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Abstract

We study a stochastic game where one player tries to find a strategy such that
the state process reaches a target of controlled-loss-type, no matter which action
is chosen by the other player. We provide, in a general setup, a relaxed geometric
dynamic programming principle for this problem and derive, for the case of a
controlled SDE, the corresponding dynamic programming equation in the sense
of viscosity solutions. As an example, we consider a problem of partial hedging
under Knightian uncertainty.
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1 Introduction

We study a stochastic (semi) game of the following form. Given an initial condition
(t,z) in time and space, we try to find a strategy u[] such that the controlled state
process Z; [ZV]"”(-) reaches a certain target at the given time 7', no matter which control
v is chosen by the adverse player. The target is specified in terms of expected loss; that
is, we are given a real-valued (“loss”) function ¢ and try to keep the expected loss above
a given threshold p € R:

ess inf E [ﬁ (Ztu,[zy]’”(T)) \ft} >p as. (1.1)
Instead of a game, one may also see this as a target problem under Knightian uncer-
tainty; then the adverse player has the role of choosing a worst-case scenario.

Our aim is to describe, for given ¢, the set A(t) of all pairs (z,p) such that there
exists a strategy u attaining the target. We provide, in a general abstract framework, a
geometric dynamic programming principle (GDP) for this set. To this end, p is seen as
an additional state variable and formulated dynamically via a family {M"} of auxiliary
martingales with expectation p, indexed by the adverse controls v. Heuristically, the
GDP then takes the following form: A(t) consists of all (z,p) such that there exist a
strategy u and a family {M"} satisfying

(Zt‘f[;’]’” (1), M (7)) cA(r) as.

*We are grateful to Pierre Cardaliaguet for valuable discussions and to the anonymous referees for
careful reading and helpful comments.

TCEREMADE, Université Paris Dauphine and CREST-ENSAE, bouchard@ceremade.dauphine.fr.
Research supported by ANR Liquirisk.

fDepartment of Mathematics, ETH Zurich, ludovic.moreau@math.ethz.ch.

$Department of Mathematics, Columbia University, New York, mnutz@math.columbia.edu. Re-
search supported by NSF Grant DMS-1208985.



for all adverse controls v and all stopping times 7 > t. The precise version of the
GDP, stated in Theorem 2.1, incorporates several relaxations that allow us to deal with
various technical problems. In particular, the selection of e-optimal strategies is solved
by a covering argument which is possible due to a continuity assumption on ¢ and a
relaxation in the variable p. The martingale M" is constructed from the semimartingale
decomposition of the adverse player’s value process.

Our GDP is tailored such that the dynamic programming equation can be derived in
the viscosity sense. We exemplify this in Theorem 3.4 for the standard setup where the
state process is determined by a stochastic differential equation (SDE) with coefficients
controlled by the two players; however, the general GDP applies also in other situations
such as singular control. The solution of the equation, a partial differential equation
(PDE) in our example, corresponds to the indicator function of (the complement of)
the graph of A. In Theorem 3.8, we specialize to a case with a monotonicity condition
that is particularly suitable for pricing problems in mathematical finance. Finally, in
order to illustrate various points made throughout the paper, we consider a concrete
example of pricing an option with partial hedging, according to a loss constraint, in
a model where the drift and volatility coefficients of the underlying are uncertain. In
a worst-case analysis, the uncertainty corresponds to an adverse player choosing the
coeflicients; a formula for the corresponding seller’s price is given in Theorem 4.1.

Stochastic target (control) problems with almost-sure constraints, corresponding to
the case where ¢ is an indicator function and v is absent, were introduced in [24, 25] as an
extension of the classical superhedging problem [13] in mathematical finance. Stochastic
target problems with controlled loss were first studied in [3] and are inspired by the
quantile hedging problem [12]. The present paper is the first to consider stochastic
target games. The rigorous treatment of zero-sum stochastic differential games was
pioneered by [11], where the mentioned selection problem for e-optimal strategies was
treated by a discretization and a passage to continuous-time limit in the PDEs. Let
us remark, however, that we have not been able to achieve satisfactory results for our
problem using such techniques. We have been importantly influenced by [7], where
the value functions are defined in terms of essential infima and suprema, and then
shown to be deterministic. The formulation with an essential infimum (rather than an
infimum of suitable expectations) in (1.1) is crucial in our case, mainly because {M"}
is constructed by a method of non-Markovian control, which raises the fairly delicate
problem of dealing with one nullset for every adverse control v.

The remainder of the paper is organized as follows. Section 2 contains the abstract
setup and GDP. In Section 3 we specialize to the case of a controlled SDE and derive
the corresponding PDE, first in the general case and then in the monotone case. The
problem of hedging under uncertainty is discussed in Section 4.

2 Geometric dynamic programming principle

In this section, we obtain our geometric dynamic programming principle (GDP) in an
abstract framework. Some of our assumptions are simply the conditions we need in the
proof of the theorem; we will illustrate later how to actually verify them in a typical
setup.

2.1 Problem statement

We fix a time horizon T' > 0 and a probability space (€2, F,P) equipped with a filtration
F = (F¢)tejo,1) satisfying the usual conditions of right-continuity and completeness. We
shall consider two sets & and V of controls; for the sake of concreteness, we assume
that each of these sets consists of stochastic processes on (2, F), indexed by [0,T7], and



with values in some sets U and V, respectively. Moreover, let 4l be a set of mappings
u:V — U. Each u € 4l is called a strategy and the notation u[v] will be used for the
control it associates with v € V. In applications, 4 will be chosen to consist of mappings
that are non-anticipating; see Section 3 for an example. Furthermore, we are given a
metric space (Z,dz) and, for each (¢,z) € [0,7] x Z and (u,v) € U x V, an adapted
cadlag process Z;' [Zu]’y(-) with values in Z satisfying Z; [ZV]’”(t) = z. For brevity, we set

AN /A
Let ¢: Z — R be a Borel-measurable function satisfying
E[[0(Z(T))|] <oo forall (t,z,u,v) € [0,T] x Z x & x V. (2.1)
We interpret £ as a loss (or “utility”) function and denote by
I(t,z,uv) =R [0(Z}(T)|F], @ zuv)e0,T]xZxUxV
the expected loss given v (for the player choosing 1) and by

J(t, z,u) = esseiélfl(t,z,u, v), (t,z,u)€0,T]x Z x4

the worst-case expected loss. The main object of this paper is the reachability set
A(t) := {(z,p) € Z x R : there exists u € 4l such that J(¢,z,u) > pP-as.}. (2.2)

These are the initial conditions (z, p) such that starting at time ¢, the player choosing u
can attain an expected loss not worse than p, regardless of the adverse player’s action v.
The main aim of this paper is to provide a geometric dynamic programming principle
for A(t). For the case without adverse player, a corresponding result was obtained
in [24] for the target problem with almost-sure constraints and in [3] for the problem
with controlled loss.

As mentioned above, the dynamic programming for the problem (2.2) requires the
introduction of a suitable set of martingales starting from p € R. This role will be
played by certain families! {M",v € V} of martingales which should be considered as
additional controls. More precisely, we denote by M, , the set of all real-valued (right-
continuous) martingales M satisfying M (t) = p P-a.s., and we fix a set D, ;, of families
{M",v € V} C M;p; further assumptions on 9, will be introduced below. Since
these martingales are not present in the original problem (2.2), we can choose M ,, to
our convenience; see also Remark 2.2 below.

As usual in optimal control, we shall need to concatenate controls and strategies in
time according to certain events. We use the notation

Vb, vi= 1/1[077] + D]‘(T,T]

for the concatenation of two controls v, € V at a stopping time 7. We also introduce
the set
{v=4n7}={we: v(w) = (w) for all s € (¢, 7(w)]}.

Analogous notation is used for elements of U.

In contrast to the setting of control, strategies can be concatenated only at particular
events and stopping times, as otherwise the resulting strategies would fail to be elements
of 4 (in particular, because they may fail to be non-anticipating, see also Section 3).
Therefore, we need to formalize the events and stopping times which are admissible

L Of course, there is no mathematical difference between families indexed by V, like { M, v € V}, and
mappings on V, like u. We shall use both notions interchangeably, depending on notational convenience.



for this purpose: For each ¢t < T, we consider a set §; whose elements are families
{A”,v € V} C F; of events indexed by V, as well as a set T, whose elements are families
{r¥,v € V} C T, where T; denotes the set of all stopping times with values in [t, T].
We assume that T; contains any deterministic time s € [t, T (seen as a constant family
TV = s, v € V). In practice, the sets §; and ¥; will not contain all families of events
and stopping times, respectively; one will impose additional conditions on v — AY
and v — 7" that are compatible with the conditions defining 4. Both sets should be
seen as auxiliary objects which make it easier (if not possible) to verify the dynamic
programming conditions below.

2.2 The geometric dynamic programming principle

We can now state the conditions for our main result. The first one concerns the con-
catenation of controls and strategies.

Assumption (C). The following hold for all ¢ € [0, T].

(C1) Fix vg,v1,v2 € Vand A € Fp. Then v =1y @; (1114 + 1214c) € V.

(C2) Fix (uj)j>0 C & and let {AY,v € V};>1 C §: be such that {AY,j > 1} forms a
partition of € for each v € V. Then u € 4l for

uly] =[] @ Y u[lay, veV.
J>1

(C3) Let u e U and v € V. Then ufy &, -] € 4L

(C4) Let {A”,v € V} C F; be a family of events such that A™ N {vy =@ v2} =
A2 N {v) =g v} for all v, € V. Then {A”,v € V} € §;.

(C5) Let {r”,v € V} € T;. Then {m* < s}n{1y =(0,s] v} = {2 <sin{n =(0,s] vo}
P-a.s. for all v1,v5 € V and s € [¢,T].

(C6) Let {r”,v € V} € ;. Then, for all t < 51 < 59 < T, {{7¥ € (s1,52]},v € V} and
{{m¥ ¢ (s1,s2]},v € V} belong to §,.

The second condition concerns the behavior of the state process.
Assumption (Z). The following hold for all (¢,z,p) € [0,T] x Z x R and s € [t,T].

(Z1) Z;V"(s)(w) = Z;2"(s)(w) for P-a.e. w € {ui[v] =4 u2[v]}, for all v € V and
Uy, us € 4

(22) 7" (s)(w) = Z;%(s)(w) for P-a.e. w € {v1 =(g4 v2}, forallu € Yand vy, vy € V.

(Z3) M" (s)(w) = M"(s)(w) for P-a.e. w € {v1 =g, o}, for all {M",v € V} € My,
and vq,19 € V.

(Z4) There exists a constant K (¢,z) € R such that

esssupessinf E [((Z;") (T))|F,] = K(t,z) P-as.
ueyl VeV ’

The nontrivial assumption here is, of course, (Z4), stating that (a version of) the
random variable esssup,cy essinf,cy E[¢(Z; ) (T))|F;] is deterministic. For the game
determined by a Brownian SDE as considered in Section 3, this will be true by a result
of [7], which, in turn, goes back to an idea of [21] (see also [16]). An extension to jump
diffusions can be found in [6].

While the above assumptions are fundamental, the following conditions are of tech-
nical nature. We shall illustrate later how they can be verified.



Assumption (I). Let (t,2) € [0,T] x Z,ue dand v € V.

(I1) There exists an adapted right-continuous process Ntlf 2 of class (D) such that

essinf B [0(Z,5Y97(T)) |Fs] > N/ (s) P-as. for all s € [t,T).
ve ’ ’

(I2) There exists an adapted right-continuous process ;" such that L (s) € L' and
essinf E [¢(Z,T""(T)) |Fs] > Li"Y (s) P-as. for all s € [t,T].
uel ’ ’
Moreover, Ly (s)(w) = L}7/*(s)(w) for P-a.e. w € {v1 =(o v2}, for all u € U
and v1,19 € V.
Assumption (R). Let (t,2) € [0,T] x Z.
(R1) Fix s € [t,T] and € > 0. Then there exist a Borel-measurable partition (B;);>1
of Z and a sequence (z;);>1 C Z such that for allu € 4, v € V and j > 1,
E 02 (D)|Fs] = I(s,zj,u,v) —e,

essinf E [0(Zy) 97 (T))|Fs] < J(s,2j,ulv &5 ]) +¢, p P-as. on {2} (s) € B;}.

vey

K(s,zj)—e < K(S,Z;fﬁ:(s)) < K(s,zj) +e

(R2) }in}) sup P{ sup dz (2,7 (r+h), 20 (1)) > 5} =0forallueUande>0.
—0yev,reT;  lo<h<s

Our GDP will be stated in terms of the closure

A(t) = (z,p) € Z x R : there exist (tn, zn,pn) — (t,2,D)
" | such that (z,,pn) € A(t,) and t,, >t for all n > 1

and the uniform interior
A, (t) = {(z,p) € ZxR: (t',7,p') € B,(t, z,p) implies (', p") € A(t')},

where B, (t,z,p) C [0,T] x Z x R denotes the open ball with center (¢, z,p) and radius
¢t > 0 (with respect to the distance function dz(z, 2") +|p —p'| + |t —t'|). The relaxation
from A to A and ]O\L essentially allows us to reduce to stopping times with countably
many values in the proof of the GDP and thus to avoid regularity assumptions in the
time variable. We shall also relax the variable p in the assertion of (GDP2); this is
inspired by [4] and important for the covering argument in the proof of (GDP2), which,
in turn, is crucial due to the lack of a measurable selection theorem for strategies. Of
course, all our relaxations are tailored such that they will not interfere substantially
with the derivation of the dynamic programming equation; cf. Section 3.

Theorem 2.1. Fiz (t,z,p) € [0,T] x Z x R and let Assumptions (C), (Z), (I) and (R)
hold true.

(GDP1) If (z,p) € A(t), then there exist u € $ and {M",v € V} C My, such that
(Z2i7 (1), M" (1)) e A(r) P-as. forallveV and T €T
(GDP2) Let t >0, uec i, {MY,v eV} e My, and {7,v € V} € T; be such that
(287 ("), MY (7)) € A7) P-a.s. for allv €V,

and suppose that {M" (") : v € V} and {L{"/ ()" : v € V,7' € Ty} are uniformly
integrable, where L} is as in (12). Then (z,p —¢e) € A(t) for all € > 0.



The proof is stated in Sections 2.3 and 2.4 below.

Remark 2.2. We shall see in the proof that the family {M",v € V} C M, , in (GDP1)
can actually be chosen to be non-anticipating in the sense of (Z3). However, this will
not be used when (GDP1) is applied to derive the dynamic programming equation.
Whether {M",v € V} is an element of 9, will depend on the definition of the latter
set; in fact, we did not make any assumption about its richness. In many application, it
is possible to take 91, to be the set of all non-anticipating families in M, ,; however,
we prefer to leave some freedom for the definition of 9, , since this may be useful in
ensuring the uniform integrability required in (GDP2).

We conclude this section with a version of the GDP for the case Z = R%, where we
show how to reduce from standard regularity conditions on the state process and the
loss function to the assumptions (R1) and (I).

Corollary 2.3. Let Assumptions (C), (Z) and (R2) hold true. Assume also that { is
continuous and that there exist constants C > 0 and ¢ > q > 0 and a locally bounded
function o : R — R, such that

[£(z)] < C(1 +2]7), (2.3)
esssup E[|Z{7(T)|%|F] < o(2)? P-as. and (2.4)
(u,7)eUxV

esssup E {|Zfiesﬁ’y®""j(T) — ZEVE(T)| | Fs| € C\1Z2Y(s) — 2| Poas. (2.5)
(W,p) €8xV ’ ’ ’

for all (t,2) € [0,T] x RY, (s,2") € [t,T] x R? and (u,v) € th x V.

Let (t,2) € [0,T) x R? and let {T*", (u,v) € sk x V} C T; be such that the collection
{Z5) (T%Y), (w,v) € U x V} is uniformly bounded in L.

(GDPY’) If (z,p+¢) € A(t) for some e > 0, then there exist u € 4 and {M",v € V} C
My, such that

(27 (7)), MY (7%7)) € A(T%")  P-a.s. for allv € V.
(GDP2’) If . >0, u e i and {M",v € V} € M, ,, are such that

(217 (7), MY (t%7)) € A (7*Y) P-a.s. forallv eV
and {T%", v € V} € Ty, then (z,p —¢) € A(t) for all e > 0.

We remark that Corollary 2.3 is usually applied in a setting where 7" is the exit

time of Ztu’ ' from a given ball, so that the boundedness assumption is not restrictive.
(Some adjustments are needed when the state process admits unbounded jumps; see
also [18].)

2.3 Proof of (GDP1)

We fix ¢t € [0,T] and (z,p) € A(t) for the remainder of this proof. By the definition (2.2)
of A(t), there exists u € 4 such that

E[G()|F] >p P-as. forallveV, where G(v):= (2"} (T)). (2.6)
In order to construct the family {M",v € V} C M, of martingales, we consider

SY(r) :==essinf E[G(v &, 7)|F;], t<r<T. (2.7)

vey



We shall obtain M" from a Doob-Meyer-type decomposition of S”. This can be seen
as a generalization with respect to [3], where the necessary martingale was trivially
constructed by taking the conditional expectation of the terminal reward.

Step 1: We have S*(r) € LY(P) and E[S”(r)|Fs] > S¥(s) for allt < s <r <T and
vev.
The integrability of S¥(r) follows from (2.1) and (I1

property, we first show that the family {E[G(v &, v)|F,],
Indeed, given 1,75 € V, the set

To see the submartingale

).
v € V} is directed downward.

A:={E[G(v &, n)|F] <E[G(v &, )| F]}

is in Fp; therefore, i3 := v @, (7114 + 21 4c) is an element of V by Assumption (C1).
Hence, (Z2) yields that
E[G(v @, 3)|F] = E[Gv @, 11)1a+ G By 12)1 4| Fr]
= E[Gv &, n)|F]1a+E[G &, 02)|F] Lac
= E[Gv &, n)|F ] ANE[G(v &, 2)|F].
As a result, we can find a sequence (7,,)n>1 in V such that E[G(v &, 7,,)|F;]| decreases

P-a.s. to S¥(r); cf. [19, Proposition VI-1-1]. Recalling (2.1) and that S*(r) € L'(P),
monotone convergence yields that

E[S" (1) F.]

E [ lim E[G(v &, 7)|F] |7,
lim E[G(v @, 1,,)|F]

n—oo

essinf E [G(
vev

essinf E [G(
vEY

5%(s),

Vv

v @y V)| Fs]

Y

v ®s ﬂ)‘}-é‘]

where the last inequality follows from the fact that any control v &, v, where v € V,
can be written in the form v @&, (v &, 7); cf. (C1).

Step 2: There exists a family of cadlag martingales {M",v € V} C M,, such that
SY(r) > MY (r) P-a.s. for allr € [t,T] and v € V.

Fix v € V. By Step 1, S¥(-) satisfies the submartingale property. Therefore,

Si(r)(w) = lim SY(u)(w) for0<r<T and S (T):=58"(T)
we(r,T)NQ, u—r

is well defined P-a.s.; moreover, recalling that the filtration F satisfies the usual condi-
tions, S is a (right-continuous) submartingale satisfying Sy (r) > S¥(r) P-a.s. for all
r € [t,T] (c.f. [8, Theorem VI.2]). Let H C [t,T] be the set of points where the function
r — E[SY(r)] is not right-continuous. Since this function is increasing, H is at most
countable. (If H happens to be the empty set, then S, defines a modification of S
and the Doob-Meyer decomposition of S, yields the result.) Consider the process

S(r) = S (1) Le(r) + S*(M1a(r), € [t,T).

The arguments (due to E. Lenglart) in the proof of [8, Theorem 10 of Appendix 1]
show that S is an optional modification of S* and E[S(7)|F,] > S(o) for all 0,7 € T;
such that o < 7; that is, S is a strong submartingale. Let N = N;'" be a right-
continuous process of class (D) as in (I1); then S¥(r) > N(r) P-a.s. for all » implies
that S;(r) > N(r) P-a.s. for all r, and since both Sy and N are right-continuous, this



shows that Sy > N up to evanescence. Recalling that H is countable, we deduce that
S > N up to evanescence, and as S is bounded from above by the martingale generated
by S(T), we conclude that S is of class (D).

Now the decomposition result of Mertens [17, Theorem 3] yields that there exist a
(true) martingale M and a nondecreasing (not necessarily cadlag) predictable process
C with C(t) = 0 such that

S=M+C,
and in view of the usual conditions, M can be chosen to be cadlag. We can now define
MY =M — M(t)+pon [t,T] and M?(r) := p for r € [0,t), then M” € M,,. Noting
that M(t) = S(t) = S¥(t) > p by (2.6), we see that M" has the required property:
M"(r) < M(r) < S(r) = S”(r) P-as. for all v € [t,T).
Step 3: Let T € Ty have countably many values. Then
K (1,2 (1)) > M"(r) P-as. forallveV.

Fix v € V and € > 0, let M be as in Step 2, and let (¢;);>1 be the distinct values

of 7. By Step 2, we have

MY (t;) < essinfE [@ (Zu’yeat"lj(T)) \fti} P-a.s.,, > 1.

ey b2

Moreover, (R1) yields that for each ¢ > 1, we can find a sequence (z;);>1 C Z and a
Borel partition (B;;);>1 of Z such that

essinf E |0 (2077(1)) 17] (@) < Tt 25,0l 2,

eV [ :

Pw) +¢
for P-a.e. w € Cyj := {Z;;V(ti) € Bij}.

Since (C3) and the definition of K in (Z4) yield that J(t;, z;j, ulv @y, -]) < K(ti, zi;), we
conclude by (R1) that

M”(tl)(w) < K(th Zij) +e< K(tl, Ztu;’zy(b)(w)) + 2¢  for P-a.e. w € Clj

Let A; := {7 =t;} € F;. Then (4; N Cj;); j>1 forms a partition of 2 and the above
shows that

M"(1) =2 < Y K(ti, 2 (ti)1anc, = K(7, 287 (1)) P-as.
1,521

As € > 0 was arbitrary, the claim follows.

Step 4: We can now prove (GDP1). Given 7 € T, pick a sequence (7,),>1 C T; such
that each 7,, has countably many values and 7,, | 7 P-a.s. In view of the last statement
of Lemma 2.4 below, Step 3 implies that

(27 (Tn), M" (1) =~ ") € A(7y,) P-as. foralln > 1.
However, using that Ztlf 7 and MY are cadlag, we have
(70, 2 (1), MY (1) = 1) — (7,27 (1), M¥(7))  P-a.s. as n — oo,
so that, by the definition of A, we deduce that (Z;' (1), M" (7)) € A(T) P-a.s. O

Lemma 2.4. Let Assumptions (C2), (C4), (Z1) and (Z4) hold true. For each € > 0,
there exists a mapping p : [0,T] x Z — U such that

J(t, 2,15t 2) > K(t,z) —e  P-a.s. for all (t,2) €10,T] X Z.

In particular, if (t,z,p) € [0,T] x Z x R, then K(t,z) > p implies (z,p) € A(t).



Proof. Since K (t,z) was defined in (Z4) as the essential supremum of J(¢, z,u) over u,
there exists a sequence (u*(t,z))x>1 C 4 such that

sup J (t,2,u"(t,2)) = K(t,z) P-as. (2.8)
k>1

Set A? := () and define inductively the F;-measurable sets

k—1
A,’iz = {J(t,z,uk(t,z)) > K(t, z) —5} \ U A{’z, k>1.
j=0

By (2.8), the family {A}_,k > 1} forms a partition of Q. Clearly, each A}, (seen as a
constant family) satisfies the requirement of (C4), since it does not depend on v, and
therefore belongs to §;. Hence, after fixing some ug € 4, (C2) implies that

,us(t, Z) = Ug Dy Zuk(t, Z)]'Af,z SPIN
E>1

while (Z1) ensures that

J(t,2,45(t,2)) = essinfE [z (Zt’fi(t’z)”’(T)> |ft}

veV

k
= ssinf E E(Zu (txz);l’T)l F
essin k; T ) Lap | F

— essinf kzzl E [z (Z;I;(t’z)’”(T)) \]—}} 1y
where the last step used that Af,z is Fi-measurable. Since
E [e (Zii“’”’”(T)) |}‘t] > J(t, 2, uk(t, 2))
by the definition of J, it follows by the definition of {Af,,k > 1} that

J(t,z,u°(t, 2)) > Z J (t, z,ub(t, 2)) 1ar > K(t,2) —¢ P-as.
E>1

as required. O

Remark 2.5. Let us mention that the GDP could also be formulated using families
of submartingales {S”,v € V} rather than martingales. Namely, in (GDP1), these
would be the processes defined by (2.7). However, such a formulation would not be
advantageous for applications as in Section 3, because we would then need an additional
control process to describe the (possibly very irregular) finite variation part of S¥.
The fact that the martingales {M",v € V} are actually sufficient to obtain a useful
GDP can be explained heuristically as follows: the relevant situation for the dynamic
programming equation corresponds to the adverse player choosing an (almost) optimal
control v, and then the value process S” will be (almost) a martingale.

2.4 Proof of (GDP2)

In the sequel, we fix (¢,z,p) € [0,T] x Z xR and let ¢« > 0, u € 8, {M", v € V} € M, ,
{r",v € V} € T, and L;", be as in (GDP2). We shall use the dyadic discretization for
the stopping times 7"; that is, given n > 1, we set

Ty = Z tia ey (77),  where ¢ =4a27"T for 0<i<2".
0<i<2n—1



We shall first state the proof under the additional assumption that
MY()=M"(-AT") forallveV. (2.9)
Step 1: Fiz e >0 andn > 1. There exists u;, € 4 such that

E [e (Z;Z’”(T)) |f,;} > K (74, Z2(7%)) —¢  P-a.s. for all v € V.

We fix e > 0 and n > 1. It follows from (R1) and (C2) that, for each ¢ < 2", we
can find a Borel partition (B;;),;>1 of Z and a sequence (z;;);>1 C Z such that, for all
nedandv ey,

u@t? u,v

E|¢(2. (M) |1F | @)
K (17, zi5)

Y

I(t}, zij,u ©p 4, v)(w) — ¢ and (2.10)
K (1, 22 (8)(w)) — @.11)
for P-a.e. w € O} 1= {Zt‘t’z”(t?) € Bi;}.

V

Let p° be as in Lemma 2.4, uf; := p (17, 2i;) and A} == C; N {7, =1}, and consider
the mapping

v i=u] On > uvlar.

j>1,i<2n

Note that (Z2) and (C4) imply that {C};,v € V};>1 C §» for each ¢ < 2". Similarly,
it follows from (C6) and the definition of 77 that the families {{7} = t},v € V} and
{7, = t}'}°,v € V} belong to §». Therefore, an induction (over i) based on (C2)
yields that uf, € $l. Using successively (2.10), (Z1), the definition of J, Lemma 2.4 and
(2.11), we deduce that for P-a.e. w € A},

E [ﬂ (ZtuE;V(T)) \]—'T;} (w) I (t?,zij,ufj,u) (w)—c¢

J (7 2i5, 07 (8 2i5)) (w) — €
K (3, zi5) — 2¢

K (7,2 (1) (w)) — 3¢

K (T;:(w), Z;;V(T”)(w)) — 3e.

AV AVARN

n
As € > 0 was arbitrary and U; jA7; = € P-a.s., this proves the claim.

Step 2: Fixe >0 andn > 1. For allv € V, we have
E [E (Z;ZV(T)) |.7-'T;] (w) > MY(1))(w) — e for P-a.e. w € EY,

where
Ey = {(r, 25 (), M" (7)) € B.(1", 220 (), M (7)) } -

Indeed, since (Z;7 ("), M" (")) € A,(7) P-ass., the definition of A, entails that
(217 (), M¥ (7)) € A(7};) for P-a.e. w € EY. This, in turn, means that

K (T,’:(w), Ztlf’z”(T,‘L’)(w)) > MY (7)) (w) for P-ae. w € E.

Now the claim follows from Step 1. (In all this, we actually have M"(7}) = MY (")
by (2.9), a fact we do not use here.)

Step 3: Let LV := L;"! be the process from (12). Then

K(t,z) >p—¢c—supE [(LV(T;;) - MY ()" L(gyye| -
vey

10



Indeed, it follows from Step 2 and (I2) that
E|¢(25%"(1) |17
E [MY(1;))1py|Fi] —e +E [ [ (Zu" ( )) |]:TV} L(gy) c|]:t]

E[M"(m;)|F] = E [M" (1)1 (my)e | Fe] — & +E[L" (7)1 (my)e | Fi]
p—e+E[(LY(r)) — M"(7)))) L(my)e | Ft] -

vV

Y%

By the definitions of K and .J, we deduce that

K{(t, 2) YCERTS)

>
> p—5+essei‘r)1f]E[(L( o) = MY (1)) Lipyye

].

Since K is deterministic, we can take expectations on both sides to obtain that
K(t,z)>p—ec+E {essi\r}le [Y”|]—}]] , where Y := (L"(7,)) — M"(7,))) 1(gv)e-
ve

The family {E [Y”|F],v € V} is directed downward; to see this, use (C1), (Z2), (Z3),
(C5) and the last statement in (I2), and argue as in Step 1 of the proof of (GDP1) in
Section 2.3. It then follows that we can find a sequence (v)k>1 C V such that E [Y"*|F;]
decreases P-a.s. to essinf,cy E[Y”|F], cf. [19, Proposition VI-1-1], so that the claim
follows by monotone convergence.

Step 4: We have

lim supE |(L(7,)) — M" (7)) L(gw)e| =0 P-a.s.
n—oo vey
Indeed, since M¥(1)) = M¥(7") by (2.9), the uniform integrability assumptions
in Theorem 2.1 yield that {(L"(7Y) — M¥(7}))” : n > 1,v € V} is again uniformly
integrable. Therefore, it suffices to prove that sup, ¢, P{(E})°} — 0. To see this, note
that for n large enough, we have |77 — 7| < 27T < /2 and hence

P{(E;)} <P{dz (27 (7)), 2.2 (7)) = o/2}

where we have used that M”(77) = M¥(7V). Using once more that |77, — 77| < 27T,
the claim then follows from (R2).

Step 5: The additional assumption (2.9) entails no loss of generality.

Indeed, let M be the stopped martingale M (- A 7). Then {M",v € V} C M;,,.
Moreover, since {M",v € V} € M, , and {77, v € V} € T;, we see from (Z3) and (C5)
that {M",v € V} again satisfies the property stated in (Z3). Finally, we have that the
set {M”(T”)+ : v € V} is uniformly integrable like {M" ()" : v € V}, since these
sets coincide. Hence, {MY,v € V} satisfies all properties required in (GDP2), and of
course also (2.9). To be precise, it is not necessarily the case that {M", v € V} € M, ,;
in fact, we have made no assumption whatsoever about the richness of 9; ,. However,
the previous properties are all we have used in this proof and hence, we may indeed
replace M by MY for the purpose of proving (GDP2).

We can now conclude the proof of (GDP2): in view of Step 4, Step 3 yields that
K(t,z) > p — e, which by Lemma 2.4 implies the assertion that (z,p — &) € A(t). O
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2.5 Proof of Corollary 2.3
Step 1: Assume that £ is bounded and Lipschitz continuous. Then (I) and (R1) are
satisfied.

Assumption (I) is trivially satisfied; we prove that (2.5) implies Assumption (R1).
Let t < s < T and (u,v) € U x V. Let ¢ be the Lipschitz constant of ¢. By (2.5), we
have

[E e (200 () — e (2201 17]

< & [z - 2m) 1]
< C ’Ztu)ZZV(S) - Z/| (2.12)

for all z,2' € R%. Let (Bj)j>1 be any Borel partition of R? such that the diameter of
B is less than ¢/(cC), and let z; € B; for each j > 1. Then

’E [z (Z;;“(T)) y (Z:;;j (T)) |f3]

which implies the first property in (R1). In particular, let 7 € V, then using (C1), we
have

<e onC}":={Z"(s) € Bj},

<e on CJ‘."”@‘*D.

E e (zproer ) — e (zeremm) |17

Since C;”j@s'? = C;’” by (Z2), we may take the essential infimum over 7 € V to conclude
that

essinf E [ (Z327(T)) |[Fo] < J(s,2j,uly @) +¢ on O},

which is the second property in (R1). Finally, the last property in (R1) is a direct
consequence of (2.12) applied with ¢ = s.

Step 2: We now prove the corollary under the additional assumption that |[¢(2)| < C; we
shall reduce to the Lipschitz case by inf-convolution. Indeed, if we define the functions
£, by
l(z) = inf {(2")+ k|2 — 2|}, k>1,
2’ €Rd

then ¢, is Lipschitz continuous with Lipschitz constant k, |¢;| < C, and (f;)k>1 con-
verges pointwise to ¢. Since ¢ is continuous and the sequence (¢;);>1 is monotone
increasing, the convergence is uniform on compact sets by Dini’s lemma. That is, for
alln >1,
sup  |[lk(z) — 4(2)| < e, (2.13)
2€R?, |z|<n

where (e} )r>1 is a sequence of numbers such that limy_,o, €} = 0. Moreover, (2.4)
combined with Chebyshev’s inequality implies that

esssup P{|Z}"0(T)| > n|F} < (o(z)/n)7. (2.14)

(u,v)eUxVY ’

Combining (2.13) and (2.14) and using the fact that ¢, — ¢ is bounded by 2C then leads
to

esssup K[| (Z;7(T)) = €(27(1))] |F] < e +2C(0(z)/n)7. (2.15)
(u,v)eUXY
Let O be a bounded subset of R?, let > 0, and let
Ii(t, z,u,v) = B [0 (27(T)) | F] - (2.16)

Then we can choose an integer n/, such that 2C(o(z)/n})? < n/2 for all z € O and

another integer k, such that er? < n/2. Under these conditions, (2.15) applied to
@]

n = n}, yields that

esssup |In (¢, z,u,v) — I(t, z,u,v)| <n for (t,z) € [0,T] x O. (2.17)
(u,v)eUxy ©

12



In the sequel, we fix (¢,2,p) € [0,7] x R? x R and a bounded set O C R? containing z,
and define Jkg, Akg, /Dng7L and Akg in terms of ékg instead of /.

We now prove (GDP1’). To this end, suppose that (z,p + 2n) € A(t). Then (2.17)
implies that (z,p+1n) € Ay (t). In view of Step 1, we may apply (GDP1) with the loss
function £;n to obtain u € 4 and {M",v € V} C M, such that

(27 (1), M"(1) +n) € /_ng (r) P-as.forallveVand T €T,
Using once more (2.17), we deduce that
(212 (1), M" (1)) € A(T) P-as. for all v € V and 7 € T; such that Z;")' (1) € O.

Recalling that {Z;") ("), (4,v) € & x V} is uniformly bounded and enlarging O if
necessary, we deduce that (GDP1’) holds for ¢. (The last two arguments are superfluous
as £ > {n already implies f_\kg (1) C A(7); however, we would like to refer to this proof
in a similar situation below where there is no monotonicity.)

It remains to prove (GDP2’). To this end, let « > 0, u € 8, {M",v € V} € M, , and
{r",v € V} € T, be such that

(287 (), MY (7)) € A, (%) P-as. for all v e V.
For n < ¢/2, we then have
(257 (7)), MY (V) 4 2) € A(77) P-as. for all v € V. (2.18)

Let MY := MY +n. Since {Z,") (t¥),v € V} is uniformly bounded in L, we may
assume, by enlarging O if necessary, that B,(Z;"7 (7)) C O P-a.s. for all v € V. Then,
(2.17) and (2.18) imply that

(Z;t’zV(TV),MU(TV)) € /D\kg,L(TV) P-a.s. for all v € V.

Moreover, as £ < C, (2.18) implies that M¥(r”) < C; in particular, {M” (%), v € V}
is uniformly integrable. Furthermore, as £ > —C, we can take L;?) := —C for (12). In
view of Step 1, (GDP2) applied with the loss function Ekg then yields that

(z,p+m—e) €N (t) foralle>0. (2.19)

To be precise, this conclusion would require that {M”,v € V} € M ptn, Which is not
necessarily the case under our assumptions. However, since {M",v € V} € M, ,,, it is
clear that {M",v € V} satisfies the property stated in (Z3), so that, as in Step 5 of the
proof of (GDP2), there is no loss of generality in assuming that {M",v € V} € My 1.
We conclude by noting that (2.17) and (2.19) imply that (z,p —¢) € A(¢) for all € > 0.

Step 3: We turn to the general case. For k > 1, we now define ¢ := (( A k) V (—k),
while I is again defined as in (2.16). We also set

ng =max{m > 0: B, (0) C {{ ={}} Ak

and note that the continuity of ¢ guarantees that limy_ ., nx = 0o. Given a bounded
set O C R% and 7 > 0, we claim that

esssup |Ign (¢, z,u,v) — I(t, z,u, u)‘ <n forall (t,2)€[0,T] xO (2.20)
(up)euxy !
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for any large enough integer k). Indeed, let (u,v) € & x V; then
[Ie(t, z,w,v) = It z,u,v)| < E[|0— 6] (Z5(T)) |F]

= E |l - 6 (Z2 (D) Lger g )
“ ()] Loz (T)|>nk}|]:t]

< CE[(1+1Z @I Lpzpe o 7]

IN

by (2.3). We may assume that ¢ > 0, as otherwise we are in the setting of Step 2. Pick
0 > 0 such that g(1 4 ¢) = g. Then Hoélder’s inequality and (2.4) yield that

B[l O iz oy

E[‘(Z;;V(T))}q‘ft} ]P’{|Zu” )| >nk|_/—-'}1+6

IN

qs

< p(2) T (p(2) ri) %

Since p is locally bounded and limy_, o nx = 00, the claim (2.20) follows. We can
then obtain (GDP1’) and (GDP2’) by reducing to the result of Step 2, using the same
arguments as in the proof of Step 2. m|

3 The PDE in the case of a controlled SDE

In this section, we illustrate how our GDP can be used to derive a dynamic programming
equation and how its assumptions can be verified in a typical setup. To this end, we focus
on the case where the state process is determined by a stochastic differential equation
with controlled coefficients; however, other examples could be treated similarly.

3.1 Setup

Let Q = C([0,T];R?) be the canonical space of continuous paths equipped with the
Wiener measure P, let F = (F,);<r be the P-augmentation of the filtration generated
by the coordinate-mapping process W, and let F = Fp. We define V), the set of adverse
controls, to be the set of all progressively measurable processes with values in a compact
subset V of R?. Similarly, U is the set of all progressively measurable processes with
values in a compact U C R%. Finally, the set of strategies {l consists of all mappings
u: )V — U which are non-anticipating in the sense that

{v1 =0,4 vo} C {u[r1] =(0,5) u[te]} forallvi,vp€Vand s <T.

Given (t,2) € [0,7] x R and (u,v) € 4 x V, we let Z;"" be the unique strong solution
of the controlled SDE

S S
Z(s):z+/ M(Z(r),u[u]T,uT)dr—&—/ o(Z()ully, ) dWe, s €ET],  (3.1)
t t
where the coefficients

pRIXxUXV 5RY 6:RIxUxV — R

are assumed to be jointly continuous in all three variables, Lipschitz continuous with
linear growth in the first variable, uniformly in the two last ones, and Lipschitz contin-
uous in the second variable, locally uniformly in the two other ones. Throughout this
section, we assume that £ : R? — R is a continuous function of polynomial growth; i.e.,

14



(2.3) holds true for some constants C' and ¢. Since Z;”'(T') has moments of all orders,
this implies that the finiteness condition (2.1) is satisfied.

In view of the martingale representation theorem, we can identify the set My, of
martingales with the set A of all progressively measurable d-dimensional processes «
such that [ dW is a (true) martingale. Indeed, we have M, , = {P?,, o € A}, where

Ptofp():p+/ a, dWs.
t

We shall denote by 2 the set of all mappings a[]: V + A such that
{1 =(0,s] va} C {afw] =(0,s] a[re]} for all v1,vp € V and s <T.

The set of all families {P;Z[,V],V € V} with a € 2 then forms the set 9, ,, for any given
(t,p) € [0,T] x R. Furthermore, ¥, consists of all families {7,v € V} C T; such that,

for some (z,p) € R? x R, (u,a) € U x 2 and some Borel set O C [0,T] x R¢ x R,

t,z

TV is the first exit time of (~, zn P;Z[)V}) from O, for all v € V.

(This includes the deterministic times s € [t,T] by the choice O = [0,s] x R? x R.)
Finally, §; consists of all families {A”,v € V} C F; such that

AN {1/1 =(0,4] 1/2} = AN {1/1 =(0,4] I/g} for all vq,1v5 € V.
Proposition 3.1. The conditions of Corollary 2.8 are satisfied in the present setup.

Proof. The above definitions readily yield that Assumptions (C) and (Z1)—(Z3) are
satisfied. Moreover, Assumption (Z4) can be verified exactly as in [7, Proposition 3.3].
Fix any ¢ > ¢V 2; then (2.4) can be obtained as follows. Let (u,v) € f x V and A € F;
be arbitrary. Using the Burkholder-Davis-Gundy inequalities, the boundedness of U
and V', and the assumptions on y and o, we obtain that

]E[sup ’Ztu;z”(s)‘qlA] < cE [1A+z|q1,4—|—/ sup ‘Z;’Z”(s)’qlAdr ,
t<s<t t t<s<r

where ¢ is a universal constant and 7 is any stopping time such that Z;t Y(-AT) is
bounded. Applying Gronwall’s inequality and letting 7 — T', we deduce that

E {|Z;;”(T)|‘71A} g]E{ sup }Z;j;(u)|‘71A] < B [(1+]2)14] .

t<u<T

Since A € F; was arbitrary, this implies (2.4). To verify the condition (2.5), we note
that the flow property yields

B |22 (1) - 27 (1)| 14] = E |

u,vdsv u,vdsv
U2 (1) = 2305 (1)| 14
and estimate the right-hand side with the above arguments. Finally, the same arguments
can be used to verify (R2). O

Remark 3.2. We emphasize that our definition of a strategy u € i does not include
regularity assumptions on the mapping v +— u[v]. This is in contrast to [2], where a
continuity condition is imposed, enabling the authors to deal with the selection problem
for strategies in the context of a stochastic differential game and use the traditional
formulation of the value functions in terms of infima (not essential infima) and suprema.
Let us mention, however, that such regularity assumptions may preclude existence of
optimal strategies in concrete examples (see also Remark 4.3).
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3.2 PDE for the reachability set A

In this section, we show how the PDE for the reachability set A from (2.2) can be
deduced from the geometric dynamic programming principle of Corollary 2.3. This
equation is stated in terms of the indicator function of the complement of the graph
of A,

0 if (z,p) € A(¥)

t, z, = 1 — 1 z, =
X( P) Ao p) {1 otherwise,

and its lower semicontinuous envelope

X«(t,2,p) == liminf (', 2',p').
(t',2",p")—(t,2,p)

Corresponding results for the case without adverse player have been obtain in [3, 25];
we extend their arguments to account for the presence of v and the fact that we only
have a relaxed GDP. We begin by rephrasing Corollary 2.3 in terms of x.

Lemma 3.3. Fiz (t,2,p) € [0,T] x R? x R and let O C [0,T] x R? x R be a bounded
open set containing (t,z,p).

(GDP1,) Assume that x(t,z,p+¢) =0 for some ¢ > 0. Then there exist u € { and
{a”,v € V} C A such that

X+ (7"’7 zZ5l (), Pt‘f; (T”)) =0 P-as. foralveV,

where 77 denotes the first exit time of (-, 2,7, P{?‘;) from O.

(GDP2,) Let ¢ be a continuous function such that ¢ > x and let (u,a) € U x A and
n > 0 be such that

7 (7’", Z (V) pr] (TV)) <1-n P-as foralveV, (3.2)

T tp

where TV denotes the first exit time of (~, Z:’ZV,P;I[,V]) from O. Then x(t,z,p—¢) =0
for all e > 0.

Proof. After observing that (z,p +¢) € A(¢) if and only if x(¢,z,p + €) = 0 and that
(z,p) € A(t) implies x.(t,2,p) =0, (GDP1,) follows from Corollary 2.3, whose condi-
tions are satisfied by Proposition 3.1. We now prove (GDP2,). Since ¢ is continuous
and 00 is compact, we can find ¢ > 0 such that

© <1 on a t-neighborhood of 90 N {p < 1—n}.
As x < ¢, it follows that (3.2) implies
(Z22 (1), M¥(17)) € A, (77) P-as. for all v € V.
Now Corollary 2.3 yields that (z,p — ¢) € A(t); i.e., x(¢,2,p —€) = 0. O

Given a suitably differentiable function ¢ = (¢, z,p) on [0,7] x R4*! we shall
denote by 0,y its derivative with respect to ¢ and by D¢ and D?p the Jacobian and
the Hessian matrix with respect to (z, p), respectively. Given u € U, a € R and v € V,
we can then define the Dynkin operator

u,a,v 1
L‘(’Z,}:)QO = 0o+ (z,p) (s u, v) Dy + §Tr [U(Z,P)UEFZ,P)('vua a, U)DQQO}

g
H(z,p) ‘= ( g >7 ozp)(a,0) = ( a )
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To introduce the associated relaxed Hamiltonians, we first define the relaxed kernel
N:(z,q,v) = {(u,a) cUxR*: J(TZ’P)(z,u,a,v)q’ < 5}, e>0
for z € R?, g € R™! and v € V, as well as the set Nrip(2,q) of all continuous functions
(G,0) : REX R x V5 U xRY, (2,4, 0) — (0,0)(2,q¢,v)
that are locally Lipschitz continuous in (z’, ¢’), uniformly in v’, and satisfy
(i,a) € Ng on B xV, for some neighborhood B of (z,q).

The local Lipschitz continuity will be used to ensure the local wellposedness of the SDE
for a Markovian strategy defined via (&, a). Setting

1
F(©,u,a,v) := {—M(Z7P)(z,u,y)Tq _ 5Tr a(Z)p)a(TZP)(z,u,a,v)A]}

for © = (2,q, A) € R x R x ST and (u,a,v) € U x RY x V, we can then define the
relaxed Hamiltonians

H*(©) := inf limsup sup F(©' u,a,v), (3.3)
VEV £\,0,6' 0 (u,a)eN. (O ,v)
H.(©) = sup inf F(0,u4(0,v),a(0,v),v). (3.4)

(@,8)ENL;p(©) VEV

(In (3.4), it is not necessary to take the relaxation ® — © because inf,cy F is already
lower semicontinuous.) The question whether H* = H, is postponed to the monotone
setting of the next section; see Remark 3.9.

We are now in the position to derive the PDE for x; in the following, we write
H*o(t, z,p) for H*(z, Do(t, z,p), D*¢(t, z,p)), and similarly for H,.

Theorem 3.4. The function x. is a viscosity supersolution on [0,T) x R¥1 of
(=0 + H*)p > 0.

The function x* is a viscosity subsolution on [0,T) x R4t of
(=0 + H,)p <0.

Proof. Step 1: x. is a viscosity supersolution.

Let (to, 2o, Do) € [0,T) x R? x R and let ¢ be a smooth function such that

trict i e —©) = (X — @) (to, 2o, Do) = 0. 3.5
(SrIC)[Qnglﬂgde(x ©) = (X« = ¢) (to; 20, Do) (3.5)

We suppose that
(_8t + H*)Lp(toa Zo7p0) S _277 < O (36)

for some n > 0 and work towards a contradiction. Using the continuity of x4 and ¢ and
the definition of the upper-semicontinuous operator H*, we can find v, € V and € > 0
such that

—LiGpy et z,p) < =1

3.7
for all (u,a) € N: (2, Do(t, z,p),v,) and (¢, 2,p) € Be, S

where B := B.(t,, 20, po) denotes the open ball of radius € around (t,, 2o, po). Let

OB: :={to + &} X Be(20,00) U [to,to + &) X 0Bc(20, Do)
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denote the parabolic boundary of B, and set

¢i=min(x. — ).

In view of (3.5), we have ¢ > 0.
Next, we claim that there exists a sequence (¢, 2n, Pn;&n)n>1 C Be x (0,1) such
that

(tnwznvpnvgn) - (tmzoapo,o) and X(tnaznvpn + 5n) =0 foralln>1. (38)
In view of x € {0, 1}, it suffices to show that
Xx (tm Zoapo) =0. (39)

Suppose that x«(to, 20, o) > 0, then the lower semicontinuity of x. yields that y, > 0
and therefore y = 1 on a neighborhood of (¢,, 2o, Po), which implies that ¢ has a strict
local maximum in (¢,, 25, po) and thus

Op(to, 20,00) <0, Dp(to, 20,00) =0, D?*0(to,20,p0) < 0.

This clearly contradicts (3.7), and so the claim follows.
For any n > 1, the equality in (3.8) and (GDP1,) of Lemma 3.3 yield u” € 4l and
{a™¥,v € V} C A such that

Xe EATR, Z"(EATR), PPt ANTR)) =0, t2>tn, (3.10)

where
(27(s), P"(s)) 1= (25 20(), e (9))
and
Tp = 1Inf {s > ¢, : (5,Z2"(s), P"(s)) ¢ B:}.

(In the above, v, € V is viewed as a constant element of V.) By (3.10), (3.5) and the
definitions of ¢ and 7,,

—o(, Z", Pt ATn) = (Xs —0) (-, Z", P")(t ATp) > (Lpgsr,y > 0.

Applying Itd’s formula to —¢(-, Z™, P™), we deduce that

tATH tATR
Si(t) = Sn(o)+/ 5(r) dr—i—/ S (r) dW, > —CLigery, (3.11)
tTIr tn
where
Sn(o) = _C_()O(tnaznapn)y
Balr) = LG e (20 (), PR (),
Sn(r) = =D (r,Z"(r), P"(r)) " o(z,p) (Z2"(r),u [vo], o™, v5) .

Define the set
Ap = [tn, ] N {6n > —1};
then (3.7) and the definition of A imply that

|, >¢e on A,. (3.12)

Lemma 3.5. After diminishing € > 0 if necessary, the stochastic exponential

Eo()=¢ ( /t A IECZX))PE”(T)IA" (r) dWr)

1s well-defined and a true martingale for all n > 1.
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This lemma is proved below; it fills a gap in the previous literature. Admitting its
result for the moment, integration by parts yields

tATh
(BnSo)(tAT) = Su(0)+ / Fobula dr
t'n/
tATR 5
+/ E, (Zn - Snn22n1A1z> dw.
tn X0

As E, > 0, it then follows from the definition of A, that FE}d0,14c < 0 and so E, S,
is a local supermartingale; in fact, it is a true supermartingale since it is bounded from
below by the martingale —CFE,,. In view of (3.11), we deduce that

—C = @(tn, 20, pn) = (EnSn)(tn) > E[(E,Sn)(Tn)] > —CE [1{m<rn}En(Tn)] =0,

which yields a contradiction due to ¢ > 0 and the fact that, by (3.9),
©(tns 2nsPn) = (tos 20, Do) = X (tos 2o, Do) = 0.

Step 2: x* is a viscosity subsolution.

Let (to, 2o, Do) € [0,T) x R? x R and let ¢ be a smooth function such that

i = i to; o> Po =0.
[O’Tr)nxaﬁgng(x ®) = (X" = ¢)(tos 20, Po)

In order to prove that (—0; + H.)¢(to, 20, Do) < 0, we assume for contradiction that
(=0 + Hy)o(to, 20, p0) > 0. (3.13)

An argument analogous to the proof of (3.9) shows that x*(t,, 2o, p0) = 1. Consider a
sequence (tn, 2n, Pn,€n)n>1 in [0,T) x R? x R x (0,1) such that

(tn7zn7pn - Enagn) — (to,zo,po,O) and X(tnazvupn - 6n) - X*(tmzovpo) =1

Since y takes values in {0, 1}, we must have

for all n large enough. Set

@(ta Zap) = (P(t, Z7p) + |t - to|2 + |Z - Zo|4 + |p - po|4'
Then the inequality (3.13) and the definition of H, imply that we can find (@,a) in
Nrip(-, DP) (o, 20, Po) such that

inf (—LE?}Q)("D@’”)’”@) >0 on B. = B. (o, 20, Do) , (3.15)

for some ¢ > 0. By the definition of Ny, after possibly changing € > 0, we have
(127&)(71)()57) €N0('aD¢v') on B, x V. (316)

Moreover, we have
$>¢p+n ondbB, (3.17)

for some n > 0. Since @(tn, zn, Pn) = ©(to, 20, 00) = X" (to, 20,P0) = 1, we can find n
such that

P(tn, znspn) < 1+n/2 (3.18)
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and such that (3.14) is satisfied. We fix this n for the remainder of the proof.

For brevity, we write (@, a)(t, z,p,v) for (4, a)(z, Dp(t, z,p),v) in the sequel. Ex-
ploiting the definition of Np;,, we can then define the mapping (&, a)[-] : V - U x A
implicitly via

()] = (@) (- 2220 P v) 1, o,
where A R
77 = inf {r >t (r, Ztu[yiu(r), P:L[Zln (r)) ¢ BE} .
We observe that ti and a are non-anticipating; that is, (1,a) €  x 2. Let us write
(zv,PY) for (Z," pi ) to alleviate the notation. Since xy < x* < ¢, the continuity

tn,2n? " tn,Pn

of the paths of Z¥ and P¥ and (3.17) lead to
p (17, 27(T"), P(T")) < @ (77, Z2%(1"), P*(1")) = .

On the other hand, in view of (3.15) and (3.16), Itd’s formula applied to ¢ on [t,, 7"]
yields that

(¥, Z2(7V), P"(1")) < @ (tn, 2n, Pn) -
Therefore, the previous inequality and (3.18) show that
@ (7", 2"(r"), P*(1")) < @ (tn, 2n,pn) —n < 1 —n/2.

By (GDP2,) of Lemma 3.3, we deduce that x(t,,2n,pn — €n) = 0, which contra-
dicts (3.14). O

To complete the proof of the theorem, we still need to show Lemma 3.5. To this
end, we first make the following observation.

Lemma 3.6. Let a € L} (W) be such that M = [ adW is a bounded martingale and
let B be an Ré-valued, progressively measurable process such that 3] < (1 + |a|) for

some constant c. Then the stochastic exponential E( [ BdW) is a true martingale.

Proof. The assumption clearly implies that fOT |8s|2 ds < oo P-a.s. Since M is bounded,
we have in particular that M € BMO; i.e.,

T
E l/ lovs|* ds |le

In view of the assumption, the same holds with « replaced by 3, so that [ 3dW is in
BMO. This implies that £([ 3dW) is a true martingale; cf. [14, Theorem 2.3]. O

sup
TETo

< o0.

oo

Proof of Lemma 3.5. Consider the process

__On(r) _
Bn(r) = mzn(r)lfxn(r),
we show that
|Bul < e(1+la™"]) on [ty, 7] (3.19)

for some ¢ > 0. Then, the result will follow by applying Lemma 3.6 to a™" 1, - 1;
note that the stochastic integral of this process is bounded by the definition of 7,,. To
prove (3.19), we distinguish two cases.

Case 1: 0pp(to, 20,P0) # 0. Using that u and o are continuous and that U and B, are
bounded, tracing the definitions yields that

[6n] < {1+ [a™v| + | ?|Oppep(-, 2", P} on [tn, T,
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while
X0l > —c+[a™[|0pp(, Z", P")|  on [tn, Tal,

for some ¢ > 0. Since 9pp(to, 2o, Po) # 0 by assumption, dp¢ is uniformly bounded away
from zero on B, after diminishing € > 0 if necessary. Hence, recalling (3.12), there is a
cancelation between |0, | and |3,| which allows us to conclude (3.19).

Case 2: 0pp(to, 2o, Do) = 0. We first observe that
55 < o1+ ™) — M a™ " 2Oppip(, 2%, P") o [t, ]

for some ¢ > 0. Since d,; and |%,|~! are uniformly bounded on A,, it therefore suffices
to show that dpp¢ > 0 on B.. To see this, we note that (3.6) and the relaxation in the
definition (3.3) of H* imply that there exists ¢+ > 0 such that, for some v € V' and all
small € > 0,

— o(to, 2o, Do) + F(O" u,a,v) < —n  for all (u,a) € N (0Y), (3.20)

where ©* = (29, po, Dy, A*) and A* is the same matrix as D?¢(t,, 2,, Do) except that
the entry 0pp¢(to, 20, Po) is replaced by Oppp(to, 20, Do) — t. Going back to the definition
of N¢, we observe that N:(©*) does not depend on ¢ and, which is the crucial part, the
assumption that 9,0(t, 20, Do) = 0 implies that Nz(©") is of the form NV x R?; that
is, the variable a is unconstrained. Now (3.20) and the last observation show that

~(Bppp(to; 2o, o) — )lal* < (1 + al)

for all a € R?, so we deduce that dp,¢(to, 20, po) > ¢ > 0. Thus, after diminishing & > 0
if necessary, we have Opp > 0 on B, as desired. This completes the proof. O

3.3 PDE in the monotone case

We now specialize the setup of Section 3.1 to the case where the state process Z consists
of a pair of processes (X,Y) with values in R?~! x R and the loss function

(:RITILXR SR, (z,y)— {(z,y)

is nondecreasing in the scalar variable y. This setting, which was previously studied
in [3] for the case without adverse control, will allow for a more explicit description of
A which is particularly suitable for applications in mathematical finance.

For (t,z,y) € [0,T] x R x R and (u,v) e U x V, let Z'y, = (X'}, Y,"2",) be the
strong solution of (3.1) with

w(@,y,u,v) :=< MX(x’u’v)) ) o(x,y,u,v) :=( ox(@u,0) )

uy(x,y,um JY(%%U,U)

where py and oy take values in R and R'™?, respectively. The assumptions from
Section 3.1 remain in force; in particular, the continuity and growth assumptions on p
and o. In this setup, we can consider the real-valued function

~y(t, z,p) =inf{y e R: (x,y,p) € A(¢)}.

In mathematical finance, this may describe the minimal capital y such that the given
target can be reached by trading in the securities market modeled by thf 25 an illustra-
tion is given in the subsequent section. In the present context, Corollary 2.3 reads as
follows.
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Lemma 3.7. Fiz (t,z,y,p) € [0,T] x R xR xR, let O C [0,T] x R¥! x R x R be
a bounded open set containing (t,x,y,p) and assume that v is locally bounded.

(GDP1,) Assume that y > y(t,z,p + ¢) for some € > 0. Then there exist u € i and
{a”,v € V} C A such that
YU (TY) > (T, X (), P (T”)) P-a.s. for allv €V,

t,x,y

where TV is the first exit time of (-, X3, Y}, Pff;) from O.

(GDP2,) Let ¢ be a continuous function such that ¢ > v and let (u,a) € U x A and
n > 0 be such that

}ﬂt}"y(r”) > (TV,X::’;(TV), P;gj] (T”)) +n P-as. forallve),
where TV is the first exit time of (-, X', Y5, sz[f]) from O. Then y > y(t,z,p — €)
for all e > 0.

Proof. Noting that y > (¢, z,p) implies (z,y,p) € A(t) and that (z,y,p) € A(t) implies
y > 7v(t, z,p), the result follows from Corollary 2.3 by arguments similar to the proof of
Lemma 3.3. 0

The Hamiltonians G* and G, for the PDE describing v are defined like H* and H,
in (3.3) and (3.4), but with

1
F(@,’LL, a,v) = {MY(zvyvuav) — H(Xx,P) (JC,U, v)Tq - §Tr |:0—(X,P)JEBQP) (Iaua a,v)A} }
where O := (z,9,¢, A) € R x R x R? x §% and

T,U,v ox(z,u,v
,U'(X,P)(xvuaavv) = < ‘uX( 0 ) > ’ U(X,P)(x7uva’a U) = ( X( a ) ) )

with the relaxed kernel N replaced by
Ks(%%%”) = {(U,,CL) eU x Rd : ‘UY(Q%?J’U;U) - qTU(X)p)(x,U,G/,’U)} < 6} )

and Np;, replaced by a set K, defined like Np;, but in terms of Ky instead of Njp.
We then have the following result for the semicontinuous envelopes v* and ~, of ~.

Theorem 3.8. Assume that 7y is locally bounded. Then -y, is a viscosity supersolution
on [0,T) x Rt xR of
(=0 +G )20

and v* is a viscosity subsolution on [0,T) x R¥~! x R of

Proof. The result follows from Lemma 3.7 by adapting the proof of [3, Theorem 2.1],
using the arguments from the proof of Theorem 3.4 to account for the game-theoretic
setting and the relaxed formulation of the GDP. We therefore omit the details. O

We shall not discuss in this generality the boundary conditions as t — T'; they are
somewhat complicated to state but can be deduced similarly as in [3]. Obtaining a
comparison theorem at the present level of generality seems difficult, mainly due to
the presence of the sets K. and Kp;, (which depend on the solution itself) and the
discontinuity of the nonlinearities at 9, = 0. It seems more appropriate to treat this
question on a case-by-case basis. In fact, once G* = G, (see also Remark 3.9), the
challenges in proving comparison are similar as in the case without adverse player. For
that case, comparison results have been obtained, e.g., in [5] for a specific setting (see
also the references therein for more examples).
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Remark 3.9. Let us discuss briefly the question whether G* = G,. We shall focus on
the case where U is convex and the (nondecreasing) function ~ is strictly increasing with
respect to p; in this case, we are interested only in test functions ¢ with d,¢ > 0. Under
this condition, (u,a) € Kc(-, @, (O, Opp),v) if and only if there exists ¢ with |[¢] <1
such that a = (9,0) 7" (oy (-, 0, u,v) — Opp ox (-,u,v) — &C) . From this, it is not hard
to see that for such functions, the relaxation € N\, 0,0’ — O in (3.3) is superfluous as
the operator is already continuous, so we are left with the question whether
inf sup F(O,u,a,v) = sup inf F(0,4(0,v),a(0,v),v).
VEV (u,a)€K0(0,0) (2,8)€KLip(©) VEY
The inequality “>” is clear. The converse inequality will hold if, say, for each ¢ > 0,
there exists a locally Lipschitz mapping (4., d.) € Kr;p such that
F(-, (tie, Ge) (-, v),v) > sup F(-,u,a,v) —e forallv e V.
(u,a)EK(+,v)
Conditions for the existence of e-optimal continuous selectors can be found in [15, The-
orem 3.2]. If (u.,ac) is an e-optimal continuous selector, the definition of Ky entails
that a] (©,v)q, = —0%(z,u:(0,v),v)q: + oy (z,y,u-(0,v),v), where we use the no-
tation © = (z,y,p,(q),qp)",A). Then u. can be further approximated, uniformly
on compact sets, by a locally Lipschitz function 4.. We may restrict our attention
to g, > 0; so that, if we assume that o' is (jointly) locally Lipschitz, the map-
ping a. (0,v) = (gp) " (—J;(z,ﬂs(G,v),v)qI +O’y($,y,ﬁ5(@,v),’0)) is locally Lips-
chitz and then (4., a.) defines a sufficiently good, locally Lipschitz continuous selector:
forallv eV,
F(-, (lig,ae)(-,v),v) > F(-, (ue,ae)(-,v),v) —O0:(1) > sup F(-,u,a,v) —e — O (1)
(u,a)EK,
on a neighborhood of ©, where O.(1) — 0 as € — 0. One can similarly discuss other
cases; e.g, when + is strictly concave (instead of increasing) with respect to p and
the mapping (2,9, ¢z, u,v) = —0 % (z,u,v)qs + oy (7,y,u,v) is invertible in u, with an
inverse that is locally Lipschitz, uniformly in v.

4 Application to hedging under uncertainty

In this section, we illustrate our general results in a concrete example, and use the
opportunity to show how to extend them to a case with unbounded strategies. To this
end, we shall consider a problem of partial hedging under Knightian uncertainty. More
precisely, the uncertainty concerns the drift and volatility coefficients of the risky asset
and we aim at controlling a function of the hedging error; the corresponding worst-case
analysis is equivalent to a game where the adverse player chooses the coefficients. This
problem is related to the G-expectation of [22, 23], the second order target problem
of [26] and the problem of optimal arbitrage studied in [10]. We let

V= [,UHE] X [Q,E]

be the possible values of the coefficients, where ¢ < 0 < 7w and @ > g > 0. Moreover,
U = R will be the possible values for the investment policy, so that, in contrast to the
previous sections, U is not bounded.

The notation is the same as in the previous section, except for an integrability con-
dition for the strategies that will be introduced below to account for the unboundedness
of U, moreover, we shall sometimes write v = (u, o) for an adverse control v € V. Given
(1,0) € V and u € 4, the state process Z;'y , = (X{,,Y;,") is governed by

dXt,(r)

WZMTdT‘FUT-dWT, sz(t)zﬂj
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and
dy}r) (r) = ulvly (e dr + o dW,), Y50 (t) = .

To wit, the process X}, represents the price of a risky asset with unknown drift and
volatility coefficients (u,0), while Y;";” stands for the wealth process associated to an
investment policy u[v], denominated in monetary amounts. (The interest rate is zero
for simplicity.) We remark that it is clearly necessary to use strategies in this setup:
even a simple stop-loss investment policy cannot be implemented as a control.

Our loss function is of the form

where ¥, g : R — R are continuous functions of polynomial growth. The function ¥ is
also assumed to be strictly increasing and concave, with an inverse ¥~! : R — R that
is again of polynomial growth. As a consequence, ¢ is continuous and (2.3) is satisfied
for some g > 0; that is,

(z)| < CA+12]9), z=(z,y) € R (4.1)

We interpret g(Xz .(T)) as the random payoff of a European option written on the risky
asset, for a given realization of the drift and volatility processes, while ¥ quantifies the
disutility of the hedging error Y;;"(T) — g(X{,(T)). In this setup,

v(t,z,p) =inf {y e R: Jue st E [\II(Y,;“yV(T) —9(X7 ()| F] = p P-as. Vv eV}

is the minimal price for the option allowing to find a hedging policy such that the
expected disutility of the hedging error is controlled by p.

We fix a finite constant § > ¢ V 2 and define 4 to be the set of mappings u:V — U
that are non-anticipating (as in Section 3) and satisfy the integrability condition

T
/ \u[u]r|2dr
0

The conclusions below do not depend on the choice of g. The main result of this section
is an explicit expression for the price (¢, z, p).

q

2

supE < 00. (4.2)

vey

Theorem 4.1. Let (t,z,p) € [0,T] x (0,00) x R. Then ~(t,z,p) is finite and given by

v(t, x,p) = s;}JDOE lg (XY.(T))] + UY(p), whereV° ={(n,0) €V : u=0}. (4.3)
1%

In particular, (¢, x, p) coincides with the superhedging price for the shifted option
g(-) +¥~1(p) in the (driftless) uncertain volatility model for [, 7]; see also below. That
is, the drift uncertainty has no impact on the price, provided that p < 0 < @. Let us
remark, in this respect, that the present setup corresponds to an investor who knows the
present and historical drift and volatility of the underlying. It may also be interesting to
study the case where only the trajectories of the underlying (and therefore the volatility,
but not necessarily the drift) are observed. This, however, does not correspond to the
type of game studied in this paper.

4.1 Proof of Theorem 4.1

Proof of “>7in (4.3). We may assume that v(¢t,z,p) < oo. Let y > (¢, z,p); then
there exists u € 4 such that

E[W (Y5 (T)—g(X{,(T)))] >p forallveV.
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As ¥ is concave, it follows by Jensen’s inequality that
U (E[Y.5 (T)—g(X/,(T)])>p forallveV.

Since the integrability condition (4.2) implies that Y}';" is a martingale for all v € VY,
we conclude that

U(y—E[g(X/.(T)])>p forallve Vo

and hence y > sup,cyo E [g (X7, (T))] + ¥ (p). As y > y(t,x,p) was arbitrary, the
claim follows. O

We shall use Theorem 3.8 to derive the missing inequality in (4.3). Since U = R is
unbounded, we introduce a sequence of approximating problems ~,, defined like ~, but
with strategies bounded by n:

Yn(t,z,p) :i=inf {y e R: Jue U st. E [0 (2, (T))|F] > p P-as. Vv eV},

where

U ={ued: luy]| <nforal veV}.

Then clearly +,, is decreasing in n and
Y >7, n=>L (4.4)
Lemma 4.2. Let (t,z) € [0,T] x (0,00) x R, u € 4, and define u,, € it by
u,[v] = ulup<ny, Y EV.
Then

esssup [E [¢ (Z/2"(T)) — (ZY (1)) |F]| = 0 in L' asn — oo.
vey

Proof. Using monotone convergence and an argument as in the proof of Step 1 in Sec-
tion 2.3, we obtain that

i {esssup 5 [¢(222(7)) = € (222(0)) )| | = swpB (e (2227(T) - £ (222 (D)}

Since V is bounded, the Burkholder-Davis-Gundy inequalities show that there is a

universal constant ¢ > 0 such that
T 2
/ ] — [, [? dr
t

T 2
/t |u[1/]r1{|u[u]r|>n}| d?"]

and hence (4.2) and Holder’s inequality yield that, for any given § > 0,

1
2

E{|Z/2"(T) - Z (T)|} < CcE

1
2

= cE

supP{|Z{'2"(T) — 2, (T)| > 6} <6 'supE{|Z;2"(T) — Z(T)|} -0 (4.5)
vey vey

for n — oco. Similarly, the Burkholder-Davis-Gundy inequalities and (4.2) show that
{1227 (T)| + 125 (T)], v € V,n > 1} is bounded in L7. This yields, on the one hand,
that

sup  P{|Z2"(T)| + |27 (T)| >k} -0 (4.6)
veVY,n>1
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for k — oo, and on the other hand, in view of (4.1) and ¢ > ¢, that
{e(z827(T) —€(27(T)): veV,n>1} is uniformly integrable. (4.7)

Let € > 0; then (4.6) and (4.7) show that we can choose k > 0 such that

sup B |6z (@) = (2T [z iz aysny] <

for all n. Using also that ¢ is uniformly continuous on {|z| < k}, we thus find 6 > 0
such that

sup E [|¢ (ztnm(T)) — € (22 (D))

<2 +supk |62 () = € (ZE2T) | L zmn v ry-zor i | -
By (4.5) and (4.7), the supremum on the right-hand side tends to zero as n — oo. This
completes the proof of Lemma 4.2. O

Proof of “<” in (4.3). It follows from the polynomial growth of g and the boundedness
of V that the right-hand side of (4.3) is finite. Thus, the already established inequality
“>” in (4.3) yields that v(¢,x,p) > —oco. We now show the theorem under the hypoth-
esis that (¢, z,p) < oo for all p; we shall argue at the end of the proof that this is
automatically satisfied.

Step 1: Let Voo := inf, v,. Then the upper semicontinuous envelopes of v and 7Yoo
coincide: v* = ~5.

It follows from (4.4) that % > ~+*. Let n > 0 and y > (¢, z,p + n). We show that
y > Yn(t,z,p) for n large; this will imply the remaining inequality 7%, < +*. Indeed,
the definition of v and Lemma 4.2 imply that we can find u € 4 and u,, € ™ such that

J(t,x,y,un) = J(t,x,y,u) —€, > p+n—€, P-as,

where €, — 0in L!. If K, is defined like K, but with 4" instead of 4, then it follows that
K, (t,z,y) > p+n— €, P-a.s. Recalling that K, is deterministic (cf. Proposition 3.1),
we may replace €, by Ele,] in this inequality. Sending n — oo, we then see that
lim,, o K, (t,z,y) > p+ n, and therefore K, (¢,x,y) > p+ n/2 for n large enough.
The fact that y > 7, (¢, x, p) for n large then follows from the same considerations as in
Lemma 2.4.

Step 2: The relaxed semi-limit
Toolt,,p) == limsup (', 2, p')
n—oo

("2’ p") = (t,2,p)

is a wviscosity subsolution on [0,T) x (0,00) x R of
1
— o+ in | {202x28m<p} <0 (4.8)
o€|o,0)

and satisfies the boundary condition 7% (T, x,p) < g(z) + ¥~ 1(p).

We first show that the boundary condition is satisfied. Fix (z,p) € (0,00) x R
and let y > g(x) + U=1(p); then £(x,y) > p. Let (t,,xn,pn) — (T,z,p) be such that
Vo (tny Xy Dn) — o (T, 2, p). We consider the strategy u = 0 and use the arguments
from the proof of Proposition 3.1 to find a constant ¢ independent of n such that

esssupE (1207, ,(T) = (@, p)IT\F, | < e (1T = tal¥ + |2 = 2al7).
vey
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Similarly as in the proof of Lemma 4.2, this implies that there exist constants &, — 0
such that
J(tnaxnayyo) Z f(x,y) — En P-a.s.

In view of ¢(x,y) > p, this shows that y > v, (¢tn, Zn, pn) for n large enough, and hence
that y > 32 (T, x,p). As a result, we have ¥ (T, z,p) < g(z) + ¥~1(p).

It remains to show the subsolution property. Let ¢ be a smooth function and let
(to, o, Po) €10, T) x (0,00) X R be such that

(Yoo = P)(tos To, Do) = max(75, — ¢) = 0.

After passing to a subsequence, [1, Lemma 4.2] yields (¢,,Zn,pn) — (to, o, po) such
that

lim (’Y:L - (p)(tn7$nﬂpn) = (’7:0 - (p)(toyxmpo)a

n—oo

and such that (¢,,x,,p,) is a local maximizer of (v — ¢). Applying Theorem 3.8 to
vz, we deduce that

sup inf Go(, (4,a)(p,0), (1,0))(tn, T, pn) <0, (4.9)

(@,6)EKY,,(-,Dp) (1:0)EV

where

1
Go(- (u,a), (u,0)) :=up — Oy — pxdyp — 3 (U2x28m<p + a*0ppp + 20200,y p)

and K7;,(-, D) (tn, T, pn) is the set of locally Lipschitz mappings (i,a) with values in
[-n,n] x R such that

O’ﬁ(x, 4z, qp, I, U) =T0q; + Qp&(za 4z, qp, I, U) for all o € [Qa E]
for all (z, (¢z,¢p)) in a neighborhood of (x,,, D¢(ty, Trn, ppn)). Since the mapping

(0,00) x R? x [, 1] % [0,5] = R?, (2,4, qp, 1, 0) = (2Gz,0)

belongs to K7;,(-, Do) (tn, Tn, py) for n large enough, (4.9) leads to

1
_at(P + inf {_202x28$a:§0} (tna mn7pn) <0

o€lo,a]

for n large. Here the nonlinearity is continuous; therefore, sending n — oo yields (4.8).

Step 3: We have 7%, < m on [0,T] x (0,00) x R, where

(t,x,p) = S;J‘E)OE [g (XfI(T))] + \Il_l(p)

is the right hand side of (4.3).

Indeed, our assumptions on ¢ and ¥~! imply that 7 is continuous with polynomial
growth. It then follows by standard arguments that m is a viscosity supersolution on
[0,T) x (0,00) x R of

1
—O0ip+ inf {—20236289”@} >0,

o€lg,o]

and clearly the boundary condition 7(T,z,p) > g(x) + ¥~1(p) is satisfied. The claim
then follows from Step 2 by comparison.
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We can now deduce the theorem: We have v < ~* by the definition of v* and
~v* =% by Step 1. As 7% < A% by construction, Step 3 yields the result.

It remains to show that v < oo. Indeed, this is clearly satisfied when g is bounded
from above. For the general case, we consider g,, = g Am and let ~,,, be the correspond-
ing value function. Given n > 0, we have 7, (t,z,p + ) < oo for all m and so (4.3)
holds for g,,. We see from (4.3) that y := 1+ sup,,, Ym (¢, 2, p +n) is finite. Thus, there
exist u,, € U such that

E [0 (Y7 (T) = gm (X{ (1)) | Fe] >p+n forallveV.
Using once more the boundedness of V', we see that for m large enough,
E[¥ (Y5 (1) — g (X0, (1)) |F] =p forallveV,
which shows that v(¢,z,p) <y < 0. O

Remark 4.3. We sketch a probabilistic proof for the inequality “<” in Theorem 4.1, for
the special case without drift (x =7 = 0) and ¢ > 0. We focus on ¢ = 0 and recall that
Yo = sup,eyo E[g(Xg . (T))] is the superhedging price for g(-) in the uncertain volatility
model. More precisely, if B is the coordinate-mapping process on Q = C([0,T]; R),
there exists an FB-progressively measurable process 9 such that

T
dB;
Z/0+/ 198 -
0 s

5 > g(Br) PY-as. forallve )Y,

where P is the law of X, under P (see, e.g., [20]). Seeing ¥ as an adapted functional
of B, this implies that

T e X0 (5) y 0
Yo +/ Vs(Xg ) 0~ = 9(Xg . (T)) P-as. forallv e V.
0 XO,w(S)

Since X, is non-anticipating with respect to v, we see that u[v]s := J5(Xg ) defines a
non-anticipating strategy such that, with y := yo + ¥ ~1(p),

T dX§ .(s) . N
v [l S = )+ 9
that is,
¥ (V3 (1) - 9(X0,(T)) 2 p

holds even P-almost surely, rather than only in expectation, for all v € V9, and V? =V
because of our assumption that y = 7 = 0. In particular, we have the ezistence of an
optimal strategy u. (We notice that, in this respect, it is important that our definition
of strategies does not contain regularity assumptions on v +— u[v].)

Heuristically, the case with drift uncertainty (i.e., u # i) can be reduced to the
above by a Girsanov change of measure argument; e.g., if y is deterministic, then we
can take u[(y,o)] := u[(0,0")], where o#(w) := o(w + [ p dt). However, for general
u, there are difficulties related to the fact that a Girsanov Brownian motion need not
generate the original filtration (see, e.g., [9]), and we shall not enlarge on this.
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