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Problem formulation and Motivations



Problem formulation

Determine the viability sets

Nt):={(z,p): 3ve s L B[z (T)] > p¥oev)

In which :

e )V is a set of admissible adverse controls
e $lis a set of admissible strategies
. Z;’E]’ﬁ is an adapted R%-valued process s.t. ZZ[Zﬁ]’ﬁ(t) =z

¢ is a given loss/utility function

p a threshold.



Examples

O ZZ[Zﬂ]’ﬁ = (X}?X, Ytlj)[;l?}],"ﬂ) where

. XZLﬂ]’ﬂ models financial assets or factors with dynamics

depending on ¥
o yPIL?

t7X7y
e 1 is the control of the market : parameter uncertainty (e.g.
volatility), adverse players, etc...

models a wealth process

e v[U] is the financial strategy given the past observations of 9.

O Flexible enough to embed constraints, transaction costs, market
impact, etc...
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O Almost sure constraint :
At):={z:3veust Z(T)eOP-as VI eV}

for £(z) = 1,e0, p=1.
= Super-hedging in finance for O := {y > g(x)}.

O Compare with Peng ( G-expectations) and Soner, Touzi and
Zhang (2BSDE).



Examples

O Constraint in probability :
At) = {(z,p): 3veust P|ZZV(T)c 0| > pvo eV}

for {(z) = 1,c0, p € (0,1).
= Quantile-hedging in finance for O := {y > g(x)}.
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Examples

At) == {(z,p): Jvedst. E [z (T)| > pvo eV
O Expected loss control for (z) = —[y — g(x)]~

O Can impose several constraint : B. and Thanh Nam (discrete
P&L constraints).

O Give sense to problems that would be degenerate under P — as.
constraints : B. and Dang (guaranteed VWAP pricing).
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Aim

Provide a direct PDE characterization A :
this requires a Dynamic Programming Principle.



Geometric Dynamic Programming Principle |

The case without adverse control
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The GDPP for P — a.s. criteria

O P — a.s. criteria (Soner and Touzi)
Nt):={z:Jveist Z/,(T) € O}

O GDPP : for all stopping time 7 with values in [t, T]
Nt)={z:Fveldst Z/,(7) € N7)}

O Extended by B. and Thanh Nam to constraints on the whole
path (obstacle version).

O Relies on a measurable selection argument : not very flexible,
requires topological properties.

O Is enough to provide a PDE characterization for (t,z) = 1,cat).




The GDPP for criteria in expectation

O Controlled loss :

A(t) :={(z,p) : Jvedst. E[((Z{,(T))] > p}



The GDPP for criteria in expectation

O Controlled loss :
A(t) :={(z,p) : JveuUst. E [E(ZgZ(T))] > p}
O GDPP : for all stopping time 7 with values in [t, T]

Nt)={(z,p) : Bv € st (Z/,(7),p) € N(7)}



The GDPP for criteria in expectation

O Controlled loss :
A(t) :={(z,p) : Jvedst. E[((Z{,(T))] > p}
O GDPP : for all stopping time 7 with values in [t, T]
Nt)#{(z,p) : Fv e Ust. (Z;,(7),p) € N(7)}

since

(Z¢.(7),p) € N(7)" =" M"(7) :=E [((Z} ,(T))|F-] > p.



The GDPP for criteria in expectation

O Controlled loss :
A(t) :={(z,p) : Jvedst. E[((Z{,(T))] > p}
O GDPP : for all stopping time 7 with values in [t, T]
Nt)#{(z,p) : Fv e Ust. (Z;,(7),p) € N(7)}

since

(Z¢.(7),p) € N(7)" =" M"(7) :=E [((Z} ,(T))|F-] > p.

But

Nt) ={(z,p) : v € Ust. (Z/ (), M"(T)) € N(7)}



The GDPP for criteria in expectation

O Controlled loss :
A(t) :={(z,p) : Jvedst. E[((Z{,(T))] > p}
O GDPP : for all stopping time 7 with values in [t, T]
Nt)#{(z,p) : Fv e Ust. (Z;,(7),p) € N(7)}

since

(Z¢.(7),p) € N(7)" =" M"(7) :=E [((Z} ,(T))|F-] > p.

But

At) ={(z,p) : 3 (v, M) € U x My st. (Z; (1), M(7)) € N(T)}
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The GDPP for criteria in expectation
A(t) :=={(z,p) : Jv e st E[((Z{,(T))] > p}

O Alternative formulation in terms of the set M; , of martingales
starting from p at t :

A(t) == {(z,p) : I (v, M) € U x My, st. £(Z;,(T)) = M(T)}
O In Brownian diffusion settings :

Nt) :=={(z,p) : I (r,a) e U x As.t. U(Z{,(T)) > M, (T)}

where ‘
I\/Ig‘p = p—l—/ asdWs.
t

O Back to P — a.s. criteria up to an increase of the controls and the
system : B., Elie and Touzi.
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The GDPP for games

At) = {(z,p) : v e Ust E[(Z/(T))| > pv i eV}

O (z,p) € A(t) if and only if there exists v € 4l and a family of
martingales {M”, 9} with M?(t) = p such that
(Z2 () MY (7)) e A(7) P —as. VI € V.

t,z

O Main difficulty : how to rely on a measurable selection argument
as in the previous cases?

O Solution : provide a weak formulation, under a suitable continuity
assumption.



A Weak version of the Geometric Dynamic
Programming Principle for game formulations
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Abstract setting

O To (v,79) € 4 x V associate a R%-valued cadlag process
Ztyzﬁ() = ZZ[;?]’ﬂ(-) with values in RY such that sz(t) =z

O Set

I(t,z,v,9) :=E [6 (Zt"zﬂ(T)) \]—“t} and J(t,z,v) := essgg/l(t,z, v, ).

O We consider

At) == {(z,p) ERYxR: Jveslst. J(t,z,v) > pP —as.}.
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Concatenation possibilities

O Adverse controls : ¢ := 99 @ (9114 + Y21ac) €V,
for ¥g, ¥1,92 € V, and A € F;

O Non-anticipating strategies :
v:d eV vd] = wld] @ 3 vl € 4,
- J
for {Aj?,ﬁ € V}j>1 C §¢ such that {Aj?,j > 1} forms a partition of

Q for each ¥ € V.

O Non-anticipating event sets : {A”, ¥ € V} € §, if
{AY 9 € V} C Fy is such that
A% N {191 =(0,1] 192} = Av%2n {191 =(0,4] 792} for 91,9, € V.

O Non-anticipating stopping times : {77 € (s1, 5]}, € V} and
{77 ¢ (s1,]},9 € V} belong to Fs, for {77,9 € V} C T;.
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Path dependency

0 2774 (s)(w) = Z772(s)(w) for P-ace. w € {01 =(g4 V2}, for all
v €U and 91,9, € V.

0 Z/Y(s)(w) = Z22"(s)(w) for P-ace. w € {1[d] =(r.q v2lV]},
forall 9 € V and v1, 1, € 4.

O There exists a constant K(t,z) € R such that

esssupessinf E [K(Zt”f(T))]]-} = K(t,z) P—as.
vesdl vey ’



Path regularity and growth conditions

O There exists C > 0, g > 0, > 0 and a continuous map o such
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Path regularity and growth conditions

O There exists C > 0, g > 0, > 0 and a continuous map o such
that

()] < CA+12%) L ess sup  B[|ZZI(T)@ D4R < of2)
(7,9)eUxV

and

ess sup B[|Zy@0eN(T) - 2200 | R < zid(s) - 2
(7,9)eUxV

OAsd—0

z0l(r 4 ) - 20 (7)| 2 L] 0.
0<h<s

sup P
VeV, reT:



Non-anticipating admissible martingale strategies

O MY1(s)(w) = MY2(s)(w) for P-ae. w € {V; =(0,5] U2}, for all
{Mﬁ, Y e V} € imt,p and Y1, 02 € V.



Weak formulation

O We consider relaxed versions of A

- (z,p) € RY x R : there exist (tp, zn, pn) — (t,2,p)
A(t) ==
such that (z,, pn) € A(t,) and t, > t for all n > 1

and

2 [ (z,p) €RI xR : (t',Z,p) € Bt,z,p)
A(t) = { implies (Z/, p') € A(t') }



Weak formulation

Theorem
(GDP1) : If (z,p+¢€) € A(t) for some € > 0, then 3 v € 4l and
{M? 9 € V} C My, sit.

(sz(T)J\/]ﬂ(T)) 6/_\(7) P—as. VdeV, 7e€T:.



Weak formulation

Theorem
(GDP1) : If (z,p+¢€) € A(t) for some € > 0, then 3 v € 4l and
{M? 9 € V} C My, sit.

(sz(7)7/\/]19(7)> E/_\(T) P—as. VdeV, 7e€T:.

(GDP2) : Let t >0, v € i, {M? 9 € V} € M;,, and
{r9,9 € V} € T; be st

(Z”’ﬂ(Tﬂ), M”(Tﬁ)) eA(r?) P—as. foralldeV.

t,z

Assume further that {Z¥ (77),9 € V} is uniformly bounded in
L>. Then (z,p —€) € A(t) for all £ > 0.
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More abstract setting

O RY replaced by a metric space (Z,dz)
O Lipschitz continuity, and growth estimates on Z and ¢ replaced
by :
For all s € [t, T], € > 0, there exists a partition (B;); of Z into
Borel sets and a sequence (zj);>1 C Z such that, for all v € 4,
YeVandj>1:

o B [(ZV(T)IF) 2 I(s,2,,9) == on G = {2} (5) €

B;}.

e essinf E [6(2;296555(T))!F5} < J(s,zj,v(9Ds-)) + ¢ on ij’ﬁ-
vey

e |K(s,z) — K(s, Zfzﬂ(s))\ <eon ij’ﬂ.

O Plus some additional control on the negative part of /.
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Sketch of proof for GDP1

O Assume

Sv¥ = ess inf E [K(Zz[j@sgw@s&(T))’fs
YEVs

is such that S;”ﬂ > p.

O It admits a calag decomposition (up to a modification),+
Doob-Meyer-type decomposition : S»¥ > M*? a cadlag martingale.

|
K(r, 23 (r) = M (1)

which leads to

(zt"j (r), M7 (1) — g) eA(r) P-as.

O Ok for stopping times 7 with values in a countable set. Pass to
the limit.
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O If
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Sketch of proof for GDP2

O 77 an approximation of 77 on a sequence of finite grids 7.

(222 (=) W (+9)) €A () B-as

(z’“9 (7;9) ,M? (ﬁ)) e (ﬁ) on EY for all 9 € V

t,z

O If

then

with P [E] — 1 as n — oo (uniformly in 9).
O Hence,
K(ry, 202 (7)) = M7(x}).
O Regularity + covering : there exists v. € U such that
E (20 () Fy| = M) —e.

which implies
E|(Z (T)F| 2 p—e.



Application to Brownian controlled SDEs
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Framework

O 81 is the set of maps v : V — U such that
{191 =(0,7] 192} C {I/[ﬁl] =(0,7] l/[192]} for all 191,192 c€VandTcT.

] Z;’f = (Xt’:;?, txy) is the strong solution of

Z(s)—z+/tsu(Z(r),y[ﬂ],,ﬁ,)dr—i—/tsa(Z(r),u[ﬁ]r,ﬁ,)dWr.

0O M, p is identified to {Mg,, a € A} with

t,p?
I\/Iffp = p+/ asdWs
t

O X the set of maps af] : V — A such that
{191 =(0,7] 192} C {04[191] =(0,7] 05[192]} for 191,192 €cVandTeT.
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in its y-variable.



Framework

O Assume £ : (x,y) € R™! x R — £(x,y) € R is non-decreasing
in its y-variable.

O This allows to associate to A the real valued function :

y(t,x) :==inf{y : (x,y) € A(t)}.



GDP

Corollary
(GDP1)y If y > y(t,x, p+¢) with € > 0, then 3 v € 4 and
{a” 9 €V} C Ast.

v v o
VE(7) = ye (X5 (7). MEg(7))  Pas.

t,x,y

forall v eV, 7 € Ts.



GDP

Corollary
(GDP1)y If y > y(t,x, p+¢) with € > 0, then 3 v € 4 and
{a” 9 €V} C Ast.

v v o
VE(7) = ye (X5 (7). MEg(7))  Pas.

t)X?y

forall v eV, r e T;.

(GDP2), Fix a bounded open set O > (t,x,y,p), (v,a) € U x X
and let 77 denote the first exit time of (-, X/’ Yt”xl)y M?g)]),
) € V. Assume that there exists 7 > 0 and a continuous function

© >y such that
VL) 2 ¢ (X ), MEN") ) 4 P —as. forall v € v
t,x,y Z ¢ [l ¢ » Vit p n .S. .

Then, y > y(t,x,p —¢) for all ¢ > 0.



PDE characterization - “waving hands” version

O Assuming smoothness, existence of optimal strategies...

Oy =y(t, x, p) implies
YV[ﬁ]vﬁ(t—i—) > y(t—l—,X”w]’ﬁ(t-i-), M‘J‘W](t—i—)) for all 9.
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PDE characterization - “waving hands” version

O Assuming smoothness, existence of optimal strategies...

Oy =y(t, x, p) implies
YV[ﬁ]vﬁ(t—i—) > y(t—l—,X”[ﬁ]’ﬁ(H-), M‘J‘W](t—i—)) for all 9.

O This implies dY*7L0(+) > dy(t, X*919 (), Me(t)) for all ¥
O Hence, for all 9,

UY(Xy% V[ﬁ]t, 79t) = UX(Xv V[ﬁ]t,ﬁt)ny(taXa P) + Oé[ﬁ]tDpY(taXa P)

py (o y vl 9e) > L eyt x, p)

with y = y(t, x, p)



PDE characterization - “waving hands” version

O PDE characterization

inf  sup (uy(‘,)h u,v) — E; My) =0
veV (4 a)eNvy 7

where

va = {(U, a) € Ux Rd . O-Y('aYa u, V) = JX('a u, V)DXy + aDpy}'



PDE characterization - “waving hands” version

O PDE characterization

inf  sup (uy(‘,)h u,v) — E; My) =0
veV (4 a)eNvy 7

where
va = {(U, a) € Ux Rd . O-Y('aYa u, V) = JX('a u, V)DXy + aDpy}'

O Need to be relaxed...
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