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dS™(u)

) (u, S™(u), ™) du + o (u, S™(u), my) AWy,

e Wealth process: (risk free interest rate r = 0)

dX™(u) = X"(u) 7y [p(u, S™(uw), ) du + o (u, S™(u), my) dWy]

e Claim to be hedged: ¢(S™(T)).

e Quantile Hedging problem: Given p € (0,1), find

v(t,s;p) ==inf{z>0: P X[ (T) > g (SF(T))| >p for some = € A} .
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& (set formally A = {XT, .(T) > g (Sis(T))})

Té}\;__(IP’ [A] under EQ [g (St,S(T)> 1A] < x

e Foellmer and Leukert’s solution:
g (St,s(T)) T

maxP[4] under PI[A] :=EY

EQ g (S00(D)] | = EQ[g (S00(1))]
Solved by using Neyman-Pearson’'s Lemma: test P against P9

= A= {X], (T)>g (st,S(T))}.

1. Find A(z) and #(z) so that X7&)(T) > ¢ (St»s(T)) LA(a)

t,s,x

2. Find z(p) so that P [A(f(p))] =p
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Explicit Solution (General Case)

e Pros:

- Explicit solution in some simple (but important) cases.

- Generic solution of the form: XZTS@(T) =g (St,S(T)> 14 or ng,:c(T) =
g (St,S(T)) ¢ with ¢ € LO[o, 1].

- Similar structure in incomplete markets.

e Cons:

- Explicit solution not known in general (need a way to compute it
numerically...)

- Dual problem in incomplete markets is a control problem: how to
solve it 7?7

- Relies heavily on the duality between super-hedgeable claims and risk
neutral measures. How to extend this to large investor’'s problems, non
financial problems,... 7?
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Comparison with the super-hedging problem

e Dual approach:
v(t,s;1) = inf {:I; >0: IreAs.t. P [ngs,m(T) > g (St,S(T))} — 1}
= sup EQ |g (St,s(T))]

e Direct approach of Soner and Touzi:

- (DP1): z>v(t,s;1) = 3w e A s.t. for all stopping time r < T
ng,a:(T) > v(T, Sgs(T); 1)
- (DP2): =z <wv(t,s;1) = for all stopping time r<T and mn € A

P [ngs,x(T) > o(T, ST(7); 1)} <1

= is sufficient to derive PDEs associated to v(-;1).
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Direct approach for quantile hedging ?

e Formal DP:

r>uv(t,s;p) A Ire A st. Xi, (7)) > v(r,S{s(7);p)

e Correction of the formal DP: =z > v(¢,s;p) = 3 7€ A s.t.
ng,x(T) > v(T, Sgs(T); P)where P:=P [ng,a:(T) > Q(Sgs(T)) | ng,x(T)]
and E[P] =p i.e.

T
P=p—|—/ audWy,
t
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Direct Dynamic Programming

e Dynamic Programming: Set Pt,p = p + J{ acudWy.

- (DP1): z > wv(t,s;p) = 3w € Aand a € L2(dt x dP) s.t.

ng,ac(T) > v(T, Sgs(T); Pto,ép(7->)

for all stopping time = < T.

- (DP2): z < v(t,s;p) = for all stopping time + < T, = € A and
a € L2(dt x dP)

P | X[ 1 (7) > v(r, SE(); PEy()] < 1
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PDE derivation (formally)

o Take z = v(t,s;p). Thereis 7 € A and a € L2(dt x dP) s.t.

ng,x(T) > v(T, Sgs(T); Pt?ép(T))

Thus,
dXZ‘,—S,:U(u) — Tu [,LL (’LL, Sﬂ—(u)a 7T’UJ) du + g (’U,, Sﬂ-(u)a WU) dWU]
> dv(u, S{s(u); Prp(u))
= L"%(u, S{s(u); Prp(u))du
+ DS’U(’U,, SZSS(’U,), Pt?ép(u))o- (’U,, Sﬂ-(u)a WU) dWU
+ Dpv(u, S§o(u); Prp(u))audWy
This leads to

max wu(t,s,m) — LT (t,s;p) =0
(m,0)€G(1,s,p) { )

where G(t,s,p) ;= {(m, ) : wo (t,s,m) = Dsv(t,s;p)o (t,s,m) + Dpv(t,s; p)a}
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e On the Dynamics:
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Extensions

e On the Dynamics:
ST = s—l—/t.,u(SW(u),wu) du—l—/t-a(SW(u),ﬂu) dWy,
X" = 2+ [ p(87(w), X"(w)mu) du+ [ B(ST(w), X" (w), mu) dWa
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= Back to Stochastic Target Problems !!!

= Main difficulty: unbounded controls (new technics...)
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Verification in the quantile hedging problem

e The Problem:
v(t,s;p) = inf{z eRy : IreAst. P|X[, (T) > g(Ss(T))| > p} -

where

dSt s(r) = St s(r) (udt + cdW,) and dXfoys(r) = mrdSt (1)

e Associated PDE:

_ 1 55 2
0= sup TUS — USVs — =08 Vgs — O SVsp — O~ Upp
TOS=0SVs+QUp 2

e This implies that vpy, > 0 and

1
O = sup (H avp — Ut — 50'282’033 — QO SVgp — a2vpp>
a \o

. 2
1 1 (E'Up — O'S’Usp)
2 2’033 P =

—Ut — -0 S
2 2 Upp
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Verification in the quantile hedging problem

[ 2
e Associated PDE (bis): 0 = —v; — %02821)33 + %(va U‘;;’Usp)

e Boundary conditions: v(7T—,s,1) = ¢(s), v(T'—,s5,0) = 0 and v
concave in p = v(T—,s,p) = pg(s)

e Legendre-Fenchel transform of v with respect to the p—variable:
U(t, S Q) L= SUppe[O,l] {pq — ’U(t, Sap)} .

a- Boundary conditions: u(T—,s,q) = (q — g(s))+

b- Associated PDE:

1 1
—Uup — EO'QUSS — (u/o)qosusq — E(u/a)zqzuqq =0

c- Feynman-Kac:

dQ(r)
Q(r)

ut,s, @) =EQ|(Quq(T) = g (St.s(1)) ™| where = (u/o)aw ]
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Verification in the quantile hedging problem

e Optimal controls: solution to

1
O = sup <7T/,LS — USVsg — —0'282'033 — OéO'S’USP — ()(Q'Upp)
TOS=0sVs+Qvp 2
IS given by
& E’Up — O'S'Usp
~ .__ ~ .__ O
T I=vs+ —vp , Qi=
SO 'Upp

= Retrieve also the dynamics of the probability of hedging Po




Conclusion

e The Problem:

v(t,s;p) = inf{x ceR : 3reAst. E [z(xgx,S(T),sgs(T))} Zp} .

e Either : Compute
u(t,s; @) = SUP E |&(XT,, (1), STo(T)))

and then find z such that u(t,s; ) = p so that v(¢,s;p) = Z.
e Or : Directly compute v(t,s;p).
e Evolution of P%: If we have a verification result for the PDE, then

one constructs & and 7. It provides the evolution of

E [0(X],,s(T), SE(T)) | Fe| = P, .

= Evolution of the level of “reachability level” P according to different
path of W.



