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Abstract

We introduce a notion of approximate viscosity solution for a class of nonlinear
path-dependent PDEs (PPDEs), including the Hamilton-Jacobi-Bellman type equa-
tions. Existence, comparaison and stability results have been established under fairly
general conditions. It is also consistent with the notion of smooth solution when the
dimension is less or equal to two, or the non-linearity is concave in the second order
space derivative. We finally investigate the regularity (in the sense of Dupire) of the
solution to the PPDE.

1 Introduction

The main objective of the paper is to study nonlinear path-dependent PDEs (PPDEs) of
the form
—Opv(t,x) — F(t,x,v(t,x), Vyv(t,x), Viv(t,x)) =0, (t,x)€ 06, (1.1)

where © = [0,T] x C([0,T]) or © = [0,7T] x D([0,T]), C([0,T]) being the space of all R%-
valued continuous paths on [0, 7], and D([0,T]) being the Skorokhod space of all R%-valued
cadlag paths on [0,7]. In the above, d;v (resp. Vxv and V2v) represents the horizontal
derivative (resp. first and second order vertical derivatives) of v in the sense of Dupire [§],
see also Section 2.4 below.

Extending classical PDEs, PPDEs have various applications in the study of dynamic
stochastic systems in non-Markovian settings (hedging/super-hedging of path-dependent
options [8], path-dependent optimal control problems and stochastic differential games [18],
etc.). Pioneering works, such as [8, 3, 17], investigated the existence of classical solutions,
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but it is generally very hard to obtain the required regularity of solutions, even for the
most simple path-dependent heat equation. For this reason, much effort has been devoted
to introduce appropriate weak notions of solution.

In a first stream of literature, see e.g. [9, 10, 11, 20], the authors investigate a relaxed
notion of viscosity solutions for PPDEs. As for the classical notion of viscosity solutions for
PDEs on RY, see e.g. [7], they consider families of smooth test functions and use the deriva-
tives of the test functions to define the viscosity supersolution and subsolution properties.
However, in contrast to the pointwise tangent property used in the classical setting, their
definition appeals to an optimality property with respect to a stopping problem under a
nonlinear expectation. For fully nonlinear equations, they require F' to be non-degenerate
as well as a strong uniform continuity conditions (which for instance are not satisfied in the
case of linear equations with path-dependent coefficients). In [20], the non-degeneracy con-
dition has been removed, but more restrictive continuity conditions on F' are needed. More
recently, [6], followed by [22, 4], introduced a notion of Crandall-Lions viscosity solutions,
and investigated the use of Gauge functions for HJIB equations.

Another approach consists in approximating the generator F' of the PPDE by a sequence
(F™)p>1, for which strong existence holds, and then define the limit of the corresponding se-
quence of solutions (v"),>1 as a solution of the original PPDE. This is the case of the notion
of strong viscosity solution studied in [5], according to which a function v is called a strong
viscosity solution of the PPDE with generator F' if there exists a sequence (v", F™)p>1
that converges to (v, F') pointwise, and each v™ is a smooth solution to the PPDE with
generator F". Existence and uniqueness of strong viscosity solutions was proved for a class
of parabolic semilinear PPDEs, which can be expected because of their link with BSDEs
and the associated stability results. Finally, in [12], the authors introduced a notion of
pseudo-Markovian viscosity solutions for fully nonlinear PPDEs by considering a sequence
of PPDEs with generators F"™ associated to paths frozen up to the exit time of certain
domains. In their case, existence in the fully nonlinear setting relies on the convergence of
a suitable sequence of functions, which is a-priori not trivial.

Let us also mention the notion of Sobolev solutions investigated in [16] for a class of
PPDESs, which uses global properties to define a solution, in contrast to the local property
required in the definition of classical solutions or viscosity solutions.

In this paper, we introduce a novel weak notion of solutions in the same vein as the
strong viscosity solutions of [5] and the pseudo-Markovian viscosity solutions of [12], in
the sense that it is defined by an approximation argument. Similar to [12], we consider
PPDEs with fully nonlinear, and possibly degenerate, generator F', which can exhibit a
non-uniformly continuous linear part. As in [12], our construction is based on a finite
dimensional approximation of paths, that are frozen on some time intervals. The difference
is that we do not consider a sequence of (possible infinitely many) hitting times to define
the frozen-path PPDE, but use a simple sequence m = (7"),>1 of discrete time grids on
[0,T], with 7" = (0 =t < --- <t} =T), and then freeze the path argument on each time

n n

interval [t} ) to obtain our sequence of generators ™, see (2.7) below. Importantly,
the path argument is not only frozen, it is also approximated by a piecewise constant



or a piecewise linear approximation. For PPDEs having a probabilistic interpretation in
terms of BSDEs or optimal control problems, this amounts to replacing in the coeflicients
the original diffusion process by the corresponding piecewise constant or piecewise linear
approximation. From this point of view, this definition is very natural and simple. The
fact of freezing the path allows us to reduce to a finite dimensional setting, on which
standard viscosity solution techniques can be applied. The fact of making an additional
approximation of the original path allows us to view the corresponding PDEs as PDEs with
a finite number of parameters on which a-priori regularity estimates can be obtained.

In this setting, we say that a function v is a m-approximate viscosity solution of the PPDE
if it is the limit of the (classical) viscosity solutions (v™),>1 associated to the sequence
(F™)p>1, see Definition 2.6 for a precise statement. Without defining explicitly a notion of
solution, this approximation approach was already used successfully in [1] to obtain C!*-
type estimates on the candidate solution of a specific class of fully nonlinear PPDEs. We
show in this paper that it can actually allow one to consider fairly general situations.

Using this definition, the uniqueness and comparison are direct consequences of the com-
parison principle of classical PDEs. As for the existence, it is easy to obtain for a class of
semilinear PPDE or HJB type equations, where the solution has a probabilistic represen-
tation by the path-dependent BSDEs or optimal control problems. In fact, it is generally
enough to assume some uniform continuity conditions on the coefficient functions, and then
to apply the standard stability results of the BSDEs and SDEs, c.f. Proposition 2.9. How-
ever, it becomes more challenging to prove existence in the general nonlinear case, without
the help of a probabilistic representation. This is our main result, Theorem 2.12. It is
proved in a rather general setting ensuring that comparison and existence holds at the level
of the path-frozen finite dimensional PDEs, and only uses viscosity solution techniques. In
particular, the generator can be degenerate and does not need to be concave when d > 2, an
assumption made in [11]. Notice also that existence of Crandall-Lions solutions is proved
in [6, 4, 22] only for path-dependent HJB equations.

At the same time, we are able to show that a classical solution of the PPDE is an
approximate viscosity solution, when d < 2 or the non-linearity is concave (or convex) in
the second order spatial derivative. In particular, our result could induce natural numerical
schemes for the class of nonlinear PPDEs, with an explicit convergence rate, see Remark
2.13.

Finally, another advantage of our approximation technique is that it allows one to obtain
Ch+etype regularity estimates (in the sense of Dupire) for solutions to PPDEs, a subject
which does not seem to have been investigated so far. In particular, this enables to use the
CY%!-functional Itd’s formula of [1], see this reference for a specific application in mathemat-
ical finance. In this paper, we show that the solution inherits the C1*%regularity of the
coefficients and the terminal condition. For semi-linear equations, the results can actually
be proved by purely probabilistic arguments. For fully nonlinear equations, the approxi-
mation approach is fully exploited. In this case, we need to assume additional structure
conditions, and stay in the context where the generator is concave with respect to the Hes-
sian matrix or the dimension does not exceed 2. The (very difficult) question of whether a



uniform ellipticity condition can regularize the solution is left for future research.

The rest of the paper is organized as follows. In Section 2, we introduce our notion of
m-approximate viscosity solutions to the PPDE, and provide some comparison, existence
and stability results, in a fairly general fully nonlinear setting. Then, in Section 3, we
provide some first regularity results on the solutions to the PPDE.

2 Approximate viscosity solution of path-dependent PDEs

In this section, we first define our notion of approximate viscosity solution, after introducing
some general notations. Its very definition implies that comparison holds under standard
assumptions. We next show how it is naturally connected to optimal control problems, and
then provide an existence result as well as a first stability result in a fully nonlinear setting.
Finally, we show that the notion of approximate viscosity solution is consistent with the
notion of classical solution.

2.1 Preliminaries

By the parabolic and local nature of the PPDE (1.1), it is natural to consider the case
where its coefficients are defined on the space C([0,T]) of R%valued continuous paths on
[0,7]. A solution should then be defined on [0,7] x C(]0,7]). On the other hand, when
one investigates the vertical regularity of this solution in the sense of Dupire, one needs
to consider paths with jumps, and hence it is more convenient to define it on the space
D([0,T]) of R%-valued cadlag paths on [0,7]. For this reason, we will consider two cases
Q=C(]0,T]) or Q= D([0,T]) equipped with two different metrics.

For both cases of {2, given x € 2, we define its uniform norm by ||x|| := supsc(o7] [Xs|;
and
xen = (Xpns)s<r for t < T, [x]}' = (Xt?)jzo,...,i for i < n,

in which the later is defined with respect to a given increasing sequence of discrete time

grids m = (7")p>1, i.e.
o 1" = (t!)o<i<n With 0 =1t <--- <) =T, for each n > 1,
o 7" C "1 for each n > 1,
o |7"| := max;y |t7, — 17| — 0 as n — oo.

For each n > 1, we introduce n, : [0,7] — [0,T] and n;} : [0,T] — [0, T defined by

k3

n—1 n—1
Ma(t) =Y 8 0qgngn 3 (0) + Tlipy(t) and mf () := > 2 Ly, 3 (1), (2.1)
=0 =0

We next define different metrics p : 2 x @ — Ry as well as different projection operators
1" : Q@ — Q, depending whether Q = C(]0,T]) or Q2 = D([0,T]).



Case I: 2 = C([0,T]). Let us define the metric p and a family of pseudometrics (pt):ejo,7)
on 2 by

pi=pr,  pe(%,X) = [[xen — xpall- (2.2)
Further, for each n > 1, ¢t € (t},tp, ], k= 0,--- ,n — 1, we define II} : @ — Q by

k—1
i, —s s—1t
Y] = 1ise <7Z+1 Xt + X >
= {S [ i 1+1)} t? _ t’rL i 1+1 _ tn
t—s s—1y
1{se[t;;,t)}<t m Xgn + 4 Xt) + Lgseremyxe, s €1[0,T].
Namely, II}"[x] is the linear interpolation of the points (th, c L Xen, x¢). By convention, let

7] = T

Case II: Q = D([0,7T]). Let A; denote the collection of all strictly increasing and con-
tinuous bijections from [0, ¢] to [0,t], I; : [0,t] — [0,t] be the identity function, and p be
a finite positive measure on [0, 7] with atoms at finitely number of points in 7™ for some
n > 1. We next define the metric p and pseudometrics (Pt)te[o,T} on €2 by

t
p=pr. ) ::AigAft(IIA—ItH+HXm-(X’O>\)mH)+ = utas). 23

For each n > 1,t € (7,47 ], k=0,--- ,n — 1, we define [T} : x € Q — II}'[x] € Q as the
piecewise constant approx1mat10n of x:

b, = Z Lseleparyer + Liselp.oy¥ep + LisepyXe, for all s € (0,77,

and by convention II"[-] := IT/1[].

Hereafter, we shall consider the two cases simultaneously and only write (€2, p), unless we
need to specialize to Q = D([0,T]) as in Section 2.4 and Section 3 below.

Remark 2.1. (i) In the case that Q@ = D([0,T]) and without the integral term w.r.t. p
n (2.3), the metric p is exactly the Skorokhod metric. Since the map x — fOT xedt s
not uniformly continuous under the Skorokhod metric, we add the integral term in (2.3) to
make it more general for later uses. At the same time, to ensure that Q) is a separable space
under p, the measure p is assumed to have finitely many atoms. Moreover, the atoms are
assumed to be in w", for some n > 1, because of our approximation procedure. This is a
constraint on the choice of u, or on the choice of the discrete time grids w. We also notice
that, in this case,

pxinXin) < pelxen,xin) = pe(xx) < (T4 p((0,2])) Ilxen — xinll-
(ii) In both cases of the definitions of (2, p,I1[-]), it is easy to see that
pt(H?[X],Xt/\) —0asn— 00, forallxeQ:={x€Q :x=xp}.

In particular, the space (4, py) is separable.



2.2 Definition of approximate viscosity solutions

Let S? denote the space of all symmetric d x d-dimensional matrices, and © := [0, 7] x Q. We
say that a functional u : © — R is non-anticipative if u(t,x) = u(t,x4) for all (¢,x) € ©.
We are given a generator function F : [0, T]x QxR xR%xS? — R, which is non-anticipative
in the sense that F(¢,x,y, z,7) = F(t,%n, ¥, 2,7) for all (t,x,y, 2,7) € [0, T|xQAxRxRxS%,
and a terminal data g : 2 —> R. Throughout the paper, we study the following PPDE:

—opv(t,x) — F(t,x,v(t,x), Viv(t, x), Viv(t,x)) =0, (t,x)€][0,T)xQ, (2.4)

with terminal condition

v(T,x) =g(x), xe€. (2.5)

Our definition of approximate viscosity solutions is based on the approximations of the
path x, through the operator II" defined above, which allows us to reduce to a finite
dimensional setting. Let us first introduce some functional spaces. Given L > 0, let

Cr:= {g :Q — R :g is continuous w.r.t. | - || and satisfies sup oGl < L},
xer 1+ x|

and let LSC? (resp. USC?) denote the collection of non-anticipative functions f : @ xR? —
R satisfying, for all (¢,x,z) € [0,T] x Q x RY,

[f(t,x2)] < L(1+ x| +]z]) and f(t,x,2) = f(t,1T [x], ),

and such that (t,z) — f(t,x,z) is lower-semicontinuous (resp. upper-semicontinuous) on
each domain [t} ¢} ;) x R? i = 0,---,n — 1. Then, it is clear that a functional f €
LSC} UUSCY} can be represented in the form

ft,x,z) Zfz X7, @) Ln ey () + (X0 2) Ly (2).- (2.6)

for a sequence of functions f; : [t7, 7, ;) x (RY)*! x RY — R, i = 0,--- ,n — 1, together
with a map f, : (RY)"T! x R — R. Let
Cr = LSC} NUSCT.
Finally, we define
F™(t,x,y,2,7) = F(t, I o x],y,2,7), for all (,x,y,2,7) € [0, T)x2xRxRIxS?%. (2.7)

Definition 2.2 (7"-viscosity solution). We say that u" € LSC} (resp. USC}) of the
form (2.6) is a ©"-viscosity supersolution (resp. subsolution) of (2.4) if, for all x € Q and
i=0,---,n—1, the map (t,x) — u"(t,x,x) is a viscosity supersolution (resp. subsolution)

of

_8t90(t>$) - Fn (t7X7 gO(t,ZL‘),DQD(t,Qf), DQ@(tax)) = 07 on [tzlat?—&—l) X Rda (28)



satisfying the boundary condition

lim inf 5(@(15,37/) — u"( ?Jrl,H”[X]Eﬂt?Jrla;, x)) >0, for all z € RY,

t @ =
with § = 1 (resp. § = —1) and!
xAx = X1 + Xll[t’T], for allt < T and x,x" € Q.

Moreover, we say that u™ is a ©w"-viscosity solution of (2.4) if it is both a w"-viscosity
supersolution and subsolution of (2.4).

In order to ensure the existence and uniqueness of a 7"-viscosity solution in Ur/~oC},, we
make the following standard assumption throughout the paper, in which the continuity or
Lipschitz continuity property of a functional x € Q — f(x) is defined w.r.t. the metric p.

Assumption 2.3. Let L > 0 be a fixed positive constant.

(i) The functional F' is non-anticipative, continuous in time, and for all K > 0 and (t,x) €
O such that ||x|| < K there exists Cx > 0 such that the map (y,2,7) € R x R? x §9 —
F(t,x,y,2,7) is Cx-Lipschitz continuous. Moreover, |F(t,x,0,0,0)| < L(1+ ||x||).

(ii) For all K > 0, there exists a continuous map wr : Ry — Ry such that wg(0) =0
and

—F(t,x,y,a(z — 2),T1) + F(t,x,y,a(z — 2'),T2) < wr(alz =P +]z—71), (2.9)

for all (t,x,y,2,2') € @ x R x R x R4, T1,Ty € S and a > 0 such that ||x|| < K and

I —
_3g a 0 < I 0 < 3a 1, 1, ’
0 Iy 0 Iy —1; Ig

in which I; denotes the d x d-dimensional identity matriz.
(iii) The map v+ F(-,7) is non-decreasing (for the natural partial order on S¢).

(iv) There exists a compact subset A of R¥ | d' > 1, non-anticipative continuous maps o, :
© x A — M? and L-Lipschitz non-anticipative continuous maps F,F : © x R x R4 — R
such that

(a) x € Q> (0,0)(t,x,a) is L-Lipschitz continuous, uniformly in (t,a) € [0,T] x A.

(b) For all v € S¢,

el T = |
E+inf cTrloo (a)q] < F(7) < F+31611A3§TY[00 (va) 7]

Remark 2.4. Notice that for PDE (2.8) on [t} ¢}, ), the path x is frozen up to ¢}, so that

K2
F™ does not depend on the space variable x.

'Hereafter, we identify a constant 2 € R? to the constant process xzljo,1.



Item (i) of Assumption 2.3 enables us to work on an unbounded domain by exhibiting a
suitable penalty function to obtain a comparison principle, see the proof of Proposition 2.5
below. The Lipschitz continuity in (y, z,7) is local in x, which is not an issue here as the
path is frozen in F™.

Items (ii)-(iii) of Assumption 2.3 are standard to ensure the well-posedness of the PDE
as well as the comparison principle (see e.g. [7]). In particular, Item (ii) is essentially used
to verify conditions in Ishii’s Lemma. Nevertheless, since x is frozen up to time t}' for PDE
(2.8) on [t},t}, 1), our condition in (2.9) is slightly simpler than that in [7], and can be
trivially made local in x with constants Cx. We also refer to [14, Corollaries 4.11 and 4.14]
for a relaxation of this condition.

Item (iv) of Assumption 2.3 will be used to exhibit a #"-viscosity supersolution and a
n"-viscosity subsolution of (2.4) with terminal condition g € Cr, having linear growth,
uniformly in n > 1, see (2.11) below. It is essentially induced by the Lipschitz continuity
of F', and could be replaced by other conditions leading to similar a-priori estimates.

Proposition 2.5. Let Assumption 2.3 hold true.

(i) Fixn > 1, let u™ € LSC} and v™ € USCT be respectively m™-viscosity supersolution and
subsolution of (2.4) such that u™(t?,-) > v™(t?,-). Then, u™ > v" on © x R,

(ii) Fiz g € C, and n > 1. Then, (2.4) has a unique " -viscosity solution v" € Ur~oC},
satisfying the terminal condition

V"t x,xem ) = 0" (6, TP [x], x¢n ) = g(I1"[x]),  for all x € Q. (2.10)

(iii) Fiz g € Cr, and let (v"),>1 be defined as in (ii) above. Then, there exists C > 0, that
depends only on L, such that
sup [v"(t,x, )| < C(1 + ||x|| + |z|), for all (t,x,z) € © x R< (2.11)
n>1
Proof. (i) Let us n > 1, 0 < i < n-—1, x € Q. If w is a viscosity subsolution of
(2.8) on [t ¢7 ;) x RY, then Assumption 2.3.(i) ensures that (¢,z) € [t7, ¢ ;) x R —
w(t,x) — e(1 + |x]?)e*r! is a viscosity subsolution of (2.8) on [t?, ¢! ;) x R? for all £ > 0.
Combined with Assumption 2.3.(ii), it follows by standard arguments that (2.8) admits a
comparison principle among functions having linear growth (see e.g. [7, Section 8]). Item
(i) of Proposition 2.5 is then proved by backward induction.

(ii) — (iii) For each n > 1, the uniqueness of the 7"-viscosity solution v™ of (2.4) with
terminal condition (2.10) follows from Item (i). It remains to construct a solution having
the (uniform) linear growth property (2.11).

Recall that A is a compact subset of R? for some d > 1, in Assumption 2.3. Let us
consider a probability space equipped with a standard d-dimensional Brownian motion
W and the corresponding Brownian filtration, and denote by A the collection of all pre-
dictable processes taking values in A. Then, given 0 := (t,x,z) € © x R? and a € A, let
(X00 y0a 70:9) he the unique triplet of R x R x R%adapted processes satisfying

T
B[t + [voe )+ [ |20 as] < oc
t

8



and that solves the (decoupled) forward-backward SDE
0 ° 0
X" = LsefoyXs + 1{se[t,T1}($ + / o (r, 105, (X7, ﬂr)dWr)v s € (0,71,
t

T T
Vi = g(In[x %) + / E(r, 107 [X9, Y70, Z0%) dr — / ZPdW,, s € [t,TY,

S S
where we recall that n,(r) := t} for all » € [t,1} ), i = 0,---,n — 1. It follows then
from standard arguments (see e.g. [21]), combined with Item (iv) of Assumption 2.3, that
(t,x,2) € O x R — u"(t,x, ) := inf{Y;e’a, a € A} is a n"-viscosity subsolution (actually
solution) of (2.4) with terminal condition (2.10). At the same time, using the Lipschitz
continuity condition in Item (iv) of Assumption 2.3, it follows by standard estimates on the
BSDEs (see e.g. [13]) that we can find C' > 0, that depends only on L, such that

Y74 < O+ ||x]| + |z]), Vae A

Therefore, u™ satisfies the linear growth estimate, uniformly in n > 1. Similarly, we can
exhibit a 7"-viscosity supersolution u" of (2.4) with terminal condition (2.10) that satisfies
the same growth estimate. Then, the existence of a 7"-viscosity solution v™ and the estimate
(2.11) follow from Perron’s method, see e.g. [7]. O

Given the existence result of Proposition 2.5, we can now provide our definition of «-
approximate viscosity solutions.

Definition 2.6 (w-approximate viscosity solution). Given g € Cr, let v™ be the unique
" -viscosity solution of (2.4) satisfying the terminal condition (2.10), for each n > 1. We
say that v is a w-approzimate viscosity solution of (2.4)-(2.5) if (v"")n>1 admits a pointwise
limit and
v(t,x) = lim v"(t,x,x¢), for all (t,x) € ©.
— 00

n
Remark 2.7. For the class of nonlinear PPDE which will be studied below, we will be able
to show that the m-approrimate viscosity solution v does not depend on the choice of the
sequence ™ = (m")p>1 of discrete time grids. Nevertheless, we keep m in Definition 2.6 to
leave some flexibility on this notion of solution that could be useful for larger classes of
PPDEs.

When Q2 = D([0,T1]), the definition of the metric p depends on a finite measure p which is
implicitly related to w. This is another reason for keeping m in the definition of our notion
of solution.

2.3 Comparison principle, existence and stability properties

We provide here some results on the comparison, existence and stability of m-approximate
viscosity solutions. For a 7™-viscosity solution solution v™ : © x R* — R, we will consider
it as a functional on © with

v(t,x) = v"(t,x,%), forall (¢,x) € O.



For later uses, we also consider a modulus of continuity w, : Ry — Ry (i.e. a non-
decreasing function satisfying w,(0) = 0), which is concave and satisfies that, for some
constant ¢ > 0, wo(z) > cx for all z > 0. We further define @/ : Ry — R, by

wh(z) = \/wo(x?), forall z > 0. (2.12)

2.3.1 Comparison of solutions

By the comparison principle results for 7”-viscosity solutions of Proposition 2.5, it follows
immediately a comparison principle for the m-approximate viscosity solutions, by Definition
2.6. We state the result below and omit its proof.

Proposition 2.8. Fork =1,2, let g* € Cr,, F¥ : © xRxR? xS — R satisfy Assumption
2.3, and v* be a m-approzimate viscosity solution of (2.4)-(2.5) associated to (F*,g*) in
place of (F,g). Assume that F! > F? and that g* > g*. Then, v >v? on ©.

2.3.2 A first existence result for Hamilton-Jacobi-Bellman equations

When PPDE (2.4) is in form of a path-dependent Hamilton-Jacobi-Bellman (HJB) equa-
tion, then, for each n > 1, its w™-viscosity solution v™ is the solution to a classical HJB
equation, which corresponds to the value function of a controlled diffusion processes prob-
lem in which the path of the controlled forward process X is replaced by its approximation
IT"[X] in the coefficients. In this case, the convergence of (v"),>1 follows from the conver-
gence of I1"[X] to X. Let us provide the following example to illustrate the idea, where
the continuity or Lipschitz continuity of a functional w.r.t. x is under p. Another general
case will be studied later in Theorem 2.12.

Proposition 2.9. Let g € Cr, and for all (t,x,y,2,7) € © x R x R% x §%,

1
Ftx,y.27) = sup (Fut;x,y, 2,a) + 5Tl (tx,0)7]),
acA

for some Borel set A C RY , d' > 1, and continuous functionals Fy : © x R x R4 x A — R
and 0 : © x A — R such that sup q)cjo,1)x 4 |F(t, 0,0,0, a)| < 00 and

lo(t,x, a)l

sup < oo, x+— o(t,x,a) is Lipschitz, uniformly in (t,a) € [0,T] x A.

(txa)coxa 1+ x|
Moreover, assume that, for all (t,x,x',y,1y,2,2',a) € [0,T] x Q> x R? x (R%)? x A,
It 9,2,0) - Foltxy/s 25a)| < L(y— o]+ 12 — ),

and
‘g(X) - g(X,)} + ‘Fo(t,x,y,z,a) - Fo(t,x’,y,z,a)’ < ng(pt(X,X,)).

Then, PPDE (2.4)-(2.5) has a unique ©"-viscosity solution v™ for eachn > 1, and v — v
pointwise for some non-anticipative map v : © — R. In particular, v is a m-approrimate
viscosity solution of (2.4)-(2.5).
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Proof. Let us fix (t,x) € ©. First, by Proposition 2.5, there exists a unique 7"-viscosity
solution v™ to (2.4) with linear growth. Moreover, by the representation theorem of Marko-
vian 2BSDE (see e.g. [21]), one has v"(¢,x) = supge 4 Y;"", where (X™® V™% Z™%) is the
unique solution to the FBSDE

s N (7

sVt
XP0 =t [ o(n L ) X" 0, ) W, s € 0.7,
t
T T
Yt = g(I"[X™0]) + / Fo(r, Iy o [X™0], Y0, 2% ) dr — / ZMdW,, s € [t, T,
S S

and A, W are as in Step (ii)-(iii) of the proof of Proposition 2.5. Let X be the controlled
diffusion process defined by

sVt
Xt = XW+/ o(r, X% a,)dW,, s €[0,T].
t

It follows from standard stability result for SDEs that

supE[HX"’“—X“Hz} — 0, as n —> oo.
acA

Using the concavity of the continuity modulus function w,, one can deduce that

T 2 2
supﬂ«:[/ Fo (1, 0 () [X™,0,0) = F(r, X°,0,0) [ “dr + |g (1" [X™]) = g(X*)| '] — 0.
acA t
Let (Y%, Z%) be the unique solution of the BSDE

T T
Ve = g(X9) +/ Fo(r, X Y,2, Z8)dr — / Z8dW,, s € [t,T).
S S
It follows then by standard stability result for BSDEs (see e.g. [13]) that
sup |V, = Y*| — 0.
acA
Therefore, one has
V" (t,x) = 0" (t,x,x¢) =sup ¥, — v(¢,x) :=sup Yy,
acA acA
and hence v is a m-approximate viscosity solution of (2.4)-(2.5) by Definition 2.6. O

Remark 2.10. (i) Similarly, one can consider Hamilton-Jacobi-Bellman-Isaac equations
associated to zero-sum games. The critical point is the uniform convergence of the approz-
imation of the controlled diffusion processes as well as the stability of the related BSDEs.

(ii) Notice that, in the proof of Proposition 2.9, convergence holds (to the same function)
for any sequence w of time grids, and the limit does not depends on w. In other words, the
exact sequence ™ of time grids entering in Definition 2.6 does not play any role. This will
also be the case for our general existence result in Theorem 2.12 below.
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2.3.3 Existence and stability for fully nonlinear equations

In this part, we prove the existence of a unique m-approximate viscosity solution as well
as a stability result for a general class of fully nonlinear equations satisfying the following
structure condition. Recall that p is defined in (2.2) and (2.3) for the two cases of €2, the
modulus of continuity w, : Ry — Ry is concave and o, (z) := \/wo(x2), for all z > 0.

Assumption 2.11. There exists a continuous non-anticipative function H : © x R x R? x
S* — R, together with non-anticipative mapsr: 0 — R, p:© — R and 0 : © — S%,
such that v — H(-,7) is increasing, and for all (t,x,y,z,7) € [0,T] x Q x R x R? x §¢,

1
F(txy,29) = H(txy,27) + 76Xy +p(t,x) - 2+ STe[oo " (,x)7].

Moreover, there is a constant L > 0 such that for allt € [0,T] and (x,y, z,7), &, ¢, 2',7) €
QxR x R? x S%, one has |r(t,x)| < L and

|r(t,x) = r(t,x")| + |pu(t,x) — p(t,x")| + |o(t,x) — o(t,x')| < Lpi(x,x'), (2.13)
|H(tx,y,2,7) - Htxy, 2,7)] < Ly =y + ]z =21+ ]y=71), (2.14)
9(x) = g()| + [H(t,x,y,2,7) = H(t,x',y,2,7)| < Lag(p(x,x)). (2.15)

The above turns out to be enough not only to prove existence and uniqueness but also
that the solution does not depend on the particular sequence m = (7"),>1 of time grids
used in Definition 2.6 (see also Remark 2.10).

Theorem 2.12. Let Assumptions 2.8 and 2.11 hold true. Then:
(i) PPDE (2.4)-(2.5) has a unique T-approzimate viscosity solution v.

(i1) For all K > 0, there exists a constant Cxg > 0, that depends only on K and L, such
that

v(t,x') = v(t,x)| < Cx @, (pe(x,x)) and |[v(t',x¢n) — v(t,x)| < Crwl (]t — t|%), (2.16)

for all0 <t <t' <T and x,x" € Q satisfying ||x|| V ||| < K.

(iii) If 7’ is another increasing sequence of discrete time grids and v' is the 7'-approzimate
viscosity solution of (2.4)-(2.5), then v/ =v on [0,T] x Q.

Remark 2.13. In the context of Theorem 2.12, let v be the m-approximate viscosity solution
and v"™ be the " -viscosity solution of (2.4)-(2.5). As a by-product of (2.36) in the proof
below, for all K > 0, there exists a constant C'x > 0 such that

o 3,350) = v(£,%)] < Coc (o (T 8B ) + ] (2.17)

whenever ||x|| < K (recall that n;t (t) is defined in (2.1)).

Before to prove the above, let us state immediately the following stability result.
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Proposition 2.14. Let (F}, gr)r>0 be a sequence satisfying the assumptions in Theorem
2.12, uniformly in k > 0, and such that

(Fk(tkaxkvykazkawk)’gk(xk)) — (Fo(t,X,y,Z,’)/),go(X)) as k — 00,

whenever (tg, X, Yk, 2k, Tk) — (6,X,9,2,7) € O x R x R? x S, Let v, be a m-approzimate
viscosity solution associated to (Fy,gx) for each k > 0. Then, there exists a subsequence
(km)m>1 such that (v, )m>1 converges pointwise to vy.

Proof. For each k > 0, let v}! be the m,-viscosity solution associated to (F},gy). Then, for
each fixed n > 1, it follows by stability of the viscosity solutions of classical PDEs that
v — vy pointwise as k — oo.

In view of Remark 2.1, one can find a countable subset ©, of © such that, for any
(t,x) € O, there exists a sequence (;,x;)i>1 C O, satisfying

pi; (%, %) + |t — t[? — 0. (2.18)

Then, by a standard diagonalization argument, we can find a subsequence (ky)p>1 such
that v —vg| — 0 pointwise on the countable set ©,. On the other hand, (2.17) implies
that, for each (¢,x) € ©,, there is some constant C'x > 0 such that, for all n > 1,

1
[V = Vol(t,%) < Jof, = o1t %, %) + 20K (e ) (T [x8B  x %) + |77 7).

Therefore, by Remark 2.1, one has vg, — v pointwise on 0,. Finally, by (2.16) and
(2.18), it follows that v, — vo pointwise on ©. O

We now complete the proof of Theorem 2.12. The key ingredient is to provide a uniform
estimate on the difference v — v™ when m,n — oo, where v™ (resp. v™) is the 7"~ (resp.
7"-)viscosity solution of (2.4) with terminal condition (2.10).

By (2.6) and Definition 2.2, it is clear that v"(¢,x,z) depends only on (xt?)jzof.wi and

xr when t € [t}, ¢ ). For this reason, for each n > 1 and t € [t}, 7 ), we introduce

ol < [0, 17, 1) x (RY)™1 x RY — R defined by

o (¢, [X]7, x) = v"(t,H??[x],:n), (2.19)

and F" : [t?, ¢ 1) x (RY)™ x R? — R as well as g" : (R?)"*! — R defined as

Fz'n(tv [X]?v) = F(t,H%[X],-), 9"([X]Z) = g(Hn[X])' (2.20)

AN

We similarly define 77, ui*, o, i.e.

rit (¢, [X]7) = r(t, I} x]), w (¢ X} = u(t,HZn x]), ot X}) =0t I x]).

Then, by Definition 2.2, (t,z) —— v]'(¢,[x]?,x) is the unique viscosity solution of the
classical PDE

fatvf(t, [X]n,$) — Fz-”(t, [x]7, vt Dv?,DZU?) =0, (t,x)elt! tl,) € R, (2.21)

7 R A
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with terminal condition

U? (tn—l—la [X]?a 1’) = U?—s—l (t?—i-l? ([X]?,x),l‘), i = Oa e, — 27 U;’LL(th [X]Z) = gn([X]Z)7

where Dvl! (resp. D?vl) represents the gradient (resp. Hessian matrix) of x — v'(¢, [x]?, x).

We first study the stability of (v"),>1 with respect to the space arguments.

Lemma 2.15. Let the conditions of Theorem 2.12 hold, and let v be the w"-viscosity
solution of (2.4) satisfying the terminal condition (2.10) for each n > 1. Then, for all
K > 0, there exists a constant Cx > 0, such that, for allm,n > 1, t € [0,T], and x,x" € Q
satisfying [lxenll + [xial < K,

1 1
0™ (¢, x,%x¢) — 0" (t, X, x})| <Cg @, (pni,;(t) (I (X, ¢ (], 1T [X/Eanf%(t)xg]) +|7™ |14+ \7r"|1) :
(2.22)

Proof. We restrict to the one dimensional case d = 1 for ease of notations. Given m < n,

n

» contains all the information of [x]}". We will then consider a

as ™" C 7", the vector [x]
functional of [x]™ as a functional of [x]|". For this purpose, let us introduce, for alli <n—1,
telti ), xeQand z € R,

o " (X7 @) = ol @) (t, [x]%n(i),x), (2.23)

? m
where I7' (i) := max{j : < t'} for all ¢ = 0,1,---,n. Similarly, one defines the
functionals

m,n m,n m,n m,n m,n m,n
Fji77Hi77ri77/j’i770-i77g"

(i) Given i < n, (t,z,2') € [t t?,;) x R? and x,x’ € Q, set

W (I R ) = (1 K ) — o (6 ).

We first show that w;""(-, [x]?, [X']?,,-) is a viscosity subsolution of some HJB equation.
Let ¢ : [t7,7,] x R2 — R be a smooth function and (£,2,2") € [t7, ¢, ;) x R? be such
that

0 = max (wi™" (¢, X7, X, @, 2") — o(t, z,2"))

3
(t.aa)E[ET 27, ) xR2

= w"" ([}, [}, 2,2 — o(t, &,2).

Recall that v} is a viscosity solution (hence supersolution) of (2.8) with generator F"* and
m,n
i

follows from Ishii’s lemma (see e.g. [7, Theorem 3.2]) that, for all ¢ > 0, one can find

Ve, YL € R such that

v, " is a viscosity solution (hence subsolution) of (2.8) with generator F™". Then, it

( ?)8 0, ) < D*p(i,&,#) + (D*¢(F, 2,4"))°, (2.24)
Ve
and
0> — ot a,2") — F* (&, 5P (£ X2, 2), e (E, &, 27),7e)
+ Fmn (g K] ol (8 KR, 2, 0w, 7, 2),4L). (2.25)



We now estimate the r.h.s. of (2.25). By (2.14) and (2.24), using the notation 6 =
(tAv [X]?7§77i‘/77€7’y‘c’;)7

AHM = — H"(4 [x]7, o (6 X}, 2), 0:0(1, 2, 27), %)
+ H™(E K0 [X']?,”) <I5(5 z,1), é)

= L{(wh (o (T <), D)) + | (2, &)
— o,H"(0) (A0(h, 2 x)+5A2<Z>(t,55,55’)),

for some functional 9, H" > 0 bounded by L, and where

v

A¢ = 02,6 +20% 0+ 0% ¢ and A?¢:= (1,1) (D2¢)2< 1 )

This implies that, with B := [~L, L]? x [0, VL],
liminf AH™™
el0
: Licp A Al 2 S P 312 S A
> (bl,ggl,i?)eB ( —blo(t,&,2") — b*(0,0(t,2,2") + Op o (t,2,2")) — [°PAB(E, 2, & ))
— L (T (X),H?ﬁ ))). (2.26)

— (6 K)o (8 [XIE, &) + o (8 K)o (XT3 &)
> —rf (LK) o(E2,9) — Ar"(E X7 K)o (E K7 &),

where

A" N KR = oK) = e )
satisfies

|Ar (& K K] < Lpg (T[], T D), (2.27)
Further, one has
— p (8 X)) 00 (t, 2, 2) + p " (€, X)) (0w o (E, 2, 27))
= — (6 X7 [000(F,2,2") + 0w d(t, 2, 2)] — Ap™" (X}, [K17) 0w b (£, 2, 2')

where

Ap" (K K = oK) — (4 K7,
satisfies

A" I KT] < Lpg (T ], T [x]). (2.28)

1 (2

Finally, by (2.24),
limy %nf( — ol (i, [1) e + o (E X)) (L))
> — o (i, X202, 0(i, 2, 2') — [o7 (i, [x]?)mam’"( KR )02 (2, 1)
=207 (&, [X]7) [0 (£, [<J}) + Aoy (t, K7, X 17)] 020 (E, 2, 7)),
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where

Ao (& [XF X)) = 0" (4 KT — o (6, X7,
so that
| A" (& X7 KT < Lpg (T [x], TE D). (2:29)

By arbitrariness of € > 0, it follows that w;"" (-, [x]?, [x]?, -, -) is a viscosity subsolution on
[t7, L) X R? of

0 > - at¢(t,l‘,$/) - I&Hﬁ(ﬁ?[t, [X]?a [Xl]?]¢(taxay) - fin(ta [X]?a [X,ML,JJ),

in which
fr R I 2) = O (14 X+ 12]) @6 (e (T (], T (X)), (2.30)
for some C large enough, and
Lt (<7, 106 (t 2, o)
= B+ (8 D) Bt s a) + (8 + (D) (9r (s, 2') + D (1, 7,27))
+ AL (8, K7 KOst 2') + %I\@b?’FAqS(t, z,2) + %a;@ (t, X)) 202, 0(t, 2, 2')

F Lo + Ao [ ] 0t 2. )
o7 (4 7) o7 (4 7) + AT 2, )] 00t 2, ).

Moreover, it satisfies the boundary condition

t%m Wi ,n(t’ [x]3' [X/]?,x,x’) = ::LL?( z+1a([ ]?7:6)7([}(/]?755/),93733/).
i+1

(ii) Given (t,z,2') € [t},t}, ) X R2, i < n, and B € B, the collection of predictable B-
valued processes, on some probability space endowed with the augmented filtration of a
two dimensional Brownian motion W = (W' W?), let us now define the two processes X A
and X'? by

XP =[xB],, +/ 82 —i—,u,(s,H”n(s)[Xﬁ])]ds—i—/ V2p3aw} +/ o (s, 10 (o [XP])aw?,
t
X% = XEBtiL' / dxP + / Ap(s I 0l X7, . (s)[X"B])ds
+ / Ao (s, II7 (XTI O [XP])awy.
t

Assume that ||x]| V [|X|| V |z] V |2/| < K. We can find Ck, that only depends on L and K,
such that IE[HXﬁHz + HX’ﬁHz] < Ok,

1 L
E|:HH” [Xﬁ]n;'[(t)\/ o Xff{(t)vHZ} +E|:HHm [X//B]n;;(t)\/ B Xr,;i(t)\/H2:| S CK(|7Tm‘2 + |7T ’2)7
(2.31)
and
E[”Hn [Xﬂ]nj;(t)/\ -1 [Xaan;f(t)x] H2 + HHm [Xlﬁ]nia(t)/\ -1 [X/Eanfa(t)xl] HZ} < CK|7rm’~
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Applying It6 formula on (X? — X’5)2 together with (2.13), (2.28), (2.29) and (2.31), one
can deduce that, for some constant C% > 0,

B[|x5 - XAIP] < le-oPaCic [ B[|xE - X8
Mm (%)

n m 2 mi L nil
+ Cle () (T 68y T ') 7|+ )2,
and it follows by Gronwall’s Lemma that, for some C% > 0,
s B 2 m 2 1 1
B[ o = X l] = Gl (ot (BB 2] T B g 2) 2712 712 ).
(2.32)

By the Feynman-Kac formula, the viscosity subsolution property of w;"", together with
(2.30), (2.27), (2.15) and the fact that r is bounded by Assumption 2.11, we deduce that

T
w" (¢ X7, K 2, 2) < supE[eftTkgdS ng(p(H”[Xﬁ],Hm[X'ﬁ])) —i—/ eftrk?dsg“fdr],
BeB t

where, for all 8 € B, kP and ¢? are predictable processes such that \kﬁ\ < L and
67| < L+ Ck) @4 (pr (1) [XPLIGT S IXP])) (14 1 X7P)).

Recalling that p(x,x") < C||x — x'[|, (2.32) and that the function w, is concave, one can
compute that

E [ (p, (117X 7], T [X"7)))’]

IN

O30 (P (T BBy ], T KB 1) BT, =T (X ]

IN

Crwo (pnfn(t) (H”[XEEWI@):U],Hm[x’Eﬂn$(t)x'])2 + 7™z + ]W”ﬁ)
It follows that, for some constant C'x > 0, depending only on K,

1 1
T )7 X @, ") < Ckool (p%(t) (H"[Xﬁﬂni(t)x],Hm[xlﬁﬂnmt)x']) + |7™|1 + |7r”]4>.

(iii) Finally, the corresponding lower-bound is derived similarly after exhibiting a viscosity
supersolution property by the same arguments. O

Remark 2.16. When m = n, one can bound ]E[”Hn[Xﬂ]n,t(t)v - H”[X"B]n;r(t)vHQ] by
E[HX5+(t)v — X:ﬁr(t)vH] without using (2.31). Letting w,(x) = wo(x) = x for all x > 0, the
same argument will yield the estimation: for some constant Cx > 0,

‘v"(t?,x, Xt;l) — vn(t?,xl,x;?)‘ < CKpt;z (H”[x},H"[x’]), when ||x|| + ||¥'|| < K.

Moreover, by considering the PDE satisfied by v™ on [t} , 7 1] X R?, one can easily deduce
that v"™(t,x,x) is locally Lipschitz in x. More precisely, one can deduce that, for some
constant Cx > 0,

0" (87, %, 3e0) — 0" (8,5, xp0) | < O[T ] = TX]|[, when [|x]] + '] < K.
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We now discuss the stability with respect to the time argument.

Lemma 2.17. Let the conditions of Theorem 2.12 hold and v™ be the w"-viscosity solution
of (2.4) satisfying the terminal condition (2.10) for each n > 1. Then, for all K > 0, there
exists a constant C'g > 0, such that, for alln>1,0<t<t' <T and ||x|| < K,

[0 (¢, xen, %) — 0™ (t,x,%¢)| < Ol (|t — t|% + |7T"|i) (2.33)

Proof. We use the notations introduced in the proof of Proposition 2.5. Fix ¢ < T. Given
0 := (t,x,z) € [0,t'] x A xRY and a € A, let (X% Y% 799) be the unique triplet of
R? x R x R%adapted processes satisfying

/

B[00 + [Pl + [ 12097ds] < oo
t
and that solves the (decoupled) forward-backward SDE

S
X0 =1 e s + Lsepryy (o + /t o (r. 1L, ) (X, 0 )dIV ).

S

t! t/
vir =, X0 + / E(r, 107 3 [X59, Y00, Z0%) dr — / ZP W,
S S

for t < s <t'. Then, Item (iv) of Assumption 2.3 implies that (see the proof of Proposition
2.5)

v (t,x) > ;QE‘YQO (2.34)

By the Lipschitz property of F, one can find a predictable process (k% (%) with values in
[~L, L]? such that

E(r, 107 o [X29, Y20 20%) = E(r, 112 )[X%9,0,0) + kY20 + (200, t<r<t.

r o
Let Q® ~ P be such that W* = W— [ (?dr is a Q®-Brownian motion. Then,

’ tl
Yf’a _ g0 |:€ftt kgds, n (t/, Xe,a) + /t eft kgdsE(T7 Hgn(r) [XG,G]’ 0, O)dr} .

We can then find C% > 0, that depends only on L and K, such that, for all ||x|| < K, one

has EC'[|X(%,,), — x[2]2 < Che(¥' = £)% and

Y;G,Cl _ Un(t,,Xt/\) > EQ“ |:eftt k:gdsvn(t/,XQ,a) _ ’Un(t/,Xt/\) _ (t/ _ t)C}{(l + ”XH):| )
Recall that the function w, (used in the definition of @/ in (2.12)) is concave. One can
then apply Lemma 2.15 and (2.11) to deduce that there exists a constant C. > 0, that

depends only on L and K, such that, for all ||x| < K,

VP00t xn) > — ;g(\t’—t\ 4RI 1 ()2 +|7r”yi)>.
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Recall that, for some constant ¢ > 0, one has wo(z) > cx for all z > 0. Then by (2.34),
there exists a constant C'xr > 0 such that

o™ (t,x) — "t x¢p) > — Crwl (|t — t|% + \W"ﬁ), for all ||z|| < K.

A similar upper-bound is obtained by using the second inequality in Item (iv)-(b) of As-
sumption 2.3. 0

Remark 2.18. When wo(x) := z for all x > 0, in view of Remark 2.16, one can improve
the above estimation in (2.33) to be

0" (# X, x1) — 0" (8, %, %) | < Clelt! — ¢
In particular, in this case, v"™ is locally Lipschitz in 11} [x| and 1/2-Hélder in t.

We can now conclude the proof of Theorem 2.12.

Proof of Theorem 2.12. (i) Recall that (7™),>1 is a sequence of discrete time grid on [0, 77,
let v™ be a 7"-viscosity solution of (2.4) satisfying the terminal condition (2.10). Moreover,
for each (t,x) € [0,7] x €, it follows by Lemma 2.15 that there exists a constant C' > 0
such that, for all n > m > 1,

[0 (8,5, 30) = 0" (85,50 | < Ol (e ) (T BB ), TV BB )+ 3|77 ).
(2.35)
Therefore, (v"™(t,x,x¢))n>1 is a Cauchy sequence so that v™ (¢, x,x;) — v(¢,x) pointwise for
some nonanticipative functional v : [0, 7] x ) — R. By Definition 2.6, v is a m-approximate
viscosity solution of (2.4)-(2.5). Further, it is in fact the unique m-approximate viscosity
solution, by the comparison principle in Proposition 2.8.

(ii) By the estimation in (2.22) with m = n, together with the estimation in (2.33), the
limit function v satisfies (2.16).

(iii) We finally prove that the notion of approximate viscosity solution does not depend
on the special choice of the increasing sequence of time grids. Let us fix two increasing
sequences of time grids 7 = (7"),>1 and 7’ = (7"),>1, and let v" be the 7"-viscosity
solution, v be the 7'"-viscosity solution. We then define # = (7"),>1 by #* := 7¥ for

k <n,and 7% := 7"Un’* =" for k > n, and let ¥ be the corresponding 7*-viscosity solution.

m " = v™, and that 9%" is the 7" Un/"-viscosity solution.

In particular, one has 72" := 7"Un’™, ¥
Then, it follows from (2.35) that, for some C' > 0, independent on n,
" — 62”‘(t,x,xt) = |o" — 172”|(t,x, X¢t)
12 1 opd
< 0wl <pm¢(t) (I BB, 1 ), T2 [XEB sy 3] | + [ ”\4), (2.36)
where II?" and f];n are defined as IT>" and n;n but with respect to 72”. By the same
arguments, one has

|’Um _@QR‘(t,X,Xt) < ng ('077#(1&) (H'"[Xaan;f(t)xt]’ﬁQ"[XEBﬁ;n(t)xt])+\7r’”|i+|7~r2"\%>,

where II" and 7" are defined as II" and 7" but with respect to 7. Therefore, the
sequences (v"),>1 and (v™),>1 have the same limit as n — oo. O
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2.4 A classical solution is an approximate viscosity solution

We prove in this section that our notion of approximate solution is consistent with the
notion of smooth solution (in the sense of Dupire). For this, we will have to restrict to
the case where either d < 2 or v € S — F(-,7) is concave (or convex, by a change of
variables). Note that Proposition 2.19 below combined with Remark 2.13 actually provides
a numerical algorithm for computing the smooth solution of a PPDE, if it exists.

Let us set for this subsection
Q= D([0,7]) so that © =1[0,T] x D([0,T7),

and recall the definition of derivatives of path-dependent functionals in the sense of Dupire
[8]. Let u: ® — R be a non-anticipative function, and let us write

u(t,x,x) = u(t,xBzx).

The function u : © — R is said to be horizontally differentiable if, for all (¢,x) € [0,T) x
D([0,T1]), the horizontal derivative

Owu(t,x) = lim ult + hxen) — ult, xin)

is well-defined.
h\0 h

Next, u is said to be vertically differentiable if, for all (¢,x) € ©, the function
y € RY— u(t, x,y) = u(t,xBy) is differentiable at x;, (2.37)

whose derivative at y = x; is called the vertical derivative of u at (,x), denoted by Vyu(t,x).
Similarly, one can define the second-order vertical derivative V2u(t,x).

We say that u is locally bounded if supycpo r,|jx|<x [u(t,%)| < oo for all K > 0. We denote
by C})OC(@) the class of all non-anticipative, continuous, and locally bounded functions on
0, and by CH%(©) the collection of elements u € Ci°°(0) such that dyu, Vyu and VZu are
all well defined, continuous and locally bounded on [0,7") x D([0,T7).

We then say that u € C1%(0) is a classical solution of (2.4)-(2.5) if

—0u — F(-,u, Viu, V2u) =0 on [0,T) x D([0,T]) and u(T,-) = g on D([0,T]).

Proposition 2.19. Let Assumptions 2.8 and 2.11 hold true, and w be a classical solution
to the PPDFE (2.4)-(2.5) such that

|w(t,x)| < C(1+ ||x||P), for all (t,x) € O,

for some C' > 0 and p € N. Assume in addition that either d < 2 or v € ST — F(-,7) is
concave. Then w is the approzimate viscosity solution of (2.4)-(2.5).

Remark 2.20. Note that the condition d < 2 or v € ST = F(-,7) is concave is typically
required for the existence of smooth solutions in the finite dimensional setting, see e.g. [15].
We shall actually use it in the proof below. Any other assumption ensuring the existence of
smooth solutions in the finite dimensional setting (up to regularizing the coefficients) could
be used in place of this one.
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Proof of Proposition 2.19. Let v™ be the n™-viscosity solution of (2.4), or, equivalently, a
viscosity solution of (2.8). It is enough to prove that v — w pointwisely as n — oc.

(i) In a first step, we notice that £ can be considered as a function of a (x¢p, - -+ , x¢n,y,2,7),
and that one can regularize it (and possibly add a small Laplacian term to guarantee uniform
ellipticity) so that there is a sequence (F™F);> satisfying

1
FU* oy zm) = HY (g, 209) + 0 Oy + () -2 4 S Te[o™ o™ T ()],

for some smooth functions (H™ r™* ™k ™) which converge to (H™, 7", u™, ¢™) uni-
formly. Moreover, when d < 2 or F' is concave in its last argument, the corresponding
PDE (2.8), with generator F™*, has a classical solution v™* ¢ C; 3 which converges locally
uniformly to v™, see e.g. [15, Theorem 14.15] and [18, Appendix D]. In view of this, we can
assume w.l.0.g. that v™ is a smooth solution of (2.8) with generator F".

(ii) Next, we will consider v™ as a path-dependent functional and essentially argue as in the
proof of Lemma 2.15 with the additional property (recalling the convention (2.37)) that

" (t,x, % x4, %)) = @™ (t,x, %) 1= w(t,x) — 0" (¢,x)
is a smooth functional. We therefore only sketch the proof. For later use, note that
V" (t,x,x') = Viw(t,x) , Veo"(t,x,x') = —Vv"(t,x") and Vo V,¢"(t,x,x) =0.
For ease of notations, we pursue the proof with d = 1. We first compute that
— H(t,x, (w, Vxw, Vaw)(t,x) + H"(t,x/, (", Vxo™, V20" (t,x'))
= —f(t,x, Hgn(t) (x") = k™ (t, x,x" )" (t,x,x') — 0" (t,%x,x") (Vo™ (t,x,X) + Vo™ (t,x,%))
—a"(t,x,x) (V2¢"(t,x,X) + VZ¢"(t,x,X))

for some continuous map a” that is non-negative and bounded by L, a continuous map
(k™,b™) bounded by 2L, and where f is continuous and satisfies

’f(t7 X, HZn(t) (Xl))} < Lpt (X7 HZn(t) (Xl))v

recall Assumption 2.11. Note that a”,b", k™ depend on (t,x) through w and v" possibly.
Let us set
r(t,x) = r(t,HZn(t)[x]),

and define p™ and o™ similarly with respect to pu and o. Next, we compute that
- (r(t, )w(t,x) + pt, x)Viw(t, x) + %0(t,x)2v)2(w(t, x))
+ (T"(t,x/)v”(t, x) + p" (t, X ) Vo™ (t,X) + %0”(t,x')2V§,v”(t, x/))
= —r"(t,xX)"(t,x,x") — Ar"(t,x,x" )w(t, x)
— 1, x) (Vo™ (t,x,X) + Ve o™ (t,x,%)) — Ap"(t, x,X ) Vo™ (¢, %, %)
— %J”(t, X )2V2, 4" (t, %, x')
1

— 5(0” + Ac™)(t, x, X' )2 V24" (t, %, x'),
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where Ar™(t,x,x’) :=r(t,x) — r"(t,x’) satisfies
‘Ar"(t,x,x’)‘ < Lpt(x,HZn(t)[x’]),
and Ap™(t,x,x') := p(t,x) — p"(t,x'), Ac™(t,x,x') := o(t,x) — o"(t,x’) satisfy also
}A,un(t,x, X/)‘ + ’Ao”(t,x,x')’ < 2Lp(x, I @ x']).
Therefore, (t,x,x') = ¢"(t,x,x’) satisfies on [0,T) x D([0,T])?

0=—(k"(t,x,x) +7r"(t,x)) 9" (t,x,X) — O™ (t,x,x)
— (0" (t, %, %) 4+ p" (£, X)) (Vx¢" (t, %, %) + Vo™ (t,x,%)) — A" (t,x,x') V" (t, x,%)
—a"(t,x,x) (Vid)”(t, x,x') + Vi/gbn(t, X, X/))
- %J”(t,xl)QV?(,qbn(t,X, x') — %(0‘” + Ad")(t,x, X')ZV)Q(QZ)"(IS,X, x')
- (Arn (t7 X, X/)W(t7 X) + f(tv X, H:;n(t) (X,)))
with
"(T,x,x) = g(x) — g(II"(x)), for x,x € Q.

Since ViV ¢"(+,x,x") = 0, one can deduce that

lim ¢"(¢,x,x) =0, for all (¢,x) € O,
n—-aoo
by the same arguments as in (ii) of the proof of Lemma 2.15 by using [19, Theorem 3.16],
the functional It6’s formula of [3] and the corresponding Feynman-Kac’s formula (recall
that v™ and w have polynomial growth). O

3 Regularity of approximate viscosity solutions

In this section, we discuss the regularity of m-approximate viscosity solutions for a fully
nonlinear PPDE and a semi-linear PPDE. Namely, we provide in this section some con-
ditions under which the Dupire’s vertical derivative exists and is continuous. One of the
motivations to study such a regularity property is the fact that it allows to apply the func-
tional It6 formula in [1]. The study of further regularity of the solution, in particular the
potential regularization effect of a uniform ellipticity condition, is left for future researches.

All over this section, we set
Q= D([0,7]) so that © =[0,7] x D([0,T1).

We also recall that, for a functional defined on ©, its derivatives in the sense of Dupire is
recalled in Section 2.4.
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3.1 A fully nonlinear case

A particular fully nonlinear operator has already been studied in [1, Section 3.2] in the
case d = 1 and for a PPDE of the form —dyw — H(V2v) = 0 with a convex function
H. We provide here a generalization which is proved by an appropriate modification of
the arguments contained in the proof of [1, Proposition 3.13] and by appealing to the a-
priori estimate of Lemma 2.17 and Remark 2.18. In particular, we allow for more general
nonlinearities when the terminal condition is C'*1 (in the sense of Assumption 3.1 below
when o = 1). It fully uses the piecewise constant approximation of the path, embedded
in the definition of approximate viscosity solutions, to reduce the analysis to the finite
dimensional case which provides uniform estimates on the corresponding sequence of 7"-
viscosity solutions, for all n > 1.

Assumption 3.1. (i) The function g € Cr, and there ezists a € (0,1] and a finite positive
measure A on [0, T] such that, for all x,x' € D([0,T]), B = [s,t) C [0,T] and § € RY,

T
969 = 9GO < [ s = xA(d) (3.1)
§' € R4 — g(x + 0'1p) is differentiable and?
dg(x+01p+x') dg(x+91p) T, a
— < . .
= e E (/0 [<,[A(ds)) A(B) (3.2)
(ii) For any increasing sequence 0 =ty < t1 < -+ < t, = T with max;<y, |tit1 — t;| small

enough, for all 1 < i < j < n there exists a diagonal matriz p*7 € S* with non-zero diagonal
terms such that, for all § € R, and (z¢)o<i<n C (RT)"H,

n—1
g (Z(W + 6L p—iy) Lty 0000) T 1{T}$n>
=0

n—1
=4 <Z(ZII[ +pi’j61{£2j})]—[tg,tg+1) + 1{T}(£Un +pl7]6)> . (33)
£=0

(iii) F satisfies the conditions of Theorem 2.12. Moreover, F is concave® in v or d < 2.
Further, one of the following holds:

(a) Either o € (0,1) and
F(t,x,y,2,7) = Fi(t)y + Fa(t)z + F3(t,7), (t,%,9,2,7) €O x Rx RT x % (3.4)
for some continuous maps F;, i =1,...,3.
(b) Ora=1 and
F(t,x,y,2,7) = Fi(t,y,7) + Fa(t)z (3.5)

for some continuous maps F;, i = 1,2, such that y € R — Fy(t,y,7) is C* with
bounded and Lipschitz first order derivative, uniformly in v € R* and t < T.

2We abuse notations to write dg(- + 815 4 -)/d§ for the corresponding derivative with respect to ¢.
Sor convex, which is equivalent up to replacing F(x,-) by —F(x, —).
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Example 3.2. Letd =1, go: R — R be in C'**, and X\ be a finite positive measure on
[0,T] such that AX([T' —€,T]) > 0 for any € > 0. Then the following g : D([0,T]) — R

defined by .
o) = ao( [ (@)

satisfies the conditions of Assumption 3.1.

Let us comment on the conditions in Assumption 3.1. In [1], we essentially “differentiate”
twice the m"-viscosity solution v™ of the regularized version of the PDE, and then derive
the uniform boundedness and Holder type estimates on the corresponding gradients of v™.
For this, we interpret the differentiated PDEs in terms of flow equations to propagate
backward the regularity of the terminal condition g, see (3.1)-(3.2). The main difficulty
is that a bump at time ¢ € [t},#}', ;) on z induces a bump on the i + 1-th element of
[x Bn,, @iy on [67 4,17 ,), because of the boundary condition

" (t, %, ;c') = fvn( zn+17 1" [XBHt?-!—lx]’ $)

11m
Y T =

Therefore, it turns, from the next term interval on, into a bump on a parameter of the PDEs.
See also (3.10) in the proof below. The structure condition (3.3) allows one to transform
a derivative with respect to a past value of the path into a derivative with respect to the
end of the path. More precisely, we have the following.

Remark 3.3. Assume that v™ is a smooth ©"-viscosity solution of (2.4)-(2.5) and that
Assumption 3.1 holds. Then, a backward induction argument based on (ii) of Assumption
3.1 and the fact that F does not depend on the path x imply that v™(t, - + 0Lty 400 1)5 =
V™ (t, -, + pHTIS) for t € [tRt7,), £ < i+ 1 < n, for some pTl. Letting v be defined
as in (2.19) and denoting by Opvl*(t, [X]I', x) the gradient of v]'(t, [x|}, x) with respect to the
£-th component of x|, we deduce that

7

v} (t, (<], @) = p“ DR (8, K]} ).

[ )
Note that this is no more possible if F' depends on x.

As for (3.1)-(3.2), it is used to absorb the cumulation of derivatives on different time steps
generated by the above mentioned phenomena, see (3.8)-(3.9) below. Notice that (3.1)-(3.2)
is a C1T-type regularity assumption on ¢. It actually turns into a C''t®-regularity in space
on the solution v of the PPDE. This translates, as usual, into an Hoélder continuity in time,
up to an additional term associated to the measure A. The interior regularity that could be
obtained under a uniform ellipticity condition is by far not obvious and remains an open
question.

Theorem 3.4. Let Assumption 3.1 hold true. Let v be the unique T-approzimate viscosity
solution of (2.4)-(2.5). Then, the vertical derivative Vv(t,x) is well defined for all (t,x) €
[0,T] x D(]0,TY]), and there exists C > 0 such that |Vxv(t,x)| < C,

3 (7
Vvt %) — Vav(t,x)| < c(‘/ 1, — s Ads)[ [ — ). (3.6)
0
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for all (t,x,x") € [0,T] x D([0,T]) x D([0,T]). Moreover, for all K > 0, there exists a
constant Cig > 0 such that

Vvt xe0) — Vaev(t,x)| < CK(yt' — t|7m +1imsupA([t—a,t'+a))), (3.7)
el0

for allt <t' <T and x € D([0,T)) satisfying ||x| < K.

Proof. For ease of notations, we restrict to d = 1. When d > 1, it suffices to derive
the following estimates for each dimension separately. By (i) of Assumption 3.1, upon

smoothing
n—1
. +1
g": (20, an) € RTTi— g(inl[t?»t?ﬂ) + $"1{T}>’
i=0
we can assume that it is in C°° and that
102,9" (z0, .., xp)| < At t50))s 4,7 < m, if o€ (0,1], (3.8)
102,2,9" (@0, - s )| < At )AL £750))s 6,5 < my if =1, (3.9)

with the convention A([t;, ), 1)) := A({t}}). Let V™ be defined by

V(¢ [x]7, x) = o (t,x, x), (x,2) € D([0,T]) x R, t € [t7,17,,), i < n.

)

(i) Upon smoothing also F' and adding a uniform elliptic term, we can assume that V"
is C;’g on [0,7T), see e.g. [15, Theorem 14.15] and [18, Appendix D]. The estimates below
will not depend upon this smoothing procedure. Let ¢™7 denote the gradient of V" with
respect to the j-th space component, and denote by D¢™7 and D?¢™7 the first and second
order derivatives of ¢™7 with respect to its last space variable. On each [t 1), o™
7 < i+ 1, solves

0= —01¢"™ — 9,F(E)¢"’ — 9,F(Z)D¢™ — 0, F(Z)D*¢™7
where = := (-, V™, DV™, D?V"), with the boundary condition

lim ¢n7j(t7 Y, .T) = ¢n7]< ?—‘,—17 (y7 .’E), .’E) + 1{j:i+l}¢n7i+2< ?—1—17 (yw%')u .’E), (yw%') € RZ x R.

Thtn
(3.10)

i+1

By Feynman-Kac’s formula and Assumption 3.1, for each (t,z) € [t} ] ;) x R+ <
14+ 1 < n, we can then find a process X and a bounded random variable 3, with bound
Cg > 0 depending only on F', such that

¢n’j(t, Z) =E |:ﬁ (ajgn(Xtaz, ce ,th) + 1{j:i+1} Z aj/gn(th, ce ,Xm))] .
J'=i+2

By (3.8), it follows that

[ (t, )] < Cp (A} £7:1)) + Lygmisy M[t2, T0)) » on [t 874), j<i+1<n. (3.11)
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(ii) In the case a < 1, the rest of the proof is exactly the same as the proof of [1, Proposition
3.13] up to some obvious modifications. In fact, it suffices to replace their two first estimates
at the very beginning of part 4.c. of their proof by (3.11) and (2.33) (together with Remark
2.18).

(iii) In the following, we consider the case o = 1, where the argument is slightly different

and we only sketch the proof.
(a) Let us set ™ := 9,,¢™7, which solves the PDE
0= — o™t — 9, F ()"t — 9, F () D™t — 9, F(Z) D>ypmI*
— 0" (02, F(2)6™ + OLF(E)De™ + 02 F(2) D™ ) (3.12)
— D™ (02, F(2)¢™" + 0L F(E)Dg™ + 02, F(2) D?6™ )
— D2 (02, F(2)¢™ + 02, F(2)Dg™ + 02, F(2) D™ ) .
By (3.5) and Remark 3.3, we can then find ¢! € R, that depends on n, such that
0 =— 9" — 9, F(Z)ymI*
- (@F(E) + "m0 F(E) + qfvi“Dqs"via;F(E)) Dy
— " (82, P(2)6™ + 62, F(2)Dg™ + 02, F(2) D¢ ) Dy
— 0,F(E)D*"7" — ™1 0% F(E)¢™".
Moreover,

t%gln wn,j,e(t’ Y, J;) :1{€<i+1} (wn,jyf 4 1{j:i+1}¢n7i+2,€) ( ?+17 (y7 LI?), (IZ‘)
i+1

+ Lmipy (O™ 4 Loy ™) (4, (v, 1), ),

for (y, x) € R xR. Then, by (iii) of Assumption 3.1 and (3.11), one can apply the Feynman-
Kac’s formula again to find, for given (¢, z) € [t}, 1} ) xR i < n,and j,¢ < i+1, adapted
processes X, 31 and (2, that depend on n but such that |(3!,3?)| < ég for some C’ﬁ >0
that only depend on F' and g, for which

I 2) =1 BB (80,07 Lymin Y 200") (X))
§'=i+2

n—1

+ Limigny z”: E[ﬁ%(@%jxkg” + =ity Z 3§j,xk9n> (HN[X])]

k=0+2 §'=i+2

T
+]E[ / ﬁgds]
t
Thus, by (3.9),

[Pt 2)] < CaA([0,T))? + CpT (3.13)
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(b) Recall that o = 1. It follows from (2.33) (by setting wo(x) := x for all z > 0, see
Remark 2.18), (3.11) and (3.13) that we can find Cx and C%, independent of n, such that

|Dv™(t + B, x¢ep, x¢) — DU™(£,%, %)
< h_1|vn(t + B xin, X 4 ) — 0" (E+ B xen, x) — 0t X, % + h) + 0 (X, x¢)|
+2Ckh
< BT+ R (x+ Ly h)en,xe + h) — 0™t x, % + )|
+ht ’U”(t,x, x¢) — o (t + h4, Xt/\)XtM
BT (B o xe o+ B) — 0+ B (x4 L)+ b))
+2Ckh
< 2CKh+ Ca([t = |7"] £+ ' + [7"))),

for all x € D([0,T]) and t <t+h <T.

The rest of the proof is similar to the one of [1, Proposition 3.13]: (i) implies that Vv is
well-defined on a dense subset of O, including the (countably many) atoms of A\, while (a)
and (b) allow to extend it in a continuous way and imply that the extension is actually the
pointwise limit of Dv™ on ©. The required estimates are deduced from (a) and (b) . O

3.2 A semi-linear case

We now consider a semi-linear PPDE with generator of the form
T 1 T
F(t,X,y,Z,’}/) = f(taX7y7U Z) +/,L(t,X) “z+ iTr[O-O- 7]7 (314)

for some non-anticipative functionals f: © x R x R? — R and (u,0) : © — R? x S¢. In
this case, we can remove the structure condition (3.3). We make the following assumption
on the coefficients.

Assumption 3.5. (i) The functionals p and o are continuous. For eacht € [0,T], the map
x € D([0,T]) — (u(t,x),0(t,x)) is Fréchet differentiable with derivative® (X, Ao )(:;t,%)
at x € D(]0,T)).

(ii) The functional g is Fréchet differentiable with derivative \y(-;x) at x € D([0,T]).
The functional f is continuous and non-anticipative, and for each (t,y,z) € [0,T] x R x
Re, the map x — f(t,x,y,2) is Fréchet differentiable with derivative Ar(5t,x,y,2) at
x € D([0,T]). Further, (y,2)€ R x R — f(t,x,y,2) is differentiable with derivatives
(Oyf, 0. f) which are bounded and continuous in (t,x,y, 2).

(iii) There exists some finite positive measure X\ on [0,T], such that, for all (t,x,y,z) €
[0, 7] x D([0,T]) x R x R,

‘)\M(-;t,x)‘ + ’Aa(';t,X)‘ + })\f(';t,x,y, z)’ + |)\g(-;x)| < A(4).

“We identify the Fréchet derivatives with the associated measures on [0, T].
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(iv) There exist constants o € [0,1] and Cy > 0 such that
T T

/ XpAg(dr;x) —/ Xp Ag(dr; x')
0 0
T T

/ XpAe(dr; s, x) —/ X Ae(drs; s, %)
0 0

< Callx =[],

< Callx = x'[|*[Ix]l, £ € {b, 0},

T T

/ XpAp(drs s,x,y, 2) — / A p(dr; s,y 2) | < Co (x =X ||+ |y — ¥/ + 2 = 2'))* 1%,
0 0

’(ayvaz)f(svxa Y, Z) - (8y,8z)f(S,X/,y/,Z/)‘ S Ca (HX - X/” + ‘y - y/| + |Z - Z/|)a )

for allx,x',% € D([0,T]) and (s,y,2) € [0,T] x R x R%.

Under Assumption 3.5, (2.4)-(2.5) has a unique m-approximate viscosity solution v (see
Proposition 2.9), which corresponds to the solution of a BSDE. We will then show that
v has a Dupire’s vertical derivative which enjoys further continuity conditions. In the
following, we assume that we are given a fixed complete probability space, equipped with a
Brownian motion W together with the Brownian filtration. Let S?([t,T]) denote the space
of R?-valued predictable processes X = (Xj) selt,r) such that E[sup;<s<r | Xs[?] < 00, and
H?([t,T]) denote the space of R%-valued predictable processes Z = (Z;) selt,r] such that

E[ftT | Zs|2ds] < oc.

Theorem 3.6. (i) Let F' be given by (3.14), and let Assumption 3.5 hold true. Let v be the
unique T-approrimate viscosity solution of (2.4)-(2.5). Then, it admits a Dupire’s vertical
derivative Vyv on [0,T) x D(]0,T]) and there exists C > 0 such that

IVv(t, ) — Viv(t,x)| < ClIx —x]|%,
and
IVv(t',xen) — Viv(t,x)] < C(Jt = t]72 (1 + ||x])) + A([t, 1)),

forallt <t' <T and x,x' € D([0,T7]).

(ii) Moreover, if X has finitely many atoms, then v solves the stochastic path-dependent
equation

T T
V(o X5 = g(X5) + / Flu, X v (u, X9, [0V v] (u, X)) dut — / (V.vo] (u, XE5)dW,,

in which X** € S2([0,T)) is the unique solution of
tVs tVs
X5* = xips + / wlu, X5 du —i—/ o(u, X")dW,, t <s < T.
t t

We split the proof in different steps. First, we will use the probabilistic representation
of the PPDE (with generator F' in (3.14)) in terms of forward-backward SDE to deduce
the regularity of the m-approximate viscosity solution. Namely, under Assumption 3.5, it
follows from Proposition 2.9 that the approximate viscosity solution v is given by

v(t,x) = Y, (3.15)
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where (Y%, Zt%) € S2([t, T]) x H?([t,T]) solves the BSDE
T T

Vi*=g(X")+ [ f(u, XY, Z0)du — / Z - dW,, se|t,T).
tVs tVs

Next, let us fix a path x € D(]0,7]), and then define a process (ViXﬁ’X)SG[O 77 as the
solution to the SDE

sVt u s u
VEXEX = %0 + / / VEXEEN, (dr u, XX du + / / VEXE* N, (drs u, X5¥)dW,,.
t t t t

Namely, ViXﬁ’X is the tangent process of X** in the direction of . We also define the

processes (VLY Vf(Z?X)se[t,T] as the solution to the linear BSDE

T T, ru
Veves = [0l s X0 + ([ VI 00) 4 AL (VLY VAZE) ) du
0 s t
T
- / Vi Zbxaw,,
in which

O == (s, X"*, Y, ZLX), and AY* = (9,f(05),0.£(059)). (3.16)

Under Assumption 3.5, and by standard arguments (based on Burkholder-Davis-Gundy’s
inequality and Gronwall’s lemma, see e.g. [13]), one has the following estimates on the
processes (Xt’X,Yt’X7 Zt’x) and (Vf(Xt’X, Viytx Vf(Zt’X), whose proof is ommited.

Lemma 3.7. Let Assumption 3.5 hold true. Then, for all p > 1, there exists a constant
Cp > 0, such that, for all t,t' € [0,T] and x,x" € D([0,T]),

T 3
E[IX™|7] + sup E[[YI*["] +E|( / 20%12) ds] < C(1+Inll),  (3.07)
s€[0,T] 0
! / l / / l T ! ! L l
E[HXt,x_Xt,x P]P+E|:Hyt,x_yt,x Hp}p'HE[(/ |Z§,X_Z§,X 2d8>2}p
0

tvt! )
< ([ b =A@ + (1 Dl = %), (3.18)
and

b
2

E[|[vixt|P]” + E[[viyt|r]” +E[( / "wiziepas)f) <, (3.19)

Next, for each § > 0, we denote
(vt,aXt,x vhoytx vt,dzt,x) _: 6—1(Xt,x+5§( _ LY yhxHoR | ytx x4k Zt,x)
X S ) X ) X * S S ) ) .
Lemma 3.8. Let Assumption 3.5 hold true. Then, for all (t,x) € [0,T] x C(]0,T),

lim E[HVfg‘th’X - Vf(Xt”‘]ﬂ =0 and lim ‘vffytt”‘ — vty = o. (3.20)
3N0 3N0
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Proof. For ease of notation, let us omit the superscript (¢,x) in the notations of the processes
(X105, xbx VL0 XX LX) and write them as (X7, X, VZ° X, VLX).

(i) We first notice that (VfgéXs)se[t’T} satisfies

tVs

VX, =I;+ /:(M(u,xé) — p(u, X)) du +/ (o (u, X°) = o(u, X))dW,

t
=I;+ / / (VX )A0 (drs w)du + / / (VL X, )N (drs w)dW,
t Jt t Jt
where I is the identity matrix and, as § \, 0,
()\Z(-,u),/\g(-,u)) — ()\u(dr;u),)\g(dr;u)) = ()\“(dr;u,X),Ag(dr;u,X)). (3.21)

Applying It6 formula on (Vf{éX s — VLX 3)2 and then taking expectation, it follows by
standard arguments that, for some constant C' > 0 independent of §, and a constant
Cs > 0,

E[| VX0~ Vixu] < c/SE[vaéXM X[ dr + .
t

where, by the moment estimation in (3.17) and the convergence in (3.21),

T T
Cs < C/ E[\foXu—V;Xu\ / \V;Xr\(/\ft—)\u)‘(dr,u)}du
t t

+ C/tTE[(/tTV;XT(AZ—Au)(dr,u))z}du — 0.

By Gronwall’s lemma, it follows that the first convergence result in (3.20) holds true.

(ii) We notice that (Vfg‘sY, Vfg5Z) satisfies

T T
VY= g(X%) g0+ [ (X0 Z)) - XY Z))du— [V Z,aW,

T T u
= /t(vfer) Ag(dr)+/s (/t (Vfg5XT))\‘}(dr;u)+Ai-(Vfg‘SYu,Vfg‘sZu))du
T
- / V0 Z,dW,,
where
(NG, w), Ao ()) — (Ap(drsw), Ag(dr)) = (A p(drsu, X, Y, Z), Ag(dr; X)), as 6 \, 0,

and
A8 (VY V9 Z,) = 5—1<f(u, X3,¥2, Z3) — f(u, X9, Z)).

) u”?

Recalling (3.16), it follows that, for all p > 1,
T
E[/ 42 —Au|Pdu} 50, as § \, 0.
t

One can then conclude by the stability result for BSDEs (see e.g. [13, Proposition 2.1] or
[2, Theorem 4.1 and Remark 4.1]). O
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Proof of Theorem 3.6. (i) Let us first fix X := 1y, 3. By (3.15) and (3.18), we observe
that v is locally 1/2-Hélder in time and Lipschitz in space. Moreover, by Lemma 3.8,
Vv(t,x) = VLY,

Thus, it is enough to study the regularity of Vf(Ytt’X in (¢,x). By direct computation, one
has (using the notation (3.16))

Altxx) = [V = vy

T T , 12
< K[| / VEXE N (dr; XP¥) — / VXN (dr; X))
t t
T s s , ,
+ E| / | / VEXE N (dr; ©6%) — / VXD A p(dr; ©8F)
t t t
2
ds].

Further, using Assumption 3.5 and Grownwall’s lemma, one can find a constant C' > 0 such
that

2d3}

T
+ B[ [ far - ) (vl vz
t

1

B[[[vext= - vext=|P]* + At x,x)E < Clx— ¥

N|=

It follows that Vv is a-Holder in space.

We now repeat the argument used at the end of the proof of Theorem 3.4. In view of
(3.18), we can find C,C” such that
‘va(t + h2+2°‘,xt/\) — Vxv(t, x, Xt)|
Rt + P22 xon 4 L gpzezayh) — v(E+ B2 xo0) — v(t,x @ h) + v(t,x)| + 2Ch®
h1 ’v(t + h*F2e (x4 Lipyh)in) — v(t,x &t h)’ +ht v(t,x) — v(t+ p2t2e xen))|

+ RVt 4 PP xen 4 L ppzizayh) — v(E 4+ BT (x+ L h)en)| + 2CR°
< O (R + |Ix[| 4+ h) + A([t,t + h))),
for all x € D([0,T]) and t <t+h <T.

(ii) Assume now that A has finitely many atoms at times (s;)i<; C [0,7] with s; < sj+1
for i +1 < I. Then, [1, Theorem 2.5] can be applied on each time interval [s;, s;j41).
Since v(-, X"*) and [ [Vyvo](s, X"*)dW; are continuous, this implies that we can find a
continuous (and therefore predictable) orthogonal process A, see [1, Definition 2.3] such
that

v(, X5 = v(t, X)) + / [Vyvo](s, X")dW, + A .
t

In particular [A,W] = 0. Thus, the fact that Y** = v(-, X**) implies that (Z**)" =
[Vivol(-, X¥) dt x dP on [t, T] by uniqueness of the co-quadratic variation of semimartin-
gales. O
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