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We study the strong approximation of a Backward SDE with finite stopping time horizon, namely the
first exit time of a forward SDE from a cylindrical domain. We use the Euler scheme approach of [4, 29].
When the domain is piecewise smooth and under a non-characteristic boundary condition, we show that
the associated strong error is at most of order hi~¢ where h denotes the time step and ¢ is any positive

€

parameter. This rate corresponds to the strong exit time approximation. It is improved to h%~° when

the exit time can be exactly simulated or for a weaker form of the approximation error. Importantly,

these results are obtained without uniform ellipticity condition.
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1. Introduction

Let T > 0 be a finite time horizon and (€2, F,P) be a stochastic basis supporting a d-dimensional
Brownian motion W. We assume that the filtration F = (F;);<p generated by W satisfies the
usual assumptions and that Fr = F.

Let (X,Y, Z) be the solution of the decoupled Brownian Forward-Backward SDE

X, Xo + /Ot b(Xs)ds + /Ot o(Xs)dWy (1.1)

T T
Y = g(1,X;) +/ 15<Tf(XS,YS,ZS)ds—/ ZsdWs , te[0,T], (1.2)
t t

where 7 is the first exit time of (¢, X});< from a cylindrical domain D = [0,T) x O for some
open piecewise smooth connected set @ C R?, and b, o, f and g satisfy the usual Lipschitz
continuity assumption.

This kind of systems appears in many applications. In particular, it is well known that it is
related to the solution of the semi-linear Cauchy Dirichlet problem

—Lu— f(,u,Duc) =0 on D , w=g on J,D, (1.3)
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where £ is the (parabolic) Dynkin operator associated to X, i.e. for ¢ € C12
1
L == 0ptp + (b, D) + 5% [aD*y] | a:=o00",

and 0,D = ([0,T) x 00) U ({T} U O) is the parabolic boundary of D. More precisely, if the
solution w of (1.3) is smooth enough, then Y = u(-, X) and Z = Duo(-, X ). Thus, in the regular
frame, solving (1.2) is essentially equivalent to solving (1.3).

In this paper, we study an Euler scheme type approximation of (1.1)-(1.2) similar to the one
introduced in [4, 29], see also [2, 3, 24]. We first consider the Euler scheme approximation X
of X on some grid 7 := {t; = ih, i < n} with modulus h := T/n, n € N*. The exit time 7 is
approximated by the first discrete exit time 7 of (¢;, X, )t,ex from D. Then, the backward Euler
scheme of (Y, Z) is defined for i =n—1,...,0 as

Y;fi =E [Y;fzurl | '7:151] + 1ti<7’ h f(Xthm th) ’ Zti = h_lE [ﬁi+1 (Wti+1 - th) | —7:151} B
with the terminal condition Y7 = g(7, X;) . Here, g is a suitable extension of the boundary
condition on the whole space [0, 7] x R%.

The main purpose of this paper is to provide bounds for the (square of the) discrete time
approximation error up to a stopping time 6 < T P — a.s. defined as

Err(h)2 := maxE | sup li<g|V; — Vi |?| +E

<n tE[ti,tivi]

0
/0 12 —Z¢<t>|2dt] ; (1.4)

where ¢(t) :=sup{s € m: s < t}.

We are interested by two important cases: § = T and § = 7 A 7. The quantity Err(h)r coincides
with the usual strong approximation error computed up to 7. The term Err(h), A7 should be
more considered as a weak approximation error, since the length of the random time interval
[0, 7 A 7] cannot be controlled sharply in pratice. It essentially provides a bound for Yy — Y, or
equivalently in terms of (1.3), u(0, Xo) — Yp.

As in [4], [23] and [29], who considered the limit case © = R? (i.e. 7 = T'), the approximation
error can be naturally related to the error due to the approximation of X by X, and the

T A
/0 120~ Zggo|2dt

R tit1
Zi, = h'E [/ Zds | fti] for i <mn. (1.5)
ti

regularity of the solution (Y, Z) of (1.2) through the quantities:

R(Y)52 := maxE

! sup th - }/tz
<n

tE[ti,tiy1]

2] and R(Z)}.:=E

where

In the case f = 0, Y is a martingale and Y;, is the best L? approximation of Y; on the time

interval [t;,t;11] by an F,-measurable random variable. In this case, Doob’s inequalities imply
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—Y,

7

that E [supte[t 1 Y, , for some
universal constant ¢ > 0.

Moreover, the definition (1.5) implies that Zg is the best approximation in L2([0,T] x Q,dt ®
dP) of Z by a process which is constant on each time interval [t;,t;11). Thus, R(Z)}. <
E [foT 12 — er:(t)l\?dt]

This justifies why R(Y)%. and R(Z)},. should play a crucial role in the convergence rate of
Err(h) to 0 as h — 0.

Bounds for similar quantities have previously been studied in [4, 29] in the case O = R? and

2} > E[|Y; ] >¢cE {SUPte[ti,tiﬂ] Y = Vi,

istit1 it1

in [2, 24] in the case of reflected BSDEs. All these articles use a Malliavin calculus approach to
derive a particular representation of Z. Due to the exit time, these techniques fail in our setting.
We propose a different approach that relies on mixed analytic/probabilistic arguments. Namely,
we first adapt some barrier techniques from the PDE literature, see e.g. Chapter 14 in [11] and
Section 6.2 below, to provide a bound for the modulus of continuity of u on the boundary,
and then some stochastic flows and martingale arguments to obtain an interior control on this
modulus. Under the standing assumptions of Section 2, it allows to derive that R(Y)Z. +
R(Z)},2 = O(h) and that u is 1/2-Hélder in time and Lipschitz continuous in space.

To derive our final error bound on Err(h)g, we additionally have to take into consideration the
error coming from the approximation of 7 by 7. We show that E[|7 — 7|] = O(h2~%) for all
¢ > 0. Combined with the previous controls on R(Y)%. and R(Z)7,., this allows us to show
that Err(h)p = O(hi~). Exploiting an additional control on a weaker form of error on 7 — 7,
we also derive that Err(h),az = O(h2~¢).

As a matter of facts, the global error is driven by the approximation error of the exit time
which propagates backward thanks to the Lipschitz continuity of u. A similar kind of behavior
has previously been observed in [14] for the weak error associated to the first boundary value

problem in the whole space, i.e. O = R%.

Importantly, we do not assume specific non degeneracies of the diffusion coefficient but only a
uniform non characteristic boundary condition and uniform ellipticity close to the corners, recall
that O is piecewise smooth. Using the transformation proposed in [19], these results could be
extended to drivers with quadratic growth (for a bounded boundary condition g).

We note that the numerical implementation of the above scheme requires the approximation
of the involved conditional expectations. It can be performed by non-parametric regression
techniques, see e.g. [15] and [22], or a quantization approach, see e.g. [1] and [7, 8]. In both cases,
the additional error is analyzed in the above papers and can be extended to our framework. We
note that the Malliavin approach of [4] cannot be directly applied here due to the presence of
the exit time. Concerning a direct computable algorithm, we mention the work of Milstein and

Tretyakov [25] who use a simple random walk approximation of the Brownian motion. However,
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their results require strong smoothness assumptions on the solution of (1.3) as well as a uniform

ellipticity condition.

The rest of the paper is organized as follows. We start with some notations and assumptions in
Section 2. Our main results are presented in Section 3. In Section 4, we provide a first bound
on the error: it involves the error due to the discrete time approximation of 7 by 7 and the
regularity of the solution (Y, Z) of (1.2). The discrete approximation of 7 is specifically studied
in Section 5. Eventually, Section 6 is devoted to the analysis of the regularity of (1.3) and (1.2)

under our current assumptions.

2. Notations and assumptions

Any element z € RY, d > 1, will be identified to a line vector with i-th component z* and
Euclidean norm ||z||. The scalar product on R? is denoted by (z,y). The open ball of center x and
radius r is denoted by B(x,r), B(w,r) is its closure. Given a non-empty set A C RY, we similarly
denote by B(A,r) and B(A,r) the sets {x € RY : d(z,A) <7} and {x € R? : d(x,A) < r}
where d(z, A) stands for the Euclidean distance of = to A. For a (m x d)-dimensional matrix M,
we denote M* its transpose and we write M € M? if m = d. For a smooth function f(¢,z), Df
and D?f stand for its gradient (as a line vector) and Hessian matrix with respect to its second
component. If it depends on some extra components, we denote by 0; f(t, x,y, 2), O f (¢, z,y, 2),

etc... its partial gradients.

2.1. Euler scheme approximation of BSDESs

From now on, we assume that the coefficients of (1.1)-(1.2) satisfy:
(HL): There is a constant L > 0 such that for all (¢, z,y, z,t', 2,9, 2') € ([0, T] x R? x R x R%)?:

H(bv U,g,f)(t,:zr,y,z) - (baavga f)(t/axlay/aZI)H < L H(t,:z:,y,z) - (tlvxlvylvzl)” )
[(,0,9, )tz y.2)[ < L (A+][(z,y,2)]) -

Under this assumption, it is well known, see e.g. [27, 28], that we have existence and uniqueness
of a solution (X,Y,Z) in 82 x 8% x H?2, where we denote by S? the set of real valued adapted

1
continuous processes ¢ satisfying [[€]ls2 := E [sup,<r[&]?]? < oo, and by H? the set of
progressively measurable R%-valued processes ¢ for which ||(||x2 := E| fOT ¢)2dt]z < oo .

As usual, we shall approximate the solution of (1.1) by its Euler scheme X associated to a grid

m:={t;=th,i<n}, h:=T/n, neN",
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defined by

t t
X, = X0+/ b(X¢(S))dS+/ O'(X¢(S))dws ,t>0, (2.1)
0 0

where we recall that ¢(s) := argmax{t;, i <n : ¢; <s} fors>0.
Regarding the approximation of (1.2), we adapt the approach of [29] and [4]. First, we approx-
imate the exit time 7 by the first exit time of the Euler Scheme (¢, X;)¢e, from D on the grid

i
Ti=inf{ter : X, ¢ O}AT .

Remark 2.1. Note that one could also approximate 7 by 7 := inf{t € [0,T] : X; ¢ O} AT,
the first exit time of the “continuous version” of the Euler scheme (¢, Xt)te[O,T]a as it is done
for linear problems, i.e. f is independent of (Y, Z), see e.g. [13]. However, in the case where O
is not a half-space, this requires additional local approximations of the boundary by tangent

hyperplanes and will not allow to improve our strong approximation error, compare Corollaire
2.3.2. in [12] with Theorem 3.1 below.

Then, we define the discrete time process (Y, Z) on 7 by

thi = E [Y/ti+1 | ‘7:751] +1<7 h f(Xti7}7ti’ th) ) (22)
Zy, = hWE[Yi,, W — W) | F] Li<n, (2.3)

with the terminal condition

S_/T = 9(77', -7—) . (24)
Observe that ﬁiltizf = g(7, X;) and that Ztiltizf =0.

One easily checks that (Y;,,Z;,) € L? for all i < n under (HL). It then follows from the

martingale representation theorem that we can find Z € H2 such that
_ _ b1
Vi, —EYi,, | F] = / ZsdWy forall i <n. (2.5)
ti
This allows us to consider a continuous time extension of Y in S? defined on [0, 7] by

T T
Y, = g(7_’, 7—)4—/ 1.7 f(X¢(S),Y¢(S),Z¢(S))dS—/ ZdWs . (26)
t t

Remark 2.2. Observe that Z = 0 on |7, T] and Z = 0 on |7, T]. For later use, also notice that
the Itd isometry and (2.5) imply

i

_ tit1 _
Z., = h'E [/ Zyds | ]-'tl} Li<n. (2.7)
ti
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2.2. Assumptions on O, o and g
Our main result holds under some additional assumptions on O, ¢ and g. Without loss of
generality, we can specify them in terms of the constant L which appears in (HL).

We first assume that the domain O is a finite intersection of smooth domains with compact

boundaries:

(D1): We have O := 2, O° where m € N* and O is a C? domain of R? for each 1 < ¢ < m.
Moreover, O has a compact boundary, sup{||z|| : = € 00} < L, for each 1 < ¢ < m.

This condition implies that there is a function d which coincides with the algebraic distance to
00, in particular O := {x € R? : d(z) > 0} , and is C? outside of a neighborhood B(C,L~")
of the set of corners

C:= () 00'Na0*,
t£k=1
see e.g. Appendix 14.6 in [11].

We also assume that the domain satisfies a uniform exterior sphere condition as well as a uniform

truncated interior cone condition:

(D2): For all z € 9O, there is y(z) € O°, r(z) € [L~1, L] and 6(z) € B(0,1) such that

B(y(x),r(z)) N O = {z}
and {/ € Bz, L™") : {2/ —2,0(x)) > (1~ L Y2 —z||} cO.
In view of (D1), these last assumptions are actually automatically satisfied outside a neighbor-
hood of the set of corners, see e.g. Appendix 14.6 in [11].

In order to ensure that the associated first boundary value problem is well posed in the (uncon-

strained) viscosity sense, we shall also assume that

a = 00

satisfies a non-characteristic boundary condition outside the set of corners C and a uniform

ellipticity condition on a neighborhood of C:
(C): We have

inf{n(x)a(z)n(z)* : © €00\ B(C,L™ ")} > L"" where n(z) := Dd(z) ,
and

inf{¢a(x)¢* : €€ 0B(0,1), 2 € ONBC, L Y} >L"'.
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In particular, it guarantees that the process X is non-adherent to the boundary.
Observe that n coincides with the inner normal unit on 9O outside the set of corners. By abuse

of notations, we write n(x) for Dd(z), whenever this quantity is well defined, even if = ¢ 9O.
Importantly, we do not assume that ¢ is non degenerate in the whole domain.
We finally assume that g is smooth enough:

(Hg): g € CH2([0,T] x RY) and [|9,g]| + || Dyl + |1D?gll < L on [0,T] x R?.

Clearly, this smoothness assumption could be imposed only on a neighborhood of d0. Since it
is compact and Y depends on g only on 0O, we can always construct a suitable extension of g
on R% which satisfies the above condition. Actually, one could only assume that ¢ is Lipschitz
in (¢,x) and has a Lipschitz continuous derivative in . With this slightly weaker condition, all
our arguments would go through after possibly replacing g by a sequence of regularized versions

and then passing to the limit, see Section 6.4 for similar kind of arguments.

3. Main results

We first provide a general control on the quantities in (1.4) in terms of R(Y)%., R(Z)},. and
|7 — 7|. Let us mention that this type of result is now rather standard when O = RY, see e.g.

[1], and requires only the Lipschitz continuity assumptions of (HL) and (Hg).

Proposition 3.1.  Assume that (HL) and (Hg) hold. Then, there exist C1, > 0 and a positive
random variable &, satisfying E [(E)P] < CY for all p > 2 such that

Err(h)3 < Cp (h +R(Y)E: +R(Z)f2 +E [§L|T — 7|+ Lrer [ |ZS|2dSD (3.1)

and

Err(h)2,, < Brrh)?, ;< Cp(h+ RO +R(Z)Ee) +E[E [&1]r = 7] | Fronr]’]
T 2

where T4 1is the next time after T in the grid m:

+ CrLE

Tro=inf{ten : 7 <t}.
The proof will be provided in Section 4 below. Note that we shall control Err(h)2,. through
2

the slightly stronger term Elrlr(h)uﬁ7 see (3.2). This will allow us to work with stopping times

with values in the grid 7 which will be technically easier, see Remark 4.2 below.
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2

In order to provide a convergence rate for Err(h)7 and Err(h)?, .-, it remains to control the

quantities R(Y)Z., R(Z)}. and the terms involving the difference between 7 and 7.

The error due to the approximation of 7 by 7 is controlled by the following estimate that extends
to the non uniformly elliptic case previous results obtained in [12], see its Corollaire 2.3.2. The

proof of this Theorem is provided in Section 5 below.

Theorem 3.1. Assume that (HL), (D1) and (C) hold. Then, for e € (0,1) and each positive
random variable & satisfying E [(§)P] < C¥ for all p > 1, there is C§ > 0 such that

E [E € |7 — 7] |fm;ﬂ < CSpiE .
In particular, for each € € (0,1/2), there is C5 > 0 such that

E(r—7] < Cip'/*=.

In [12], the last bound is derived under a uniform ellipticity condition on ¢ and cannot be ex-
ploited in our setting, recall that we only assume (C). Up to the ¢ term, it can not be improved.
Indeed, in the special case of a uniformly elliptic diffusion in a smooth bounded domain, it has
been shown in [16] that E[r — 7] = Chz + o(hz) for some C' > 0, see Theorem 2.3 of this

reference.

Our next result concerns the regularity of (Y, Z) and is an extension to our framework of similar
results obtained in [23], [4], [3] and [2] in different contexts.

Theorem 3.2. Let the conditions (HL), (D1), (D2), (C) and (Hg) hold. Then,
RY)s: +R(Z2)f. < Crh. (3.3)

Moreover, for all stopping times 6,9 satisfying 0 <9 <T P — a.s., one has

B[ s W-vilr| < B W-opl p21, (3.4)
H<s<
and
9
E / HZS”pdS | ]:9‘| < E[gilﬁ_ﬂ |'7:9] , p=1,2, (35)
0

where £ is a positive random variable which satisfies E[|£7 7] < oo, for all ¢ > 1.
In addition, the unique continuous viscosity solution u of (1.3), in the class of continuous solu-
tions with polynomial growth, is uniformly 1/2-Hélder continuous in time and Lipschitz contin-

uous in space, i.e.

lu(t,z) — u(t',z')| < C1 (|t_t'|%+||x_x/|\) for all (t,z) and ({,2')eD.  (3.6)
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The proof is provided in Section 6 below. The bound (3.5) can be interpreted as a weak bound
on the gradient, whenever it is well defined, of the viscosity solution of (1.3). It implies that Y is
1/2-Holder continuous in L? norm. This result is rather standard under our Lipschitz continuity
assumption in the case where © = R?, i.e. 7 = T, but seems to be new in our context and under
our assumptions. The bound R(Z)}.. < Cr h can be seen as a weak regularity result on this
gradient. It would be straightforward if one could show that Duo is uniformly 1/2-Holder in

time and Lipschitz in space, which is not true in general.

Combining the above estimates, we finally obtain our main result which provides an upper
bound for the convergence rate of Err(h)? (and thus for Err(h)2,-) and Err(h)3..

T+ N\T TNAT

Theorem 3.3. Let the conditions (HL), (D1), (D2), (C) and (Hg) hold. Then, for each
e €(0,3), there is C5 > 0 such that

Err(h)? .. < CSh'™°  and Err(h)2 < C5 h3 7.

THAT —
This extends the results of [2, 3, 29] who obtained similar bounds in different contexts.

Remark 3.1. When 7 can be exactly simulated, we can replace 7 by 7 in the scheme (2.2)-
(2.3). In this case, the two last terms in the right hand-sides of (3.1) and (3.2) cancel and we
retrieve the convergence rate of the case O = R?, see e.g. [1].

4. Euler scheme approximation error: Proof of

Proposition 3.1

In this section, we provide the proof of Proposition 3.1. We first recall some standard controls
on X, (Y, Z) and X which holds under (HL).

From now on, C] denotes a generic constant whose value may change from line to line but which
depends only on Xy, L and some extra parameter 1 (we simply write Cp, if it depends only on X
and L). Similarly, ] denotes a generic non-negative random variable such that E[|£] [P] < C]P

for all p > 1 (we simply write £, if it does not depend on the extra parameter 7).

Proposition 4.1. Let (HL) hold. Fix p > 2. Let ¥ be a stopping time with values in [0,T].
Then

P
2

T
E | sup |Yt||p+</ ||Zt||2dt> | Fo| < CLOL+Xal")
te[v, 1] 9

and

El sup (|| X [P + (| Xel|”) IH] < &.
te[9,T)
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Moreover,
maxE | sup (X~ Xo, [P+ | X - Ko |?) | +E | sup [IX, - Xo[7| < O2nE
<n tE [t tiv1] t€[0,T

P [sup”)_(t —X¢(t)|\ > T‘:| <Crr~@h,r>0,
t<T

and, if 0 is a stopping time with values in [0,T] such that 9 < 6 <9+ h P — a.s., then
E [ Xo— Xoll” + X0 — X0l | Fo] < &hhb .

Remark 4.1. For later use, observe that the Lipschitz continuity assumptions (HL) ensure
that

T 2
E | sup [|V3]|”+ / AR | Fo| < oo foralp>2.
te[v,T] 9

In order to avoid the repetition of similar arguments depending whether we consider Err(h)3

with 6 =T or § = 7 AT, we first state an abstract version of Proposition 3.1 for some stopping

time 6 with values in 7.

Proposition 4.2. Let (HL) hold. Then, for all stopping time 6 with values in 7w, we have

(FVT)NO
[ (§L+1‘7'<THZSH2) dS]) .

ATNO

Err(h)? < Cp (h +E[Yy - Yo’] + R(Y)E: + R(Z2)5: + E

Let us first make the following Remark which will be of important use below.

Remark 4.2. Let ¥ < 6 P — a.s. be two stopping times with values in 7 and H be some
inequality that

0
E /19 H¢(s)|Z¢(s)|2d81

|
2

adapted process in S2. Then, recalling that t;,1 — t; = h, it follows from (2.7) and Jensen’s
tig1
E [h—l / Zydu | }‘tl}

tit1 2
/ Ly<t; <o Hy, ds
<n ti ti

tita1 tit1
[/ ly<i;<o Htih_l/ |Zu|2duds}

ti ti

7

< E

0
Aawwmw

By definition of Z, see (1.5), the same inequality holds with (Z, Z) or (Z — Z,Z — Z) in place
of (Z,Z). This remark will allow us to control ||Z — Zg|| through ||Z — Z|| and || Z — Z,||, see
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(4.3) below, which is a key argument in the proof of Proposition 4.2. Observe that the above
inequality does not apply if ¥ and 6 do not take values in w. This explains why it is easier to

work with 7, instead of 7, i.e. work on Err(h)2, . instead of Err(h)? .

Proof of Proposition 4.2. We adapt the arguments used in the proof of Theorem 3.1 in [4] to
our setting. By applying It6’s Lemma to (Y —Y)% on [t A0, t;41 AO] for t € [t;,t;41] and i < n,
we first deduce from (1.2) and (2.6) that

tit1 N0

[Yine —Yme|2+/ 1 Zs _ZSHQdS

tAG

A? = E

tytit

tiy1 AO - -
2 / (Ys = a) (Locr £(O0) — Lucr f(Bye))) ds |

N0

= E [|§/ti+1/\9 - S_/ti+1/\9|2:| + ]E

where the martingale terms cancel thanks to Proposition 4.1 and Remark 4.1, and where © :=
(X,Y,Z) and © := (X,Y,Z). Using the inequality 2ab < a? + b%, we then deduce that, for

« > 0 to be chosen later on,

tig1 N0
?-,tiJrl < E [|Yti+1/\9 - ﬁi+1/\9|2] +E /t 0 “ |Ys - YSPdS
A
tip1 A0
+ ]E / 0471(15<7-f(@5) - 15<7-f(®¢(5)))2d5‘| .
tAO
tig1 N0
< E [|Yti+1/\9 - }7"«1'+1/\9|2:| +ak / Vs — YA%ZS]
tAO
tig1NO tig1 N0
+ 2a7'E / 17 (f(GS) - f(é¢(s)))2 ds + / lrcser (f(es»2 ds]
tAO tAO
tig1 N0
+ 2a7'E j/ ]¢SS<T(f(@S»2d81.
tAO

Recall from Remark 2.2 that Z = 0 on |7, T]. Since Y; = g(7, X;) on {t > 7}, we then deduce
from (HL) and Proposition 4.1 that

ti+1/\0 _
/ Y, — Vi ds
t

NG

A?,t < E [|§/;5¢+1A9 - Y;HlA@'z] +aE

i+1

+ CpLa'E h|Y;fi/\0_Y;fiA9|2+/

tAf

tiv1 NO
Y, — Yy(s)|°ds

-1 tand NCINT Z 2
+ Crpa 'E /t (h+ HZS — Z¢(S)|| + ||Z¢(s) — Z¢(S)H ) ds

NG

tit1 N0
+ CLa'E / (€10 prcscrvr + Lrcoer || Zo2)ds | | (4.1)
t

NG
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It then follows from Gronwall’s Lemma that

E |:|}/t/\9 - }7/1‘./\9|2j| S (1 + Og h)E |:|}/ti+1/\9 - }7t7;+1/\9|2}

tit1 NO

+ (CLa™' +C¢hE |h|Yine — Yinol? +/ Y, — Y¢(S)|2ds]

tAf

tir1 N0 R R _
+ (CL a ! + Cg h)E /t (h + HZS — Z¢(s)||2 + ||Z¢(s) — Z¢(5)H2) d.;|

NG

tip1 N0
+ (Cpa™' +Cf hE / (Erlrnrcscrve + 1r<s<r|Zs|2)d5] :
tAO

(4.2)

Plugging (4.2) in (4.1) applied with ¢ = ¢;, using Remark 4.2, taking o > 0 large enough,

depending on the constants Cr, and h small leads to

Ag S (1 + CL h’)E |:|}/ti+1/\9 - }7/1‘.1'+1/\9|2j|

tistit
tir1 NO ~
b CE| [ (e Y= Yol + 12 - Zogo ) ds
ti \NO

tit1 /N0
+ CLE / (ler/\%gsgr\/%+1%§s<r||Zs||2)dS .
t

iNO

This implies that

0
/ 1Zs — Z,||%ds
0

< Cp (B[|Ys—Yol?] + h+R(Y)E: + R(Z)5,)

A" = B [Vino — Vinal!] +E

6
+ CLE|& |7_'/\9—7'/\9|—|—/ 17<S<T||ZS||2ds] :
0

We conclude the proof by using Remark 4.2 again to obtain

0 0
/OIZS—Z¢(S)II2] Cr <E /O 1 Zo(s) = Zos) | *ds

0
L <IE / 12, — Z4|[2ds
0

which implies, by the definition of Err(h)Z in (1.4),

E +E

IN

T A
/n&—%w%%>
0

T A
Ana—%w%%><u>

T A~
An&—%m%%>

+E

IN

sup [V, =Yy, |*| +E

1<n tets,tit1)

Err(R); < Cp (Ag—i—maxIE

= Cp (A"+ RV +R(2)e) -



Strong Approzimations of BSDEs in a domain 13

The above result implies the first estimate of Proposition 3.1.

Proof of (3.1) of Proposition 3.1. It suffices to apply Proposition 4.2 for § = T and observe
that the Lipschitz continuity of g implies that

TVT TVT
Eflotr.X0) ~ o, XP] < CuBllr= 7P X=Xl [ bxods+ [ o(xaw 2
TNT TAT
where |7 — 7|> < T|r — 7|, E[|| X7 — Xz||?] < CLh by Proposition 4.1, and
TVT TVT
el [ oxoas+ [ ateiam?] < Bl
TNT TNT

by Doob’s inequality, (HL) and Proposition 4.1 again. O
In order to prove (3.2) of Proposition 3.1, we need the following easy Lemma.
Lemma 4.1. Let (HL) hold. Then,

max (|12 + VAl Zell) <& and (¥ lls2 + 1 Zollre + 1 Z ]l < C - (4.4)

Proof. The first bound follows from the same arguments as in the proof of Lemma 3.3 in [4],
after noticing that the boundedness assumption on b and o can be relaxed for our result. Since,
by (2.6),

Y/t =E [}775141 | ft} + 1ti<f(ti+1 - t)f(XtiaY/tia th)
on [t;, ti+1], combining Jensen’s inequality with (HL), the first inequality of (4.4) and Proposi-
tion 4.1 imply that

supE [|V?] < 2m<axE [1Yis 7] + 20 m<axE [f(X:,, V4, Z4,)%] < Cu. (4.5)
t<T <n i<n

Applying It6’s Lemma to Y2, using the inequality ab < a? + b? for a,b € R, (HL), (4.5) and
Proposition 4.1 then leads to

B (2] +2 | [ 120
t

AT

F

E [gw,fm? +

AT
< Cp (1+a+a‘1+a_1E [/t ||Z¢(S)||2ds}) ,
AT

for all a > 0. By Remark 4.2, this shows that

E[/ ||Z¢(s)|2d8:| <E [/ ||Zs||2ds} < (g (1+a+a‘1+of1E [/ ||Zs|2ds}) :
0 0 0

2V, f(Xg(s) Yo(s) Zas(s))dS}
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Thus, taking « large enough, but depending only on L, and recalling Remark 2.2 leads to the
required bound for ||Z|x2 and || Zy||52. The bound on ||Y]|s2 is then easily deduced from its
dynamics, Burkholder-Davis-Gundy’s inequality, (HL), (4.5) and Proposition 4.1. O

Proof of (3.2) of Proposition 3.1. Applying Proposition 4.2 to 6 := 74 A 7 and recalling
Remark 2.2 leads to
Err(h)? < Cp (W4 E[[Yrar = Yo as Pl + R(E: + R(2)72) -

THNT

It remains to show that

E |:|YT+/\‘T' - Yu/\%m <Cp (h +E {E [§L|T - ﬂ | -7:T+Af} 2} +E

Lo E V: 2l fT]QD

(4.6)
Since f is L-Lipschitz continuous under (HL), we can find an R%valued adapted process x
which is bounded by L and satisfies

F(Xos): Yors)s Zots)) = F(Xp(s): Yo(s)s 0) + (Xos)s Zo(s)) (4.7)

on [0,T]. Set

t
Ht = 5 </ 17-+<S<7-X¢(S)dWS> 5 t S T,
0

where £ stands for the usual Doléans-Dade exponential martingale, and define Q ~ P by
dQ/dP = Hyp. It follows from Girsanov’s theorem that

WQ =W - / 17’+§S<7’X¢(s)d8
0

is a Q-Brownian motion. Now, observe that, by (4.7) and (2.6),

AT

Y, = g(T,XT)—F/ f(XS,YS,ZS)ds—/ Z,dW2 (4.8)
tAT t

(f(X¢<S), Yi(s)) Zo(s)) = Lry<s(Xo(s) Zs>) ds — / Z.dW2 .(4.9)

tAT

7

Y, = g(inH/f

tAT
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In view of (4.7), (4.8), (4.9), it then suffices to show that

E[E® [g(r, Xr) = 9(r, X2) | Frons)’| < Co (R+E[E[&1lr =71 | Frond]’]), (410)

_ 2
TS - _ 2
E 17-+<7:]EQ / f(X¢(S)7Y¢(S),O)dS | f7+] SE |:]E I:é.L (|7'—7'|+h) | .7:7-+/\~7-} j| y (411)
T4

§ 2

E 17-+<71EQ / <X¢(S),Z¢(S) — Zs>d5 | .7:7-+

T+

<Crh, (4.12)

. 2
1 [ 500 2005 | 7

<Cp (h+E [Efeelr -7l | Frons]’])

- 2
+OLE |15E [/ |Zs|ds|f7} ] C(413)

We start with the first term. By using (HL), applying It6’s Lemma to (g(t, X;));>0 between 7
and 7, using Proposition 4.1, the bound on x as well as standard estimates (recall (Hg) and
Proposition 4.1), we easily check that on {4 > 7} C {r > 7}

IN

E® [g(7, X)) —g(7, X7) | F£]| < Cp || Xz = Xe|| + }]EQ UT Lg(s, X,)ds | ff}

7

IN

Cp || X = Xel| + E[ér 7y — 7] | 7] -
Similarly, on {7+ < 7},
[E% [g(rs, Xr) =97, X2) | ]| < Cu | Xoy = Xr [+ E [ |re = 7| P2 ]
We then conclude the proof of (4.10) by appealing to (HL) and Proposition 4.1 to obtain
E (X, = Kol + X5 = Xel*] +E [Jo(rs, Xo,) =9, X)P] < Cun,

recall that 0 < 7 — 7 < h.

The second term (4.11) is controlled by appealing to (HL), Lemma 4.1 and Proposition 4.1,
recall that 7y —7 < h.

Concerning the third term (4.12), we observe that {7, < s} C {7 < ¢(s)} € Fy(s) and that
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{7 > s} ={7 > ¢(s)} € Fy(s). It then follows from (2.7) that, on {7 < 7},

EQ

/ (Xo(s)s Zos) — Zs)ds | quT]

+

-3 / Hy(Xo(s)s Zo(s) — Zs)ds | fTMT]
T4
T P(s)+h _ B
= ]E / H¢(s) X¢(S) 5 h71/ Zudu - ZS dS | _7:7-+/\,7.
T+ #(s)
TE / (Hy = How)) (Xo » Zot) = Zs ) ds | fmrl
Tt

and, since 7 and 74 take values in 7,

T ¢(s)+h ~
/ Hyes) { Xo(s) » h_l/ Zydu—ZsYds = 0.
T+ #(s)

On the other hand, the Cauchy-Schwartz inequality and the boundedness of x imply that

E

/ (Hs - qu(s)) <X¢7(s) ) qu(s) - Zs> ds | f‘r+/\‘r1

T+

- 3 - 3
< O |E / (Hs — Hy(s))*ds | fuml E [/ | Zs(s) — Zs|ds | fuml
T+ T+
1
T 2
. _ _
<&ph? |E V | Z o5y — Zs||*ds | fmT]
T+

Recalling Lemma 4.1 and combining the above inequalities leads to (4.12).
The last term (4.13) is easily controlled by using (HL), Remark 2.2, and Proposition 4.1. O

5. Exit time approximation error: Proof of Theorem 3.1

In this section, we provide the proof of Theorem 3.1. We start with a partial argument which
essentially allows to reduce to the case where m = 1, i.e. O has no corners, by working separately

on the exit times of the different domains O%:
m=inf{ten : Is<tst. Xo ¢ OIAT  and 7 i=inf{ten : Xy ¢ O}AT .

We shall prove below the following Proposition.
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Proposition 5.1. Assume that (HL), (D1) and (C) hold. Then, for each e >0,
2
E [IE [|r_i -7 ﬁwe} ] < C5h'TE, V1<(t<m. (5.1)

It implies the statements of Theorem 3.1.

Proof of Theorem 3.1. Since 7 = mins<,, 7% and 7 = ming<,, 7, we have
+ < + < )

E [|T+ -7 -7:T+/\7"] < ZE [lTi - 7i€| | fri/\f@} (1r+:ri<7— + 1‘7’:‘7”5§‘r+)
(=1

which combined with (5.1) leads to
_ 2 epl—e
E[E[lr—7l| Frar’] < cint—s, (5.2)

since |74 — 7| < h. This leads to the second assertion of Theorem 3.1. On the other hand, given
a positive random variable ¢ satisfying E [¢P] < C? for all p > 1, we deduce from Holder’s
inequality that

2(1—¢)

E[¢lr =711 Frne)® € GE[lr—717% | Fone| < &T*E[r—7]| Frnr]

and
_ 2 . _ 211-¢
E[¢E[Elr— 7| Fronrl’] < CLE[E[r—7]] Froarl’]
In view of (5.2), this leads to the first assertion of Theorem 3.1, after possibly changing e. O

The rest of this section is devoted to the proof of (5.1) for some fixed ¢. We first provide an
a-priori control on the difference between Ti and 7¢. We use the standard idea that consists in
introducing a test function on which we can apply It6’s Lemma between Tf_ and 7 so that the
Lebesgue integral term provides an upper bound for the difference between these two times, see
e.g. Lemma 3.1 Chapter 3 in [9] for an application to the construction of upper bounds for the

moments of the first exit time of a uniformly elliptic diffusion from a bounded domain.

To this end, we introduce the family of test functions
F, ::d%/w ,1<6<m,

for some v > 0 to be fixed below. Here, d; is a C?(RY) function which coincides with the
algebraic distance to 9O on a neighborhood of 0* and such that

O ={zeR?: dy(z) >0} and 90" :={zecR? : dy(x)=0}.
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The existence of such a map is guaranteed by the smoothness assumption (D1), see e.g. [11].
Observe that, after possibly changing L and considering a suitable extension of dy outside of a

neighbourhood of the compact boundary 00!, we can assume that
[del| + |1 Dde|| + | D?de] < L onR?. (5.3)
Observe that

LR, = %[(2<b,ne>+ﬂ[aDzdeDdHTﬁf[a(m)*w]] (54)

where ny := Dd, coincides with the unit inward normal for x € 9O, recall (D1).
In view of (HL), (D1), (5.3) and (C), there is some Cy, > 0 such that, for each 1 < £ < m,

LEF, > l(—C’Ldg +nga(ng)*)>1and nga(ng)* > L71/2 on B(OO* r) (5.5)
Y

if we choose > 0 and v > 0 small enough, but depending only on L. For later use, also observe
that, after possibly changing r, one can actually choose it such that

ne(z) a(y)ne(z)* > L71/2  forall z,y € B(OO'r) st. ||z —y| <r . (5.6)

We now fix r,v > 0 such that (5.5) and (5.6) hold and define the sets

vy {X, € BOO' 1), Vs elr',m{]}, Bei={lde(X0)| <h27"}

A, = {X,eBOO ), Vse[rl, 7}, Byi={|de(Xre)| < h3 7} |

for some 7 € (0,1/4) to be chosen later on. Observe that A, (resp. Ay) is well defined on
{76 <74} (vesp. {rf < 7}).

We can now provide our first control on |7£ — 7¢|. Recall that &5 (£, if it does not depend on
some extra parameter €) denotes a positive random variable whose value may change from line
to line but satisfies E[|£5|P] < C7? for all p > 1.

Lemma 5.1. Assume that (HL) and (D1) hold. Then, for each e € (0,1),

E(lrf =7 | Frgnre] < € {nd+ (T =7)3PUAN B | Fol ™ Lty

S
1{ri<r@}}

1—

+ (T - Ti)%P [(Ag N By)° | fTi

for each 1 < £ <m.
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Proof. 1. We first work on the event {r{ > 7¢}. It follows from (5.5) and It6’s Lemma that

4
T+
Elrf -7 | F] < E 1AmB,_7/ LF/(Xs)ds | Fre| + (T — 79 P[(Ar N By)¢ | Fre]
712

IN
=

e ‘
T4 T4
lAzﬂBz </e LFZ(XS)dS + 1[ DFE(XS)U(Xs)dWs> | -7'-7—’-"|

4
T+
- E lAmB[/ DFy(Xs)o(Xs)dW, |.F7e]
{—@

+ (T — f‘é) P [(Ag n Bg)c | .7:7—.12]
< 7 UE[(@(X0) — (X)) Lans, | Frl

+ E

Y4
T+
Lo / " DE(X)o(X.)dW, | m]

+ (T — f‘é) P [(Ag n Bg)c | .7:7—.12]

where, by Holder’s and Burkholder-Davis-Gundy’s inequality, the Lipschitz continuity of o and
DFy (see (HL) and (5.3)) and Proposition 4.1,

'l
T+
Ellumc ) DFe<X5>a<Xs>dWs|ff] < & (T-EP[(AN B | o]

for all € € (0,1). We now recall that |dg(XTi)| < h2" on By, which implies
E[(*(Xer) = & (Xee)Lans, | Fre| SE[@X)Las, | Foe] < 0727
In view of the above inequalities, this provides the required estimate on the event set {T—{ > 7
since n < 1/4.
2. We now work on the event {r{ < 7‘}. By Proposition 4.1,
¢

E|14,n5, /[ ’c&uw()‘(s)_c)?sm()’(s)
T+

ds | }‘Ti] <& h?

with the notation £9Fy := 0,F;+ (b(y), DF;)+Tr [a(y) D2 F,] , so that L5 Fy(X,) = LFy(Xs).
Arguing as above, it follows that, on {7¢ > 74},

_ 1 _ = o
E[# =l | Fy]| < @nd 4y E[(@ (%) - (X)) ang, | Fo

+ E

=t
l(AgﬁBg)C /e DFE(XS)U(X¢(S))dWs | -7:7-5;‘|
T+

+ (T-)P [(Ag N B | de

1—e

IN

ELhT +4 T hE 4+ €5 (T —78)3P [(‘Z“ nBo)*| fTi]
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d

It remains to control the different terms that appear in the upper bound of Lemma 5.1.
For notational convenience, we now introduce the sets (recall that 0 < n < 1/4)
Epi={dy(X..) <h® "} and E,:= {de(X,e) < hET1} 1< 0<m.
Remark 5.1. Observe that
1

PEsN{7" <7} < P[E;n{r'<T} < P[{dg(X.;tz)—dg(X;e) Rz N {7t < T}

since d¢(X;¢) < 0 on {7 < T}. Using (5.3), Tchebychev’s inequality and Proposition 4.1, we
then deduce that, for each € € (0, 1), there is C§ > 0 such that

PESN{7"<7l}] < Cfn'=.

Similarly, if 7¢ denotes the first exit time of (¢, X;);>0 from [0, 7)) x Of, we have

P |{0(Xeg) ~ di(X,) 2

IN

hi~ P {de(Xe) < Sh hE=myn{rf < T}

L\DI}—*I
l\DlP—‘

BB (> o)

i P@m&p—WMM>§ﬁ"wwﬁ<T}
< C¢hTE,

where the last inequality follows from Tchebychev’s inequality, Proposition 4.1 and the fact
that 7{ — ¢ < h. Note that the term dé('XTi) — dy(X,¢) could be controlled by Bernstein
type inequalities in order to avoid the explosion of the constant with €. However, to the best
of our knowledge, such inequalities are not available in the existing literature for the term
dy (XTi ) — d[(XTi ) and Tchebychev’s inequality remains the most natural tool to apply here.

Combining the above Remark with the next two technical Lemmas allows to control the right
hand-side terms in the upper bound of Lemma 5.1. Thus, the statement of Proposition 5.1 is a
direct consequence of Lemma 5.1 combined with Remark 5.1, Lemma 5.2 and Lemma 5.3 below,

applied for n small enough.

Lemma 5.2. Assume that (HL), (D1) and (C) hold. Then, for each e € (0,1),
P A7 | Fre] 1Em{fﬁ>%@} +P [AE | frd 1Em{rﬁ<%@} < &h e , Ve<m. (5.7)

Lemma 5.3. Assume that (HL), (D1) and (C) hold. Then, for each e € (0,1),

. I pE—m(1-2)
P[Ae (VB | Frel 1gngrtsrey + P [Ag N B¢ | de Lpingrg<ry S 6 ———, Yl <m.
T—7NTL

(5.8)
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Proof of Lemma 5.2. 1. We first prove the bound for the first term. Let V' be defined by
Vi := d¢(Xzeyy) for ¢ > 0 and let ¥¥ be the first time when V reaches y € R. Using A§ =
A5 N ({90 > 97U {9° < 97}), we deduce that on {7{ > 7¢}

PlA | Fre] < P[°>0" | Fre] + P

{ sup |de(X,)| >rin{rf<T} | fTel ,

SE[TE,Ti]

where, by (5.3), Tchebychev’s inequality and Proposition 4.1, on {r{ > 7} C {r* > 7},

IN

P { sup [|de(X,)| >r}n{r" <T}| ffe]

SG[TZ,Ti]

TQE[ sup |dg(XS)—dg(XT/z)|2|_7-'T/z]

SG[T[,Ti]

IN

§Lh7

recall that 7'_{ — 7% < h. It remains to provide a suitable bound for P [190 > 9" | .7:.,—_/5]. From now

on, we assume, without loss of generality, that
2h2 N <y (5.9)

Set ¥ := 90 A 9. Thanks to (C) and (HL), we can define Q ~ P by the density

749
H=¢ <_1Ee [@ (nga)(XS)((ngan})(Xs))lﬁdg(XS)dWS> .

Let
(FEHO)A-
WQ =W + 1[7*—5,00)1E‘[ / (neo—)*(XS)((nganZ)(Xs))*lﬁdg(Xs)dS
Fe
be the Brownian motion associated to Q by Girsanov’s Theorem. We have
FEptAY
Vino = Vo +/ ne(X)o(X)dWe on Ej.
Fe

Set

¢

T+t
M= [ ImeXonieeso)oXanceeson)Pds.

By the Dambis-Dubins-Schwartz theorem, see Theorem 4.6 Chapter 3 in [18], there exists a one

dimensional Q-Brownian motion Z such that
Ving = Vo + Za,,, on En{rl>7Y={Vo<hs ™, 1t >7}.
This implies that

Q>0 | Fr] < hEr  on E.n{rl>7Y,
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see e.g. Exercise 8.13 Chapter 2.8 in [18]. We conclude by using Holder’s inequality and (5.3).

2. The bound for the second term in (5.7) is derived similarly. We now write
Vi = df(X‘ri+t) ,t>0.

As above, we denote by ¥ the first time when V' reaches y € R and observe that, by (5.9),

sup  [de(X,) = de(Xze)| > 037" | Fru

_ 1,
]P[Aﬂ]-}z} < P[ﬁ’” >197"|f7[}+1@
+ + SE[FE,FE4R]

1
where 7¢ := 7'_{ +97"2"" and, by (5.3), Tchebychev’s inequality and Proposition 4.1,

P| sup |de(Xo)—de(Xpe)| > B2 | Fre| < &L D
SE[FE,7E+R] +

—n

1
In order to bound the term P [19*’“

enough,

> 9" | Foe |, we observe that (5.6) imply that, for A small

Ine(X)o (Xo)ll = L72/V2 on Een{s € [7, 07} {1 X, — Xgoll < 7},
where 0 := inf{t > 7{ : X; ¢ B(0O*,r)} AT. Moreover, it follows from Proposition 4.1 that
P {sup | Xs — X¢(S)H > r] < Crr*h.
s<T

Up to obvious modifications, this allows us to reproduce the arguments of Step 1 on the event
set Eg. O

Proof of Lemma 5.3. We only prove the bound for the first term. The second one can be
derived from similar arguments (see step 2 in the proof of Lemma 5.2). We use the notations of
the proof of Lemma 5.2. We first observe that, on E; N {7¢ > 7},

PlA NB§ | Fre] < P[AN{W" > (T -7} | Fre
+ P {Té < T} M sup |d€(Xs) - df(X‘r[” > h%—ﬁ| | -7:7-[‘|
SG[TZ,Ti]
< P |:Ag ﬂ{ min ZAt > —h%_n} | _7:,,.13:| —i—fz h

te[0,7—7

where the second inequality follows from Tchebychev’s inequality, (HL) and Proposition 4.1,
recall that 7'_{ — 7 < h. Using Holder’s inequality, we then observe that

1—¢

P|A, N in Za, > —hT V| Fa| < £ QAN in Zxn, >—h?"} | T,
(n{_min,, 2, b } < sL@[e {, uin_, Za VI F
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Since, by (5.6),
Ap_ze > (T=792L)" onAn{W° > T -)n{F <} cAn{z' <l =T},

we deduce from Chapter 2 of [18] that, on E, N {7* < 74},

Q[An{ min Zy, >—h7""}| fﬂ} < [ min Zy > —h3 7| Fr
te[0,7—7] tel0,(T—7¢)(2L) 1]
< Cp(T—7)"%pe ",
We conclude by combining the above estimates. O

6. Regularity of the BSDE and the related PDE

6.1. Interpretation in terms of parabolic semilinear PDEs with
Dirichlet boundary conditions

In this section, we denote by X%® the solution of (1.1) with initial condition = € O at time
t < T. We also denote by 7% the first exit time of (s, X/%)s>; from O x [0,7T) and write
(Yhe Zt%) for the solution of (1.2) with (X*® 74%) in place of (X, 7).

As usual the deterministic function (¢,2) € D +— u(t,x) := Y;t’m can be related to the semilinear
parabolic equation

{ 0 = —Lu(t,z) — f(z,u(t,z), Du(t,z)o(z)) , (t,z) € O x [0,T) 61)

ulo,p = g -
where we recall that £ denotes the Dynkin operator associated to the diffusion X, L¢ :=
oy + (b, DY) + %Tr l[aD?*y] with a := oo*, and 9,D := ([0,T) x 00) U ({T} x O) is the
parabolic boundary of D.

Proposition 6.1. Let (HL), (D1), (D2), (C) and (Hg) hold. Then the function u has
linear growth and is the unique continuous viscosity solution of (6.1) in the class of continuous

solutions with polynomial growth.

A similar result is proved in [6] but in the elliptic case. For the sake of completeness, we provide
a slightly different complete proof in the Appendix.

6.2. Boundary modulus of continuity

Adapting some barrier techniques for PDEs, we first prove the following bound for the modulus
of continuity on the boundary.
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Proposition 6.2. Let (HL), (D1), (D2), (C) and (Hg) hold. Then, there is C, > 0 such
that for all (to,x0) € [0,T) x 0O,

lim |U(t0,y) _u(thI0)|

<(p. (62)
y€O0, y—ao ly — ol

In particular, if the gradient of w exists at (to,xo), (D2) implies that it is uniformly bounded.

Proof. Let (to, ) € [0,T)x 90O and A := [tg, T) x N, where N’ C O is an open set and x¢ € ON.
We only show that, for all y € N,

U(to, y) - u(th IO)
lly — ol

<. (6.3)

The lower bound is obtained similarly. By (ID2), there is ¢ > 0 and a family (e;);c[1,4) such that
xo +ce; € N for all i € [1,d] and span(e;, i € [1,d]) = R%. Thus, (6.2) implies the statement
concerning the gradient, whenever it is well defined. We now prove (6.3).

1. Assume that there exists a smooth function v : A — R with first derivative bounded by Cr,
such that

(a) ¥ > uon 9pA = ([tg, T) x ON) U ({T} x N).

(b) Ly(t, ) + f(x,9(t, x), DY(t,x)o(x)) < 0 for (¢,2) € A

(c) ¥(to, o) = u(to, z0) = g(to, o).
Using Proposition 6.1 and a standard maximum principle, see Lemma A.2 in the Appendix, we
then derive that u < ¢ on A. In view of (c) this yields

u(to,y) — ufto, o) _ $(to,y) = ¥(to, zo)

< <CL ,VyeN\{z}.
e Iy o] \ (o}

2. Tt remains to construct a smooth function satisfying (a), (b) and (c). Recall that the spatial
boundary 9O is compact. Since u is continuous on D, see Proposition 6.1, the compactness
assumption (D1) ensures the uniform boundedness of u in a neighborhood of [0, 7] x 0O.

We specify the construction of the barrier function only for 2o € dO\B(C,L™'). Indeed, for
zo € B(C,L™1), assumption (C) ensures that the diffusion coefficient is uniformly elliptic in a
neighborhood of xy. The expression of the barriers below can then be simplified. Namely, we do

not need the additional localization with the cone, i.e. we can take k = 0 in (6.6) below.

2.a. Let y := y(z0) be the point of O¢ associated to xo by the exterior sphere property, see (D2).
Set 7 := r(xg) = ||y(z0) —z0]|- Recall that, by assumption, B := B(y,r) satisfies BNO = {xo} .
It follows from (HL) and (C) that

(a(z)n(wo),n(x0)) > L™/2 ontheset Dy:={xecO:|z—m <nr} (6.4)

for some 7z, > 0 small enough, but depending only on L.
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For = € O, we now set

dp(z) := d(z,0B) = [lx —y[| —r
so that dg € C%(O) with

I (z-—y)(z—-y)

D r—y D2
I =y = yll®

e =yl

where I; denotes the identity matrix of M¢. We now introduce a cone
K:={zeR: (x—y,n(x0)) > cos(d)|x —yl|}, 0€[0,7/2]

and
Dy:={xecO:dg(x)<d} , §>0.

The angle 0 of the cone and ¢ will be specified later on. Anyhow, we assume ¢ < §;, small enough
to ensure Dy C Dy. We finally set N := O N K N Dy and define the barrier function by

0(t.0) = 9(t.0) + da(p(@) 2 = 2) s+ nlo — pnfan)) (1= S (g

for (t,x) € [to, T] x N, where ¢(z) := § +dp(z) for some (a, k) € (0,00)? to be chosen later on.

00

Figure 1. Domain for the barrier

2.b. Since g — y € span(n(xo)), ¥ (to, zo) = u(to, o) = g(to, o), so that (c) is satisfied.
2.c. Recall from the beginning of Step 2. that

M = sup |u(t, z)| v sup lg(t,x)] < o0 . (6.7)
(t,m)e[to,T]Xﬁl (t,z)e[to,T]Xﬁl
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On 00 NON, ¢(t,x) > g(t, ). On dDy NON, W(t, x) > —M + 4a(2'/? — 1)5'/2 . Thus, for
M

*Z SR 1) (6:8)
one has ¥(t,z) > u(t,z) for (¢t,z) € [to, T] x 0D2 N ON.
On 9K NN, we have
Y(t,x) > —M + kcos(0)]|z — y||(1 — cos(9)) > —M + krcos(0)(1 — cos(h)) .
Hence, for
2M (6.9)

>

~ rcos(0)(1 —cos(6))’
we obtain that ¥ (t,z) > u(t,z) Y(t,x) € [to,T] x K NAN. This concludes the proof of (a).
2.d. Tt remains to show that ¢ satisfies (b). Set

{z —y, n(xo)>) 7

=yl

(@) = (o = o)) (1
and observe that, for some C < (7,
DI ()| < €', ID*F(2)] < C/r (6.10)
uniformly in z € A. Define,

O(t,z) = Ly(t,x)+ f(z, (¢, ), DY(t,z)o(x))

< C4+M+ap) V2 +r(14+r1) - % <a(:c) ||:; : z” , ”i : z” > o(z)~3/?
v Sl
< CU+M+r+r7") = o) (<a(x) ”i - ZH’ Hi - ZH > —o(1+ Tl)go(:v)> ,

recall (Hg), (6.5), (6.7) and (6.10). For a suitable angle of the cone 6, we shall show below that
we can find C' > 0 such that C~! < Cp, and

T—y xT—Yy - _
, >C ,VzeN. 6.11
<“(““’>|w—y|| ||x—y||> g (6.11)

Recalling that ¢(z) < 26 for x € N C Dy, we get
O(t,x) < C(M +r(1+171) = Se(@) /2 (C=20(1+171)) .

(M+r(1+r"1)=Ca2" %63,

For 6 := (1/4)C(C(14+7r~1))"'AdL > 0, we then have O(t,z) < C
6.8), (6.9) and so that O(¢,z) < 0.

It is then clear that («, k) can be chosen in order to satisfy (
This shows (b).
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It remains to prove (6.11). This is done by suitably choosing the angle of the cone K. Let
Z € 0B(0,1) be such that Z 4+ y € K. Introduce the basis (n(zo), (nj(20))ie1,a—1]) Where
(ni(20))ie[1,da—1] is an orthonormal basis of {n(zo)}* for the euclidean scalar product. Let
(Bi)iefo,a—1] denote the coefficients of Z in this basis, i.e. Z = Bon(xo) + Ef:_ll Bini-(zo) . One
has, for all z € N,

d-1

(a(2)2,2) = Bila(@)n(zo),n(z0)) +2  fobilal@)n(zo), nit (o))

i=1

d—1 d—1
+ <a(17)Zﬂmf(fco)vzﬂmf(%»

d—1
> Bila@)n(zo), n(xo)) +2 ) BoBila@)n(zo), ni (o)) -
i=1
Since Z +y € K and ||Z] = 1, we must have By > cosf, by definition of K, and therefore
|B:| < sin(0) for all ¢ € [1,d — 1]. Hence, (6.4) and the above equation leads to
—1

(a()Z,7) > COSQ(H)LT —2(d — 1) sin(0) sup [la(z)|| , Yz € N.
zeN

This yields (6.11) with C' = % for # small enough. O

6.3. Representation and weak regularity of the gradient in the regular
uniformly elliptic case

In the section, we strengthen the initial assumptions and work under:

(D’): O is a C? bounded domain satisfying (D1) and (D2) for the constant L.
(C?): a is uniformly elliptic with ellipticity constant L.

(H): the coefficients b, o, f and g satisfy (Hg)-(HL) and are uniformly C?(D).

From now on, given a matrix M, we denote by M7 its j-th column, viewed as a column vector.

Proposition 6.3 (Representation of the gradient). Let the conditions (D’), (C’) and
(H’) hold. Then, u € C°(D) N CY2(D), Du € C°(D) and for all (t,z) € D

Du(t,) = E | Du(t"*, X 55 )VXEL VIS + / D, f(OLT) VX2V s (6.12)
t

where VX5 is the first variation process of X% :

d s s
VX" =1+ ) / Do (XL )W XL2dW) + / Dh(X ")\ XEdv s>t
j=1 t t
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and V4% is defined by
S S 1 S
VI i exp ( [ os@imas [ apeaw, - [ ||azf<@fﬁ>||2dv) s>t
t t t
with ©HT = (Xte Yte, Zta).

Proof. The result is obvious for (¢,x) € D. We then assume from now on that (¢,z) € D. We
derive from Theorems 12.16 and 12.10 in [21] and the definition of Holder spaces at p. 46 of this
reference that Du € C°(D). Let us consider the systems of differential equations obtained by
formally differentiating the PDE (6.1) w.r.t. (wi)ie[u,d]]- Fori=1,...,d, we have

i 1 X . 1 _
0 = O +(b+0"D,.f(O)+ EDI'LCL.Z, Dv*) + §Tr [aD*v'] (6.13)

+  (Daib' + Dy f(©) + (D f(0),Dyic™)) v' + Dy f(©) + Y hF
ki
d
where hi* = (wabk + <sz(®), szO'k>) D ru+ Z Dzialewkmzu

=1
and O(t,x) = (z,u(t, z), Duo(t,z)).
Given n large enough, set O, := {z + B(0,n"1), x € O} C O, T, =T —n~! > 0 and
D,, :=10,T,) x O,. Note that by construction O, satisfies a uniform exterior sphere property
(with radius 1/2n). Then, the PDE (6.13) on D,, with the boundary condition D,:u on 8,D,, =
([0, T,) x 00,)U({T},} x O,) admits a unique C°(D,,)NCY2(D,,) solution v, see Theorem 12.22
n [21]. Using the maximum principle, we can then identify D,:u and v!, on D,, by considering
the PDE satisfied by e ! (u(-, v+¢ce;) —u(-, z))—v! (-, x) on D,,. Here, ¢; is the i-th canonical basis
vector of R?, see e.g. Theorem 10 Chapter 3 in [10]. In particular, Du € C°(D,)NCY2(D,,). By a
usual localization argument, we then deduce from 1t6’s Lemma applied to Du(-, X©*)V X 5@V 6,
with (¢,z) € Dy, that

Du(t,z) = E |Du(r,, XL*)VXL*VE* + / Ouf (OL7) VXLV ds
t

where 7, := inf{s € [t,T}] : (s,X.") ¢ D,}. Observe that lim, 7, = 7 P — a.s. by continuity
of X. We then derive the statement of the Proposition by sending n — oo, using the a-priori

smoothness of u, Du € C°(D), and the dominated convergence theorem. O

Remark 6.1. Note that the various localizations in the previous proof are needed because we
do not assume any compatibility condition on the parabolic boundary, i.e. Lg+ f(-,g,0Dg) =0
on 9, D. Otherwise, Theorem 12.14 in [21] would give u € C12(D) which would allow to avoid

the introduction of the subdomains O,,.
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Observe that, by Proposition 6.2 and the continuity of Du stated in Proposition 6.3, | Du(r*, X5%,)|| <
Cr. The representation (6.12) and standard estimates then give ||Du| ., p < Cp.

Corollary 6.1. Let (D’), (C’) and (H’) hold. Then, ||Dul|,, p < CrL.
We can now prove Theorem 3.2 under the conditions (D”), (C?) and (H’).
Corollary 6.2. Theorem 3.2 holds under the conditions (D’), (C’) and (H’).

Proof. 1. Proof of (3.4) and (3.5). Recalling that v € C%2(D) N CY(D), see Proposition
6.3, we deduce from a standard verification argument that Z = Du(-, X)o(X). Set (VX,V) :=
(VXX 10:X0) and observe that (VX5Xt, VEXt) = (VX VX, 1, V.V, 1) for s > ¢, by the flow
property. Thus, by Proposition 6.3,

Z,=E [DU(T, X)VX,V, +/ 0f (0,) VX, Vids | ft} o(X)(VXV)™' L t<7. (6.14)
t

It then follows from Proposition 6.2 (boundedness of the gradient of u), (HL) and stan-
dard estimates that sup,, ||Z:|| < &z. This readily implies (3.5), i.e. E [feﬂ 1Zs||Pds | .7-'9} <
E[7 ]9 —0] | Fol, p = 1,2. By Burkholder-Davis-Gundy’s inequality, (HL) and Proposition
4.1, this also yields E [Supte[gﬁ] Y — Y(9|2p} <EE [9—-0P],p>1

2. Proof of (3.6). By the same arguments as above, we first obtain that |u(t,z) — u(t,2")| <
Cplz — 2'|. Moreover, for t <t < T,

u(t,x) —u(t',x) = VP —u(t z) = YV" = Yo dut, X5T) —u(t, x) .

The Lipschitz continuity of u in space (Corollary 6.1) and standard estimates on SDEs imply
that [E[u(t', X;")— u(t',z)]| < Cp|t —'|3. On the other hand, E [|Y,"* — Y;/*|?] < Cr(t' — 1),
by the above estimate.

3. Proof of (3.3). The bound on R(Y)%. follows from (3.4). Using (6.14) and exactly the same

arguments as in the proof of Proposition 4.5 in [3], see also [23], we deduce that

n—1 tiga
ZEU ||Zt_Zti|2dt:| < Cph,
1=0 i

t

which implies

t

n—1 tit1 R
ZEU |Zt—Zti||2dt} < Cph
=0 i

since Z is the best approximation of Z in L2(Q x [0,T]) by an element of H? which is constant
on each time interval [t;, t;11). O
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6.4. Regularization procedure: proof of Theorem 3.2 in the general
case

Step 1. Truncation of the domain: We first prove that Theorem 3.2 holds under the condi-
tions (D1), (D2), (C’) and (H’).

Let ¢ be a C* density function with compact support on R?. Given € > 0, we define A, :=
e~ 4p(e7 1 )% (dAd.-1)t where d.—1 denotes the algebraic distance to B(Xp,e~!) and x denotes
the convolution. Set O, := {x € R? : A.(z) > 0} and D. := [0,T) x O.. It follows from the
compact boundary assumption that 00 C O, for € small enough. Note that O, is bounded,
even if O is not. Let (Y¢,Z°) be defined as in (1.2) with O, in place of O and 7¢ be the first
exit time of (-, X) from D.. Observe that, by continuity of X, 7° — 7 P — a.s. Since, by (Hg),
(HL) and Theorem 1.5 in [26],

TVTE

|9(7'aXT)_9(7’57XT€)|2+/ f(XS,YS,ZS)QdS

TATE

IV =Y+ 12— 2 < CLE

€

™™V T
/ (L4 112 + [Ya[? + 112:]7)ds

ATE

IN

CLE

)

we deduce from Proposition 4.1 and a dominated convergence argument that [|Y —Y*||%, +[|Z —
Z¢||3,2 — 0. Since the domain O, satisfies (D?), we can apply Corollary 6.2 to (Y¢, Z¢). Recalling
that the associated constants depend only on L and are uniform in e, we thus obtain the required
controls on (Y, Z). Let u® be the solution of (6.1) associated to D.. The above stability result,
applied to general initial conditions, implies that u® — wu pointwise on D. Corollary 6.2 thus

implies that u satisfies (3.6).

Step 2. Regularization of the coefficients: We now prove that Theorem 3.2 holds under
the conditions (D1), (D2), (C), (HL) and (Hg).
For € > 0, define b, 0. and f. by

(be, 0e, fo)(@,y,2) := (b, 0, f) x e 2o (e 7 (2, y, 2))

where ¢ is a C™ density function with compact support on R? x R x R?. Let us consider the
FBSDE

X: = a+ [T0(XE)ds + [L 0o(X2)dW, + EW; (6.15)
YE = g Xe) + J o fo(XEYE Z9)ds — [T Z5dW, — [T, Z5dW, |

where (W,);>0 is an additional d-dimensional Brownian motion independent of W and

T :=inf{s >0:(s,X;) ¢ D} .
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This system satisfies the conditions of Step 1. Therefore, the estimates of Theorem 3.2 can be
applied to (Y€, Z%). Note that the associated constant depends only on L and are uniform in e.
Moreover, it follows from (HL) and Theorem 1.5 in [26] that

T
Y =Yel% +1Z2- 2713, < CLE Ig(T,XT)—g(TE,Xis)IQJr/ 1 Xs — X[|%ds
0

€

/ (£ (Xa Yo, Z2)| + | fo(XE. Ya, Z2)))2ds

ATE

+ E +Le.

Clearly, X* — X in S2. Since f and g are Lipschitz continuous, f and f. have linear growth and
(X, X¢,Y, Z) is bounded in 82 x 8% x §% x H?2, it suffices to check that 7¢ — 7 in probability
to obtain the required controls on (Y, Z). This is implied by the non-characteristic boundary
condition of (C), see e.g. the proof of Proposition 3 in [17]. The control (3.6) is obtained by

arguing as above. O

Appendix: Proof of Proposition 6.1

In the following, we use the notations

uw*(t,r) = limsup u(s,y), u(t,z) = liminf wu(s,y) , (t,z) € D
(s,y)eD—(t,x) (s,y)eD—(t,x)

The statement of Proposition 6.1 is a direct consequence of Lemmas A.1 and A.2 below.

Lemma A.1. Let the conditions of Proposition 6.1 hold. Then, the function u has linear
growth and u* (resp. u.) is a viscosity subsolution (resp. supersolution) of (6.1) with the terminal

conditions u* < g (resp. u, > g) on d,D.

Proof. 1. The linear growth property property is an immediate consequence of Proposition 4.1.
2. It remains to prove that u* and u, are respectively sub- and supersolution of (6.1) with the
boundary conditions u* < g and u, > g on d,D. We concentrate on the supersolution property,
the subsolution property would be derived similarly. The proof is standard, as usual we argue by
contradiction. Let (to,zo) € [0,T] x O and ¢ € Cf be such that 0 = min, , ¢ p(u« — @)(t, x) =

(usx — ¢)(to, zo) where the minimum is assumed, w.l.o.g., to be strict on D. Assume that

(_E@(t()v xo) - f('r()v <P(t0, IO)? D@U(th :Eo))) l(to,zo)ED + (90 - g)(th zO)l(to,wo)EapD = _2< <0.
Recall from (D2) that if zp € 0O then we can find an open ball By C O° such that BynO =
{xo}. If x9 € DO, we denote by dp, the algebraic distance to By. On D, we set

- d(x

Bta) = ltia) = (VT Diger — ) (1= X2 ) 1y caonme
_ dB, (JJ)

o) (1

) 1,,co0nBC,L-1) »
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for some > 0. Observe that (o, 7o) is still a strict minimum of (u. — @) on V,,N D for some open
neighborhood V;, of (to,zo) on which (dg, V d) < n/2 if 2o € 00. Without loss of generality, we
can then assume that

u>ue>@+¢ on OV, \ D, (A.16)

while
p<p<g—C on V,Nnd,D, if (ty,z0) € 8,D . (A.17)
Moreover, observe that for F equal to d or dg,, D(F(1—F/n)) = DF(1—2n~'F) and D*(F(1—

F/n)) =1 —-2n"'F)D?F — 2n~'DF*DF where |DF|| = 1. Thus, (C) implies that, for n and

V,, small enough,
— Lo~ f(,¢,Dpo) < =( <0 on V,ND. (A.18)

Let (t,,zn)n be a sequence in D NV, such that (t,,zn, u(tn,zn)) — (to, o, u«(to, o)) Let
(X™, Y™, Z™) be the solution of (1.1)-(1.2) associated to the initial conditions (¢, z,,) and define
0, as the first exit time of DNV, by (-, X™). By applying Ité’s Lemma on ¢ and using (A.17),
(A.18), (A.16) and the identity u = g on 9,D, we get

9n
()b(tnv xn) = —X + u(em X;ln) +/ (f(X;lv 95(87 X;l)v D(ZDU(S,X:)) - ns)ds
t

On
- Dgo(s, X )dWs ,

tn

where x is a bounded random variable satisfying x > ( P—a.s. and 7 is an adapted process in L2
such that n > ¢ dt x dP-a.e. Following the standard argument of the proof of Theorem 1.6 in [20],
we deduce that @(t,,, z,) < Yti”m" —Ce T = wu(ty, x,) —Ce LT, Since @(tn, xn) —u(tn, vn) — 0,

this leads to a contradiction. O

Lemma A.2. Let the conditions of Proposition 6.1 hold. Fiz ty € [0,T) and N C O an
open set. Let U (resp. V') be an upper-semicontinuous subsolution (resp. lower-semicontinuous
supersolution) with polynomial growth of (6.1) on A := [to,T) X N such that V> U on 9,A :=
([to, T) x ONYU ({T} x N). Then, V. > U on A.

Proof. The proof is standard. Fix p > 0 and observe U and V defined by U(t,z) = U(t, z)e’*

and V(t,x) = V(t,z)er* are sub- and supersolution of
0 = pp(t,x) — Lp(t,x) — e’ fx, e Pap(t, x), e P Dip(t, x)o(x)) , (t, ) € [to, T) x N (A.19)
As usual we argue by contradiction and assume that sup(t)x)eA(U(t, z) — V(t,z)) > 0. Define

B(t,x) =e "1+ [2|) , (t,z) € A
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for p € N* such that (|U(¢,z)| + |V (t,z)|)/(1 + ||z||?) is bounded on A, and x > 0 to be chosen
later on. For all £ > 0 small enough, we can then find (¢.,z.) € A such that

(tSI;IG)A(U(t, x) = V(t,x) — 28(t,x)) = (U(te,x:) — V(te,x.) — 2B(to,x.)) > 0.  (A.20)

Clearly, (t.,z.) ¢ 9pA since U < V on 9,A. For n € N*, let (t,, Zn,yn) € [to,T] x N? be a

maximum point of
(U(t,x) = V(t.y) —e(B(t,x) + B(t,y) = (It — tel* + o — 2 [|* + nflz —y[?) .
It is easy to check, see e.g. Proposition 3.7 in [5], that
Ultn,20) =V (tn,yn) — (U =V)(te, ) and |ty —te|® +||zn —zc||* 020 —yal|? — 0. (A.21)

Since (te,z.) € A, we can assume that (¢,,z,) € A for all n € N*, after possibly passing to
a subsequence. It then follows from Ishii’s Lemma, Theorem 8.3 in [5], that we can find real

coefficients a,, b, and symmetric matrices &,, and ), such that

(anapna Xn) € 'ﬁj\f/[j(tnu :En) and (bn7 dn, yn) € ﬁﬁv(tna yn) )
see [5] for the standard notations ’ﬁj\—} and ’ﬁ;[, where
Pn = 2n($n - yn) + 4(‘T7l - x8)||:1cn - ‘TSH2 + EDﬁ(tn7£L'n) y  Gn = 27’L(£L‘n - yn) - EDﬁ(tnu yn)

and

X, 0
0 _yn

_ 2
A, = o Iy Iy b D?B(ty, xn) 0
_Id Id 0 D2ﬁ(tnuyn)

< Alg||zn — wc||? + 8(2p — x)* (1, — ) O )

Gp—by = Q(tn—ts)+5 (8t5(tnvxn) + 8t5(tnvyn)) , < ) < An+”73(An)2 (A-22>

with

—

_|_

o

0

where I, is the identity matrix of M%. Since U and V are sub- and supersolution of (A.19), it
follows that

p (Ut 20) = V(b)) < = b (). ) — (b)) + 5 Tela(ea) % — aly) V)
+ (f(xna Ultn, Tn), eiptnpna(xn)) = f(Wn, V(tn, yn), eipt"QnU(yn))) e’

We then deduce from (HL), (A.22), (A.21), and standard computations that

p(Ultns@a) = Vitnsyn)) < L(Utasn) = Vitasyn)) + 22 (£B(te,22) + Llio(2) DB]) + 0a(1) -
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Taking p > 2L and k large enough so that £8 + L|loDj|| < —%exp(—~T) on A, which is
possible thanks to (HL), we finally obtain

50 (0t 2) = Vi) < —wexp(—rT)e +o0u(1)

which contradicts (A.20) for n large enough, recall (A.21).
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