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Abstract

We consider a general path-dependent version of the hedging problem with price impact
of Bouchard et al. (2019), in which a dual formulation for the super-hedging price is obtained
by means of PDE arguments, in a Markovian setting and under strong regularity conditions.
Using only probabilistic arguments, we prove, in a path-dependent setting and under weak
regularity conditions, that any solution to this dual problem actually allows one to construct
explicitly a perfect hedging portfolio. From a pure probabilistic point of view, our approach
also allows one to exhibit solutions to a specific class of second order forward backward
stochastic differential equations, in the sense of Cheridito et al. (2007). Existence of a
solution to the dual optimal control problem is also addressed in particular settings. As
a by-product of our arguments, we prove a version of Itd’s Lemma for path-dependent
functionals that are only C%* in the sense of Dupire.

1 Introduction and notations

Following the steps of [1},[25], the paper [7] constructed a market model pertaining for permanent
price impact. It is based on a simple linear price impact rule around the origin and a passage
to the limit from the situation in which the composition of the portfolio is modified in discrete
time. It takes the form

Y = Y0+/0.atth+/0vbtdt, V="V +/O'}QdXt+%/O'a§f(Xt)dt, (1)
X = Xo+ /O (X0t + /O o (X)dW, + /O FX)dY + /0 an(o ') (X,)dt
= X0+ /O o (X,)dW, + /O Pt (X,)dt, (2)
where 0§} := (0 + a,f) and u%’b‘ = (p+bs f + aso f'), for some functions: (u, o, f) : R — R3.

In the above, Y is the number of stocks in the hedging portfolio, controlled by the predictable
processes a and b, V' is the book value of the portfolio (amount of cash plus position in stocks
evaluated at their market price) and X is the impacted stock price, given the impact function
f > 0. In contrast to the un-covered case considered in [7], the paper [8] studied the problem of
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hedging a covered option of payoff ®(Xr) within this model. The terminology covered means
that the trader asks at time 0 an amount of cash and the number of stocks he needs to initiate
his trading strategy. The stocks are evaluated at their market value to determine the premium.
At maturity, the trader delivers the stocks he has (again evaluated at their market value) plus
an amount in cash to match the payoff ®(Xr). This avoids having an important impact on
the price process when the trader needs to jump to an initial delta at time 0, and liquidate
his current delta at maturity time 7. Hence, the hedging problem boils down to finding some
constants (Vp,Yy) and processes (a,b) in — such that Vpr = ®(X7).

This can be viewed as a (highly non classical) second order coupled forward backward stochastic
differential equation (2FBSDE). The term second order comes from the fact that Y itself admits
an Itd decomposition as in [I0] BT], with the difference that, in our setting, there is a coupling
through the quadratic variation of Y, which appears both in the quadratic variation of the
forward process X and in the drift of the backward process V.

The super-hedging problem has been studied in [§] from the stochastic target point of view.
The authors provide a viscosity solution characterization of the super-hedging price function
(t,x) — v(t,z). To understand their result, let us first rewrite the dynamic of the number of
stocks in the form

Y:Y0+/%dxt+/b;dt
0 0

in which v := a/(0(X) 4 f(X)a) is the gamma of the portfolio, and b’ is a predictable process.
Assuming that the hedging strategy consists in tracking the super-hedging price, as in classical
complete market models, then we expect that V = v(-, X). By applying twice Itd’s lemma,
this implies 1a?f(X) = d(-, X) + 30%(X)?02,0(-,X), Y = 9,v(-, X) and v = 02 v(, X).
Combining the above, we obtain the partial differential equation

1 o? 9
2177 - og0 et =
on [0,T) x R, with terminal condition v(T,-) = ®. The precise formulation in [§] involves an
additional constraint 92, v < 1/f which ensures that the above PDE remains parabolic, together
with the corresponding face-lift of the terminal condition. It was later observed in [6] that, in
the case where the constraint 92, v < 1/f is automatically enforced by the terminal condition
® (see Remark [5.6| below), then the above PDE is an Hamilton-Jacobi-Bellman equation:

—at’l)
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;relnf@< O 28 07,0 + ﬁ(a o) ) =0.
This in turn leads to the dual formulation
T )
1
v(0, Xo) = supE[(X7) - / e (a0 — (X)) at], with X* = Xo + / adWr. (3)
o o 2f(XP) 0

The very aim of this paper is to better understand this dual formulation, and to extend it to
a more general setting. First, one can observe that it does not follow from a super-hedging
inequality, as it is usually the case in the literature on option pricing, but rather from a hedging
equality. The dual problem is not a natural lower bound, but instead a natural upper bound.
Namely, let us assume that (VO,YO,&,I;) solves - and Vpr = ®(X7), and let Q%* be a
martingale measure for X (assuming that it exists and that fo Y,dX, is a martingale). Then,

T

a,b T 1 R a, a a
Vo = EO b[q;(XT)—/ Saf(X)dt] < supE® b[<1>(XT”’)—/ e fX )t
0 0

a,b



in which X** = X + [, 0% (X2P)dW P where WP is a Brownian motion under Q*?. This is
formally equivalent to

T
- 1 .
Vo < swE[o(ts) -~ [ Gari].

with X = X, + fo oy (Xta)th. We therefore recover the right-hand side of upon the
change of variable @ = 0% (X%) < a = (a — o(X?))/f(X).

In this paper, we consider a pretty general path-dependent framework, generalizing the abstract
setting of [6], in which we show that always hold true whenever a solution to the dual
optimal control problem exists (in a weak formulation approach) and we relate the solution of
the dual problem to the one of the hedging problem. This shows that solving the second order
FBSDE associated to the hedging problem boils down to solving a rather simple optimal control
problem: its solution actually solves the highly non trivial fixed point problem embedded in the
2FBSDE. The link between the two solutions is simply given by the former change of variable
a=(a—o(X%)/f(X?*), while the b process is associated in an explicit manner to the (Fréchet)
derivatives of the coefficients ® and (x, ) — |a — o(x)|?/f(z) computed along the path of the
optimal strategy.

In the Markovian setting of [6], it is shown that the dual formulation coincides with the
minimum super-hedging price. Therefore, v(0, Xy) provides the cheapest hedging price. On
the other hand, by the above argument, the results in the current paper show that the dual
formulation provides the most expensive perfect hedging price/strategy. Combining the two
implies that there is only one hedging price (and a unique hedging strategy, at least if v is
smooth enough), or, equivalently, only one solution to the 2FBSDE —.

We shall not seek for a general existence result in the dual problem but discuss only in Section
some sufficient conditions, which are already far less restrictive than the ones imposed in
[6]. In fact, the existence of a solution to the dual optimal control problem under weaker
assumptions is itself non-standard. First, in general, the control problem is not concave. Second,
the penalty term in the dual formulation is only quadratic, while the usual weak existence results
require a super-quadratic penalty to ensure C-tightness, see e.g. [18]. We would like to leave it
for future researches.

Finally, we refer to [5] for a variant market impact model with a resilience effect, and to [2] 4]
3, 9], [T7, 241, 29 [30] for related works on the hedging or liquidation under market impact, see
the introduction of [7] for more details.

Before to conclude this introduction with notations and definitions that will be used all over
this paper, let us also note that the course of our arguments leads us to formulate a version of
It6’s Lemma for path-dependent functionals that are only C%! in the sense of Dupire, which is
of own interest, see the Appendix.

Notations. (i). Let C([0,T]) denote the space of all R-valued continuous paths on [0,77], and
D([0,T1]) the space of all R-valued cadlag paths on [0,7T]. Given (¢,x) € [0,7] x D(]0,T]), we
define the stopped path x¢a. := (X¢ns)sejo, 1], and

O = {(t,x) € [0,T] x D([0,T]) :x=xX¢n.}.
For all (¢,x), (¥,x") € [0,T] x D([0,T)), let

[x =x'|| == sup |xs —x}| and d((¢,x), (', %)) == |t — /| + ||xen. — xpn.]I-
s€[0,T]

Notice that || - || defines a norm on D([0,7T]) and C([0,T]), and that d defines a distance on ©.



(ii). A function ¢ : [0,7] x D([0,T]) — R is said to be non-anticipative if ©(t,x) = (¢, x¢n.)
for all (¢,x) € [0,7] x D(|0,T]). It is clear that a non-anticipative function f can be considered
as a function defined on ©. We then denote by C,(©) the class of all non-anticipative functions
¢ : © — R such that p(t",x") — ¢(t,x) for all sequences (t",x")p,>1 C © and (¢,x) € ©
satisfying ¢” \, ¢ and [|x” — x|| — 0. When D([0,T1]) is considered as the canonical space, a
measurable function ¢ : D([0,7]) — R can be considered as a random variable, and a function
©:[0,T] x D([0,T]) = R can be considered as a process. We will therefore write ¢¢(x) in place
of p(t,x).

(iii). Following [I2], a function ¢ : ©® — R is said to be horizontally differentiable if, for all
(t,x) € [0,T) x D([0,T1]), its horizontal derivative

t+h D) — ot '
at(P(t7X) = }ILI{% QO( + ’Xt/\})L cp( 7Xt/\)

is well-defined. A function ¢ on © is said to be vertically differentiable if, for all (¢,x) €
[0,T] x D([0,T)), its vertical derivative

Vip(t,x) :=  lim ltx Ory) — ()

i ) , with x@y:=x+1I7y, Yy ER,

is well-defined. For a function ¢ : © — R, we say that ¢ € C%1(0) if both ¢ and V. are
well defined and belong to C,(0). We say that ¢ € CL2(0) if ¢, Vip, V2¢ := Vi(Vyxp) and
Opp are all well defined and belong to C,(©).

(iv). A function ¢ : D([0,T]) — R is Fréchet differentiable if there exists a measurable
map x € D([0,T]) — A,(-,x) taking values in the space of finite measures on [0,7], and a
measurable function R, : D([0,77])? — R, together with some constants C,n > 0, such that,
for all x,x" € D([0,T]), one has

T
o) = p(x)+ / (x — xu) Ao (dutsx) + R (3,5),

and
[Ry(x,x)| < Cllx =7 (1 4 [Ix[” + IX'[|*)-

When ¢ : D([0,T]) — R is Fréchet differentiable, A, is called the Fréchet derivative of ¢ and
R, the residual term. Finally, a non-anticipative map ¢ : © — R is said to be Dupire-concave
if, for all t € [0, 7] and x*,x? € D(]0,T]) such that x* = x? on [0,¢), one has

o(t, 0x" + (1 —0)x%) > O0p(t,x") + (1 — 0)p(t,x?), for all @ € [0,1].

(v). Denote by Q := C([0,T]) the canonical space of continuous paths on [0, 7], with canonical
process X and canonical filtration F generated by X. Notice that a process is F-predictable
if and only if it is F-progressively measurable (see e.g. [II, Proposition 9]). Moreover, given
a probability measure P on €, let F®* be the P-augmented filtration of F. Then, a FF*-
predictable process is P-indistinguishable from a F-predictable process (see e.g. [14, Theorem
IV. 78]). We will then usually treat F**-predictable processes as a predictable process w.r.t.
the canonical filtration F.

(vi). Denote by R := RU{—o00}, and by 0 the constant path in £ which equals 0 at every time
t €0, T]. We use the convention that oo x 0 = 0, so that, for a constant process (Z;),¢[s,¢q, We

have f; ocodZ, = 0.



2 Dual formulation and perfect hedging

In this section, we first define our primal hedging problem, which is an abstract version of the
one considered in [6 [8]. We then define the corresponding dual problem and state our main
result which provides an explicit construction of a solution to the primal hedging problem from
a solution to the dual optimal control problem.

2.1 Primal hedging problem

We consider a weak formulation approach of the hedging problem presented in the introduction.
The dynamic of the underlying risky asset follows a diffusion process, but with path-dependent
coefficients, and the payoff function is also path-dependent. Although the paths of the under-
lying asset are continuous, we shall need to let the coefficient functions be defined on the space
D(]0,T)) of cadlag paths, rather than on Q = C([0,T1]), to apply the Itd’s functional calculus
as well as calculus of variation arguments later on.

Let @ : D([0,T]) — R be a measurable payoff function, o : [0,7] x D([0,T]) x R — R U {oo}
and F: [0,7] x D([0,T]) x R = RU {oo} be measurable maps such that (o, F')(-,7) are non-
anticipative for all v € R. Let g € R be a fixed constant.

Given the above, our hedging problem is formulated as follows.

Definition 2.1 A probability measures P on Q, together with
two constants yg,vo € R and four F-predictable processes (Y, V, B,’y),

is a (weak) solution to the primal hedging problem if
(i) X is a P-martingale such that P[Xo = xo] = 1, d(X); = 07 (X, )dt on [0,T], P-a.s., and
v = (1)o<t<T 15 a R-valued process satisfying

T T
EP[/O |0t(X,’yt)|2dt] < oo and /0 Vel2d(X); < 00, P-a.s.

(ii) B is of bounded total variation, and (Y, V) satisfies: Vi = ®(X), P-a.s,

t t t
Vi =g +/FS(X775)ds —l—/YSalXS and Y; = yo —l—/’ysts — By, t€[0,T), P-a.s. (4)
0 0 0

Remark 2.2 Under the conditions of Deﬁnition it is well-known (see e.g. [19, Proposition
2.1, Chap. 1V]) that there exists a possibly enlarged filtered probability space, equipped with a
Brownian motion WT, such that

t
X =0 —|—/ 0s(X,7s)dWE, t€0,T], P-a.s. (5)
0

As mentioned in the introduction, — is a (non Markovian) Second Order Backward Stochas-
tic Differential Equation in the sens of [10, [F1|], with a specific coupling through the quadratic
variation of Y which appears both in the quadratic variation of the forward process X, and in
the drift of the backward process V.

Remark 2.3 A solution (P,yo,vo,Y,V, B,7) of the hedging problem has the following financial
interpretation. The probability P is a martingale probability measure, under which the underlying
asset X follows the dynamic , with volatility function o impacted by ~y. The process Y



represents the dynamic trading strategy, i.e. the number of units of the risky asset in the self-
financing portfolio, whose value process is given by V and which is also impacted by v. The
process vy measures the sensitivity of the dynamic strategy Y w.r.t. the evolution of the underlying
asset X (see ) The equality Vi = ®(X) means that the path-dependent option with payoff
function ® is replicated perfectly by the portfolio V.

Example 2.4 The model considered in [7, 8], as described in the introduction, corresponds to
the following coefficients:

oo(,7) = oo (t,x¢) 1 < oo(t,x¢)y

T o)yt T octas Bl =5\ 100,

2
for some measurable functions f : R — (0,00), gg : [0, T]XR — [0,00), and with A := {(¢,x,7) :
f(xe)y < 1}. In 6,7 [8], the process B is taken to be absolutely continuous. The dynamics (4]
is a relaxation which aims at ensuring existence in a more general setting. Conditions under
which B will indeed be absolutely continuous are discussed in Remark|[2.1]] below. Moreover, in
[, [8], conditions are imposed on the strategies, so that a (unique) martingale measure can be
associated to each of them. As in the usual hedging literature, the drift of the price process does
not play any role. In the current paper, we write the dynamics directly under the martingale
measure. This should also be viewed as a relaxation.

2
) f(x)Ta + ool e,

2.2 The dual problem

To define our dual problem, let us first introduce a technical condition on ¢ and F, which is
assumed throughout the paper.

Assumption 2.5 (i) For all a € (0,00) and every (t,x) € [0,T] x D([0,T]), there exists a
unique v € R such that o4(x,v) = a, and we write o; ' (x,a) := 7.

(ii) There exists a function G : [0,T] x D([0,T]) x [0,00) — R, such that, for all (t,x) €
[0,T] x D([0,T]) and a > 0,

Gi(x,a) = Fy(x,07 *(x,a)) and 9,Gi(x,a) = ao; '(x,a). (6)
Moreover, by setting o; ' (x,0) := —o0, one has Fy(x,0; ' (x,0)) = Fi(x, —00) = G4(x,0).

Remark 2.6 The conditions in Assumption[2.5 are mainly motivated by Example[27) in which,
by direct computation, one obtains that

1 (a —oo(t,xt))?
2 flx)

-1

- t
o7 (xa) = 2ol

fxt)a
for all (t,x,a) € [0,T] x D([0,T]) x [0,00).

a — oo(t,x¢)

G (X7 a) - f(Xt) ’

0,G(x,a) =

The dual problem is a standard stochastic optimal control problem in a weak formulation (in
the sense of e.g. [I8]), which can be formulated on the canonical space Q = C([0,T]) of all
continuous paths equipped with canonical process X and canonical filtration F.

In order to define it properly, let us first denote by Py the collection of all probability measures
P on , under which X is a square-integrable continuous martingale on [0, T] such that Xy = 0
a.s. and its quadratic variation is absolutely continuous w.r.t. the Lebesgue measure a.s. Then,
there exists (see e.g. Karandikar [22]) a F-predictable non-decreasing process (X) : [0,T] x 2 —



R U {oo} such that the process (X) is a version of the P-quadratic variation of X on [0,77] for
all P € Py, and one can define a F-predictable process @ = (a¢)o<i<r by

XY — (X .
ar = a(X) = \/Iimsup X)e = X )VO, for all ¢ € [0, 7.

eN\O0 €

With this construction, one has (X); = fg a?ds, t € [0,T), P-a.s., for every P € Py. Moreover,
on a possibly enlarged filtered probability space, there exists a Brownian motion (W} )telo,1]
such that

t
X, = X +/ as dWE, t €10,T], P-as. (7)
0

In other words, under P, X can be considered as a controlled diffusion process associated with
the control process a. This leads to the following standard definitions of control rules.

Definition 2.7 (i) A probability measure P € Py is called a weak control rule (or simply a
control rule).

(ii) A weak control rule P € Py is called a strong control rule if there is a possibly enlarged
probability space, together with the representation , such that (ai)iepo,r) is equal to some

process that is predictable w.r.t. the filtration generated by (WF)te[O,T}; in the dP X dt-a.e. sens.
We denote by 735g the collection of all strong control rules.

Given (t,x) € [0,T] x D([0,T]), we now define the processes X = (YZ’X)SE[O,T] and a' =
(ai)se[t,T] on {1 by
—~t,x

X, (W) == xsnt + X(s—pvo(w) — Xo(w) and @ (w) = o(s—yvo(w), for allw € Q.

Observe that, under each P € Py, the process X"* has deterministic and cadlag path x as initial
condition on [0,¢], and then evolves as a controlled continuous martingale diffusion process on
[t,T]. This construction allows us to restrict our optimization problem to the measures on the
canonical space of continuous paths while allowing the path of the process before ¢ to be cadlag

(which will be useful from a pure technical point of view). Denote by P; (resp. fi <) the

collection of laws of X' under the weak (resp. strong) control rules, i.e.

Pix = {Po(X™) 7 s Pepy} and Py, = {Po (X)) iPePS].

3

An element P € P; , is a probability measure on D([0,77), as X" has cadlag paths in general.
We can finally introduce the value function of our dual problem:

v(t,x) = Ps;lg J(t,x;P), where J(t,x;P) := EP[Q(Yt’X) —/ GS(Yt’X,&t)ds]. (8)
0

Denote also by fzx the set of laws of the controlled process under the optimal (weak) control
rules, i.e.

ﬁ;x = {Po (Yt’x)fl P e Py, J(t,x;P) :v(t,x)}.

Remark 2.8 (i) If x¢p. € Q = C([0,T1]), so that X" isa process with continuous paths, then

= =S —* . . .
Pix, Pix and Py, can also be considered as sets of probability measures on (). In this case, we
simply write

.. . S =S S
Pt xs Pﬁx and Pf ., as sets of probability measures on €2, in place of Py x, Py, and P .



In particular, when xin. € C([0,T]), one has the equivalent formulation of the control problem:

T
v(t,x) :PZL;)p J(t,x;P), where J(t,x;P) := EF [@(X) 7/1: GS(X,as)ds}, 9)

and Pf turns out to be the set of the all optimizers for the optimization problem @[)

(ii) Notice also that v(t,x) (resp. Pix, ﬁ;x) is non-anticipative in the sense that v(t,x) =
v(t,xtn.) (resp. Pix = Prxon.s f;x = f:,Xm.). In particular, when t = 0, these functions and
sets depend only on xo := xg € R. We then simplify their notations to v(0,z0), Po.z,, 53,107
P02 s PS:IO, P&ZO, etc

2.3 Main result

Our main result consists in providing an explicite construction of a solution to the primal
hedging problem in Definition based on an optimal solution to the dual problem .

Besides Assumption[2.5] we shall assume some additional technical conditions on the functionals
®: D([0,T)) = Rand G:[0,T] x D([0,T]) x [0,00) — R.

(H1). The function ® is Fréchet differentiable with Fréchet derivative Ag (-, x), which is bounded
for the total variation norm, uniformly in x € D(]0,T]).

(H2). The function G is continuous on [0, 7] x D([0,T]) % [0, 00). For every a € R, the function
(t,x) — Gi(x,a) is non-anticipative. Further, for every (t,a) € [0,T] x R, G¢(-,a) is
Fréchet differentiable with Fréchet derivative Ag(-,x;¢,a) and residual Rg(-;¢,a). The
map (t,x,a) € [0,T] x D([0,T]) x R — Ag(-,x;t,a) is measurable with total variation
having at most quadratic growth in a, uniformly in (¢,x) € [0,7] x D([0,T]). Moreover,
there exists measurable maps 9,G, ¢:[0,T] x D([0,7]) x R — R and C' > 0 such that

+ RG(Xa x;t, a) + ét(Xa |a’ - CL|2),
10.Gi(x,a)] < C(1+|a|) and |[(x,|a —a*)| < C(1+ |a — al?),
for all ¢ € [0,7T] and (x,a), (%,a) € D([0,T]) x R.
(H3). For some constants C' > 0 and Cy > 0, one has

a2

rolm C < Gi(x,a) < Co(1+a?), for all (t,x,a) € [0,T] x D([0,T]) x Ry.

(H4). For all t < T and M > 0, one has

t+h t+h
lim sup ‘/ Ao (du, X) —|— sup ]E]P sup ‘/ / Ag(du,%; s at+h)dsH) = 0,
h\o xeDM, PePM xeDM t+h

where

T
DM, = {ge€D([0,T)) : |Reynnll < M} and P := {]P’ €Po ;EP[/ aids} < M}.
0
(10)



Remark 2.9 Let u be a probability measure on [0,T] without atom. Given ¢ € CL(R?), let ®
be defined by

T
(x) = ¢(a(x),xr), with a(x) ::/ xpp(dt).
0
It follows from direct computations that
Ao (dt,x) = Ouo(a(x),xp)u(dt) + Oz¢(a(x),xr)or(dt).

Let now G be given as in Remark[2.6, for some bounded and positive smooth functions oo and
f. Then, for all x € D(]0,T]), Aa([t,t + h],x;s,a) = 0 whenever s € (t + h,T|, so that

T ptth
/ Ao (du, %; s, @) ds = 0.
t+h Jt

Based on the above computation, it is easy to check that Conditions (HI)-(HE) hold true.

Remark 2.10 Let a function = be Fréchet differentiable with Fréchet derivative Az(-,x), which
is bounded for the total variation norm, uniformly in x € D([0,T]). Then, Z has at most linear
growth: there exists C' > 0 such that

E(x)| < C(1+ |x])), for allx e D([0,T)).

Indeed, as 0,E(rx) = fOT xidz=(dt, rx), for r € [0,1], one obtains the above inequality from the
uniform boundedness of the total variation of Az.

Let us now introduce two important processes that will play the role of optimal controls in our
primal problem. First, let us consider the measurable process A = (A;)o<i<7 on § defined by

t T
A, ::/ Ao (du, X) —// )\C;(dU,X;S,OtS)dS*// Ag(du, X;s,a5)ds, t €10,T), (11)
[0,¢) 0 J[0,s] t J[0,t)

and

T
Ap = / A¢(du7X)—/ / Ac(du, X;s, a)ds. (12)
[0,T] 0 J[0,s]

Remark 2.11 The process A = (Ay)o<i<r 15 of finite variation P-a.s., for all P € Py. Indeed,
by Conditions ( and (, there is a constant C such that, for all (s,x,a) € [0, T)xD([0,T]) %
[0, 00),

|)\<1>|([0,T],x) <C and ‘Ag|([0,T],x;s,a) < C(1 +a2).

Then, by direct computations, one has
d| A < [a|(dt, X) + 2|Ac([0,1], X;t,0e(X))|dt + |Aa|(dt, X),
where |Xg| is the measure defined by

T
A |(1,X) = / T, sjnr (w)|Aa|(du, X5 s, 05(X))ds,  for all Borel sets I C [0,T],
0

and o(X) is P-a.s. square integrable under each P € Py.



Consequently, given a probability measure P € Py, the process A admits a dual predictable
projection w.r.t. (P,F), hereafter denoted by B = (Bf)o<i<7. Let us finally define the F-
predictable process 4 = (¥t ):ef0,1] by

. _ 0.G(X, «
B = oy H(Xoap) = %I{aom — oolja,—0}- (13)

Now we are in a position to state our main result.

Theorem 2.12 Let Assumptz'on and (—( hold true. Assume in addition that f;x 18
nonempty for all (t,x) € D([0,T]). Then,

(i) The value function v € C%1(0).

(ii) For each xy € R, there exists an optimal solution P e PGz, to the dual control prob-
lem @D with nitial condition (0,x0), such that the measure @, together with the constants
(v(0,z0), Vxv(0,2z0)) and the processes

(VXV(t, Xt/\-)7 V(tv Xt/\v)? Bt]Pa ’%)te[o,T]’

provides a weak solution to the hedging problem of Definition |2.1]

We postpone to Section [5|the discussion of sufficient conditions for f;x to be nonempty for all
(t,x) € D([0,T]).

Remark 2.13 Notice that the process v defined by is generally R U {—oo}-valued. Nev-
ertheless, for every P € Py, one has a > 0, dP x d(X)-a.e., which implies that ¥ is in fact
R-valued dP x d(X)-a.e. When o > 0 dP X dt-a.e., the process ¥ is R-valued under P.

Remark 2.14 Note that BY can be ensured to be absolutely continuous on the half-open interval
[0,T) by imposing suitable assumptions on A and Mg, to match with the setting of [4, [8].
Absolute continuity of BY on [0,T) is enough since one can always replace BY by BP—ABglI{T}
without altering Vi in the right-hand side of .

3 Study of the dual optimal control problem

The proof of Theorem [2.12] relies on a suitable characterization of an optimal control rule for
, together with a verification argument, which requires to apply the functional It6 calculus of
Proposition [A22) in the Appendix on the value function v, see Proposition [3.10] and Section [4.2]
below. This requires to establish first that v satisfies certain regularity and concavity properties,
and that our dual optimal control problem is time consistent.

All over this section, we assume the conditions of Theorem [2.12] In particular, Assumption
and (H[I)-(HA) are in force. From now on, C' > 0 denotes a generic constant that does not
depend on (t,x), unless something else is specified.

3.1 A-priori estimates, dynamic programming principle and time con-
sistency of an optimal control

Let us first provide some basic properties of the reward function .J and the value function v
that will be used in the proof of the dynamic programming principle of Proposition [3.3]
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Proposition 3.1 For every P € Py, the reward function J(-;P) is non-anticipative and belongs
to C,(0©). The value function v is non-anticipative and there exists a constant Cy, > 0 such that

[v(t,x)] < Cu(1+|Ix¢en.ll), for all (t,x) € O. (14)

Proof. Let P € Py be fixed. As G(-,a) is non-anticipative, it follows directly that J(-;PP) and
v are both non-anticipative.

Further, let (¢,,x,) € O be such that ¢, > t and (¢,,x,) — (¢,x) (ie. ||xp(EnA)—x(EA)|| = 0).
Set G5(-) =0 for s > T, and notice that @’ = EZ"_th = a4 for s > ¢, so that

T T
/ G (X" atn)ds = / Grrrs (X7 @) ds.
tn t
Since HY?”’X" — YtXH — 0, and since ® and G are continuous, it follows that
~tn,X T ~tn,X —~t,x T ~t,x
o(X ) —/ G.(X """ alnds — X )—/ G.(X 7,al)ds, as n — oo.
tn t

Because there exists C' > 0 such that |®(x)| < C(1 + ||x]|) and |Gs(x,a)| < C(1 + a?), for
all (s,x,a) € [0,T] x D([0,T]) x R, by (, Remark and (, it is thus enough to use
the dominated convergence theorem to deduce that J(t,,x,;P) — J(t,x;P), and therefore that
J(P) € C,(O).

We finally prove (14). By considering the weak control rule P € Py satisfying P[X = 0] = 1,
one deduces from (H3)) that

v(t,x) > J(t,x;P) > ®(x4n.) —CT > —C'(1+T+ [|x¢nl)s

for some C’ > 0 independent of (¢,x). Using again (H])), Remark and (HJ), and the fact
that EF[ [} a2ds] = EF[X?] for all P € Py, it follows that

1
(t:3) < sup (Clln |+ €+ CEF| X r_ppl] + T — 1) = SEF[X3]) < CulL+ [an ),
PePo

for some Cy > 0 independent of (t,x). O

Remark 3.2 For later use, note that it follows from that, in the optimal control problem
with initial condition (t,x), it is enough to consider P € Py such that

T
2 [o(X"™) - [ X atds] = -G+ un ).
t
Moreover, by Conditions (, Remark and (, the above inequality implies that

T
]EP{/t aéds] < OV [xen D),

for some C > 0 independent on (t,x). In other words, one has

v(t,x) = sup J(t,x;P), V (¢,x) € [0,T] x D([0,T7]),
PeP!

for M > 0 large enough, where ’ﬁé‘/[ is defined in .
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We next provide a classical dynamic programming result for the control problem .

Proposition 3.3 The value function v is universally measurable and satisfies

v(tx) = sup E” [v(r, X;1) - / G (X" al)ds|, (15)
0 t

for all (t,x) € [0,T] x D([0,T]) and all F-stopping times T taking value in [t,T].
Proof. For n > 1, let us define

v (t,x) = PSEI;BL J(t,x;P) with PJ := {P € Py : a5 < n, dP x ds-a.e.}.
0

Then, v” is universally measurable, and it satisfies the dynamic programming principle (see e.g.
[16, Corollary 3.7]):

Vi(t,x) = PSE%EP[ (r, X% / G,(X",a) ds} (16)
0

Moreover, for every P € Py and (¢,x) € [0,7] x D([0,T]), one can appeal to the representation
(7) and define

yt,x,n

S

(s—t)VvO0
= Xgnt + / atdWy, with o = a, An.
0

Then,
T
EP[ sup ’Yi thn’ ] +EP[/ (o —a?)st] — 0.
s€[0,7] 0
Since ® has at most of linear growth, by (H])) and Remark and since

T T
EP[/ ’Gs(ytyx,ozs) B Gs(?’x’",ag) } < QEP{/ c(1+ ai)I{aS>R}d5] — 0,
t t

as R — oo, recall ( and the definition of o™ above, it is easy to deduce that
: -1
J(t,x;P") — J(t,x;P), as n — oo, with P":=Po (/ agdwf) € Py
0
This implies that v*(¢,x) 7 v(t,x) as n — co. Hence, v is also universally measurable.

Next, for n > m > 1, combining the dynamic programming principle and the fact that
Pyt C Py C Po leads to

sup EF [v"'(r, X75)~ / G (X" @) ds| < v'(tx) < sup BP[v(r, X 1)~ / G (X" at)ds|.
PPy t PePo t

Taking the limit n — oo and using the monotone convergence theorem, we obtain

sup EP / Gl X L) ds} < v(t,x) < sup EF / Gs( XX k) ds]
PE'P"’ PePy

Finally, as [v(t,x)| < Cy(1 + ||x||) by Proposition it is enough to use again the same

arguments as in the proof of the assertion v"(¢,x) 7 v(t,x) and then send m — oo to deduce

([3). O
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Remark 3.4 At this stage, we simply assert that the value function v is universally measurable
in Proposition[5.3 In fact, it will be proved to have much more regularity later in Section[3.3

Lemma 3.5 Fiz 29 € R and let P Po,z, be an optimal control rule for with initial
condition (0,z¢). Given a stopping time T taking values in [0,T], one can consider a family
(@w)weg of regular conditional probability distributions of P knowing F,. Then, for P-a.e.
w € , the probability @w is an optimal solution to control problem @D with initial condition

(T(w)v X'r(w)/\‘ (w))

Proof. This is a direct consequence of the dynamic programming principle of Proposition
Indeed, it implies that

E@{V(T,X)/OT GS(X,aS)ds} < v(0,z9) = E@[E@[@(X)/OTGS(X,aS)ds

where Z :  — R is defined by

On the other hand, for P-a.e. w € €, one has Z(w) = J(r(w), X(w) P,) < v(r(w), X (w)) by
(©). 1t follows that Z(w) = j(T(w),X(w);]IA” ) = v(7(w) X (w)), for P-ae. w e Q. O

3.2 Continuity and concavity of v

We now establish two important technical results. The first one is on the Dupire horizontal
derivative of the gain function J in . Although it is elementary, combined with the enveloppe
theorem (Proposition below, it will play a major role in the proof of Proposition Next,
we derive a time monotonicity and a concavity property for the value function v, that will allow
us to apply the functional Ité’s formula of Proposition in the Appendix, but also to prove
the enveloppe theorem mentioned above.

Proposition 3.6 (i) For every P € Py, one has

T
Vo (t,x;P) = ]EP[/ Ao (ds, X / / Ae(du, X5 s,at)ds)|. (17)
t

(ii) The value function v € C(©), and there exists a constant C > 0 such that
v(t+hoxin) = vit.x) < Ch, (18)
for all (t,x) € ©, h e [0,T —t].

Proof. (i) For P € P, fixed, the vertical derivative V,J(-;P) can be computed directly under
Conditions (H[L) and (H{2).
(ii) From Remark we know that

v(t,x) = sup J(t,x;P), for M large enough,
Pep
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where P is defined in (10). Let us fix t € [0,T), x,x’ € D([0,T]) such that x;s. # X,.. Then,
it follows from (17), combined with Conditions (HI) and (H2), that

[v(t,x) = v(t,x)|

HXtA- - Xé/\.H

< C’(l—|— sup ]EP[/T \@Z\stb < 00, (19)
t

PepM
for some C' > 0 (independent of (¢,x,x’)).

Next, recall that J(-;P) € C,(©) for all P € Py, by Proposition so that there exists an
optimal control P € Py such that

vit,x) = J(t,x;P) = tl/iI\nﬁJ(tCXtA.;@) < liglé?fv(t',xtA.).

On other hand, for all ¢ > ¢, one can use the dynamic programming principle and Condition
(HB) to obtain that

t/
(t,x) > v(txen) — / Go(xun, 0)ds > v(t',xun) — C(t — 1), (20)
t

and therefore
v(t,x) > limsupv(t’,xn.).
Nt

It follows that v € C,(©). Moreover, implies (18]). O

For the next result, recall the constant Cy > 0 given in (H3)). Based on it, we define the (convex)
function Ty : [0,T] x D([0,T]) — R by

To(t,x) = Cox2. (21)
Proposition 3.7 The functional v — Ty is Dupire-concave, in the sense that,
y+— (v —T0)(t,x ®:y) is concave,
for allt <T and x € D(]0,T]).

Proof. Let us take t < T, x,x',x%> € D([0,7]) such that x; = x! = x2 for s € [0,t), and

x; = 0x; + (1 — 0)x? for some 6 € [0,1]. To prove the Dupire-concavity of v — I'g, it is enough
to prove that

V(t7X) - FO(ta X) > 9(V(t7X1) - FO(ta Xl)) + (1 - 0) (V(ta X2) - FO(t7X2))' (22)
Without loss of generality, let us assume that

1 2
Xy < X < Xj.

Let us now consider a standard Brownian motion W* = (W7),>¢ on some probability space
(Q*, F*,P*), and define the stopping time
T = inf{sZO W =x{ —x; or W :X?—Xt},

S

as well as the martingale X* by

S T

Xr.= W**Aﬁ;sI{s<h} + W:*I{szh}, s <T.
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Define P; :=P* o (X*)~1. It is clear that P} € Py and that it satisfies

3 X

P [X, 0 =x1] =0, PL[X,0=x2] =1—-0 and P;[X," € [x},x], s € [t,t+h]] =1, (23)

see e.g. [23, Exercise 8.13, Chapter 2.8]. Then, it follows from the dynamic programming
principle , together with the definition of I'y in , that

—t,x

t+h
v(t,x) = To(t,x) > E% {v(t+ hX'™) = To(t + 7, X ™) —/ (G(X"™ @) — Ooag)ds}
t

Y

EFi [V(t SR XY —To(t+h, X7 — Ch}
= Q(V(t + h,xty) — Dot + h,xtlA.))
+(1 = 0)(v(t + h,x}n.) = Tolt + h,xin.)) + C(h), (24)

where

C(h) = B [v(t +h, X )] = 0v(t + h,x}p) — (1= O)v(t + h,x2,) — Ch

—ZEPh V(t+h, XY = vt + hoxt, )T — Ch.

~t,x i
{Xt+h,:xt+h}]

We claim that C(h) — 0 as h N\, 0. Recalling that v € C,(0), by (ii) of Proposition then
follows from by letting h N\, 0.

To prove that C(h) — 0, let us define
p o= {x€D(0,T]) : %, =x, for s €[0,t), and X, € [x;,x7] for s € [t,t + h]},

and consider X', %> € Dy, such that X, = X7, Using Remark and recalling the definition
of the sets P} and DM, in (10), we deduce that one can find M > 0 such that

[v(t+ h,x") — v(t + h,%%)|

=1 =2 T <1 <2
< sup EP[@(Y”“ ) (XY 4 / G (X7 atthy - g x ,a’;+h)ds”
Pep
t+h t+h
< sup ‘/ Ao (du, X) —|— sup EF| sup ‘/ / g (du,%; s, @ )dsH) |x? —x}|.
xeDM PepPM xeDM t+h

By Condition (, [v(t+h,x') = v(t+h,%?)| = 0 as h \, 0. Combining this with implies
that C(h) — 0 as h ™\, 0. O

Remark 3.8 Fiz P € Py and (t,x) € [0,T) x D([0,T)). It follows from the dynamic program-
ming principle in Proposition [3.3 that

T—h
vtx) = BT X ) - [ G atds],
t

for all h € (0,T —t). On the other hand, implies that liminf,_,o v(T — h,yz’}:h)/\,) >
@(Yt’x). By Pmposz'tion it follows that

v(t,x) > Eﬂ” / G, (X", at)ds|,
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in which ® is the smallest function above ® such that y — (& — o) (T,x @7 y) is concave for
all x € D([0,T)). It is given by (D — )¢ + Ty in which (® — )" (x) is computed as the
concave enveloppe of y — (& —To)(T,x @1 y) at y =0, see e.g. [0, Remark 3.8]. This implies
that
kS —t.x T —t.x
v(t,x) = sup EF [@(T,X ) —/ G (X" ,aﬁ)ds},
PePo t

and that any optimal rule P of problem (§) satisfies P[®(T, X £ B(T, Yt’x)] =0.

3.3 C%!(©)-regularity of v

We are now in a position to prove that v belongs to C%!(©) and that the enveloppe principle
is valid. The C%!(©)-regularity of v allows us to apply the Ité formula, which combined
with and Proposition Will lead to the key property linking Vv, A and 4 in Proposition
[4.2] below.

Proposition 3.9 (i) Fiz t < T, x € D([0,T]), and let P be an optimal solution to the control
problem with initial condition (t,x). Then, the map (h,y) € [0,T —t) xR — v(t+h,x & y)
is continuous, and v is vertically differentiable at (t,x) with vertical derivative given by

Vyv(t,x) = Vi J(t,x; P). (25)
In particular, Vv is locally bounded. Moreover, v € C21(©).

Proof. (i) First, the continuity of (h,y) — v(t + h,x @ y) follows directly from the fact that
v € C,(0), see Proposition

Let us now set

~

e(y) = v(t,xDry) — J(t,x Dy y; P), forallyeR.

Then, ¢ achieves its minimum, equal to 0, at y = 0. This implies that

limsup 2V =) o o g 2L 20
e\ € eNo0 S
and hence
t —v(t - ~ t —v(t
lim sup v(t,x) — vt x & (=€) < ViJ(t,x;P) < liminf Vit x @) — v ’X).
eN0 9 eN\0 3

On the other hand, y — v(t,x®y)—To(t, xPry) is concave, and y — Lo (t, x®,y) is differentiable,
which implies that

lim inf vt x) = v{t,x & (=2)) > limsup v(t,x e e) = v(t x) )

eN\0 3 eN\0 9

This proves (25). The fact that Vyv is locally bounded is an immediate consequence of
and Remark [3.2

To prove that V,v € C,(©), let us consider (t",x"),>1 C © such that t" > ¢, (t",x")n>1
converges to (t,x) on (0,d), and y" — y € R. Notice that (v(t,,x" + Iy, y-) — To(tn,x" +
It,1°))n>1 is a sequence of concave functions which converges to the concave function v(t,x @y
-)=To(t,x®;-). Then any limit of the corresponding sequence of gradients (9, v(t,,x" +1Ig,}-)—
OyTo(tn,x™ + 1 3-))n>1, computed at y = 0, converges to an element of the super-differential
of y — v(t,x Py y) — To(t,x ®; y), computed at y = 0. As y — v(t,x B y) — To(t,x Dy y) is
differentiable, its super-differential at 0 is unique and equal to Vyv(t,x) — 9,o(t,x ©¢ ) y—o-
O
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Proposition 3.10 Fiz z¢p € R and let P be an optimal solution to the control problem with
initial condition (0,xq). Then

¢ t
v(t,X) = V(O,xo)—|—/ VXV(S,X)dXs—F/ Gs(X,a,)ds, t€0,T], P-a.s.
0 0
Proof. By Proposition [3.3] and Lemma the process
t
v(t, X) f/ Gs(X,a5)ds, t €[0,T], is a P-martingale.
0

Then, it is enough to appeal to the It6’s formula in Proposition (together with , Propo-
sition and Proposition . Il

4 Proof of Theorem 2.12

All over this section, we fix zg € R as the initial condition of the dual control problem, and we
assume that there exists an optimal control rule to the control problem with initial condition
(0,20). The assumptions of Theorem are in force.

4.1 The key ingredient

We start by providing the key ingredient for the proof of Theorem [2.12] which relies Vyv, A

and 4 in Proposition below (recall the notations in ——). For this, we first need
to check that a dual optimizer can be chosen to be extremal for X.

Lemma 4.1 There exists an optimal control rule P € Pg 2, which is also an extremal point
of the space of all martingale measures, i.e. probability measures on  under which X is a
martingale. In particular, any (P, F)-martingale M = (My)icjo,r) on S has the representation

t
My = My +/ BsdXs, t €10, T], P-a.s. (26)
0

for some F-predictable process 8 satisfying fOT B2d(X)s < o0, P-a.s.

Proof. Let us denote by &, the collection of all extreme points of the space Py 5., and let
P be an optimal control rule for the control problem with initial condition (0, zp). Then,
by [21, Corollary (3.3) and Remark p. 111], there exists a measure . on Py such that P[A] =
f&) v P[A]p(dP) for all Borel subset A of . As the reward function J(0, zo;P) is linear in P, it

follows that, for p-a.e. P in & 4,, P is an optimal solution in Pg . Therefore, there exists an

optimal control rule P € P§.z4» Which also belongs to &o 4, - O

Let us now fix an optimal control rule P as in Lemma i.e. which is also an extreme martingale
measure. Recall that 4 is defined in and that Ar is defined in (12)).

Proposition 4.2 The random wvariable At is I@-integmble. Moreover, Vyv(0,x0) = ]EHAD[AT],
and the following martingale representation holds:

T
Ap = VXV(O,JCO)+/ Ysd X4, P-a.s., (27)
0

where (fg ’?SdXs) 8 a ]IAD-martmgale.

t€[0,7)
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Proof. Let us write & for E? for ease of notations. The integrability of A7 under P follows
directly from ( and ( Moreover, , and direct computations imply that

~ ~

T T
Viv(0,20) = ViJ(0,20;P) = E[/ )@(ds,X)—/ / Ag(du,X;s,as)ds] = E[Ar].
0 0 J0,s]
Thus, the martingale representation implies
T -~
Ar = va((),xo)—l—/ BsdXs, P-a.s.,
0

for some F-predictable process § such that ( f(f BsdXs)iepo,r) is a ]IA”—martingale, and it just
remains to prove that § =4, dP x d(X)-a.e.

Let us denote by Ay the collection of all bounded R-valued F-predictable processes. Given
§ € A, define Z° := [, 6,dX,. Then, for ¢ > 0 and 6 € [—¢,¢], Po (X +62°)7! is a weak
control rule, and the map

T
fER — E[@(szﬁ)—/ GS(X+OZ‘S,aS(1+95s))ds}
0

achieves its minimum at § = 0. By standard arguments in calculus of variations, together with

(HI) and (H2), one deduces that
N T T s
0 = E[/ Zo\o(ds, X) — / (/ Zﬁ)\g(du,X;s,as)+55a58aG(s,X,as))ds] (28)
0 0 0
Let us set
T
Aa(I) = / I, sjnr(w)Aa(du, X s, a)ds, for all Borel subsets I C [0, 77,
0
so that

T s T T T
/ / Zo a(du, X; s, 05)ds = / / Z0X0 g (W Ac(du, X; s, 05)ds = / Z2\a(du),
0 0 0 0 0

and let us denote by X% (resp. Xoc) the dual predictable projection of Ag (resp. Xg) w.r.t.
(F,P). Then, it follows from that

E{/OTgsasaaG(s,X,as)ds} - @{/OT 78 (Aa(ds, X) = Ag(ds) )|

I
&=

[/OT Zf()\?{)(ds,X)fXg(ds))} - n?:[zgi /OT (A%(ds,X)fxoc(ds))}
- E[z;i /OT ()\q,(ds,X)—XG(ds))} = B[z0Ar] = JE[/OTasﬁso@ds].

By the arbitrariness of J, the definition of 4 in , and since « is the density of (X), this

proves that
_ 0.,G(-, X, )

«

3 =4, dP x d(X)-a.e.
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4.2 Construction of the hedging strategy

We now have all the required ingredients for the construction of a perfect hedging strategy | based
on 4 and the dual predictable projection BP of A, under an (extreme) optimal measure P.

Proof of Theorem Let us consider the extreme martingale measure and optimal control
rule P as in Lemma 4.1 Define

vo :=v(0,20), Vi = v(t,X), yo:=Vv(0,20), Y;:=Vyv(t,X), foralltel0,T].

Then, it follows from Proposition (6) and that
¢ ¢ R
Vi =vo+/ )@dXs+/ Fy(X,4s)ds, t€]0,T], P-as.
0 0

Recall that A = (A¢)se[o,7) is the bounded variation process defined in and and that
B = (BP)te[O’T} is the dual predictable projection of A w.r.t. (T, @) We claim that

t > ~
Yi =Y = y0+/ 4sdXs — BY, t€0,T], P-as. (29)
0

Since v(T, X) = ®(X), it is then clear that the probability measure P together with (v, yo) and
(V,Y,4, BY) defined above provide a solution to the initial hedging problem in Definition

Thus, it remains to prove the claim . Recall that Vyv € C,(0) and is non-anticipative, which
implies that Y := Vyv(-, X) is F-adapted and right-continuous, and hence is F-progressively
measurable, or equivalently is F-predictable. At the same time Y is also F-predictable by its
definition in .

We next consider a [F- stopplng time 7 taking value in [0,7], and let (Aw)weg be a r.c.p.d.

of P knowing F,. By Lemma for P-a.e. w, Pw is an optimal control rule for the control
problem (9)) with initial condltlon ( (W), X+ A_( )). Asin Propos1tlon it follows by direct

computations that, for P-ae. we Q,
Vov(r(w), X () = Vi (r(w), X (w); P,

= EPw[/( ))@(du’X)_/( ) I )AG(du,X;s,as)dé’} = B [Ar - A ).

Equivalently,

Vev(r,X) = E° [AT _ A,

T} , Pas. (30)

Recall that A7 defined in is @—integrable, see Proposition Using and then Propo-
sition [£.2] it follows that, for all F-stopping times 7,

-5

. N . . T
Y, = Vov(r, X) = E'[Ar — A;|F.] =E"[Ar|F;] — B =E" [yo + / Fed X
0

y0—|—/ *Aysts—BE = )A’T, P-as.
0

Since Y and Y are both [F-predictable processes, we can use the predictable section theorem
(see e.g. [I4, Theorem IV.86]) to conclude that Y. =Y., P-a.s., which is the claim in (29). O
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5 Sufficient conditions for the existence of a solution to the
dual optimal control problem

The stochastic optimal control problem does not match the usual assumptions that ensure
existence of a weak optimal control rule, because the penalty term is only of quadratic growth,
compare (H3) with [I8 Conditions (2.1) and (3.5)]. In this section, we provide two different
sufficient conditions. The first one is a concavity condition on the reward function, which is
quite classical and actually ensures existence of a strong optimal control rule. The second one
is inspired from the PDE estimates in [6] and seems to be new in the optimal control literature.

5.1 Existence of a strong optimal control rule

We start with a first result on the existence of a strong solution whenever sufficient concavity
on the coefficients is assumed.

Proposition 5.1 Assume that ® and —G; are concave, for allt < T. Then, for all (t,x) €
[0,T] x D([0,T7)), there exists an optimal control rule P € ﬁ;x for the dual problem (8)), which

. & =S
is also a strong control rule, i.e. P € P, ..

Let us comment on situations in which the above Proposition can be applied, before providing
its proof.

Remark 5.2 In the context of Example[2.]}, with the computation in Remark[2.6, it is clear that
(x,a) = —G(x,a) is concave whenever f(-) = fo for some constant fo > 0 and x — oo(t, ) is
an affine function.

Remark 5.3 In the context of FExample assume that f(-) = fo and oo(:) = oo for some
constants fo,00 > 0, then

T T
]EP{@(X% ) 7/ G (X" ’ai)ds} :]EP{cpfo(Xﬂ ) - 7/ (72§ZUO+J§)d8} + 5%,
¢ 2fo Ji 2fo
in which ®g, (x') = ®(x') — i(){’zp)2 for x' € D([0,T]). By the arguments in the proof of
Proposition below, it suffices to assume that ®s, is concave in order to prove the same
ezistence results as in Proposition[5.1. On the other hand, it follows from Remark[3.§ that

—t,x 1 —t,X 1 T 2
Vt,x:supEP{ cone (XY 4 | X2 — — al — o ds]
(t:%) PePo i (X7 2fo T 2fo Ji (@ 0)
T
= sup B oo (X - L / (200 + o3)ds] +
PePo 0 2fo Jy 2fo

in which ®E"¢ is the concave enveloppe of x — @, (z1y1y) and P x dene(x’) + ﬁ|x’T|2
Hence, the second equation above implies that (strong) existence holds with the terminal payoff
i), and that it leads to the same value function. This is consistent with [6] in which the payoff
that is perfectly hedged is ®.

Remark 5.4 Note that the PDE arguments used in [6] also allow to provide the existence of a
strong solution in a Markovian setting without the above strong concavity conditions, but under
rather restrictive reqularity assumptions. We refer to Remark [5.6 below for a presentation of
the results of [G] in a more specific model (chosen so as to alleviate the notations and to match
with our benchmark Example .
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Proof of Proposition Without loss of generality, we can restrict to the case with initial
condition (0, zg). Let us first introduce an equivalent strong formulation to the control problem
with initial condition (0, ). Recall that = C(]0,T]) is the canonical space of continuous
paths. Let W = (W})¢c(o,7) be the canonical process, and denote by Py the Wiener measure,
under which W is a standard Brownian motion. On the filtered probability space (Q, F,F,Py),
let us denote

T
Ay = {6 = (0t)tefo,r) : 0 is F-predictable and EFo {/ 5fdt} < oo},
0

and then define ,
X0 = m0+/ 0sdWy, Pg-a.s. for every § € As.
0

Recall the set P§ of strong control rules defined in Definition [2.7| and the set P§, defined in
Remark 2.8 One has )

Powy = {Poo (X?) :6€ A}
Moreover, one has the equivalence result between the weak formulation (in or @D) and the
strong formulation of the control problem (see e.g. [16, Theorem 4.5]):

T
v0.0) = sup T0.20:7) = sup ]EP{CD(X‘S)f /O GS(X5,5S)ds] (31)
(S 0,0 2

Let us now complete the proof of Proposition 5.1 which is in fact an immediate consequence of
Komlos’ lemma.

Recall that, by Remark [3:2] there is a constant C' > 0 such that the optimum is achieved in
the class of controls § satisfying the integrability condition EFo| fOT §2ds] < C. Let (6™),>1 be
a maximizing sequence satisfying the latter integrability condition. It follows from Komlos’
lemma that, up to passing to convex combinations, one can extract a subsequence, (gn)nzl,
that converges dt x dPg-a.e. to some F-predictable process § satisfying

EPU[/T 55(15} <,
0

by convexity of y — y? and Fatou’s Lemma. Next, noticing that EFo [fOT |0s — SS\st] <4C, it
follows by Fatou’s Lemma again that

T ~"L
EFe [/ |05 — 5;L|2d3} = EM [||X6 - X° ||2] — 0, as n — oo.
0

By concavity of ® and —G, (Sn)nzl is still a maximizing sequence for the optimization problem
in the r.h.s. of (31). By (HI), Remark 2.10] and (HB)), there exists some constant C' > 0 such
that |®(x)| < C(1 + ||x|) and |Gy(x,a)] < C(1 + a?) for all (t,x,a) € [0,T] x D([0,T]) x R.
Then, it is enough to apply Fatou’s Lemma again to prove that § is an optimal control process

to the control problem in the r.h.s. of . O

5.2 Existence of a weak optimal control rule

Let us now consider a path-dependent extension of the model considered in Example and
Remark wherd]
1
G(t,x,a) = 572(t,x)a2 —y1(t,x)a + yo(t, x), (32)

IMore general situations could be tackled with the same tools, we choose this formulation for sake of simplicity
of the exposition.
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for some positive bounded continuous functionals v; : © - R, i = 0,1,2. Assume in addition
that, for some modulus of continuity p : Ry — R, and some constant C' > 0,

Mt %) =X < p(lt =) + Clixen. — xpn |- (33)

In this context, one can apply exactly the same arguments in Proposition to deduce that
v —I'g is Dupire-concave, i.e., for all t > 0, y — (v — I'g)(¢,x @+ y) is concave, with

To(t,x) = /OXt /Oy1 Y2 (t,x D¢ (y2 — Xt))dygdyl.
We will nevertheless assume a slightly more restrictive condition, namely that
yER— (v—T,)(t,x®yy) is concave for all (¢t,x) € [0,7T] x D([0,T7]). (34)
with
T, (t,x) = To(t,x) — ox7,
for some €9 > 0. This condition will be further discussed in Remark below.

Theorem 5.5 In the context of , assume that holds for some ey > 0. Then for every
initial condition (t,x), there exists an optimal control rule P for the problem .

Proof. Without loss of generality, we can restrict to the case with initial condition (0, xz).
Let (P"),>1 be a maximizing sequence for the control problem @ By the boundedness of 7,
together with Conditions ( and (, one has

|2(x)] < C(L+|xl)), [To(t,x)| <C+ [x¢a.|?) and supE™ [ sup X7] <C, (35)
n>1 0<t<T
for some constant C' > 0. Fix M > 0, 7y := inf{t > 0 : |X;| > M} and let Tj; denote the
collection of all F-stopping times dominated by 75,. We claim that, for all M > 0,

lim 6p7(0) =0, with 0ps(0) := limsup sup E™ [| X, — XUIQ]. (36)

6™\,0 n—oo o, 7€Tnm,0<7<0+0

Then, using Aldous’ Criterion (see e.g. [20, Theorem VI1.4.5]) together with [20, Proposition
V1.3.26] and (B5), one obtains that

: —1
the sequence (]P” o (X.,/ agds) ) N is tight. (37)
0 n>1

Therefore, up to possibly passing along a subsequence, there exists some Pe Po,z, such that

. 1 R . 1
P" o (X.,/ agds) — Po (X.,/ azds) . (38)
0 0
It follows that

lim B [@(X)] = EF[®(X)],  lim E*" [ /0 ’ —'yo(t,X)dt} :E@[ /0 ’ —'yo(t,X)dt}, (39)

n—oo n—oo

and, since 'y is bounded from below, that

T
n 1 n r— —
lim sup E? [ / —iyg(t,X)atzdt] = limsupE? [FO(O,xo)fFO(T,X)}
0

< 00 - To0X)] = B[ [~ Joatt X)adar]. (40)
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Moreover, recalling and setting

CEP atdt + ,/Eﬂ”" 2dt +EP sup | X, —Xt|2dt]
s sE€[t—e,t]

< C p(E) +e,

d(n, )

together with a, = 0 for s > T, it follows from ([33)) that, for € > 0,

T
lim sup EF” [/ yl(t,X)atdt} < hmsup EP / / Y1 (s X)dsoztdt} + Cd(n, s))
n— 00 0 n—o00
t+e
< limsup (IEPn [/ ’yl(t,X)l/ asdsdt] + Cé(n, 5)])
n—00 0 g Jt

IA

lim sup (Eﬂw {/T ~1(t, X) i/HE a?dsdt} + C’(S(n,e))
0 t

n—oo

E@{/OT%@ X/ = / a2dsdt| +C\/ple) + e,

where the last equality is due to and the fact that sup,,>; EF[ fOT a?ds] < oo. Letting
€ — 0, we deduce that

T T
lim sup ™" [/0 ’yl(t,X)atdt] < EF {/0 'yl(t,X)atdt}.

n—oo

Together with and (40)), this leads to

]E@{é(X)/OTGt(X,at)dt} > limsupEF" [(I)(X)/OTGt(X,at)dt} = (0, z0),

n—oo

and therefore P is an optimal control rule for problem @

It remains to prove the claim in . Assume that is not true. Then there exist M > 0, a
sequence of positive constants 6,, — 0, together with a sequence of stopping times (o, 7 )n C
Tar X Tar such that o, <7, < o0, +0,, and

2c = nminfEP"[/ las|*ds] > 0. (41)

Set
¢ =V Fso and fn = EE: [(b(TnaX) - ¢(Tn, (X EBon, (XTn - XUn))Un/\-)} .

Using the same arguments as in the second part of the proof of Proposition [3.7] one has
EF"[¢,] — 0 as 6,, — 0. Further, by and the fact that ¢ is Dupire-concave, one obtains

n 1 Tn
B [virX) - 5 [

On

'yg(s,Xs)aids}

/ amz?ds] —|—f€0 (o, X) +&n

n

< ¢(on, X)+CO, ——EEZ{/ oz?ds}waEO(on,X)Jr{n

N~

= EL (7, (X @0, (X7, = Xo,))oun) =

n

= v(on,X) +C0, —EEP [/maids} +&n.

n
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Now recall that EF»[ [T |a|ds] < Cﬁé by (35), for some C > 0. Thus, leads to

B [vrX) - [ GuXan)ds] < B v(on X)) o+ 00}/ + 6.

for n large enough, and therefore

n—oo T n—ooo

lim EP" [V(Tn,X)— / ' G(X, as)ds} < lim E¥ [v(o,, X)] — eoc. (42)

On the other hand, it follows from the dynamic programming principle in Proposition [3.3] that

m T
v(0,x0) > limET" {V(Tn, X)f/ Gs(X, ozs)ds} > limEP” [@(X)f/ Gq(X, ozs)ds] = v(0, zq).
n 0 n 0
(43)
The above implies that
. P . n _ . P™
lim E [V(Tn,X) /a n Gy(X, as)ds} Tim B [v(0, X)),
which is a contradiction to . Therefore, the claim in holds true. 1

Remark 5.6 (Sufficient conditions for (34)) Consider the Markovian setting in which ®(x) =
®(xplry) =: ®(xr) and G(t,x,a) = G(t,xdyyy,a) = G(t,x¢,a) for t < T and x € D([0,T]),

a € R. Then, the Hamilton-Jacobi-Bellman equation associated to v, defined by v(t,-) :=
v(t, Igyy) fort <T, s

Orp + F(vazz@) =0, on[0,T) xR, (44)

with terminal condition o(T,-) = ®, in which

F(t,z,z) = sug% (agz - G(t,z,a)), (t,x,2) €[0,T] x R2. (45)
ae

Assume further that (t,x) € [0,T] x R > ~y2(t,2L(yy) is uniformly continuous, bounded, with
bounded inverse, that F is uniformly continuous on each D,, := {F < n}, n > 1, with (0;F/F)~
bounded on D := Up>1Dy, that F(-,0) = 0, F € N0y (D) with DI == D, N ([0,T] x
R x [-n,n]]), 0.F > 0 on D, that |0, F| + |0.F|~! is bounded on each DI, n > 1, and that
z € (—00,0] = 0,F(-,2) has at most linear growth (uniformly in the other variables). Then,
the a-priori estimates of [6, Proposition 3.10] are valid, as well as the arguments in the proof
of [6, Theorem 3.11] when

(i) @ € CF*™ for some v > 0,

(i) {(t,z,02,®(x)) : (t,x) € [0,T] x R} C D, for somen > 1.
Namely, in this case, admits a unique solution u € C;’Q([O,T] x R) such that the sup in
the definition of F(t,z,0%,u(t,z)) is achieved and bounded uniformly in (t,x) € [0,T] x R. By
immediate verification, we have u = vV and a strong solution to our dual optimal control problem

exists. Moreover, by [0, Theorem :‘)’.11/ again, u satisfies for some g9 > 0 that only depends
on eg > 0 such that x — ®(x) — ' (T, x) is concave.

Assume now that one can find a sequence (®p, Gp)p>1 whose elements each satisfy the above
requirement and converge pointwise in a monotone way to (®,G) with @, < ®, G,, > G and
such that one can choose e =g > 0. Then, it is not difficult to see that the corresponding
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sequence of solutions (un)n>1 converges pointwise to v. From the preceding discussion, it follows
that v satisfies as well with eg = g (although v will not be smooth in general and a strong
solution to may not exist). We refer to the proofs of [6, Theorem 3.11 and Lemma 3.13]
for the construction of such approzimating sequences.

In general, we might have to face-lift ® so as to ensure that the corresponding €3 1is positive.
This can be done as explained in Remark with T, in place of Ty for a small ¢ > 0. In
this case, the hedging strategy will hedge the face-lifted payoff, and will (in general) only be a
super-hedging strategy for the original one.

Extensions of the above arguments to path dependent situations in which the coefficients depend
on x also through quantities of the form (fot Xspsds)i<T, for some continuous deterministic
process p, are straightforward.

Remark 5.7 (Comparison with [6]) Conditions in [6] under which a solution to the primal
hedging problem exists are far more restrictive than the ones of the previous Remark[5.6, Thzs
is due to the fact that [6] looks directly to a solution to the primal problem and requires a C’
solution to ) to construct it (see [6, Corollary 3.12]). Since we only want to establzsh .
we only need here solutions to approximating dual problems, each associated to a C %_value
function, but we do not care about the reqularity of the limit.

A Appendix: A version of I1t6’s formula for path-dependent
functionals

We provide here a particular version of the Itd’s formula for path-dependent functional as
initially introduced by Dupire [I5], and then studied by [12]. See also [28] for convex functionals.
Our versions exploit the fact that the functional ¢ : © — R we consider is non-increasing in
time, Dupire-concave, and produce a martingale along the path of a given martingale, up to
some correction term. This allows us to assume less regularity on the function, that is, ¢ is only
C%1(O) in the spirit of [13, 27] who considered Markovian settings. For simplicity, the results
will only be stated for a one dimensional process, but it clearly holds for d-dimensional ones.
We first assume that the functional itself is Dupire-concave and non-increasing in time, before
to generalize this result in Proposition [A2] to match with the conditions under which we need
to apply it in Proposition above.

Proposition A.1 Let (Q,F,F,P) be a filtered probability, equipped with a continuous semi-
martingale Z such that EF[||Z|?] < co. Let ¢ : [0,T] x D([0,T]) — R be a non-anticipative
function in COY(O) which is Dupire-concave and such that Vi is locally bounded. Assume
further that the map s — @q(X¢n.) is non-increasing on [t,T] for all (t,x) € ©. Then, there
exists a predictable non-increasing process K starting at 0 such that

o.(2) = polZ0) + /0 Voo (2)dZi+ K, on [0,T).

Proof. Let us adapt the proof of [I2, Theorem 4.1] to our context. Fix ¢ = ¢h" for i =
0,1,---,n with A" :=T/n,n > 1. Set Z" := ), Zt;‘I[t;",t;‘Jrly Then,

ein (Z7) = o (Z7) = o, (Z7) = pun, (Z3yn) + pap (ZR4n) — en (Z7).
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Applying the Meyer-Tanaka formula to r € [t 7] = wup, (ZR4n Sy, (Zr — Zip)), it follows
that o '

pen, (Z7) = een, (Z34n)

2
= / vX(ptfﬂ(Z/r\Lt? ®t?+1 (Zr — Zt?))dZT + KZZIH a KZ%L
t

n
i

in which K™ is a non-increasing predictable process starting at 0. On the other hand, Per, (Z3n)—
¢n(Z™) < 0 by our monotonicity assumption. Hence, for t < T,

0i(Z) =po(Z) + ZI[t_;l,tyH)(t) (0e(Z) — pen (Z™))
=0

n (7—1)A(n—-1)

+ Z [tn t1+1)( ) Z /7 xSDtlﬂJrl Z/\t" Sy, (Zr - Zt?,))er + f(zl,

§=0
in which K™ is another non-increasing predictable process starting at 0. By [12, Lemma A3,
|Z™ — Z|| — 0 as n — oo, so that
n
ZI[t;,t;LH)(t) (¢e(Z) — pen(Z™)) = 0 asn — oo, P-as.
Moreover, up to an additional localization argument, one can assume that Vyy is bounded.

Thus, the above, [26, Chapter IV, Theorem 32| and the fact that ¢ € C%(©) imply that

(G—1)A(n—1)

e} N :
H Z L, ;‘H)(') Z /t*' VX‘Pt” Z/\ty Din, | (Zr — Zyp))dZ, — /o Vipr(Z)

in probability as n — oo, and therefore P-a.s. along a subsequence. Finally, (R’ ™)n>1 being a se-
quence of non-increasing processes starting at 0, it converges to some non-increasing predictable
process K starting at 0. Combining the above, we obtain that

0(Z) = pol2) + / Vepr(2)dZ, + K.

O

We now state a variant result of Proposition in which we alleviate the conditions of mono-
tonicity and concavity. Since the proof is very similar to the one of Proposition we only
explain the main modifications.

Proposition A.2 Let (Q,F,F,P) be a filtered probability, equipped with a continuous semi-
martingale Z such that EF[||Z||?] < oo. Let ¢ : © + R be a non-anticipative map in C%1(0)
such that Vyo is locally bounded. Assume that there exists R € CL2(0) and a continuous
function € : [0,T] — R such that:

(1) ¢ — R is Dupire-concave.

(2) s+ ps(xen.) — £(8) is non-increasing on [t,T], for any (t,x) € ©.
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Then, there exists a non-increasing predictable process K starting at 0 such that
1 .
02) - [ SVERAZ)AZ), = e0(2)+ | Vapn(2)dZ, + K +00) - HO).
0 0

Moreover, if Z and p.(Z) — B are (P,F)-martingales, for some predictable bounded variation
process B, then

SO(Z) = 900(Zo) + ‘/O VXQDt(Z)dZt + B , on [07T]

Proof. By a straightforward adaptation of the arguments of the proof of Proposition one
can find a non-increasing predictable process K, starting at 0, such that

(0. — R)(Z) — () = (9o — Ro)(Z) — £(0) + / (Vagr — VuRi)(2)dZ, + K — / OR(Z)dr.

By the Ito’s formula for smooth path-dependent functionals, [12, Theorem 4.1],
. 1 .
R(Z)=Ry(Z) —|—/ VxRi(Z)dZ, +/ §V)2(Rt(Z)d<Z>t +/ OtR(Z)dr.
0 0 0
Hence,

0 2) = 2)+ | Ve 2)izi+ | SVIR(DNUZ)+ K +40) = 00)

If Z and ¢.(Z) — B are martingales, for some predictable bounded variation process B, then
Jo AV2R,(2)d(Z), + K + () — £(0) = B. -

References

[1] F. Abergel and G. Loeper. Pricing and hedging contingent claims with liquidity costs and
market impact. To appear in the proceedings of the International Workshop on Econo-
physics and Sociophysics, Springer, New Economic Window, 2016.

[2] D. Becherer, T. Bilarev, and P. Frentrup. Stability for gains from large investors’ strategies
in m1/j1 topologies. Bernoulli. To appear.

[3] D. Becherer, T. Bilarev, and P. Frentrup. Optimal asset liquidation with multiplicative
transient price impact. Applied Mathematics € Optimization, pages 1-34, 2016.

[4] D. Becherer, T. Bilarev, and P. Frentrup. Optimal liquidation under stochastic liquidity.
Finance and Stochastics, 22(1):39-68, 2018.

[5] T. Bilarev and D. Becherer. Hedging with transient price impact for non-covered and
covered options. arXiv preprint arXiv:1807.05917, 2018.

[6] B. Bouchard, G. Loeper, M. Soner, and C. Zhou. Second order stochastic target problems
with generalized market impact. SIAM Journal on Control and Optimization, to appear,
2019.

[7] B. Bouchard, G. Loeper, and Y. Zou. Almost sure hedging with permanent price impact.
Finance and Stochastics, 20(3):741-771, 2016.

27



18]

19]

[10]

[11]

[12]

[13]

[14]

[15]
[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

[24]

[25]

B. Bouchard, G. Loeper, and Y. Zou. Hedging of covered options with linear market impact
and gamma constraint. STAM Journal on Control and Optimization, 55(5):3319-3348, 2017.

U. Cetin, R. A. Jarrow, and P. Protter. Liquidity risk and arbitrage pricing theory. Finance
and stochastics, 8(3):311-341, 2004.

P. Cheridito, H. M. Soner, N. Touzi, and N. Victoir. Second-order backward stochastic
differential equations and fully nonlinear parabolic pdes. Communications on Pure and

Applied Mathematics: A Journal Issued by the Courant Institute of Mathematical Sciences,
60(7):1081-1110, 2007.

J. Claisse, D. Talay, and X. Tan. A pseudo-markov property for controlled diffusion pro-
cesses. SIAM Journal on Control and Optimization, 54(2):1017-1029, 2016.

R. Cont and D.-A. Fournié. Functional it6 calculus and stochastic integral representation
of martingales. The Annals of Probability, 41(1):109-133, 2013.

F. Coquet, A. Jakubowski, J. Mémin, and L. Stominski. Natural decomposition of processes
and weak dirichlet processes. In In Memoriam Paul-André Meyer, pages 81-116. Springer,
2006.

C. Dellacherie and P. A. Meyer. Probabilities and potential, 1978.
B. Dupire. Functional it6 calculus. Portfolio Research Paper, 04, 2009.

N. El Karoui and X. Tan. Capacities, measurable selection and dynamic programming part
ii: application in stochastic control problems. arXiv preprint arXiv:1310.3364, 2013.

R. Frey. Perfect option hedging for a large trader. Finance and Stochastics, 2(2):115-141,
1998.

U. G. Haussmann and J.-P. Lepeltier. On the existence of optimal controls. STAM Journal
on Control and Optimization, 28(4):851-902, 1990.

N. Ikeda and S. Watanabe. Stochastic differential equations and diffusion processes, vol-
ume 24. Elsevier, 2014.

J. Jacod and A. Shiryaev. Limit theorems for stochastic processes, volume 288. Springer
Science & Business Media, 2013.

J. Jacod and M. Yor. Etude des solutions extrémales et représentation intégrale des solu-
tions pour certains problémes de martingales. Probability theory and related fields, 38(2):83~
125, 1977.

R. L. Karandikar. On the quadratic variation process of a continuous martingale. Illinois
journal of Mathematics, 27(2):178-181, 1983.

I. Karatzas and S. E. Shreve. Brownian motion. In Brownian Motion and Stochastic
Calculus, pages 47-127. Springer, 1998.

H. Liu and J. M. Yong. Option pricing with an illiquid underlying asset market. Journal
of Economic Dynamics and Control, 29:2125-2156, 2005.

G. Loeper. Option pricing with linear market impact and non-linear Black and Scholes
equations. https://arxiv.org/abs/1301.6252.

28



[26] P. Protter. Stochastic integration and differential equations. Stochastic Modelling and
Applied Probability, 21. Springer, Berlin, 2005.

[27] F. Russo and P. Vallois. Ito formula for c¢!-functions of semimartingales. Probability theory
and related fields, 104(1):27-41, 1996.

[28] Y. F. Saporito. The functional meyer—tanaka formula. Stochastics and Dynamics,
18(04):1850030, 2018.

[29] P. J. Schonbucher and P. Wilmott. The feedback effects of hedging in illiquid markets.
SIAM Journal on Applied Mathematics, 61:232-272, 2000.

[30] K. R. Sircar and G. Papanicolaou. Generalized black-scholes models accounting for in-
creased market volatility from hedging strategies. Applied Mathematical Finance, 5(1):45—
82, 1998.

[31] H. M. Soner and N. Touzi. The dynamic programming equation for second order stochastic
target problems. SIAM Journal on Control and Optimization, 48(4):2344-2365, 2009.

29



	Introduction and notations
	Dual formulation and perfect hedging
	Primal hedging problem
	The dual problem
	Main result

	Study of the dual optimal control problem
	A-priori estimates, dynamic programming principle and time consistency of an optimal control
	Continuity and concavity of v
	Cr0,1()-regularity of v

	Proof of Theorem 2.12
	The key ingredient
	Construction of the hedging strategy

	Sufficient conditions for the existence of a solution to the dual optimal control problem
	Existence of a strong optimal control rule
	Existence of a weak optimal control rule

	Appendix: A version of Itô's formula for path-dependent functionals

