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Abstract

We consider a class of production-investment models in discrete time with propor-
tional transaction costs. For linear production functions, we study a natural extension
of the no-arbitrage of the second kind condition introduced by M. Résonyi [16]. We
show that this condition implies the closedness of the set of attainable claims and is
equivalent to the existence of a strictly consistent price system under which the eval-
uation of future production profits is strictly negative. This allows us to discuss the
closedness of the set of terminal wealth in models with non-linear production, func-
tions which may admit arbitrages of the second kind for low production regimes but

not marginally for high production regimes.
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1 Introduction

This paper is motivated by applications in optimal hedging of electricity derivatives for
electricity producers. Electricity producers sell derivative contracts that allow them to buy
electricity at different periods and at a price fixed in advance. In practice, the producer can
deliver the required quantities of electricity either by producing it or by buying it on the
spot market. He can also try to cover himself through future contracts, but the granularity

of the available maturities on the market is in general insufficient.

It is a typical situation where a financial agent can manage a portfolio by either trading on
a financial market or by producing a good himself. Such models have already been studied
in the literature, in particular by Bouchard and Pham [1] who discussed the questions of
no-arbitrage, super-hedging and expected utility maximization in a discrete time model with

proportional transaction costs, see also Kabanov and Kijima [7] and the references therein.

In [1], the assets are divided in two classes. The first class corresponds to purely financial
assets, e.g. bonds, stocks, options, etc... The second class corresponds to industrial assets,
e.g. plants or buildings. Industrial assets cannot be short-sold, contrary to financial assets.
Moreover, they produce a (random) return at each period. These are expressed in terms of

financial assets, and depend on the current inventory in industrial assets.

This model is well-adapted to industrial investment problems but not to production issues,

since the production regime does not appear as a control.

In this paper, we consider another approach. As in [1], we work in a discrete time model
with proportional transaction costs. Although it does not need to be explicit in the model,
we have in mind that the assets are divided in two classes: the financial assets and industrial
ones. Both can be traded in the market but some of them can be consumed in order to
produce other assets. For instance, coal can be traded on the market, but can also be used
to produce electricity in order to produce cash, once sold. The quantity used for production
on the time period [t, t+1] is chosen at time t. It leaves the portfolio and enters a production
process. Depending on the quantity used, a (random) return enters the portfolio at time
t + 1. Therefore, the main difference with [1] is that we explicitly decide on the production

level at each time step, rather than letting it implicitely be determined by inventories.

Obviously, both approaches can be combined. We refrain from doing this in this paper in

order to isolate the effect of our production model and to avoid unnecessary complexity.

As in [1], we first discuss the absence of arbitrage opportunity and its dual characterization.
In [1], the authors adapt the notion of robust no-arbitrage introduced by Schachermayer
[17]. Tt essentially means that there is still no-arbitrage even if transaction costs are slightly

reduced and production returns are slightly increased. It should be noted that the arguments



used in [1] could be easily adapted to our context. However, we prefer to adopt the (more
natural) notion of no-arbitrage of the second kind, which was recently introduced in the
context of financial markets with transactions costs by Résonyi [16] under the name of no-
sure gain in liquidation value, see also [4] for a continuous time version. The latter notion
implies that we cannot turn an insolvent position at time ¢ into a position which is a.s.
solvent at a later time 7', by trading on the market. In models without transaction costs,

this corresponds to the usual notion of no-arbitrage.

Another difference with Bouchard and Pham [1] is that we allow for reasonable arbitrages
due to the production possibilities. Here, reasonable means that it may be possible to have
a.s. positive net returns for low production regimes. However, they should be limited in the

sense that marginal arbitrages for high production regimes are not possible.

The way we model this consists in assuming that the production function f — R(() admits
an affine upper bound 8 — ¢ + L3, which is somehow sharp for large values of (3, and
that the linear model in which R is replaced by L admits no arbitrage of the second kind.
In the case where each component of R is concave, the following may hold for L and R:
lim, . R(af)/a = L3 (whenever it makes sense), i.e., no-arbitrage holds in a marginal way
for large regimes 3. From the economic point of view, this means that gains can be made
from production in reasonable situations, but that producing more becomes (marginally)

risky when the regime of production is pushed too high.

From a mathematical point of view, it allows us to reduce redthe model to a linear one, at
first, for which a nice dual formulation of the no-arbitrage condition is available. Indeed the
set of dual variables can be fully described in terms of martingales evolving in appropriate
sets. This is not the case for non-linear models (see [1]). The dual formulation is obtain
by following the arguments of Résonyi [16] which do not require to prove that the set of
attainable claims is closed. One can then show that the set of attainable claims is indeed
closed in probability both in the linear and the original models. As usual, this leads to a
dual formulation of these sets. It can also be used to prove existence for expected utility

maximization problems, which, in particular, allow the study of indifference prices.

Importantly, it should be noted that our approach is different from the notions of no marginal
and no scalable arbitrage studied in [13] in the context of market models with convex trading
cost functions, see also [14] and the references therein. We will discuss this in more detail
in Remark 2.4 below.

We refer to [11] for a wide overview of models with proportional transaction costs. See also
[14] and [15] for some more recent results in discrete time, and [5] or [6] for the continuous

time setting.

The paper is organized as follows. We first describe our model, state the dual characteriza-



tion of our no-arbitrage condition and important closedness properties in Section 2. Section
3 discusses applications to super-hedging and utility maximization problems. The proofs

are collected in Section 4.

Notations: Unless otherwise specified, any element z € R? will be viewed as a column
vector with entries ¢, i < d, and transposition is denoted by 2’ so that 2’y stands for the
scalar product. We write M to denote the set of square matrices M of dimension d with
entries MY, 4, j < d. The identity matrix is denoted by I;. As usual, R‘fr and R? stand for
[0, 00)% and (—o0, 0]¢. The closure of a set © C R™ is denoted by ©, n > 1. We write cone(O)
(resp. conv(0)) to denote the cone (resp. convex cone) generated by ©. Given a filtration
F on a probability space (§2, F,P) and a set-valued F-measurable family A = (A;)i<r, we
denote by L°(A,T) the set of adapted processes X = (X;);<7 such that X; € A; P — as.
for all t < T. For a o-algebra G and a G-measurable random set A, we write L°(4,G) for
the collection of G-measurable random variables that take values in A P — a.s. We similarly
define the notations LP(A,G) for p € N U oo, and simply write LP if A and G are clearly
given by the context. Unless otherwise specified, inequalities between random variables or

inclusion between random sets have to be understood in the a.s. sense.

2 Definitions and main results

2.1 Model description

From now on we denote by 7' € N\ {0} a fixed time horizon and set T := {0,1,...,T}.
The complete filtration of the investor, F = (F;)er, is supported by a probability space
(Q, F,P). We assume that Fr = F and that F; is trivial.

As in [17], we model exchange prices by an adapted process m = (m;)ser taking values in the
set M? of square d-dimensional matrices, for some d > 1, satisfying the following conditions
forall t < T and 1,7, k < d:

(i) 7 >0, (i) mi' = 1, (iii) 707l > 7k . (2.1)

Here, 7r§j should be interpreted as the number of units of asset ¢ required to obtain one unit
of asset j at time t. The conditions (i) and (ii) need no comment. The third condition is
also natural. It means that it is always cheaper to buy directly units of asset k from units of
asset ¢ rather then going through the asset j. Note that, combined with (ii), it implies that
7r§j ﬂfi > 1, which means that the ask price is always greater than the bid price. The case
where W,fj ﬂgi = 1 corresponds to the situation where the ask and bid prices are the same,

i.e. there is no friction.

All over this paper, we shall consider the so-called efficient friction case:
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Standing Assumption (EF) : 777/ > 1foralli# j<dandteT.
It means that ask prices are always strictly greater than bid prices.

As in [8] and [9], we model portfolios as d-dimensional processes, each component ¢ cor-
responding to the number of units of asset ¢ detained. The composition V; of a portfolio
holding at time ¢ can be changed by acting on the financial market. If & denotes the net
number of additional units of each asset in the portfolio after trading at time ¢, it should
satisfy the standard self-financing condition. In our context, this means that & € — K, since

we allow to discard any non-negative number of holdings, where, for each w € 2,
Ki(w) := conv (Wﬁj(w)ei —ej,6 50,5 <d), (2.2)

where e; stands for the i-th unit vector of R? defined by ef = 1;—p.

Note that V; € K; means that there exists & € —K; such that V;+¢& = 0. This explains why
K, is usually referred to as the solvency cone, i.e. the set of positions that can be turned

into positions with non-negative entries by immediately trading on the market.

As in Bouchard and Pham [1], we also allow for production. In [1], the production regime
depends only on the inventories in some production assets. Here, we consider a different
approach based on a full control of the production regimes. Namely, we consider a family of
random maps (R;)er from Ri into R? that corresponds to production functions. It turns 3
units of assets taken from the portfolio at time ¢ into R;;1(5;) additional units of assets in
the portfolio at time ¢ 4+ 1. For the moment, we only assume that R;.; is F;;1 measurable,
in the sense that R;1(3) € LY(RY Fiyy) for all § € LO(RE, F). The control §; can be
associated to a regime of production. Componentwise, the greater (3, gets, the more the

producer is putting into the production system.

All together, a strategy is a pair of adapted processes
(€,8) € Ao == L°((—K) x R, F),

i.e., such that (&, 8;) € LY((—K;) x RL, F) for all 0 < ¢ < T. The corresponding portfolio
process, starting from 0, can be written as V&% = (Vf’ﬁ )ter Where

t

VA=Y (6 = Be+ RolBeci)lin1) - (23)

s=0
Example 2.1 Let us consider a market model where the agent produces electricity that can
then be sold on the spot market. For ease of presentation, we only consider the case where
the production takes place in a single monetary zone, say Euro, but the model can be extended
to several currencies. The market consists of three assets: the first one is cash, the second

one is coal and the last one is fuel. Allowed self-financed strategies & are described by the



bid-ask process (17)1<; j<3. The agent can use coal or fuel for production purpose, but can
also buy a one period ahead delivery contract to small local electricity producers. Given a
regime (3, the producer obtains a return i, (0;) labeled in cash at time t + 1, depending on
the electricity spot price. Since he does not produce coal or fuel, there is no return in these
two assets. As a consequence, the production function Ry.1 has the form (rtl+1, 0,0), and is

a random Fyy1-measurable function.

Remark 2.1 Observe that we do not impose constraints on portfolio processes. In par-
ticular, one can consume some assets for production purposes although one does not have
them. This means that one can borrow some assets to use them in the production system.

As usual, additional convex constraints could be introduced without much difficulty.

In the following, we shall denote by

T

AX(T) = {Zfs — Bs + Rs(Bs-1) L5211, (€,5) € Ao} ,t<T, (2.4)
s=t

the set of portfolio holdings that are attainable at time T" by trading from time ¢ with a zero

initial holding.

Remark 2.2 The sequence of random cones K = (K;)er is defined here through the bid-
ask process m. However, it should be clear that all our analysis remains true in a more
abstract framework. Namely, one could only consider that K is a sequence of closed convex
cones such that K, is Fi-measurable, RL C K; and K; N (—K;) = {0} for all ¢ <T.

2.2 The no-arbitrage condition

In a model without production, i.e., R = 0, Rasonyi [16] recently proposed to consider the
following no-arbitrage of the second kind condition, also called no-sure gain in liquidation
value, NGV in short:

NA20: (C+AYT)) N LYKy, F) # {0} = ¢ € LY(K,, F), for all ¢ € LO(RY, F,) and ¢ < T.

This means that we cannot end-up at time 7" with a solvable position without taking any

risk if the initial position is not already solvable.

In this paper, we shall impose a similar condition on the pure financial part of the model,
i.e., there is no-arbitrage of the second kind for strategies of the form (£,0) € Ay. Contrary
to [1], we do not exclude arbitrages coming from production whenever the production regime
is small. We only exclude marginal arbitrages for high regimes of production in the following

sense:



Definition 2.1 1. Given L € L°(M% ), we say that there is no arbitrage of the second
kind for the linear production map L, in short NA2" holds, if

(1) ¢ = B+ LB € LY(Kyy1, Fiy1) = € € Ky,
(ii) =B+ L1 € LY Kys1, Fer) = 6 =0,

forall (¢,B) € L°(R*x RY, F) and t < T
2. We say that there is no marginal arbitrage of the second kind for high production regimes,
in short NMAZ2 holds, if there exists (c,L) € L°(RY, F) x LY(MY,F) such that NA2L holds

and
Cir1+ Ly B — R (B) € LO(Kt+1,-7:t+1) Jor all B € LO(Ria]:t) andt <T. (2.5)

The condition (2.5) means that the production function R; admits an affine upper bound. In
most production models, each component R!, i < d, is concave, so that R; typically admits
such a bound. In (i) and (ii), we focus on the production model where R is replaced with
the linear map associated to L. The fact that we consider the production map 3 — L; 10
instead of 8+ ¢;y1 + L4113 coincides with the idea that we only want to avoid arbitrages
for high production regimes: for large values of |L;1(], |¢;+1| becomes negligible.

For L = 0, the condition (i) is equivalent to the NGV condition of [16], this follows from
a simple induction under the standing assumption (EF) above. Our version is a simple
extension to the production-investment model. Condition (i) means that, even if we produce,
we cannot almost surely have a solvent position at time ¢ + 1 if the position was not already

solvent at time ¢. Condition (ii) means that producing may lead to net losses.

In the following, unless otherwise specified, we shall consider (¢, L) as given once for all, and
such that (2.5) is satisfied (whenever NM A2 holds). We shall refer to the linear model as
the one where R is replaced by 3 +— L{.

Remark 2.3 If esssup{|Ri1(8)|, 8 € L°(R%,F)} € L™ for all ¢ < T', then one can choose
L = 0. In this case, NMA2 coincides with the NGV condition of [16] on the pure financial

part, i.e., the no-arbitrage condition is set only on strategies of the form (&,0).

Let us now illustrate the no-arbitrage condition NMA2 in the context of the model de-
scribed in Example 2.1.

Example 2.2 Consider the electricity production model of Example 2.1. If r} is P — a.s.
concave and non-decreasing, then r}(af)/a admits P — a.s. a limit L} (3) as a — oo, where
the map B — L}(B) is P — a.s. linear. It follows that Ry(af)/a admits a limit as o — oo
with can be associated to a random matriz Ly of dimension 3. Moreover, we clearly can find
c; € LO(R?, F;) such that (2.5) holds.



We consider now a specific model of such a situation. Recall that 32 (resp. (3}) denotes
the number of units of coal (resp. fuel) sent to power plants using coal (resp. fuel) at time
t. Hereafter coal and fuel are called technologies 2 and 3. The agent has n; > 1 power
plants that use the technology 1t = 2,3. The k-th power plant that uses the technology 1
has a mazimal capacity =%, € LO(R, U {oo}, Fii1) for the time period [t,t + 1], i = 2,3
and k = 1,...,n;. The case Zi¥, = oo means that there is no limit on the number of
quantities that can be treated. Fach of them convert one unit of raw material sent to the
plant at time t into li’il € L°(R,, Fiy1) MWh of energy that are sold on the spot market at
a price s € L°(R, Friq). The factor ltJrl is called the heat rate of the k-th power plant,
which uses the technology i. The randomness of Zi, and I}, allows one to model possible
random outages or temperature effects in the production process, for instance. For ease of
presentation, we assume that the producer has an idea which power plant is more efficient
and uses that one in priority. Without loss of generality, we can assume that power plants

are ordered by efficiency, namely

lzil > ltffrl P—a.s. forallke[l,n;,—1],i=2,3 andt <T. (2.6)

17

The production function r** associated to the technology 1 = 2,3 is thus given by

ng

Ttlh(ﬁi) = St+1 Z (lﬁu min{§’ — Eiiﬁ Eﬁl}Jr) - Z 7§i11{ﬁiz§;"11}
k=1 —
where = utH = < (k1) HtH denotes the mazximal capacity of the best k — 1 plants, y*
denotes the positive part of a real number y, and fytH € LR, Fiy1) stands for a (possibly
random,) fixed cost associated to the k-th power plant (e.g., a starting cost).
We denote by 3} the amount of cash used at time t to buy one period ahead delivery
contracts from small local electricity producers. The price of these contracts at time t is
fi € L°((0,00), F;) per MWh. Thus, consuming (3} units of cash at time t produces

t+1(5t ) = %ﬁtl

units of cash at time t+ 1, once all MWh have been sold on the spot market at the spot price

St41-
All together, the production map is given by

Ry () = <Tt+1 Be) - Zrt—&-l B),0 O) : (2.7)

Note that rt1+1 is not concave, except if v'* =0 for all i, k, and s, > 0, which may not be

the case on the electricity spot market. However, Ry satisfies (2.5) with L defined by
Lt+1 = si41/ [t Lt+1 = LpicooySta1lyyy fori=2,3, and Ly =0 forj#1,

8



where

ki :=min{k <n; : ZF, = oo},

with the usual convention min() = oo. The above choice of L is the smallest possible
one (component-by-component) under (2.6). As for the minimal possible ¢ (component-
by-component) such that (2.5) holds, it takes the form ¢y = (ci4q,0,0) with

3
1 1 1 i
Cy1 = Max (TtJrl(ﬂ) - E Ltilﬂz> ’
BeRY.

=1

which 1s P — a.s. finite.

We conclude this section with a remark that highlights the differences between the notion
of no marginal arbitrage for high production regimes introduced here and the (seemingly

close) notions of no marginal arbitrage and no scalable arbitrage discussed in [13].

Remark 2.4 1. In [13] and the references therein, the author discusses the notion of no
marginal arbitrage in the context of discrete time models with stock prices depending in
a convex way on the quantity to buy/sell. In the terminology of this paper, a marginal
arbitrage has to be understood as an arbitrage obtained when trading the marginal price
process associated to infinitesimal trades. In our context, where the non-linearity only comes
from the production map R, this would (essentially) correspond to an arbitrage obtained for
infinitesimal values of (3, i.e. marginally around 5 = 0. Here, we also consider arbitrages that
can happen marginally, but, as explained above, as a “surplus” around large regimes/values
of # and not around 0. This explains why we use the terminology of marginal arbitrage for
high production regimes. Clearly, the two notions are very different.

2. In [13], the author also discusses the notion of no scalable arbitrage. It expresses the fact
that an arbitrage cannot be arbitrarily scaled by a positive scalar. In our setting, the no

scalable arbitrage condition would read:

() cAF(T) NLORY, F) = {0}.

a>0
For real valued concave maps R satisfying R(0) = 0, the no scalable arbitrage condition
(essentially) means that the usual no-arbitrage condition holds when considering the pro-
duction map  — VR(c0), whenever we can give a sense to the gradient VR and it admits
a limit at infinity. In this case, with L := VR(co) in NMA2 | we see that (at least formally)
our no marginal arbitrage of second kind condition for high production regimes, could be
viewed as a no scalable arbitrage of second kind condition.
This is not the case in general. Apart from technicalities (for instance, we do not assume

necessarily concavity, except for the super-hedging theorems of Section 3.1), the main reason



is that we are not interested in arbitrages that are scalable but arbitrages that can appear
marginally as a “surplus” given that the production regime is already high. To illustrate this,
let us consider a very simple (degenerate) two dimensional model with two periods ¢ = 0, 1.
We take 72 =2 and 72t = 1 for t = 0,1, R}(B) = —¢ + L,3* and R? = 0 where ¢ > 0 is a
constant and P [L; = 1] = 0. This model satisfies (2.5) with ¢; = (—¢,0), Li' = L;, LY =0
for (i,7) # (1,1). In this model, direct computations show that a claim of the form g =
(Ag(Ly —1),0), with A, > 0, is scalable, i.e., belongs to Ny A¥(T), if and only if, for each
a > 0, one can find 3}* € R, and v* € L°(R,, F;) such that 8}* = A\, /a+(6+~%) /(L —1).
Because ¢ > 0 and v* has to take non-negative values, this is not possible, except in the
case where L; is not random (otherwise ﬁé’a would be a random variable as opposed to a
real number). This shows that such claims are not scalable (in general) in the sense that
they do not belong to NysoAZ(T). Hence, in general, the no scalable arbitrage condition
does not say anything on such claims, while our NMA2 condition says exactly that they
cannot belong to L°(R%, Fy) \ {0}.

2.3 Dual characterization of the no-arbitrage condition and closed-

ness properties

Before we state our main results, let us introduce some additional notations and definitions.

We first define the positive dual cone process K* = (K );er associated to K by
Kf(w)={z€R? : 2/2>0 forallz € Ky(w)} , we Q.

For t <7 < T, we denote by M7 (int K*) the set of martingales Z with positive components
satisfying Z; € LO(int K, F) for all t < s < 7.

Elements of M (intK*) are called strictly consistent price systems, on [t,T], in [17]. In
a fictitious market without transaction costs admitting a martingale measure, Z could be
interpreted in a way such that the relative prices evolve in the interior of the corresponding
bid-ask intervals of the original model induced by , i.e. are more favorable for the financial

agent. Indeed, one easily checks that
Kf(w):={z€R} : 7 < 2 (w) forall i # j < d} . (2.8)

Taking the first asset as a numéraire, i.e., for Z defined as Z! := Z¢/Z! for t < s < T and for
any Z € MT (int K*), it follows that Z is a martingale on [¢, 7] under the measure Q induced
by the conditional density process (Z1/Z});<s<r and satisfies Z1/Z! < 7% for t < s < T.

Remark 2.5 Note that the condition (EF) above is actually equivalent to intK; # ) for
all ¢ <T. This follows from (2.8).

10



All together, elements of M (int K*) play a similar role as equivalent martingale measures
in frictionless markets, see [17] and the references therein. In particular, it was shown in
[16] that, for L = 0, the no-arbitrage condition NA2° is equivalent to:

PCE": for each 0 <t < T and X € L'(intK}, F;), there exists a process Z € M7 (int K*)
satisfying 7, = X.

This not only means that the no-arbitrage condition NA2° implies the existence of a strictly
consistent price system, but that strictly consistent price systems defined on any subinterval
[t, 7] can also be extended consistently on [t, T]. Indeed for Z € M7 (intK*), one can find a
strictly consistent price system Z € M7 (int/K*) such that Z = Z on [t,7].

Such a property is obvious in frictionless markets but in general not true in our multivariate

setting where the geometry of the cones (K )it is non-trivial.

In our production-investment setting, such price systems should also take the production
function into account. When it is linear and given by the random matrix process L, the cost
in units at time ¢ of a return (in units) L1/ at time ¢t + 1 is g € LO(Ri,}}). Otherwise
stated, one can build the position (L4 — I;)5 at time ¢ + 1 from a zero holding at time
t. For the price system Z and the associated pricing measure Q, see the discussion above,
the value at time ¢ of this return is E[Z], (L1 — I,)8 | . If the fictitious price system
is strictly more favorable than the original one, one should actually be able to choose it in
such a way that EQ[Z] (L1 — 14)8 | F] <0 for all 8 € LORL, F) \ {0}.

The above discussion leads to the introduction of the set L7 (intR%) of martingales Z
on [t,7] with positive components satisfying E [|Z], (L1 — 1a)| | Fs] < oo as well as
E[Z \(Lss1— 1) | Fs] € intR? forall t <s <7, t<7 <TP— as.

Our first main result extends the property NA2° & PCE° to NA2!Y & PCE! where
PCEZ”: for each 0 <t < T and X € L'(intK}, F;), there exists a process Z € MY (int K*) N

LT (intR?) satisfying Z; = X.
Theorem 2.1 NA2! < PCE".

Remark 2.6 Note that the property PCE® allows one to construct (in theory) all the
elements of MZ (int K*)N LY (intR%) by a simple forward induction. First, one can start with
any Zg € int K. Assuming that a given Z € M{(int K*) N £ (intR? ) has been constructed,
one can then choose any random variable Z; 1 € LO(intK;,,, F41) such that E[Z,; | F] =
Zy and E [Z] 1 (Lis1 — 1g) | 7] € intR?. These correspond to simple linear inequalities.

When (2 is finite, the set of such random variables can be described explicitly.

By similar arguments as developed in Lemma 3.2 in [2], the existence of Z € M{ (intK*) N

LI (intR?) then allows one to provide a L' upper bound on strategies (£, 3) € Ay satisfying

11



Vf#ﬂ + k € Ky for some x € R?. However, because no integrability condition is imposed

a-priori on ¢, we require the additional assumption:
37 € ME(intK*) N LY (intR?) s.t. E [|Zper]] <ooVO<t<T. (2.9)

Lemma 2.1 Assume that (2.9) holds. Then, there exists Q ~ P and a constant o > 0, such
that, for all k € R and (&, 3) € Ay satisfying Vﬁ’ﬁ + k€ Kr, one has:

EY | > (&l + 18| < o (B [ZeCT] + Zir)
0<t<T
where
T
C'tT = Z cs , t<T. (2.10)
s=t+1

Remark 2.7 Given (¢, ) € Ay, let us define

t
Vit = (6 = Bo+ Lafailz) - (2.11)
s=0

In view of Theorem 2.1, applying Lemma 2.1 to the case R(3) = 0+ Lg, i.e. ¢ =0, leads to
the following corollary: Assume that NA2L holds. Then, there exists Q ~ P, Zy € intK;
and a constant o > 0 such that, for all kK € R? and (€, 3) € Ay satisfying V%ﬁ +k € Ky,

one has:
I < aZjk .

> (&l +16:)

0<t<T

The last remark combined with Komlos Lemma readily implies that the sets

s=t

Af(T) = {Z (fs - ﬁs + Ls(ﬁs—l)lszt-i-l) ) (575) € AO} )

are Fatou-closed, in the sense that the limit in probability of sequences of elements (g, )n>1 C
AE(T) satisfying g, + k € Kp for all n > 1 belongs to AX(T) as well. Under (2.9), a similar
result could be easily proved by appealing to Lemma 2.1 for the sets AZ(T), recall (2.4),

under the following upper-semicontinuity assumption:
(USC) : limsup R,(3) — Ry(3°) € =K, forall B e R% | ¢t < T
BERY 330

where the limsup is taken component-by-component. Such Fatou-closedness properties are
sufficient for applications, but they require (2.9). In order to deal with the general case, i.e.,
when (2.9) may not hold, we need to use more elaborate arguments, which actually allows

one to obtain the following stronger closedness property.
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Theorem 2.2 AY(T) is closed in probability under NA2L.  The same holds for A¥(T)
under NMA2 and (USC).

Example 2.3 We continue the study of Example 2.2. Hereafter, we assume that conditions
(2.1) and (EF) are satisfied. Note that the condition (ii) of NA2L is satisfied if and only
if, for allt <T —1 and §; € L°(R3, F),

3
(L —7i) B =0 = =0

i=1

which is equivalent to
P [St—l—l < ft’f.t] > 0 and P |:1{k§<oo}8t+1lzﬁ-z1 < ng1|f't] >0 fOT’ 1=2,3.

Assuming that the above condition is satisfied, then (i) of NA2F is equivalent to the exis-
tence of an element Z € ME (int K*) N LE(intRY). Let Q ~ P be defined by dQ/dP = Z.k
and 7Z = Z/Z'. As in [8], [17] and [16], the fact that Z € ME(intK*) is equivalent to
7177 < 7t for all i # j, and each Z' is a Q-martingale, i = 2,3. The new condition
7 € LT(intRY) is equivalent to E9s; 1y | F] < f; and EQ[l{ké<oo}8t+1li{€é1 —Zi, | R =
E@[l{k%<m}5t+1liﬁ?l | Fi] — Z1 <0 fori=2,3.

Note that (USC) trivially holds in this example, so that Theorem 2.2 implies that AF(T) is

closed in probability whenever the above conditions are satisfied.

3 Applications

3.1 Super-hedging theorems

As usual, the closedness property allows one to derive dual formulations for the set of attain-
able claims. We first formulate it in the linear model. In this section, we denote by Mg (K*)
the set of martingales Z satisfying Z, € LO(K?, F,) for all s < T, and by LI (R%) the set of
martingales Z with non-negative components satisfying E [|Z,,(Lss1 — 14)| | F,] < 0o and
E[Z,\(Loy1 — 1a) | Fs] € R? forall s < T

Proposition 3.1 Assume that NA2F holds and let V € L°(RY, F) be such that V + r €
LYKy, F) for some k € RY. Then the following assertions are equivalent:

() V € AK(T),

(i) E[Z:V] <0 for all Z € ME(K*) N LT(RY),

(iii) E [Z:V] <0 for all Z € ME(intK*) N LE (intR?).

13



In the original non-linear model, an abstract dual formulation is also available. However,
due to the non-linearity of the set of attainable terminal claims, it requires the introduction

of the following support function:
af(Z) :=sup {E[Z}V], V€ A§(D)} . Z € ME(K™),

where
AJ(T) :={V € A}(T)st.V + rk € Kr for some k€ R?}.

Remark 3.1 1. It will be clear from the proof in Section 4.2, see (4.6) with ¢ = 0, that
of(Z) < E[Z;CT] for all Z € MT(K*) N LI(RY), whenever the last term is well de-
fined, which is in particular the case if ¢; is essentially bounded from below, component-by-
component, for each ¢t < T

2. Let a® be defined as o in the case R(3) = 0+ L3. Since 0 € AL(T), we have a* > 0.
On the other hand, 1. applied to R(3) = 0 + Lf3, i.e. ¢ = 0, implies that o (Z) < 0 for all
7 € MY(K*)n LT (RY). Hence, a(Z) =0 for all Z € MI(K*) N LT(RY).

Moreover, as usual, we shall need the set A¥(T') to be convex, which is easily checked under
the additional assumption (R)(a) below. We will also require that bounded strategies
lead to L'-bounded from below terminal wealth values. We therefore impose the following

conditions:

(R): (a) aR(B)+ (1 —a)R(3) — Rapi+ (1 —a)B) € —K,
for all « € L°([0,1],F), 31, € L'(R%, F) , t < T.
(b) R, (B) € L'R%,F) forallt <T and 8 € L(R%,F),

where we have used the notation R~ := (max{—R’,0});<q4.

Remark 3.2 The technical condition (R)(b) is by no means restrictive. One can for in-
stance obtain it, whenever there exists a deterministic map v : Ri — [1,00) such that
esssup{|R; (B)|/¥(B), t <T, B € RL} =€ L°(Ry, F). Indeed, in this case, it suffices to
replace the original probability measure P by P ~ P defined by dP/dP = ¢~"/E [e~"]. Since
P ~ PP, this does not affect the conditions NA2F, (USC) and (R)(a).

Proposition 3.2 Assume that NMA2 , (USC) and (R) hold. Fiz'V € L°(R F) such
that V + k € L°(Ky, F), for some k € RY, and consider the following assertions:

() V e AN(T),

(ii) E[ZLV] < o®(Z) for all Z € ME(K™),

(iii) E [Z}V] < a®(2Z) for all Z € ME (intK*).
Then, (1)< (ii)= (iii). If moreover there exists some Z € M (int K*) such that a®(Z) < oo,
then (iii)=-(ii).
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In the case where the linear map L coincides with the asymptotic behavior of R, i.e.,
(RL) : lim Ri(nG)/n= L5 forall § e R, t<T),
one can restrict to elements in L' (R?) (resp. £&(intR?)) in the above dual formulations.

Proposition 3.3 Let the conditions of Proposition 3.2 hold. Assume further that (RL) is
satisfied. Fiz V € LO(R?, F) such that V + k € L°(Ky,F), for some k € RY, and consider
the following assertions:

() V e AR(T),

(i) E[Z,V] < of(2) for all Z € ME(K*) 0 LY (RY),

(iii) E[Z4V] < a®(Z) for all Z € ME (intK*) N LT (intR).
Then, (i)& (ii)= (iii). If moreover there exists some Z € ML (intK*) N LT (intR%) such
that of'(Z) < oo, then (iii)=(ii).

Remark 3.3 It follows from Remark 3.1 that (i)< (ii)< (iii) in Propositions 3.2 and 3.3
whenever assumption (2.9) holds. It is the case under NMAZ2 whenever ¢ is essentially
bounded.

3.2 Utility maximization

In order to avoid technical difficulties, we shall only discuss here the case of a (possibly)
random utility function defined on R¢ that is essentially bounded from above. More general
cases could be discussed by following the line of arguments of [1].

We therefore let U be a P — a.s.-upper semi-continuous concave random map from R? to
[—00,1] such that U(V) = —co on {V ¢ Kr} for V € L(RY, F). Given an initial holding

zo € R?, we assume that
U(zo) == {V € AJ(T) : E[|U(zo+V)|] < o0} # 0.

Then, existence holds for the associated expected utility maximization problem whenever
(USC), (R) and NMAZ2 hold, and there exists Z € M (int K*) such that of*(Z) < oo.
The latter being a consequence of NMA2 when c is essentially bounded (recall Remark 3.1
and Theorem 2.1).

Proposition 3.4 Assume that (USC), (R) and NMAZ2 hold, and that o®(Z) < oo for
some Z € ME(intK*). Assume further that U(xo) # 0. Then, there exists V(zo) € AX(T)
such that

E[U(xo+ V(zg))] = VGS;(p )E [U(zo+ V)] .
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4 Proofs

4.1 No-arbitrage of the second kind in the linear model and (K, L)-

strictly consistent price systems

In this section, we first prove that the no-arbitrage of the second kind assumption NA2F
implies the existence of an element Z € ME (int K*) N LT (intR?) that we call (K, L)-strictly

consistent price system.

The arguments used in the proof of Proposition 4.1 below are inspired by [16], up to non-
trivial modifications. This proposition readily implies that NA2" = PCE" up to an obvious
induction argument. Before we state it, we recall the following technical result that will be

used in our proof, see Lemma 4.3 in [15]. In the following, B; denotes the unit ball of R?.

Lemma 4.1 Let G C H C F be o-algebras. Let C' C By be a H-measurable random convex
compact set. Then, there exists a G-measurable random convex compact set E[C|G] C By
satisfying

LYE[C|G],G) = {E[¥|G] : ¥ € L°(C, H)}.

Proposition 4.1 Assume that NA2L holds. Then, for allt < T and X € L'(intK;, F),
there exists Z € L'(intK;, |, Fii1) such that X = E[Z | F], E[|Z' (L1 — 1a)] | Fi] < oo
and B [Z'(Liyy — 1) | Fi] € intRY.

Proof We fix t < T. For ease of notation, we set My, := L;11 — I3. We next define
Vir1 =€ ij<a Ml and Mii1 := Yey1 Myy1. Clearly, M, is essentially bounded.
1. We first show that intR? C cone(intE [©|F;]) =: H, where

@ = {Mt,Jrly + r, (yvr) € (K:Jrl N Bl) X [0; l]d} )

recall that B; is the unit ball of R?. For later use, observe that, since M;,; is essentially

bounded, Lemma 4.1 applies to © up to an obvious scaling argument.
If intR? ¢ H, then RY ¢ H on a set A € F, with P[A] > 0. For each w € A, H(w) being a
closed convex cone, we can then find p(w) € R? and 3(w) € R? such that

p(w)Bw) <0< ¢Bw) forall g€ Hw) forwe A. (4.1)

By a standard measurable selection argument, see e.g. [3, I1I-45], one can assume that p
and [ are F;-measurable. The right-hand side of (4.1), Lemma 4.1 and the fact that K},

is a cone then imply that

(Y' M1+ p')B1a > 0 for all (Y, p) € L¥(K,, x RY, Fipa),
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which leads to 14 € Ri and ]\7[t+1ﬁ1,4 € K;i1. Since K,y is a cone, the latter implies
M, 1814 € Kipq. In view of NA2L, this implies that 314 = 0, which contradicts the
left-hand side of (4.1).

2. We next show that there exists Y € L>(int K}, |, Fiy1) such that E [Mt’ﬂff | .7-"4 € intR?.
To see this, fix n € L®(intR?, F,) and Z € L®(intK; |, Fy1). Set Z := E[M| ,Z | F].
We can then find e € L*=°((0, 1], F;) such that n —eZ € L®(intR%, F;). In view of step 1
and Lemma 4.1, there exists (Y, p) € L*(K;; x R%, Fi4q) and @ € LO(intR,, F;) such that
n—eZ=aBE[M_Y +p|F] or, equivalently, n — aE [p | F] = E [M],,(aY +2) | F].
Clearly, n — aE[p | 5] € intR? and aY + ¢Z € L°(intK}, |, Fr41). The required result is
thus obtained for Y := (oY +¢2)/(1 + a).

3. We now show that int(K; x R%) C cone(intE [I'|F]) =: E where

[':= {(’Yt+1y:]\7[£+1y+7“>7 (y,r) € (K, N By) x [0, 1]d} .

If the above does not hold , then K] X Ri 4 E on aset A € F,, with P[A] > 0, and
the same arguments as in step 1 imply that we can find (p,q) € LO(K; x R%, F,) and
(C?B) € LD(Rd X Rd,ft) such that

P¢+dB<0on A and 0 <Y'(y1(+ M1 B)+p/ B3 for all (Y, p) € L®(K;,, xR%, Fipy) .

The right-hand side implies that 8 € R% and Yig1C A+ Mip1 8 = yig1 (C+ My 8) € Kyy1, and
therefore ( + M,;13 € K;1,. In view of NA2", this implies that ¢ € K;. On the other hand,
the fact that (¢,8) € RY x R% combined with the left-hand side inequality above implies
that p’¢ < 0. This leads to a contradiction since p € K} and ¢ € K.

4. We can now conclude the proof. Fix X € L'(intK},F;), let Y be as in step 2 and fix
e € L'((0,1], ;) such that X := X —cE |:’yt+1}7 | .7:,5} € L'(intK;, 7). Tt then follows from
step 3 and Lemma 4.1 that, for any n € L°(intR%, %), we can find Y € L®(K/, |, Fri1)
and o € LRy, F;) such that X = E [y,1aY | F] and n — E [Vep1oM], Y | 7] € RY. In
view of step 2., we can choose 7 such that n + cE [Mt’ Hff | Ft] € intR?. This implies that
X=E[Z|F]and E [M/,,Z | F] € intR? where Z := y41(aY + eY) € intKj,,. Since
X € L' and K* C R4

+
essentially bounded, while o and £ are F;-measurable, so that E [|[M/,Z| | F] < oo P—a.s.

we must have Z € L'. Moreover, ?,Y and Y1 M1 = M, are
This shows the required result. O

It remains to prove the opposite implication of Theorem 2.1.
Proposition 4.2 PCE!" = NA2~.

Proof Wefixt<T.
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1. We first assume that we can find (¢, 8) € L°(R? x R, ;) satisfying

C—= P+ LiiP € K, (4.2)

and such that ¢ ¢ K; on a set A € F; of positive measure. Without loss of generality, we
can assume that (¢, 3) € L®(R? x R%, F,), since the same statements hold for (1 + |¢| +
18])71(¢, B). This implies that we can find Z; € L!(int K}, F;) such that

Z, <0 on A. (4.3)

In view of PCE”, we can then find Z; 1 € L'(intK},,, Fi11) such that E[Z, 4| F] = Z,
E[1Z),\(Lis1 —1a)| | Fi] < oo and E [Z], (L1 — 1g)|F:] € intRY. By (4.2), we have
Zy ¢+ Z{ 1 (Liyn — Ig)B > 0 which, by taking conditional expectations, leads to Z{¢ +
E [Z),(Liy1 — 1)|F:) B > 0. Since E [Z], (L1 — 12)| 7] € intR? and 8 € RY, this leads
to a contradiction to (4.3).

2. We now assume that § € LO(Ri, F) is such that (Lyyy — 1) € Kyy1. For Z; 4 defined as
above, we obtain Z; (L1 — I3)3 > 0 while E [Z, (L1 — 14)|F] € intRZ. This implies
that 6 = 0. O

4.2 The closedness properties

In this section, we prove that the set AJ(T) is closed in probability whenever there exists
a (K, L)-strictly consistent price system, i.e., MI(intK*) N LT (intR?) # (), and that the
same holds for AZ(T) under the additional assumption (USC). In view of Theorem 2.1,
Theorem 2.2 is a direct consequence of Corollary 4.1 below. We start with the proof of the
key Lemma 2.1 which will be later applied to the linear case R(3) = 0+ Lg.

Proof of Lemma 2.1. Fix Z such that (2.9) holds. In this proof, we set My i := Ly 1y — Iy
and Z, .= E [Z{HMHJ]-}], for t < T, in order to clear notations. We first observe that
(Zy, Zy) € intK; x intR? implies:

1€ < —¢l¢| and Z/3 < —¢|B| for all (&,8) € L°((=K;) x RL, F), t < T, (4.4)

for some e € L°((0,1), F), compare this also with Lemma 3.1 in [2].
We next deduce from (2.3)-(2.5) that

Vi = X where Xy := 3 &+ G+ (¢ + MyB,-1)1,31 for some ¢ € LO(—K,F). (4.5)

s<t

Since X7 + Kk = Vﬁ’ﬁ + Kk € K7, we have Z{FXT > —Z’T/{ so E [Z’TXTL?’:T_J is well defined,
since Zp € L'. Tt then follows from the martingale property of Z, (4.4), (2.9) and (4.5) that

~Zp ok < BZpXp|Froa] < Zp  Xro + E[Z0CT_y — e (|er] + |G| + [Br-a]) |Froa]
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where C7._; is defined in (2.10). Iterating this procedure leads to

~Zyk < E[ZpXe) <E|ZeCq —e Z (&) + 1Ce) + 1Be-1[Lez1) | (4.6)

0<t<T

which implies the required result for Q ~ P defined by dQ/dP := ca with o :=1/E[e]. O

We can now prove the closedness properties.

Corollary 4.1 Assume that there exists Z € M (intK*) N LI (intR?). Then, AL(T) is
closed in probability. If moreover (USC) is satisfied, then the same holds for A¥(T).

Proof We use an induction argument which combines the techniques first introduced in
[10] and Lemma 2.1 applied to the linear case R(() =0+ Lj.

1. We first check that AZ(T) is closed in probability, recall (2.4). Indeed, let (g,)n>1 C
AR(T) be such that g, — g € LO(R4, F) P —a.s. asn — co. Let (&2, 82)n>1 € LO((—K7) x
RY, Fr) be such that & — 87 = g, for all n > 1 and set E := {liminf, |3} < oco}.
We claim that £ = Q. Indeed, letting (&3, 3%) = (€2, 8%)/(1 + |3%])1ge, we obtain & =
1pegn/(1+|8%]) + B%. In view of Lemma 4.2 below, we can assume, after possibly passing
to an Fr-measurable subsequence, that 1peg,/(1+ |8}]) + BF — Br € LO(RL, Fr) P — as.
as n — oo, with |3r] = 1 on E°. On the other hand & 1pe € —Krplge P — a.s. Since
—KrNRL = {0}, this leads to a contradiction. It follows that liminf, . |32 < co P —a.s.
The closedness property of A%(T) then follows from Lemma 4.2 again. The fact that AL(T)
is closed in probability follows from the same arguments.

2. We now fix ¢ < T, assume that Af%,(T) and Af,,(T) are closed in probability and deduce
that the same holds for AZ(T). The corresponding result for AX(T) is obviously obtained
by considering the special case where R((3) =0+ Lf.

Let (gn)n>1 C AE(T) and (€7, 8"),>1 C Ap be such that

VEP =g, forall n>1. (4.7)

We assume that
gn — g € L'(RY, F) P—as. asn — oo .

In view of (2.5), we can find (V"),>1 C A, (T) such that
&+ (Lo — 1)Br + G + V" =gn |

where C] has been defined in (2.10). Set a, = 1+ || + |3*]. We claim that F :=

{liminf, . o, < co} has probability one. Indeed, the previous equality implies that
gf + (Leg1 — Id)BZl + V" =1g (gn - CtT) /an
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where (£, B7) = 1pe(€0, B7) /oy € LO((—K;) x R, F) and V" = 15.V"/a,, € AL (T).
Moreover, Lemma 4.2 below implies that, after possibly passing to an F;-measurable subse-
quence, (&,88) — (&, B:) P — a.s. as n — oo for some (&, B;) € L°((—K;) x RY, F,) such
that (&, ;) # 0 on E°. Since AL, (T) is closed in probability, it follows that

V"= 1ge (gn — CtT) Ja, — & — (Lipy — 1) B — —& — (Lyy1 — 13)3: € AtLH(T) as n — o0 .
We can then find (&, 5) € Ap such that

&+ (Liyr — 1) B + Z §s 4 (Loy1lopicr — 10)B3s =0 .
t+1<s<T

We can now appeal to Lemma 2.1 applied to the case R(3) = 0 + LG to deduce that
EQ [|&] + |8]] <0, for some Q ~ P. Since (&, 3;) # 0 on E°, this implies that P [E<] = 0,
and therefore liminf, . a, < oo P — a.s. Using Lemma 4.2 below, one can then assume,
after possibly passing to an F;-measurable random subsequence, that (£, 5}'),>1 converges
P — a.s. to some (&,0) € L°((—K;) x RL, F), for all t < T. Using the semi-continuity
assumption (USC) and d iterative applications of Lemma 4.2, we can then find an Fy, -
measurable subsequence (o(n)),>1 such that Rtﬂ(ﬁf(")) — Ry 1(B)+ (1 P—as.asn — oo
with (1 € LY(— K11, Fie1). Tt then follows from (4.7) that

Z (ﬁg(n) + Rs+1(ﬂ§(n))1s+1§T - 5§(n)) — g = Gp1 — (& + Rey1(B) — Br) P — aus.

t+1<s<T

We conclude by using the fact that the left-hand side term belongs to Af,(T) which is
closed in probability by assumption. a

We conclude this section with the statement we used in the above proof, see [12].

Lemma 4.2 Fizt <T and (n"),>1 C L°(RY, F;) be such that liminf, . [n"| < co. Then,
there exists a P — a.s.-increasing sequence (o(n)),>1 C L°(N,F;) converging P — a.s. to oo

such that (1°™),>1 converges P — a.s.

4.3 Super-hedging theorems

We now turn to the proof of the super-hedging theorems, i.e., Propositions 3.1, 3.2 and 3.3.
The result of Proposition 3.1 is a consequence of Proposition 3.3 and Remark 3.1. The fact
that (i) = (ii) = (iii) in Propositions 3.2 and 3.3 is obvious. In the following, we prove
that (iii) = (i) in Propositions 3.2 and 3.3 under the corresponding additional assumptions.
The fact that (ii) = (i) is obtained by similar, actually shorter, arguments which are fully

contained in what follows.

Proof of (iii) = (i) in Proposition 3.2: For ease of notations, we write M for L — I,.
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Fix V € LO(R? F) such that V+x € Kr for some s € R, and assume that E [Z}.V] < of(2)
for all Z € M (intK*), but that V ¢ Af (T). Then, AL (T) being closed in probability by
Theorem 2.2, it follows that, for &k large enough (after possibly passing to a subsequence),
VE .= V1yi<x — K1y >, does not belong to AB(T) either but satisfies

E [ZpV*] <E[Z}V] < af(Z) for all Z € M{ (intK™). (4.8)

Since AZ(T) is closed in probability, AZ(T) N L'(RY, F) is closed in L*(R?, F). The latter
being convex under (R)(a), we deduce from the Hahn-Banach theorem that we can find
Y € L°(R%, F) and r € R such that

E[Y'X]<r<E[Y'V*] forall X € AHT)NL" (R, F).

Set Z) := E[Y|F]. Recalling that R(0)~ € L' under (R)(b), we deduce that any element
of the form

X =&+ Z (RH0) A 1)icq , € € LY(—K,,F,) for some s < T,
0<t<T
belongs to AF(T)NL'(R%, F). This easily leads to Z¥ € K* for s < T. Fix Z € MY (intK*),
such that a®(Z) < oo, which is possible by assumption, and ¢ € (0,1), so that Z :=
eZ+(1—¢)Z" € MJ(intK*) and

E[Z;X] <(1—e)r+ed(2) <E[ZpVY] VX € AJT) N LR F). (4.9)
In order to conclude the proof, it suffices to show that
a(Z) =sup {E[Z;X], X € AF(T)N LR, F)} , Z € M(K™), (4.10)

which, combined with (4.9), would imply that af(Z) < E[Z;V*]. Thus leading to a
contradiction with (4.8), since Z € MJ (int K*).

To see that the above claim holds, first observe that, for X € AF(T') such that X +p € Ky for
some p € R?, one can always construct an essentially bounded sequence, X" := X 1 xj<n —
plix|>n for n > 1, which converges P — a.s. to X. Using Fatou’s Lemma, one then ob-
tains liminf, .. E[Z;X"] > E[Z,X] for all Z € ME(K*). Moreover, X + p € Ky implies
X — X" € Kr so that X™ € AF(T) for all n > 1. This proves (4.10). O

Proof of (iii) = (i) in Proposition 3.3: It suffices to repeat the argument of the above
proof with Z € LI'(intR%), which is possible by assumption, and to show that one can
choose ZY such that E [ZtY/(LtH — Id)]]:t} € R? for all t < T. To see this, recall from the

above arguments that ZY is a martingale and that it satisfies
E [Z%’X] <r for all X € AR(T) N LR, F)
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for some r € R. It then follows from (R)(b) that

E

ZTY,Z(Ri+1(5t) An — BZ)Kd] <7 forall B € L®°(R%L,F)andn>1.

t<T

Since Z} has non-negative components, as an element of K7 C Rﬂlr P — a.s., the monotone

convergence theorem implies that

E

Zy"> (R (B) — @)] <r forall 3 € L®(R%,F) .

t<T

In particular, (R)(b) and the above imply that ZYX/ZlgtST Ri(0) € L' and that for any
s<T -1

E |22, (R, (8,) = B)| +¢<r forall , € L¥(RL, 7). (4.11)

where

R*:=R—R(0) and (:=E|Z;" Y  R(0)

1<t<T

Using the first assertion in (R), we then deduce that, for n > 1 and f; € LOO(R‘_iH Fs),

Rs+1(ﬁs) - U_IRSH(Uﬁ) - (1 - n_l)RS-‘rl(O)
= Roa(n 'nBs + (1 =n710) = 'Repa(nf) — (1 = ) R31(0) € Koy -

This shows that, for all g, € L>(R%,F,), the sequence (Z;:_lleH(nﬂs)/n)nZl is non-
increasing and that, by (4.11),

E 22 (R (nB)/n = 5] < (r = O)fn

Sending n — oo, using the monotone convergence theorem and recalling (RL) leads to
E |22 (Lo - )| <0

Since §, € L™(R?, F,) is arbitrary this readily implies that E [Z;VH’(LS+1 - Id)m] e RY.
O

4.4 Utility maximization

Proof of Proposition 3.4. Let (VV"),>; be a maximizing sequence. Since U(V') = —oo on
{V ¢ Kr}, it must satisfy V" + zq € K for all n > 1. It then follows from the definition
of a® and our assumptions that there exists Z € M{ (int K*) such that E[Z(V™ 4 z)] <
o (Z) + Z{xg < oo for all n > 1.

22



Since Zr € int K3 and V" + xy € K7, for all n > 1, we can find ¢ € L°((0, 1], Fr) such that

Ee|V" + 20|] < o (2) + Zjzg < 0o for alln > 1.

This is similar to Lemma 3.1 in [2]. By Komlos Lemma, one can then find a sequence (V"),>;
such that V" € conv(V*, k > n) for all n > 1, and (V"),>; converges P — a.s. to some
V(o) € LO(R%, F). Since A}(T) is convex under (R)(a), (V)1 C AM(T). Since AF(T) is
closed in probability, see Theorem 2.2, we have V (xq) € AZ(T). Moreover, the random map
U being P — a.s. concave, (V™),>1 is also a maximizing sequence. Since U(zq+ V")t < 1 for
each n > 1, we finally deduce from Fatou’s Lemma and the P — a.s. upper semi-continuity
of U that

sup E[U(zg+ V)] =limsupE [U(wo + ‘7")] <E[U(xo+ V(zo))] -

VeU(zo) n—o0
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