and Zhang approach: Integration by parts = uniform ellipticity
condition on o

Theorem: (Ma and Zhang) If ¢ is uniformly elliptic, o, b € C} and h
€ C?, then

2 1
§:/ E[|Z:— 2] dt < Clnl2.
If R = 7, then

> 2 2 1
E sup Vi =Y 17| + 127 =2l < Clrl2,

teltitit]

max|Y;, — Y; |2] + max E
1<n 1<n




Regularity of Z: Discretely reflected case

e Discretely reflected BSDE (BC06 with simplication f = f(x))
~b b Tj+1 Ti+1
7b — y,,,.j+1+/t f(XS)ds—/t Zbdw, |
Ytb = R(t,Xt,?;b) on each [rj,rjy1], i<k —1.

with Y = g(X;) and ©° = (X, Y?, z%).

Proposition: There is a version of Zb such that for each 17 <k—1and
t € [Tj,’l“j_|_1)2

70 = E :Vg(Xl)VXll{szl}—I—Vh(XTj)VXle{Tj<1} | A (VX)) Lo (X))

+ E| tTj Vaef(X)VXudu | F| (VX)) To(Xy) .

where Tj i = inf{teR | t> Ti4+15 h(X¢) > Y%b} A1l and s € [ijrj—l—l)-



Regularity of Z: Discretely reflected case

e Main idea to conclude: Assume h =g is C}J and f = 0. For simplicity:
A= (VX)) lo(X) =1.
z{ =V} :==E |VR(X:))VXr, | F]

iIs @ martingale, thus, with i; s.t. ti; =15,

k—1%41—1

[ ngdt] = £ X )W -
P

K— 1’Lg+1 1

w > Y B[V P -1VEP]

J=0 k=i,

7| (B [V 12 = (V2P

K—2 .
+ B[R -

ZE




Regularity of Z: Discretely reflected case

where
' 41 ' J j+1

E [V, ° = VIEIP] < B [y Vi, — VL]

= _777“j+1|E [Vh(XTJ)VXTJ - Vh(XTj+1)vXTj+1 | Frj—l—l
[ 1

< EZHCU+1—“U)4

SO that

K—2

~ S
E (V12— VP < VRE|i(re1 - m1)7
j=1

e Similarly if Vh € C? :
. . )
E||VZ, 17— VZE1?] < Eli(r41— )]
so that

K—2
Z Vi P =1ViTIP] < Eff(re-1 —71)]



Regularity of Z: Discretely reflected case

Theorem: If h € C} with L-Lipschitz derivative, then

n—1
> E
1=0

tit+1
/+ |Zf3—zf.|2dt] < C+k|rl.
t; ¢

If h € C2 with L-Lipschitz derivatives + o € C}, then

n—1
> E
1=0

tit1
/+ |Z§>—Zf.|2czt] < Clnl.
; U



Convergence speed: Discretely reflected case

e Assumptions: b, o, g and f are Lipschitz-continuous.

e Use H; : h € Cj; with L-Lipschitz derivatives of order up to z, with
1= 1 or 2.

Theorem: Let Hy hold. Then,

1
E |max|¥ — Y| ~ Y2 < Crk2Z|n

1<n

+ max K

su Y,
<n—1 p|t

41
te(titizl]

and

> E

'I; 7

/Z+1|Zt Zf|2dt] < C«|nl
t



Convergence speed: Discretely reflected case

e Assumptions: b, o, g and f are Lipschitz-continuous.

e Use H; : h € Cj; with L-Lipschitz derivatives of order up to z, with
1= 1 or 2.

Theorem: Let H, hold 4+ o € C}. Then,

E sup  |VT = Y{°

te(t;,tix1]

< C |m|

1+1

max|Yt — Y, |2] + r<nna_xlE

and

/ti—l—l
t .

1

> E

()

ZT — Z,?|2dt] < Ck|n



Convergence speed: Discretely reflected case

e Assumptions: b, o, g and f are Lipschitz-continuous.

e Use H; : h € C}i with L-Lipschitz derivatives of order up to z, with
1= 1 or 2.

Theorem: Let Hy hold and X™ = X on w. Then,

S E

i1 _ 1
/+ |Z§T-Z§\2dt] < C w3 |l
t; t

Let H>, hold and X™ = X on w. Then,

ir _
SE|[ZE - 2P| < Ol
- t.: e
) 1




Convergence speed: Continuously reflected case

Theorem: Take ® = x. Let Hy hold. Then,

E sup |V, . —Y?| < Cp a(n),

41
te(titig1]

1<n—1

max|Y;T - ¥y, |2] + max E
,1’_

1
with a(r) = |7x|2 under Hy and a(x) = |x| under Hs.
Moreover, under H1,

ZE

1
/ | Z — Zt|2dt] < Cp |nm|2,

If H + o € C}! holds and X™ = X on «, then

ZE

[ 12 - | < oyl




Numerical methods

a. Regression based algorithm

b. Malliavin calculus approach

c. Quantization method



How to compute the conditional expectations ?

' = 9(X7)
Zf = nB|VT, (Wi, — W) | P,

o= B[R, A (X0 )




Regression based algorithms

e Simulate N path (X™7);cy of X7




Regression based algorithms

e Simulate N path (X™7);cy of X7

e Initialize: ?{T’j = g(XiT’j) for j < N




Regression based algorithims

e Simulate N path (X™/);cy of X7

e Initialize: Yf’j = g(Xf’j) for j < N

o Compute the non parametric regression: (Y}, ™ 1)j<n and (Yz—l—l(Wtz—l—l
Wtjz-))ggN on (Xtiﬂ)]SN and set
BV, | XE=X["] = 3 awmp(X37)
k<k
g [Y/}’?—Fl(Wti+1 - Wi) | X = XZZJ_ = 2. kak(XZ’])
k<k
e Gives
Zy! = n ), B/cpk(XZZ’])
k<k

k<k



Regression based algorithims

e Carriere (1996). Valuation of the Early-Exercise Price for Options
using Simulations and Nonparametric Regression, Insurance : mathe-
matics and Economics

e Longstaff and Schwartz (2001). Valuing American Options By Simu-
lation : A simple Least-Square Approach. Review of Financial Studies.

e Clément, Lamberton and Protter (2002). An analysis of a least
squares regression method for American option pricing, Finance and
Stochastics.

e Gobet, Lemor and Warin (2005). Rate of convergence of empir-
ical regression method for solving generalized BSDE. preprint Ecole
Polytechnique.



Malliavin calculus approach

e Simulate N path (X™7);cy of X7
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Malliavin calculus approach

e Simulate N path (X™7);cy of X7
e Initialize: ?{T’j = g(X71T’j) for j < N

e Estimate the conditional expectation using the representation

E[VT, | XF =X =E |V

z—l—l

i+1 {X?T>X”j}¢’i] /E[ {XW>X”}¢’L']

l
(ZY’L—I-]. {XTrl>X ,]} ) (Zl{Xﬂ'l>X ,]} )



Malliavin calculus approach

e Simulate N path (X™7);cy of X7
o Initialize: V77 = g(XT7) for j < N

e Estimate the conditional expectation using the representation

E|YT | XE=X[7|=E|¥T

z—l—l

i+1 {X;TZX ’J} @] /E ll{Xg;ng;’j}(Di]
l
(Zyz—l—l {X7TZ>X7TJ} ) (Zl{le>X7rj} )

e Set for < N

Zg,j — nE [Yt?—i—l(wt 1 —Wt) | XZT:XW,]}
7 o= BV, | XE=X[] + f(XtJ Vil ml)



Malliavin calculus approach

e Simulate N path (X™7);cy of X7
o Initialize: V77 = g(XT7) for j < N
e Estimate the conditional expectation using the representation
YT

|V, | XE=X]7|=E

i+1 {Xzfzx 77} ] /B ll{xz;zxzy}q’i]

l
(Zyz—l—l {X7TZ>X7TJ} ) (Zl{Xﬂ'l>Xﬂ'j} )

z—l—l

e Set for < N

Zg,j — nE [Yt?—i—l(wt 1 —Wt) | XZT:XW,]}
7 o= BV, | XE=X[] + f(XtJ Vil ml)

— With a good algorithm, the complexity IS NOT in N2 but N In(N)¢ !



Malliavin calculus approach

e Fournié, Lasry, Lebuchoux, and Lions (2001). Applications of Malli-
avin calculus to Monte Carlo methods in finance II, Finance and Sto-
chastics.

e Bouchard, Ekeland and Touzi (2004). On the Malliavin approach to

Monte Carlo approximation of conditional expectations, Finance and
Stochastics.

e Bouchard and Touzi (2004). Discrete-Time Approximation and Monte-
Carlo Simulation of Backward Stochastic Differential Equations. Sto-
chastic Processes and their Applications.

e Lions and Regnier (2001). Calcul du prix et des sensibilités d'une
option américaine par une méthode de Monte Carlo, preprint.



Quantization method

e Replace X7 by a process X7 taking values in a sequence of grids
(I"¢,)¢; such that

1. XT is the projection of X[ on Iy,

2. Iy, minimize the L? distance between X[ and X[ among all the
grids having the same size.

e Write the algorithm on this process after having computed the tran-
sition probabilities of X™ by MC methods: finite dimensional space,

everything becomes explicit.

— Bally and Pages (2002). A quantization algorithm for solving dis-
crete time multidimensional optimal stopping problems. Bernoulli.

— and many others... see the web page of Pages.



