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Definition (Brownian filtration case) and motivation
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O Semi-linear expectation : £ € LP(F;) — E5-[¢] :== Yo sit.
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O g-supermartingale system : S = {S(7),7 € T} T-system s.t.
S(o) =2 E5,[S(T)] foro<T€eT.
O g-supersolution : X € SP s.t.
dXe < —ge(Xe, Ze)dt + Z,dW,; with Z € LB,

O Question : Does the two notions coincide ? Yes, if X
aggregated as a cadlag process, Peng (99) for p = 2.
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Recent and hold problems : 2BSDE of Soner, Touzi and Zhang
(10), BSDEs with weak term. cond. of B., Elie and Réveillac (15),
BSDE with constraint on Z of Zvitanit, Karatzas and Soner (98),...

In all these cases, study a problem of the form :

S(p) = esssup 877 [¢] > €877 [S(7)]

Want to derive a BSDE-type representation : Use DM-type
decomposition !

- singular control problems = continuity from the right is very
difficult !

- square integrability and quasi left-continuity of the filtration are
not necessarily satisfied, e.g. Possamai, Tan and Zhou (15).

Need for a result for ladlag g-supermatingales,
in much more general spaces.



Mertens approach (g = 0)
Filtration with the usual conditions
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O Based on the Doob-Meyer decomposition.

O Key idea : Assume X is a ladlag supermatingale, set

=) (Xs = Xsy).

s<t

Then, X := X + [ is a cadlag supermatingale and / 1.
Proof : Assume only one jump at tg.

-On R\ {to} : X =X+ lto1(29,00)-

S Aty Xegr = Xigr + (Xig — Xigr) = Xep = Xio

- For s <ty < t:use Xeyt > Eg[Xe] to obtain

IEs[)_(i:] — IEs[Xt“ + Xto - Xto+] < H'-‘js[)q“o] < Xs — Xs‘



Extension to semi-linear conditional expectation operators
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O Definition : A family of maps
Eor 1 LP(F7) — LP(Fy), foro <7 €T,

for some p > 1.

O Assumptions :
(a) Er r is the identity.
(

b 71,72 © 57’2,7'3 — g’rl T3 if T1 < ™ < 3.

)
) €
) T1, 7’3[5] 7'2,73[6] on {7-1 - 7—2} for all §€ Lp(]:‘ )
)
)

o

(
(d) Lower/upper semicontinuity in time and space...
(e) There is a family Q of P-equiv. prob. meas. and L > 1 s.t.

. E“dp] +‘ﬁ q} <LforallQe Q.

e '®,Q%°cQ, forallQ1,Q?c Qand T € 7.
o Forallo <7 €T and (§¢') € LP(F;) x LP(F,) there exists
Q€ Q and a [L7},1]-valued 8 € LO(F) satisfying

Eorl€] < Ex €]+ EZ[B(E — €]
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O Definition : For p > 1, XP (resp. X7, X} ) is optional processes
X s.it. X; € LP(F;) for 7 € T (resp. with right-limits, with right-
and left-limits).

O Thm : Let X € X? be a £-supermartingale with X~ bounded in
LP. Define
= (Xe—Xey), t < T.

s<t

1
Then, | 1, left-continuous, belongs to X~.

Moreover, X := X -+ [ is a right-continuous local £-supermatingale.



Application to g-expectations in the Brownian L°-setting
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The case of cadlag processes

O Thm [Peng 99] : If X is a right-continuous (and lag)
g-supermatingale in S? then

dXe < —ge(Xe, Z¢)dt + Z;dW; with Z € L3,

Proof : Consider the solution (Y, Z, A) of the reflected BSDE

Y = Xr+ [T g(Ye, Z)ds — [T ZedWs + A — A
Y > X
0 = [ (Yoo — Xs)dAs.

This is the counterpart of the Snell envelope : the smallest
g-supermatingale above X = Y = X.
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O Assume w.l.g. that g | in y, the general result on
E-supermatingale applies. The DM decompo. for X = X + | :

T T
X = X7 +/ gu(Xe, Z,)ds — / Z.dW, + Ay — A
Hence
T _ T
X =Xt +/ gs(Xs, Zs)ds — / ZsdWs + (At +I1) — (A+ 1)
- - N N
= X7 +/ gs(Xs, Zs)ds — / ZsdW, + Ar — A

with A ::A+/+/[gs(Xs+ Is, Zs) — gs(Xs, Zs)|ds +
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The general result, T satisfies the usual conditions



Main theorem
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Assume that g(0) € LP(dt x dP). Let S be a £8-supermatingale
system s.t. esssup{S(7) 7 € T} € LP.
There exists (X, Z,A) e XD x L x 1% st. forallo <7eT

S(o) =X,

= X7— -+ / gs(Xs, Zs)ds + AT - Ao’ - / stWS - / dNS)

in which N is a cadlag mart. orthogonal to W. This decomposition
is unique.

Related work : Grigorova, Imkeller, Offen, Ouknine, and Quenez
(2015) - in L2 for the Brownian filtration but have a general result
on reflected BSDEs with not right-continuous obstacles.



Main a-priori difficulty

O Need to show existence of the reflected BSDE with cadlag
obstacle in LP.



Main a-priori difficulty
O Need to show existence of the reflected BSDE with cadlag
obstacle in LP.
O Theory of LP solutions well developed :
- Briand, Delyon, Hu, Pardoux, and Stoica (02).
- Kruse and Popier (14)

- Klimsiak (13, 14)



Main a-priori difficulty
O Need to show existence of the reflected BSDE with cadlag
obstacle in LP.
O Theory of LP solutions well developed :
- Briand, Delyon, Hu, Pardoux, and Stoica (02).
- Kruse and Popier (14)
- Klimsiak (13, 14)

O Assume quasi left-continuity of (F;); to avoid jumps of A and N
at the same time.
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New estimates without quasi left-continuity

O Thm [Extension of Meyer 68] Let X be a (ladlag) strong
supermartingale on [0, T] with decomposition

X=Xo+M—A—I.
There exists a universal C, > 0 s.t.
1Al + 1111 < Coll Xllse-

= can be “extended” to g-supersolutions.
= general existence and uniqueness for (reflected) BSDEs in LP.

(see “A unified approach to a priori estimates for supersolutions of
BSDEs in general filtrations”)



Examples of application
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Optional decomposition

O Let M be the set of P-equiv. proba. meas. s.t. W is a
(Q, F)-martingale.

O Assume that S is a £@8-supermartingale system (the orthogonal
mart. N depends on Q), s.t. esssup{|S(7)|, 7 € T} € LP(Q), for all
Qe M.

O Thm:3(X,2Z) € X) x HP sit. S(o) = X, for all 0 € T, and

X—i—/ gs(Xs;Zs)dS—/ ZsdWs is non-increasing.
0 0

Extension to singular prob. meas. (for 2BSDEs) : Possamai, Tan
and Zhou (15).
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Constraint on Z

O Assumptions/notations
- F° = (F?)t<T the raw filtration of the canonical process.

- For some p' > p > 1, g(0) € LP'(dt x dP), € € L7
- O = (Or(w))(t,w)elo, T]xq : closed conv., F°-prog. meas.

O Want to characterize the minimal sol. in XZ x HP x IP of

T T
Y=£+/ gs(vs,zs)ds+AT—A—/ Z.dW..

Zec O, dt x dP — a.e.
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O Define
-u € R — §(w, u) ==sup{u-z, z € Oxw)}
- £ by the BSDE

T T
Y=¢+ / [gs(Ys, Zs) — ds(vs)lds + AT — A — / ZsdWY?

with dW? = dW — vdt.
for v prog. meas. and bounded.
O Thm : Define

S(r) :=esssup& r[€], TE€T.

Assume that esssup{|S(7)|, 7 € T} € LP' for some p’ > p. Then,
3X eX] st. X;=5(r)forr €T, and (Z,A) € HP x I sit.
(X, Z,A) is the minimal solution.
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Proof : Use DPP
S(0) := esssup EX[S(T)] > EX.[S(T)] V V.

Use the decomposition associated to each £V :

T T
X, :5+/ (85(Xe, Z0) — 64(vs))ds + A% — AV —/ zvdwy

with dW? = dW — vdt.
By identification of the quadratic variation parts :
7V — ZO

T
/ (ve - 29 — 5(vs))ds + A% — A% — A% — AQ.
0 N——r

>0

= sup,(u-Z°—6(u)) <0dt xdP = Z°c O dt x dP . O



