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•Wealth process: (risk free interest rate r = 0)

dXπ(u) = Xπ(u) πu [µ (u, Sπ(u), πu) du+ σ (u, Sπ(u), πu) dWu]

• Claim to be hedged: g(Sπ(T )).

•Quantile Hedging problem: Given p ∈ (0,1), find

v(t, s; p) := inf
{
x ≥ 0 : P

[
Xπ
t,s,x(T ) ≥ g

(
Sπt,s(T )

)]
≥ p for some π ∈ A

}
.
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[
Â(x̂(p))

]
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- Explicit solution in some simple (but important) cases.

- Generic solution of the form: Xπ
t,s,x(T ) = g

(
St,s(T )

)
1A or Xπ

t,s,x(T ) =

g
(
St,s(T )

)
ζ with ζ ∈ L0[0,1].

- Similar structure in incomplete markets.

• Cons:

- Explicit solution not known in general (need a way to compute it

numerically...)

- Dual problem in incomplete markets is a control problem: how to

solve it ?

- Relies heavily on the duality between super-hedgeable claims and risk

neutral measures. How to extend this to large investor’s problems, non

financial problems,... ?
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∫ τ
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• The Problem:

v(t, s; p) := inf
{
x ∈ R+ : ∃ π ∈ A s.t. P

[
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t,x,s(T ) ≥ g(St,s(T ))

]
≥ p

}
.

where
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• Associated PDE:

0 = sup
πσs=σsvs+αvp

(
πµs− µsvs −

1

2
σ2s2vss − ασsvsp − α2vpp

)

• This implies that vpp ≥ 0 and

0 = sup
α

(
µ

σ
αvp − vt −

1

2
σ2s2vss − ασsvsp − α2vpp

)

= −vt −
1

2
σ2s2vss +

1

2

(
µ
σvp − σsvsp

)2

vpp
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concave in p ⇒ v(T−, s, p) = pg(s)
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Verification in the quantile hedging problem

• Associated PDE (bis): 0 = −vt − 1
2σ

2s2vss + 1
2

(µσvp−σsvsp)
2

vpp

• Boundary conditions: v(T−, s,1) = g(s), v(T−, s,0) = 0 and v

concave in p ⇒ v(T−, s, p) = pg(s)

• Legendre-Fenchel transform of v with respect to the p−variable:
u(t, s, q) := supp∈[0,1] {pq − v(t, s, p)} .

a- Boundary conditions: u(T−, s, q) = (q − g(s))+

b- Associated PDE:

−ut −
1

2
σ2uss − (µ/σ)qσsusq −

1

2
(µ/σ)2q2uqq = 0

c- Feynman-Kac:

u(t, s, q) = EQ
[(
Qt,q(T )− g

(
St,s(T )

))+
]

where
dQ(r)

Q(r)
= (µ/σ)dWQ

r



Verification in the quantile hedging problem

• Optimal controls: solution to

0 = sup
πσs=σsvs+αvp

(
πµs− µsvs −

1

2
σ2s2vss − ασsvsp − α2vpp

)
is given by

π̂ := vs +
α̂

sσ
vp , α̂ :=

µ
σvp − σsvsp

vpp
.



Verification in the quantile hedging problem

• Optimal controls: solution to

0 = sup
πσs=σsvs+αvp

(
πµs− µsvs −

1

2
σ2s2vss − ασsvsp − α2vpp

)
is given by

π̂ := vs +
α̂

sσ
vp , α̂ :=

µ
σvp − σsvsp

vpp
.

⇒ Retrieve also the dynamics of the probability of hedging P α̂ !



Conclusion

• The Problem:

v(t, s; p) := inf
{
x ∈ R : ∃ π ∈ A s.t. E

[
`(Xπ

t,x,s(T ), Sπt,s(T ))
]
≥ p

}
.

• Either : Compute

u(t, s;x) = sup
π

E
[
`(Xπ

t,x,s(T ), Sπt,s(T ))
]

and then find x̂ such that u(t, s; x̂) = p so that v(t, s; p) = x̂.

•Or : Directly compute v(t, s; p).

• Evolution of Pα: If we have a verification result for the PDE, then

one constructs α̂ and π̂. It provides the evolution of

E
[
`(X π̂

t,x,s(T ), Sπ̂t,s(T )) | Ft
]

= P α̂t,p .

⇒ Evolution of the level of “reachability level” P according to different

path of W .


