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Abstract

Using Dupire’s notion of vertical derivative, we provide a functional (path-dependent)
extension of the It6’s formula of Gozzi and Russo (2006) that applies to C%!-functions of
continuous weak Dirichlet processes. It is motivated and illustrated by its applications
to the hedging or superhedging problems of path-dependent options in mathematical
finance, in particular in the case of model uncertainty. In this context, we also prove
a new regularity result for the vertical derivative of candidate solutions to a class of
path-depend PDEs, using an approximation argument which seems to be original and

of own interest.

1 Introduction

Let X be a R%valued continuous semimartingale with (unique) decomposition X = X +
M + A, where M is a continuous martingale and A is a finite variation process such that
My = Ag=0. Let f:[0,7] x R — R be a C1?-function, then, It6’s Lemma says that

F6X) = £(0,Xo) / Vo f(s, Xo)dM, + T, (1.1)

in which V,f is the gradient in space of f, viewed as a line vector, and I'f is a continuous

process with finite variation, given by

/atfsx ds—i—Z/szst )dA, +f /ijst)[Xi,Xj]s.

1<i<d 1<z ,J<d

If we assume in addition that X and f(-, X) are both local martingales, then =0, as.,
so that the formula does not involve the partial derivatives 0;f and (viiwj f)i j<d any more.
In this case, one might expect that the above formula still holds even if f is only C%!.
This was in fact achieved by using the stochastic calculus via regularization theory that
was developed in [25, 26, 27, 19, 1, 7].
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In this theory, notions of orthogonal (or zero energy) and weak Dirichlet processes have
been introduced (see below for a precise definition), which generalize respectively the no-
tions of finite variation processes and of semimartingales. It is proved that, for a C%!
functions f and a continuous weak Dirichlet process X with finite quadratic variation, the
decomposition (1.1) still holds true for some orthogonal (or zero energy) process I'/. In
particular, if X and f(-, X) are both continuous local martingales, the orthogonal process
I'/ must vanish, so that (1.1) reduces to

t
F(t.Xy) = £(0,Xo) + /0 Vaf(s, Xs)dX,, as. (1.2)

This is typically the case in mathematical finance under the so-called no free lunch with
vanishing risk property, see e.g. [10]. Such a formula is obviously very useful in many
situations where C1? regularity is difficult to prove, or not true at all. In particular, we
refer to [19] for an application to a verification argument in a stochastic control problem.

In this paper, our first main objective is to provide an extension of (1.1) and (1.2) to
the functional (path-dependent) case. For C!2-functionals, the functional It6’s formula for
continuous semimartingales has been investigated in [6, 8], using the notion of Dupire’s
[12] derivatives. For less regular functionals, a step forward in this direction was made in
[29, 3, 4]. The results in [3, 4] were motivated, respectively, by a verification argument for
the replication of path-dependent options in a model with market impact and by an optional
decomposition theorem for supermartingales, which in turn was applied to derive original
results in the field of robust hedging in mathematical finance. In the above papers, the
functional does not even need to be differentiable in space but is assumed to be concave in
space and non-increasing in time (in a sense that matches the notion of Dupire’s derivative),
up to a smooth function. These assumptions, which perfectly match the cases of application
motivating [3, 4], allows one to show that I'/ is non-increasing without complex analysis.
It is restricted to cadlag semimartingales in [4] and to continuous semimartingales in [3,
Appendix|. The main objective of [29] is to establish a path-dependent Meyer-Tanaka’s
formula. It has the advantage over [3, 4] to provide an explicit expression of the non-
decreasing process entering the decomposition in terms of local times, but it requires much
more regularity.

Also notice that a weaker notion of differentiability of path-dependent functionals has
been used in [13, 14] to define the viscosity solutions of path-dependent PDEs (see also [24]
for an overview).

In this paper, we show that the arguments of [19] can be used to easily provide a func-
tional version (1.1)-(1.2) using Dupire’s notion of derivatives for functionals F' defined on
the space of paths. Unlike [1], we voluntarily restrict ourselves to the case where X has
continuous paths for tractability, see Remark 2.9. Since we will use the stochastic calculus
by regularization developed by Russo and Vallois, and their co-authors, we naturally pro-
vide a version for weak Dirichlet processes that extends [19] to the path-dependent case.
In general, it requires additional conditions involving both the path-regularity of the un-
derlying process X and of the path-dependent functional F', that are satisfied when X is



a continuous semimartingale and F' is smooth, or under other typical structure conditions
on F, in particular if F' is Fréchet differentiable in space.

Our main motivation comes from mathematical finance. In models without frictions,
the prices of financial assets turn out to be semimartingales and even martingales under a
suitable probability measure. The C%!functional It6’s formula allows one to understand
the structure/relation between the martingale parts of different financial assets, which is
the core problem for the hedging of risks. More concretely, we provide a new result on the
super-hedging of path-dependent options, under model uncertainty, where the gradient of
the value function provides the optimal super-hedging strategy. Unlike in [4], the situation
we consider does not correspond to that of a concave functional, so that the results of [3, 4]
can not be exploited. In particular, in this application, we prove an original regularity result
for the vertical derivative of the super-hedging price. For this, we use a PDE approximation
argument which seems to be original and which may open the door to a wide range of
applications in the PPDE literature.

The rest of the paper is organized as follows. We first provide our version of the path-
dependent It6’s formula for C%!-functionals and continuous weak Dirichlet processes in
Section 2. Applications in finance are then provided in Section 3.

2 Path-dependent Itd’s formula for C’!-functionals

In this section, we fix a completed probability space (£, F,P), equipped with a filtration
F= (]:t)te[o,T] satisfying the usual conditions. The abbreviation u.c.p. denotes the uniform
convergence in probability.

2.1 Preliminaries

We start with preliminaries on the stochastic calculus via regularization and the notion of
Dupire’s derivatives of path-dependent functions.

2.1.1 Itd’s calculus via regularization and weak Dirichlet processes

Let us recall here some definitions and facts on the It6 calculus via regularization developped
by Russo and Vallois [25, 26, 28]. See also Bandini and Russo [1] (and [27, 19]) for a version
of the C'-Itd’s formula.

Definition 2.1. (i) Let X be a real valued cadlag process, and H be a process with paths
in L'([0,T)) a.s. The forward integral of H w.r.t. X is defined by

t t
- 1
/0 H,d X, = il\r{%g i Ho(X(s1e)nt — Xs)ds, >0,
whenever the limit exists in the sense of u.c.p.

(ii) Let X and'Y be two real valued cadlag processes. The co-quadractic variation [ X, Y] is
defined by
1 t
[X7 Y]t = lim — (X(s-i-e)/\t - XS)(YV(S-&-e)/\t - }/;)d5> t >0,
eNO € Jo



whenever the limit exists in the sense of u.c.p.

(iii) We say that a real valued cadlag process X has finite quadratic variation, if its quadratic
variation, defined by [X] := [X, X|, exists and is finite a.s.

Remark 2.2. When X is a (cadlag) semimartingale and H is a cadlag adapted process,
fot Hs d= X coincides with the usual Ito’s integral fg H,dX,. When X and Y are two

semimartingales, [X,Y]| coincides with the usual bracket.

Definition 2.3. (i) We say that an adapted process A is orthogonal if [A, N] = 0 for any
real valued continuous local martingale N .

(ii) An adapted process X is called a weak Dirichlet process if it has a decomposition of
the form X = Xo+ M + A, where M is a local martingale and A is orthogonal such that
My = A[) =0.

Remark 2.4. (i) An adapted process with finite variation is orthogonal. Consequently, a
semimartingale is in particular a continuous weak Dirichlet process.

(ii) An orthogonal process has not necessarily finite variation. For ezample, any determin-

istic process (with possibly infinite variation) is orthogonal.

(iii) The decomposition X = Xg+ M + A for a continuous weak Dirichlet process X is
unique, and both processes M and A in the decomposition are continuous.

2.1.2 Dupire’s derivatives of path-dependent functions

Let us denote by C([0,T]) the space of all R%valued continuous paths on [0,77], and by
D([0,T]) the space of all R%-valued cadlag paths on [0, 7], which are endowed with the
uniform convergence topology induced by the norm |[x|| := sup,cp 7 [xs|. Let © :=[0,T7] x
D([0,T]). For (t,x) € ©, let us define the (optional) stopped path x;x := (Xtas)se[o,7]-

A function F' : © — R is said to be non-anticipative if F(¢,x) = F(t,x¢) for all
(t,x) € ©. A non-anticipative function F' : © — R is said to be continuous if, for all
(t,x) € © and € > 0, there exists 6 > 0 such that

[t —t'| + |[xen —xpa| <0 = |F(t,x) — F(t',X)| <e.

Let C(©) denote the class of all non-anticipative continuous functions. A non-anticipative
function F' is said to be left-continuous if, for all (¢,x) € © and € > 0, there exists § > 0
such that

t<t, t—t|+ |lxen —xpall €6 = |F(t,x) — F(t',X)] <e.

We denote by C;(©) the class of all non-anticipative left-continuous functions.

Let F' : © — R be a non-anticipative function, we follow Dupire [12] to define the
Dupire’s derivatives: F is said to be horizontally differentiable if, for all (¢,x) € [0,T) x ©,

its horizontal derivative

O F(t,x) = }IL{‘% Ft+ h’Xt/\}z — F(txi)




is well-defined ; F is said to be vertically differentiable if, for all (¢,x) € O, the function
y — F(t,x @ y) is differentiable at 0, with x @y = x1jo4 + (¢ + )11,

whose derivative at y = 0 is called the vertical derivative of F at (t,x), denoted by VyF'(¢,x).
One can then similarly define the second-order derivative V2F. Given

C%1(0) := {F € C(©) : VF is well defined and VF € C;(0)},

we let C1?(©) denote the class of all functions F' € C%!(0) such that both 9,F and V2F
are well defined and belong to C;(0).

A functional F': © — R is said to be locally bounded if, for all K > 0,

sup |F(t,x)| < oo. (2.1)
te[0,7], [|x[|I<K
Further, F' is said to be locally uniformly continuous if, for each K > 0, there exists a
modulus of continuity® dx such that, for all ¢t € [0,7], h € [0,T — ], ||x|| < K, |y| < K,

|F(t,x) = F(t+ h,xen)| + |F(t,x) = F(t,x ®y)| < dx(h+yl). (2.2)

Let us denote by (Cﬁj’g(@) the class of all locally bounded and locally uniformly continuous
functions F : © — R. Notice that a continuous function defined on [0,T] x R is auto-
matically locally bounded and locally uniformly continuous, while it may not be true for a

continuous function defined on ©. This is the reason for introducing the class Cfgg(@).

In the following, given a non-anticipative function F' : © — R, we shall often write Fj(x)
in place of F(¢,x) for ease of notations.

2.2 Functional Ité’s formula for C%!(0)-functions

We first provide a functional It6’s formula for continuous weak Dirichlet processes. More
precisely, let ' € C%! and X = M + A be a continuous weak Dirichlet process, we give a
necessary and sufficient condition for the following decomposition:

F(t,X) = F(0,X) + /tVXFs(X)dMS + TF, telo, 17, (2.3)
0

where I''" is a continuous orthogonal process.

Theorem 2.5. Let X = Xo+ M + A be a continuous weak Dirichlet process with finite
quadratic variation, where M is a (continuous) local martingale and A is an orthogonal
process. Let F € C%1(©) be such that both F and V4 F belong to (Cfgg(@), and assume that
s +— Vi Fs(X) admits right-limits a.s. Then, F(-, X) is a continuous weak Dirichlet process
with decomposition (2.3) if and only if, for all continuous martingale N,

1

8/(Fs—l-s(X)_Fs+s(XsA@s+e(Xs+s_Xs))) (Ns+5—Ns)dS — 0, u.c.p., as€ —» 0. (24)
0

LA non-negative function that is continuous at 0 and vanishes at 0.



The proof of Theorem 2.5 is postponed to the end of this section. Notice that, when
F(t,x) = Fs(t,x;) for some F, : [0,T] x RY — R, it is clear that Fiyc(X) = Fype(Xsp Bsre
(Xste — X)) so that (2.4) holds always true. Let us also provide a sufficient condition to
ensure (2.4).

Proposition 2.6. Assume that
T 1 2
EE — / g(FSJFE(X) — Fsic (XS/\ Dste (Xste — Xs))) ds — 0, in probability  (2.5)
0

as € — 0. Then, condition (2.4) holds true.

Proof. Using Cauchy-Schwarz inequality, it follows that, for all continuous martingale IV,
) / (Fs+5(X) - Fs+a(Xs/\ @ere (Xers - Xs))) Ns+5 - Ns
0 Ve Ve

(/ (Fs+a(X) — Foy o (Xopn @gpe (Xsge — Xs)))2d8> 1/2(/' (Nste — Ns)2ds) 1/2’
0 € 0 €

ds’

<

which converges to 0 in the sense of u.c.p. by (2.5), together with the fact that N has finite
quadratic variation. O

Remark 2.7. The sufficient condition (2.5) is still quite abstract, we will provide more
discussions on it in Section 2.8. In particular it is satisfied when X is a continuous semi-
martingale and F € C12(0©), so that the result in Theorem 2.5 is consistent with that in
[6]. Let us also notice that, to prove (2.3), it is indeed enough to check that for any se-
quence (€p)n>1, such that e, — 0, there exists a subsequence (ey, )p>1 along which the
convergence in (2.4) holds true.

We next provide a direct consequence of Theorems 2.5, by combining it with the Doob-
Meyer decomposition, in the case where X is a continuous martingale and F(-, X) is a
supermartingale. Notice that, in the following context, our result is more precise than the
classical Doob-Meyer decomposition for supermartingales.

Corollary 2.8. Let F': © — R satisfy the conditions in Theorem 2.5. Assume in addition
that X is a continuous local martingale, and F (-, X) is a supermartingale. Then

t
F(t,X) = F(0,X) + / Vo Fu(X)dXs + Ai, for allt € [0,T),
0

where A is a predictable non-increasing process.
Proof. It follows from Theorem 2.5 that the continuous supermartingale F'(-, X') has the
decomposition

F(t,X) = F(O,X)+/tVXF8(X)dXS+Ff, (2.6)
0

where T'f" is a continuous (predictable) orthogonal process. At the same time, I'¥" should
be a supermartingale, since F(-,X) is a supermartingale and fo ViFs(X)dX, is a local
martingale. Then, I'Y" has finite variation, and hence (2.6) coincides with the Doob-Meyer



decomposition of F(-,X). As a conclusion, I''" = A for some predictable non-increasing
process A. O

Proof of Theorem 2.5. Notice that F' € C(0), ViF € C;(0) and X is a continuous
process. Then the process t — F;(X) has a.s. continuous paths, ¢ — VF;(X) has a.s. left-
continuous paths (see e.g. [6, Lemma 2.6]). We now follow the arguments of [1, Theorem
5.15] to show that (2.4) is a necessary and sufficient condition for the decomposition (2.3).

(i) Let us define the process I''" by
r .= F(X) —/ V. Fy(X)dMs.
0

We need to show that the condition (2.4) is necessary and sufficient to ensure that T'f" is
an orthogonal process (Definition 2.3), that is, for any continuous local martingales N,

[TF,N] = [F.(X)—/ Vo Fy(X)dM, N} = 0.
0
We first notice that, by [1, Proposition 2.8],
{ / VXFS(X)dMS,N} — / Vo Fy(X)d[M, N, = / Vo Fy(X)d[M, Nl,.
0 0 0

Then, to prove the decomposition (2.3), it is equivalent to show that, for any continuous
local martingale NNV,

1 .
If = - / (Fote(X) — Fo(X)) (Noye — Ng)ds — /VXFS(X)d[M, Nls, as € \( 0, u.c.p.,
0 0
(2.7)
Let us write I¢ = I + [%¢ with
l,e 1 t
I = - (Foqe(Xon Boge (Xoge — X)) = Fo(X)) (Noge — Ny)ds,
0
and .
1
2 = - / (Foqe(X) = Foye(Xon Dspe (Xste — X)) (Noge — Ny)ds.
0

(i) Let us first consider I and write it as IV = 11 4 12 4 [132 1 [14€ wwhere

1 t
ItlLe = 5/0 (F8+6(XS/\) - FS(X))(NS"'E o Ns)ds’

1 rt
129 1 [ AT (X = X0 (N - N,
with

1
Ai = / (Vsz+a (Xs/\ Ds+e )‘(Xs—i—a - XS)) - VXF5+5(X5/\)>d/\'
0
and .
1
1= L [ (60~ FeRX0) - (Ko~ X)) (Nage — No)ds.
0

7



1 t
10 = [ G (Kt = X (Ve = N

For the term I'1¢ one has, by the integration by parts formula,

1 t s+e t+e
Itll’E = / ((Fs—i-s(Xs/\)_FS(X))/ dNU) ds = / Hil’adNu;
0 s 0

3

where, by the uniform continuity condition (2.2) on F,

1 u
glle .= 5/ (Fope(Xsp) — Fs(X))ds —> 0, for all uw € [0,T], as.
(u—e)VOo

Then, by e.g. [21, Theorem 1.4.31],
e — 0, uep.ase — 0.

For the terms I'%¢ and I'3¢, we notice that
12, 13, I 2 e 2
sup (1254 [1%)) < 0 (2 [ [ Ko = XofPas) (S [ (Nope = N)ds),
te[0,T] €Jo € Jo

where

b= sup (JAZ+ [ViFure(Xon) = ViFo(Xon)|) — 0, as. as =\, 0,
0<s<T—e

by the uniformly continuity condition (2.2) on VyF. Since

(2 /OT (Xs+a — XS)ZdS) (é /OT (Ns+g - N8)2d3> — [X]r[N]pr, u.cp. ase — 0,

it follows that I'»* — 0 and I'®* — 0, u.c.p.

Finally, for I'%¢, we apply [1, Corollary A.4 and Proposition A.6] to obtain that
e / Vi Fs(X)d[M, N]s, u.c.p., as ¢ — 0,
0

so that :
e / Vi Fs(X)d[M, N]s, u.c.p., as ¢ — 0.
0

(iii) To conclude, we observe that (2.7) holds true (or equivalently (2.3) holds) if and only
if 1% — 0, w.c.p. (or equivalently (2.4) holds), for any continuous local martingale N.
This concludes the proof. O

Remark 2.9. The results and proof of Theorem 2.5 remain valid even if X is a cadlag
weak Dirichlet process with bounded quadratic variation, up to the fact that V< Fgs(X) must
be replaced by VxFs(X1jg 4+ Xs-1(s77) in (2.3). However, in this case, the decomposition
of the weak Dirichlet process F.(X) may not be unique. To see this, recall that any purely
discontinuous martingale is orthogonal to a continuous martingale N, then one can always



move a purely discontinuous martingale from the martingale part of F.(X) to the orthogonal
part of F.(X) and the decomposition of the weak Dirichlet process F.(X) stays valid.

To ensure the uniqueness of the decomposition of F.(X), one needs to use the notion of
special weak Dirichlet process in [1], where the orthogonal part T'Y entering (2.3) is required
to be predictable. Then it is possible to mimic the smoothing procedure of [1] to obtain such
a decomposition for F.(X). However, smoothing a C%*(0)-function into a C1?(©)-function
requires various and heavy technical assumptions, see [29], which may be difficult to check
in the applications we have in mind.

2.3 Discussions on the condition (2.5)

The sufficient technical condition (2.5) used to ensure the decomposition result in Theorem
2.5 is still too abstract. Let us provide some more explicit sufficient conditions for (2.5). We
first show that (2.5) holds true when X is a continuous semimartingale and F' € C1?(©),
which makes our result consistent with [6]. We will then provide some examples of sufficient
conditions for (2.5) when F is not in C1?(©). Also recall that (2.5) trivially holds when
F is Markovian, i.e. F(t,x) = Fo(t,x¢) for all (¢,x) € [0,7] x D([0,T1]), for some Fj :
[0, 7] x RT — R.

2.3.1 The case where F' € C?(0) and X is a continuous semimartingale

When X is a continuous semimartingale and F € C%?(©) with (local) bounded and uni-
formly continuous derivatives, one can check that (2.5) holds true by simply applying the
functional It6’s formula of [6].

Proposition 2.10. Let X be a continuous semimartingale and F € CY2(©) be such that
O F and V2F are locally bounded, and VyF € Cluo’g. Then, condition (2.5) holds true.

Proof. For simplification of the notations, let us consider the one-dimensional case. First,
for every fixed (s,e), we apply the functional 1t6’s formula in [6, Theorem 4.1] on F(X) to
obtain that

FS+5(X) - Fs—f—a(XsA) = (Fs+8(X) - FS(X)) + (FS(X) - FS+€(X8A))

ste s+e s+e
_ / (0 F,(X) — BFo(Xop))dr + VXFT(X)dX,,+% V2E, (X)d[X],.

S S

Further, one can also apply the classical 1t6’s formula to ¢(X;) := Fsye(XspDste (Xr— X))
to obtain that

s+e
Fs—l—s (Xs/\ Dste (Xs+€ - Xs)) - Fs+e (Xs/\) = V)(Fie—&—‘s()(s/\ Dste (XT - Xs))er
1 s+e ) ’
+ 2/ vsz+€(Xs/\ Ds+te (Xr - XS))d[X}T"

S

Then, it follows that
ste s+e 1 [ste

Foro(X)—Fopo(Xon Bste (Xope — X)) = Witdr+ | WZidX, +3 WEed[X],,

S S S

(2.8)



where

Wi = 0 (X) — 0 Fr(Xon), W25 = ViFr(X) = Vi Fope (Xop ®sye (X — X)),

s,r

and
W3 = V2F(X) — V2Fspe(Xon Bope (X, — X)).

By the local boundedness of 3;F, V4 F and V2F, it follows that

sup (‘Wslf +
0<s<r<T, £>0

War |+

‘Wg’f‘) < 00, a.s.
Further, since Vi F satisfies the (locally) uniform continuity condition (2.2), for every fixed
r € [0,T], one has
[W2E| < |ViFr(X) = ViFo(X)| + 0k (e+|X, — Xs|), whenever | X| < K.
As s+ Vi Fy(X) is left-continuous, then for every fixed r € [0, 7],

sup ‘Wff . ase — 0. (2.9)

s€[(r—e)vo,r] ’

Let X = X9+ M + A where M is a continuous martingale and A is a finite variation
process, and denote by (|A[;)¢c[o,7] the total variation process of A. The two non-decreasing
processes |A| and [M] are continuous, so that they are uniformly continuous on [0, 7], a.s
Recall the definition of E in (2.5). It follows from (2.8) that

E° < AES +AES + AF5 + AES,

where
1 s+e 2 T prs+e 9
Ef = 5/ / Wsl’fdr dsg/ / ‘Wslﬂ drds — 0, a.s.,
0 0 s
1 T T 1 s+e 9
E5 = = WQEdA “ds < (JAlste — |Als) = (W22 d|Al,ds
2 s,T
€
0 0 € Js
1
= - \A|S+5 \A|S)‘W2’E}2ds d|Al, — 0, as.,
0 E (r— s,r
1 T 8+8 2
€ 3.
BS = . W&;,d[X]T) ds
0 s
T r
1
< / (/ ([X]S+€—[X]S)|W2ﬂ2ds>d[X]r — 0, a.s.,
0 ‘& J(@r—e)vo
and

1 T s+e 2
B =t / ( / W2EdM,) ds.
€Jo s ’

To study the limit of E, one can assume w.l.o.g. that W?2¢ and [M]r are uniformly bounded

by using localization techniques. Then, by (2.9),

st ([ sl o [ wspajan] o

It follows that E° — 0 in probability, and therefore that (2.5) holds true. O

10



2.3.2 Examples of sufficient conditions for (2.5)

We now provide examples of sufficient conditions for (2.5). The general idea behind them
is to exploit Item (ii) of Definition 2.1 to control the terms in (2.5) by some quadratic
variations, possibly up to an additional vanishing element. In the following, we let BV}
denote the collection of all non-decreasing paths on [0, 7.

Proposition 2.11. Assume that, for all x € D(][0,T]), s € [0,T] and € € [0,T — s],

‘Fs—l—a(x) - F8+6<X8/\ Ds+e (Xs-i-e - Xs))‘ < /(‘ | (b(Xv ‘Xu - Xs‘)dbu(x)y
S,5+¢€

where ¢ : C([0,T]) x Ry — R satisfies supj,<x ¢(x,y) < 0o, limyn 0 ¢(x,y) = ¢(x,0) =0
for all x € C([0,T]) and K > 0, and b : C([0,T]) — BV.y. Then, (2.5) holds for any
continuous process X .

Proof. We first notice that, since X is a continuous process, then, for all u € [0, 7],

1/ o(X, |XU—XS|)2ds—>¢(X,O)2:O, a.s., as € — 0.
€ J(u—e)vo

Recall the definition of E¢ in (2.5), and define the process B with finite variations by
B :=b(X). Then, Minkowski’s integral inequality implies that

T u
Es < / (1/ o(X, | Xu —XS\)st)l/QdBu — 0, a.s.,
0 ‘& J(u—e)Vvo

which concludes the proof. O

Example 2.12. Assume that there exists a family of signed measures (u(-;t,x), (t,x) €
[0,T] x D([0,T]), which is dominated by a non-negative finite measure fi, and a locally
bounded map m : [0,T] x D([0,T]) x D([0,T]) — R such that, for allt < T andx,x €
D([0,T)) satisfying x¢ = x},

Ft,x) — F(t,x) = / (s — %) (ds; £, %) + o(lxen — xin )t x, %) (2.10)
[0,2)
Then, one has O\Fy(x + A\(x' — x) fo p(ds;t,x + ANx' —x)). It follows that
Fers (X) - Fs+z—:(Xs/\ @ere ( s+e — / aAFere )d)\

= / / (X — Xo)p(du; s + &, X5 d,
s,5+¢)

with X := XpPsye(Xore—Xs) and X := X4+ A\(X —X°). As (p(+3t,%))e x is dominated
by i, letting by := 4([0,ul]), one has
}FerE(X) - Fs+€(Xs/\ Ds+te (XS+€ - Xs))’ < / |Xs - Xu|dl;u
(s,s+¢)
Then, (2.5) holds true when X has continuous paths, by Proposition 2.11.

Notice that a Fréchet differentiable function in the sense of Clark [5] satisfies (2.10). The
difference is that we only need to check (2.10) for paths x such that x; = x;.
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When X is a semimartingale, we can also exploit its semimartigale property to obtain
sufficient conditions for (2.5).

Proposition 2.13. Assume that, for all x € D([0,T]), s € [0,T] and € € [0,T — s],
‘Fs—&—a(x) - Fs—l—a(xs/\ DPs+te (Xs+a - Xs))‘ < QS( HX (s+e)A Xs/\”75)7
where ¢ : C([0,T] x Ry x Ry — R satisfies

lim sup |o(x,y,¢)|/y =0, for all K > 0.
Nl

Assume in addition that X is a continuous semimartingale. Then (2.5) holds true.

Proof. We first notice that

T o(X,||X — Xonll €)% ||IX — X nlI? 71
/ ¢( H (st+e)A 8/\|2| ) H (st+e)A 8/\” ds < Cg/ HX (s+e)n — Xs/\H2dS,
0 [ X (se)n — Xsnll € 0

where

C.:= sup (b(X? HX(S+E)/\ - Xs/\Hag) — 50, ase — 0.

s€[0,T7] ||X(s+€)/\ - Xs/\“
Further, up to adding additional components, one can assume that each component of X
is a martingale or a non-decreasing process. We therefore assume this and it suffices to
consider the one dimensional case. Since X is a martingale or a non-decreasing process,

there exists C' > 0 such that
Ty ) Ty )
E| / ~[[X(srepn = Xon|[*ds| < CE| / ~| Xt = X,["ds| — CE[X] ., in probability.
0 0
This is enough to prove that £ — 0 in probability, so that (2.5) holds. O

By combining the conditions in Propositions 2.11 and 2.13, one obtains immediately new
sufficient conditions for (2.5).

Corollary 2.14. Assume that X = (X', X?), where X' is a continuous process, X* is a
continuous semimartingale, and, for all 0 < s < s+¢ <T and x = (x',x?) € D([0,T)),

‘Fers(X)_Fers(Xs/\@ers (Xs+€_XS))} < /[ ¢]1 (Xa ’Xu_XSDdbU(X)‘i‘@bQ (Xv ||X%s+a)/\_x§/\||’€)7
$,54¢€

where (p1,b) satisfies the conditions in Proposition 2.11, and ¢o satisfies the conditions in
Proposition 2.13. Then (2.5) holds true.

3 Applications in mathematical finance

In frictionless financial models, under the no-arbitrage (in the sense of no free lunch with
vanishing risk) assumption, the prices of tradable financial assets need to be semimartin-
gales, see e.g. [10]. If the pricing function of a financial derivative is C%*(©), then one can
apply the Ito’s formula in Theorems 2.5 to characterize the martingale part of the deriva-
tive’s price process, and therefore identify the hedging strategy. Below we provide some
examples of such applications in finance.
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3.1 General formulations under C%!'(0)-regularity condition
3.1.1 Replication of path-dependent options

Let us consider a continuous martingale X = (X;)o<¢<7, which represents the discounted
price of some risky asset, and a path-dependent derivative with payoff g(X) such that
E[lg(X)|] < co. Define

V(t,x) :=E[g(X)|Xin = x¢a], (£,%) €[0,T] x D([0,T]). (3.1)

Proposition 3.1. Assume that V belongs to C%1(0) and satisfies all the conditions of
Theorem 2.5. Then T
9(X) =E[g(X)] +/ ViV (t, X)dX;.
0
Proof. Since V(t,X) and —V(¢,X) are both supermartingales, the result follows from
Corollary 2.8. O

Remark 3.2. (i) The above result can be compared to [6, Theorem 5.2 | but we require
less reqularity conditions (C%'(©) and (2.4) rather than (Ci’2(@), which implies (2.4) by
Propositions 2.6 and 2.10).

(ii) Let X be a diffusion process with dynamics

t t
X = Xo —l—/ w(s, X)ds +/ o(s, X)dWs,
0 0

in which W is a Brownian motion and (i, o) are continuous, non-anticipative and Lipschitz
in space. When V € CY2(0) in the sense of [6, Theorem 4.1], it is easy to deduce from
their functional It6’s formula that V is a classical solution of the path-dependent PDE

1
OV + - ViV + §oaT ViV =o.

Without the CY2(©)-regularity condition, one can still prove that V is a viscosity solution
of the path-dependent PDE in the sense of [14], for which numerical algorithms can be
found in [23, 30].

Remark 3.3. As already mentioned in [12] and [6], the result of Proposition 3.1 is con-
sistent with the classical Clark-Haussmann-Ocone formula. Indeed, let X be a continuous
martingale with independent increments, and g be Fréchet differentiable with derivative Ay,
then by the Clark-Haussmann-Ocone formula (see e.g. Haussmann [20]),

T
9(X) = Elg(X)] + /0 E[N(X: [t, T])| 7] dX,.

On the other hand, for the value function V in (3.1), one can also compute the vertical
derivative V<V from its definition to obtain that

ViV (t,x) = E[Ag(X; [t, T])| Xen = xen]-
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3.1.2 Super-replication under model uncertainty

Let us now denote by ° := D([0,T],R?) the canonical space of R%-valued cadlag paths on
[0, 77, let X be the canonical process, and F° = (F7)cjo,r] the canonical filtration. Let us
denote by B(£°) the space of all Borel probability measures on Q°. We consider a subset
P C B(Q°), such that X is a P—continuous local martingale satisfying P[Xy = z¢] = 1
for all P € P, for some zg € R%. Recall that, given a probability measure P on (Q°, F7p)
and a F°—stopping time 7 taking values in [0, 7], a r.c.p.d. (regular conditional probability
distribution) of P conditional to F7 is a family (P, ).,cq of probability measures on (2°, F7.),
such that w — P, is F2-measurable, Py[Xs = ws, s < 7(w)] = 1 for all w € Q, and
EP[14|F2](w) = EFv[14] for P-a.e. w € Q° for all A € F2. Recall also that a subset A of
a Polish space E is called an analytic set if there exists another Polish space E’ together
with a Borel subset B C E x E’ such that A={z € E : (z,2') € B}.
We further make the following assumptions.

Assumption 3.4. One has P = U,eqeoP(0,w), for a collection of families of probability
measures (P(t,w))(t wyelorxae O Q°. Moreover, for every (t,w) € [0,T] x Q°:

1. P(t,w) = P(t,wn), P[Xin = win] =1 for all P € P(t,w) and the graph set
[[P]] = {(t,w,IP) :IPeP(t,w)}
is an analytic subset of [0,T] x Q° x B(Q°).

2. Let P € P(t,w), s >t and (Py)weqe be a family of reqular conditional probability of
P knowing F¢, then P, € P(s,w) for P-a.e. w € Q°.

3. Let P € P(t,w), s >t and (Qu)weqe be a family such that w — Q, is Fg-measurable
and Q, € P(s,w) for P-a.e. w € Q°, then

P®sQ. € P(t,w),
where P ®4 Q. is defined by

EF®:Q [¢] .= /O . E(W")Qu(dw)P(dw), for all bounded r.v. £ : Q° — R.

Let g : 2° — R be such that suppcp IEPHg(X)H < 00, let us define

V(t,w) == sup EF[g(X)], (t,w) € [0,T] x D([0,T]).
PeP(t,w)

We simply write V(0,z) for V(0,-). We also denote by H the collection of all R%valued
F°—predictable processes H such that fOT Hd(X)H; < oo, P-a.s. and fo H.dX, is a
P-supermartingale, for all P € P.

Proposition 3.5. Let Assumption 3.4 hold true, and suppose in addition that (V,X,P)
satisfies the conditions of Theorem 2.5 for each € P. Then V (-, X) is a P—supermartingale
for every P € P and

T
V(0,20) = inf {x .z +/ HdX, > g(X), H€H, P-as. for allP e P}. (3.2)
0

Moreover, the superhedging problem at the r.h.s. of (3.2) is achieved by H* := VLV (-, X).
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Proof. First, it is clear that one has the weak duality
T
V(0,z9) < inf {:L‘ eR :z +/ HydX; > g(X), HeH, P-as. forall Pe 79}.
0

Next, our stability conditions under conditioning and concatenation of Assumption 3.4
imply the dynamic programming principle.

V(t,w)= sup EF[V(t+h, X)], (3.3)
PeP(t,w)
see e.g. [17, 18]. Together with the fact that V € C%! this implies that V (-, X) is a
P—continuous supermartingale for every P € P. By Corollary 2.8, one has

T
V (0, z0) +/ ViV (t,X)dX; > g(X), P-as. for all P € P.
0

This implies the duality result (3.2) as well as the fact that H* := V,V (-, X) is the optimal
superhedging strategy. O

Remark 3.6. The duality result (3.2) in the model independent setting has been much in-
vestigated, see e.g. [11, 22]. In most cases, one obtains the existence of an optimal strategy
H* but without an explicit expression. In [22], the duality is obtained for just measurable
payoff functions g, but they require P to be made of extremal martingale measures. Our
duality result of Proposition 3.5 does not requires P € P to be extremal, but requires reqular-
ity conditions on the value function V. This in turn allows us to characterize the optimal
superhedging strateqy explicitly as the Dupire’s vertical derivative of the pricing function,
which also justify the initial motivation of Dupire [12] to introduce this notion of derivative.

Remark 3.7. The main idea in Propositions 3.1 and 3.5 is to show that the replication
or super-replication prices of the options are supermartingales, so that one can apply the
Doob-Meyer decomposition result of Corollary 2.8. We can also apply the same technique to
other situations, such as the hedging of American options, the superhedging problems under
constraints, etc., in which the option price process has a natural supermartingale structure

(see e.g. [2]).
3.2 Verification of the C*!(©)-regularity in a model with (bounded) un-
certain volatility

Let us consider a more concrete superhedging problem in the context of an uncertain
volatility model. Let d =1, zg € R, 0 < g < 7 be fixed, we denote by Py the collection of
all probability measures P such that P[Xy = xo] = 1 and

dXs = 0 dWY, o4 € [0,5], s €[0,T], P-as. (3.4)

for some P-Brownian motion W¥. We then consider a derivative option with payoff function
g : D([0,T]) — R satisfying the following conditions.
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Assumption 3.8. (i) The function g is bounded, and there exist a € (0,1] and a finite
positive measure p on [0,T] with at most finitely many atoms such that, for all x,x' €

D([0,T]), B=1s,t) C[0,T] and 6 € R,

T
9(x) — g(x)] < /0 s — %, |1(ds), (3.5)

8 € R— g(x+0'1p) is differentiable and

dg(x + 61 +x')  dg(x+ 61p) /T , a
— < d ) B). 3.6
75 — B < ( | xfu(ds)) u(B) (3.6)
(ii) for any increasing sequence 0 = tog < t1 < -+ < t, = T with max;<y, |tit1 — t;]

small enough, for all 1 < i < j < n, there exists p"J # 0 such that, for all § € R, and
(Te)o<e<n—1 C R,

1

9 <Z(W + 51{€:i})1[tg,tg+1) + 1{T}xn1>
=0

—

n—

=g (w0 + P01 ) Lty 1) + 1y} (Tn1 + pi’jfs)) : (3.7)
=0

Remark 3.9. Let -
oX) = oo [ Ximo(an).
where go € C1T2(R) is bounded, and uo is a finite positive measure with at most finitely

many atoms on [0,T] satisfying po([T — h,T]) # 0 for all h > 0 small enough. Then it
satisfies Assumption 3.8.

For each (¢,x) € [0,T] x D([0,T1]), we define

P(t,x) :== {P € B(Q°) :P[X¢n =x¢a] =1, and (3.4) holds on [t, T}, (3.8)
and
Vi(t,x) = sup EF[g(X)].
PeP(t,x)

Proposition 3.10. Let Py and g be given as above. Then, V is vertically differentiable and
the duality result (3.2) holds true with the optimal superhedging strategy H* := VV (-, X).

Proof. First, by rewriting P € P(t,x) as solution of a controlled martingale problem, it is
easy to check that the graph set [[P]] is a closed set, and satisfies the stability conditions
under conditioning and concatenation (see e.g. [18, Section 4]), so that Assumption 3.4
holds true. As in Proposition 3.5, one has the dynamic programming principle (3.3), and
consequently, V (-, X) is a P-supermartingale for every P € Py .

Next, we assume that p has possible atoms on {0 =Ty < Ty < --- < T, = T}. Then by
Propositions 3.12 and 3.13 below, together with Propositions 2.6 and 2.11, it follows that
V satisfies (2.4) and the C%!-regularity as well as other conditions required in Theorem
2.5 on each interval [Ty + €, Ti41], for all k = 0,--- ,n — 1, and all £ > 0 small enough.
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Recalling that V (-, X) is a supermartingale under each P € Py, it follows by Corollary 2.8
that

Tk11
V(Tesr, X) — V(Ty + 2, X) < / H*dX,, with HY = V.V (1, X).
Ty+e
Taking the sum on £ = 0,--- ,n — 1 and then letting ¢ — 0, we can then conclude as in

Proposition 3.5 to obtain the duality result (3.2) and that H* is the optimal strategy. [

Remark 3.11. The regularity property of V' is given in Propositions 3.12 and 3.13 below,
which seems to be original in the literature. Moreover, it can be naturally extended to
payoff functions of the form g(fOT xip1(dt), - -+ ,f(;f tim(dt)), for finitely many measures
P1,° 5 Pm- We nevertheless restrict to the one measure case to make the presentation more
accessible.

Proposition 3.12. Let Assumption 3.8 hold true. Then for all (t,x,x',h) € [0,T] x
D([0,T]) x D(]0,T]) x Ry witht+h <T, one has

V(t+ hyxon) = V(E%)] < Th3 (it T]) and V() = V()] < / X, - x|p(ds). (3.9)

Proof. 1t suffices to observe that (3.5) implies that

T sV(t+h) s
V(t+ hyxin) = V()| < sup EP[/ ’xt +/ o dWP — x, —/ o dWP u(ds)}
PEP(tx) t t+h t
T | psA(t+h)
< sup EP[/ ‘/ o dWE ,u(ds)].
PEP(tx) t t
The second estimate is also an immediate consequence of (3.5). t

We can now state the main result of this section. It can be viewed as a first result on the
regularity of solutions of path-dependent PDEs, see Remark 3.14 below.

Proposition 3.13. Let Assumption 3.8 hold true. Then the vertical derivative ViV (t,x) is
well defined for all (t,x) € [0,T] x D(]0,T]), and there exists C > 0 such that |V4V (t,x)| <
C,

IV V(%) — ViV (tx)| < c(‘ /Ot X, — xs\,u(ds)‘a + X — xt|0‘>, (3.10)
and
IV V(' xin) — ViV (E,x)] < C(I —t|72 + pu((t, 1)), (3.11)
for allt <t' <T and x,x' € D([0,T]).

Proof. Without loss of generality, we restrict to the collection Dy([0,7]) of cadlag paths x
with initial condition xg = xg, where 2y € R is the constant introduced above (3.4).

1. Let us consider a sequence (7"),>1 of discrete time grids, dense in [0, '], such that 7™ =
(tMo<i<n C [0,7T] and {0,T} C 7™ C «™*! for all n > 1, and maxo<i<p—1 [t7,; — 7] — 0
as n —» 0o. Remembering that p has at most finitely many atoms on [0, T'], one can choose
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(m™)p>1 such that {t € [0,T] : u({t}) > 0} C Up>17". Next, let us define, for all n > 1 and
(t,x,z) € [0,T] x Do([0,T]) x R,

V”(t,x, :I:) = sup EP [g(Hn[X]-[O,tn 1) + Xl[t’.‘ 1,T]])] ift (S [tl s 1+1) /) S n — ].,
PEP(t,x&¢ (x—x¢)) o o

where
= xplra, ) +xem, Liny-

Notice that, for ¢ € [t} ), V"(t,x,x) depends on (x,z) only through (xz, -+ ,x, 7).

This motivates us to introduce I} : R“*! — Dy(]0,T]) defined for i < n by
0 (y1, -y a) = Zyjl[t" noy Yl gy 2l tE (]

as well as
gn(yb sy Yn—2, I’) = g<H?ﬁ7j:2 ($07y17 oy Yn-2, l’)),

and
vt Y1,y x) =V (t th (y1,--- ,yi),:v>, te i, tiha)-

Notice that, for all ¢ € [t} 7, ,), x € Do([0,T]), = € R,
Vit x,x) = V(X" z) = v"(t,xe, 0 Xep, ), with X7 = IT"[x].

We further observe from (3.5) that, for all (¢,x) € [0,T] x C([0,T]) with ¢ € [t} _, 7 ) for

some 1 < i, < n,

tn noloetn s
V(5 %) — V(E )| g/ I — x|pu(ds) + Z/ ! sup EPH/ o d WP
0 = Ju tr

PePy

Uy
/ Xy — xs|p(ds) —I—Z/ ' S—t”% p(ds)

n

io 1
< g T no__4nig )
< /O 52— xalu(ds) + (| max [y~ 1712 ) (0. 7))

]u(dS)

As p is a finite measure on [0, 7], it follows that

|V”(t,x, x) — V(t,x)| = ’V”(t,f{",xt) - V(t,x)| — 0, asn — oo. (3.12)
2. Let us set
F:yeR L lot _Loa - (3.13)
: max —ay = -0 - : .
v [, 507 = 5T = 50y

Then for each i < n — 2, v" is a continuous viscosity solution of
O™ (t,z) + F(D*v"™(t,2)) =0 for (¢,2) € [t7,17,) x R, (3.14)

lim V" (t Y, 2') = 0" (. Y, 2), for (y,z) € R x R, (3.15)
7 (Y 2)— (y,x)
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with terminal condition
v (th_1,) = g™ (3.16)

In the above, Dv" and D?v™ denote for the first and second order derivative with respect to
the last argument of v™. The operator F' being Lipschitz, it follows from standard arguments
that this system satisfies a comparison principle among (semi-continuous) bounded viscosity
solutions.

Let us denote by D;g" the partial derivative of ¢"™ w.r.t. the i-th argument, then by
(3.5)-(3.6), for all 2,2/ € R 1,

‘Dig"(z)} < p([t?, 1)), ‘ng (z+2)— / ‘Hnn 2 ’]t‘,u(dt))au([?, )

We will next regularize (¢", F). Let pr : R"! — R, be a C™ density function with
compact support, and g;' := g" * p; be the regularized function obtained by convolution.
Then it is clear that g;' still satisfies

IDigh(2)] < (- Hr), | Digh(z+2) ~ Digf (= / [ 21 o)) (17 ).

(3.17)
Moreover, it follows from (3.7) that for each i < j, there exists p*/ # 0 such that, for all
ze R § R,

n—1
gi(z+6el ) = gp (z +phI§ Z e;-l_l), (3.18)
t=j
where e?_l denotes the i-th standard unit vector in R* 1.
Since F' is a convex function, one can approximate it by a C*° convex function Fy, k > 1,
such that

N

for v > 1,
T= with gi =g?VvEk L

=
2
I
—N—

N D[
Q. 9
2

N

Y for Y S _17

Let Fyi(a) = sup,er(ay — Fi(7)) be the Fenchel transformation of Fj, so that

F(y) = swp  (ay— Fi(a)).

acl30%,462]

Let v} be the corresponding solutions of (3.14)-(3.15)-(3.16) with parameters (F}, gi) such
that (Fi,g;) = (F,g") as k — oo. Then v} € Cg’g’ and

vy — ", pointwise as k — oo. (3.19)

Moreover, as Fy, is convex, the associated equations on v is still a HJB equation, so that
vy can be considered as the value function of a control problem:

T
1
vg (t,y,2) = sup E[gﬁ(yl,--- Y X% X0 —/ Fi(*az)dé’]a t e[ty ti),
aE.Ak i+l n-l t 2
(3.20)
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where X5™ := o+ [ 0 dW,., s > t, and Ay, is the collection of all progressively measurable
process « taking value in [g;,, @] on some filtered probability space equipped with a Brownian
motion W.

3. Fori<n—2telty t}),and (x,z) € Do([0,T]) x R, let us set
Vit x,z) = o (tXep, ..o X, @),

We claim that there exists a constant C' > 0 such that, for all k,n > 1, t € [t},{},),
h e (0, T —t], x,x' € Dy([0,T1]),

|Dan(t7X7$)| < 07 (321)
DVt %) = DV (x| < C(] g 1R = =2lulds)|” + [x —x|*). (3.22)
| DV (t + h,x¢n, x¢) — DV (L%, %) | < C’(h%%@ + u([t,t + h))), (3.23)

where DV, denote the derivative of V" with respect to its last argument. Then, for each
t<t'e|0,T], x,x' € Dy([0,T]) and z,2’ € R,

[Vt x, ) — Vit x,2") — DV (t,x, 2)(z — )| < Clo— 2| (3.24)

Next, let T := Up>17" and Q be the set of all rational numbers, so that T xQ is a countable
dense subset of [0,7] x R. We then define a countable subset Q7 of [0, x Dy(]0,7]) x R
by

Qr = Up>1 {(t,x,x) teT, x=1I"[x], z€Q, xs € Q for s € [O,T]}.

In view of (3.21) and the convergence results (3.12) and (3.19), one can extract a subse-
quence (ny, k¢)e>1, such that, for all (¢,x,z) € Qr,

(Ve (). DV (4 x,2)) — (V(6.3), DV (t.x,)). as £ — oo,

for some function DV : @Qr — R. Moreover, by (3.21)-(3.22)-(3.23) and (3.24), DV
satisfies

V(t,x®rz) = V(t,x @ 2') — DV (t,x,2)(x — 2')| < Clo —a' l+a
and
|DV (t,x,x) — DV (t',x',2’)|
< C’(‘ /[Ot,LXt/\s - X;M(ds))a—k ’1: - :c"a—k |t — t’|2ﬁﬁ + ,u([t,t’))), (3.25)

for all (¢t,x,z), (t',x/,2") € Qr such that t <. Notice that under the distance

p((t,x,2),(t',x,2")) = / |xtns — Xo| u(ds)+ |@ — 2|+ |t — ¢/| + p([t, ")), whent < ¢,
[0,t")

Qr is a dense subset of [0,7] x Dy([0,7]) x R. Then, by continuity of V' and DV, recall
(3.9) and (3.25), one can extend the definition of DV to [0,7] x Dy([0,7]) x R in such a

20



way that DV (¢,x,x:) = ViV (¢,x) for all (¢,x) € [0,T] x Do(]0,7T]), and VV is uniformly
bounded and satisfies (3.10)-(3.11).

4. Tt remains to prove (3.21)-(3.22)-(3.23).

a. We start by proving (3.21). Recall that v}} € C’; 3. Let us denote by qbZ’j the derivative
of v in its j-th space argument. For all i <n —2 and j < i+ 1, it solves

0y (t,2) + FLD* (8, 2)) D¢y (t,2) = 0, (t,2) € [¢],1y) x ™, (3.26)
with the boundary condition

. - .
t,lTltry Sty ) = O (11, v, 2, 1)+ Ly o) (v, 2, 2), (y,0) € RIXR, (3.27)

where
¢ (tn_y,+) = Djgp, forj<n—1. (3.28)

Asz e R~ F} (D%,?(t, y,x)) is Lipschitz, it follows from the Feynman-Kac formula that,
for all ¢ € [t7,¢71), z € R" and j <i+1,

n—1
o7 (t,2) = E[<ngg+1{j:i+l} Z Dj/g,?) (Hn(Yt’Z))}a
J'=i+2
for some process Y. Then the first inequality in (3.17) implies that |¢}77| < u([0, 7).
b. We now prove (3.22). Let us fix i <n —2, j,£ < i+ 1, 2/ € R’ and then define, for
teftr i), z e R
n,g,[2/ 15T n,j i+1 n.J
Uy (t2) = (¢ (t 2+ [7) — op7 (t.2) ),
where [2/]it! = (zi, -+, 25,0,---0) € R"TL. Using (3.26), one obtains that,
= 0 (1, 2) + FLDP (= + ) D2 (1, 2)

(t,2)) D2 (t, 2) Dy

i+1 n,i+1, [z’];rl(

+ F(AF t,2), (t,2) €[t thy) x R

in which AF1t"" is a continuous function. We now observe that (3.18)-(3.20) imply that
o7 (t) = o3 (t )P
jjit1 ng
for some p?*™* # 0. Hence, 9, satisfies the PDE

0 = 8t¢Z’j’[ (t2) + FL(D*p(t, 2 + [T ) D2 1, )

+ o (B @) D20 ()| DU 120, (1) € 7 ) xR,
and, by (3.27)-(3.28),
t,lTltql Uy, nllT (t,y,x) =1{e<i+1}(¢27j’[2% + 1= 1+1}1/}n2+2 MM)( 1, Y, T, )
T Hl}(w ey g2l Hz+1>( n Ly a),
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for (y,x) € R" x R, and
G ) = AwDiglt = (Digp(- +2") — Djg), for all 2 € R,
in which
[[Z/HK-'FP = (Zi’ e )Z27 Zéa te )Zé) € R£+p; D 2 1.
Then one can apply the Feynman-Kac formula to find a process Y** such that

n—1
n,j,[2']i ! n n nvt,z
%“ I (t, 2) =1{£<i+1}E[(A[zq;*1 19k +1{j:i+1}z A[z’}Q’le’gk)(H [Y* D}

J'=it2

n—1
+ 1{€:i+l}E [(A[[Z/”ZJrng ngz + 1{j:i+1} Z AHZ/]”*”Z Dj/g]?) (Hn[Yt,z])} ’
j=it+2
with ny :=n —1—¢. In view of the second inequality in (3.17), this concludes the proof of

(3.22).

c. We finally prove (3.23). In view of the representation of v; as the value function
of an optimal control problem in (3.20), one can apply exactly the same arguments as in
Proposition 3.12, together with (3.17), to obtain that, for all ¢ < ¢ € [0,7] and x,x" €
DO([07 TD? L

‘Vk;n(tlv Xt/\7Xt) - Vk;n(t7 X, Xt)‘ < E’t/ - t|5,u([t, T])7
and .
’an(t7X/,Xt) - Vk;n(tv X, Xt)‘ S /
0
Let us set f := DV,*. It follows from the above estimations, together with (3.22), that,

| £+ h2T2 o0, x0) — f(t %, %)
<pt Vit + R22 o, xp + B) — VRt + R22Y 500, x0) — ViR (G x, %0 + h) 4+ ViR (t, x, xt)|
+ 2Ch*
< BV (E+ RETR (x @4 h)en, x¢ + B) — VIt X, % + D)
+ h_l‘Vk”(t, X, x¢) — Vit (t + h2+20‘,xt/\,xt){
FRTHVER(E A+ BP0, x4+ h) — VI B2 (x By h)en, xe + D))
+ 2Ch*
< 20 + 26h* ([0, T]) + p([t, t + h2T2)),

S — X0 u(ds).

for all x € Cp,([0,7T]) and t < t+ h <T. This concludes the proof of (3.23). O

Remark 3.14. Note that the same proof would go through if F, recall (3.13), was affine in
place of assuming (3.7). In this case, the term F] in Step 4.b. of the proof of Proposition
3.13 would simply be zero. This corresponds to the case where o = @. If we assume (3.7),
then one can replace F' in the proof by any convex function, say growing linearly at infinity.
The specific definition of F' does not play any role. Then, Proposition 3.13 can be seen as
a first result on the regularity of path-dependent PDEs of the form

ov + F(Viv) =0,
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in the case where F is convex. Although, we do not define here the notion of solution

explicitly, such PDFEs are associated to optimal control problems for which one can, for

instance, appeal to the notions of solution of [9]-[15]-[16], see also the references therein.

We hope that this first step will open the door to the study of more general equations.
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