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Abstract

We study a class of linear parabolic path-dependent PDEs (PPDEs) defined on
the space of cadlag paths x € D([0,T]), in which the coefficient functions at time ¢
depend on x(t) and fot x(s)dAs, for some (deterministic) continuous function A with
bounded variations. Under uniform ellipticity and Holder regularity conditions on the
coeflicients, together with some technical conditions on A, we obtain the existence of
a smooth solution to the PPDE by appealing to the notion of Dupire’s derivatives. It
provides a generalization to the existing literature studying the case where A; = ¢, and
complements our recent work in [2] on the regularity of approximate viscosity solutions
for parabolic PPDEs. As a by-product, we also obtain existence and uniqueness of
weak solutions for a class of path-dependent SDEs.
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1 Introduction
We consider linear parabolic path-dependent PDEs (PPDEs) of the form
1 _
OV + OV + 5526)% + £=0, on [0,T) x D([0,T7]) (1.1)
V(T7 ) =gon D([OaT])

In the above, D([0,T]) denotes the space of all real-valued cadlag path x = (x(t)).e[o,r] on
[0, 7], the derivatives are taken in the sense of Dupire [6, 3] (see Section 2.1 below), and
the coefficient functions (ji,,¢,g) : [0,7] x D([0,T]) — R x R x R x R are of the form

(7,01, 01, 9) (x) = (e, 00, 4e) (x(2), It(x)), §(x) = g(xr, I7(x)), with L;(x) 3:/0 x(s)dAs,

for some functions (i, 0,¢,g) : [0,7] x R?> — R x R x R x R, and a continuous process A
with bounded variations. When A is absolutely continuous, say simply A; = ¢, the above
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can be written as a degenerate parabolic PDE

1
202 _w+L€=00n[0,T) x R% o(T,-) = g on R?, (1.2)

OV + 10z, v + 2103,v + 39 Oy

in which the derivatives are now taken in the usual sense and

v(t,x) = v(t, X¢, It(x)).

Indeed, the Dupire’s horizontal derivative d;v and vertical derivatives (0yv, 92v) are related
to the partial derivatives of v through

(O, Oy, D2V (t,x) = (0 + x(t)0ss, am,aglxl) v(t, x(t), I(x)).

Various works are devoted to such equations, going back to [10], in more complex multi-
variate frameworks, see e.g. [5, 8, 11, 13, 15] and the references therein. The latter PDE
may not admit a C'?-solution, in the traditional sense, even when & is uniformly elliptic:
Ov and 0y,v are in general not well-defined and one needs to define 0,v 4+ x10,,v jointly,
appealing to the notion of Lie derivative, which amounts to considering Dupire’s horizontal
derivative when the PDE is seen as a PPDE.

The main novelty of this paper is that we do not assume anymore that (A¢).ejo,7 is ab-
solutely continuous in ¢. In this case, the PDE formulation (1.2) is not valide anymore,
but the PPDE formulation (1.1) is still adequate. We provide conditions under which (1.1)
admits a solution that is smooth in the sense of Dupire’s deviratives. It complements [2] in
which coefficients are assumed to be C'*%, which allows one to construct the so-called ap-
proximate viscosity solutions of non-linear path-dependent PDEs with first order Dupire’s
vertical derivative enjoying some Holder-type regularity (see [2] for details). As shown
in e.g. [1], in many situations, this is already sufficient to derive a Feynman-Kac’s repre-
sentation of the solution by appealing to a version of It6-Dupire’s stochastic calculus for
path-dependent functionals that are only vertically differentiable up to the first order. In
contrast to [2], we only assume here that the coefficients are Holder continuous, but require
o to be non-degenerate, so as to expect the classical regularization effect to operate.

We rely on the parametrix approach, see e.g. [9, Chapter 1]. For this, we perform a change
of variables which allows us to reduce to a PDE of the form

Oru+ p((1, A), Du) + %02(1,A)D2u(1,A)T -0,

which can be written even if A is not absolutely continuous. The above is again degenerate
and (Du, D?>u) may not be well-defined. However, the parametrix approach allows one to
show that ((1,A), Du) and (1, A)D?u(1,A)" are, which in turn implies that the vertical
derivatives (0xv,92v) of the path-dependent functional v are.

As a by-product, we establish the existence and uniqueness of a weak solution to the path-
dependent stochastic differential equation (SDE)

t t t
Xt=Xo+/ us(Xs,Is)dH/ oo(Xs, 1,)dWV, It:/ X,dA,, t>0,
0 0 0
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and provide some first properties of the transition density of the Markov process (X, I), as
well as the corresponding Feynman-Kac’s formula.

These results require structural conditions relating the Holder regularity of the coefficient
(1, o) and the path behavior of A. If one knows a priori that the above SDE admits a unique
weak solution, then one can prove under weaker conditions that the candidate solution to
(1.1), deduced from a formal application of the Feynman-Kac’s formulal, is already C' in
space, in the sense of Dupire. As mentioned above, this turns out to be enough to deduce
its Ito-Dupire’s semimartingale decomposition.

All over this paper, we stick to a one-dimensional setting for ease of notations. Extensions

to multivariate frameworks can be provided by using similar techniques.

The rest of this paper is organized as follows. Section 2 states our main results. Proofs are

collected in Section 3.

In the following, the i-th component of a vector z is denoted by z;, the (i, j)-component of
a matrix M is denoted by M;;. Given ¢ : (t,z) € [0,T] x R? — ¢(t,x) € R, we let D¢
and D?¢ (or D,¢ and D2, ¢) be the gradient and the Hessian matrix with respect to z.
The space partial derivatives are denoted by 0, ¢, 8§ixj¢, and so on if we have to consider
higher orders.

2 Dupire’s regularity for linear PPDEs depending on the
average of the path

2.1 Notations and assumptions

Given T > 0, let D([0,7]) denote the Skorokhod space of all R-valued cadlag paths
x = (x(t))eejo,r) on [0,T], and let C([0,T]) denote the subspace of continuous paths. Let
us equipped D([0,T]) with the Skorokhod topology, and C([0,7]) with the uniform con-
vergence topology. Let A = (A;)i>0 be a deterministic continuous process with finite
variation, and (i, 0,f) : [0,7] x R? — R x R x R be coefficient functions, from which we

define path-dependent functionals (g, a,¢) : [0,7] x D([0,7]) — R x R x R by
(i, 00, B) () = (jies 0 0) (5(0), 1)), with Lu(x) i= /0 " <(s)dA,.
We study the following linear parabolic path-dependent PDE (PPDE):
oV + oV + %a%ﬁv + £ = 0, on [0,T) x D([0,T7), (2.1)

with terminal condition v(7',x) = g(x) := g(x(T), Ir(x)) for some function g : RxR — R.
In the above, the derivatives are taken in the sense of Dupire.

'Or more rigorously its viscosity solution in the sense of [4, 16], see also e.g. [2, 7, 12] and the references
therein for an alternative definition.



Dupire’s derivatives for path-dependent functionals To give a precise definition to
the PPDE (2.1), let us recall Dupire’s [6, 3] notion of horizontal derivative 0; and vertical
derivatives 0y and 9? for path-dependent functionals.

Let F : [0,T] x D([0,T]) — R be a path-dependent functional, it is said to be non-
anticipative if F(s,x) = F(s,x(s A -)) for all (s,x) € [0,7] x D([0,7]). For an non-
anticipative map F', its horizontal derivative 05 F'(s,x) at (s,x) € [0,T) x D(]0,T]) is defined
as

F ) —F

0 F(s,x) = lim LEFRX(EA) = Fls,x)
R\0 h

and its vertical derivative 0xF(s,x) is defined as

F(va + y]-[s,T]) - F(S’X)

OxF(s,x) = lirr(l) ,
y— Y

whenever the limits exist. In the above, x + y1[, 7 denotes the path taking value x; +
Y15 7)(t) at time ¢ € [0,7]. Similarly, one can define the second order vertical derivative
O2F as the vertical derivative of Oy F. Given t € (0,7T], we denote by C([0,t)) the space of
all continuous non-anticipative functionals F : [0,¢) x D([0,7]) — R, and we set

Co([0,1)) := {F € C([0,t)) : OxF is well-defined and belongs to C([0,t))},
as well as
c3([o,t)) := {F e CY([0,t)) : OsF and D2F are well-defined and belong to C([0,))}.
Assumptions on the process A: Recall that A = (At)te[o,T} is a deterministic process
with finite variation. For 0 < s <t < T, let us define Zs’t = i fst A,dr and

1
t—s

1 t — 2 N
Mgt 1= / (Ar — As,t) dr, msy =
t—s Jg

¢
/ (A, — Ay)%dr.
S
The above will play a major role in our analysis, as they will drive the behavior of the

parametrix density on small time intervals.

Assumption 2.1. (i) There exist constants fBo, f1, 82,83 > 0 and C(29),C(23) > 0 such
that, for all 0 < s <t < T,

Gant =97 S 8 < Cane—a™, (2:2)
_ 1 ,
Con) (t—s) < p— < Clas(t—s) P, (2.3)

(ii) There exist constants 34 > 0 and C(g.4) > 0 such that
|A — Ag| < 0(2_4)(15—8)64, forall0<s<t<T. (2.4)

Remark 2.2. Notice that, lim; s ms; = 0 by continuity of A. Without loss of generality,
one can therefore assume that

B1 < Bo < B3 and B < P2 < B3.

Moreover, one can always choose By = B4 = 0 since ms; < myy by their definitions.



Let us provide some typical examples.

Example 2.3. (i) Let A be defined by A; = fg p(s)ds, t > 0, with e < p < 1/e a.e. for
some € > 0. Then, it is easy to check that Assumption 2.1 holds with

50:07 ﬁlzov 52:27 63:27 54:1

In this setting, our main results are similar to those in [8], which studied a multivariate
version of the case where p is constant.

(ii) Let Ay =tV for some vy € (0,1). Then,

27+ _ g2y +1 |t~/+1 _ S'y+1|2

m = )
T @2y +D(t-s) (Y1)t s)?
and
~ - 271+1 (t27+1 _ 327-1—1) _ Qﬁ(ﬂﬂ _ 57—&-1)87 + (t _ 5)527
mst = t—s

In this setting, Assumption 2.1 holds true with
Bo=0, p1=0, Bo=2y, B3=2y, Bs=1.
(iii) Assume that there exists 1 > 1 > 72 > 0 and C1,Cy > 0 such that
Chlt —s|" <Ay — Ay < Colt — 8|72, foralls <t <T.
Then, Assumption 2.1 holds with

Bo=2(m1 =), F1=0, fo=2v, f3=27, B1="0.

Indeed, let us choose to € [0,T] such that Ay, = Asy. Assume that t —tg > (t — s)/2
(otherwise tg — s > (t — s)/2 and we can use similar computations), then

t t 02
t— = A, — A P > C?|r — to|*dr > 1
(t — s)ms /S | Ay tol” > o il —tol ro= 2271 +1(2y, + 1)

|t — S|271+1.

[t — 5|22+, Thus,

t 2 C3
On the other hand, (t — s)mg; < [ |A, — As]* < ]

1< st < 2271“%\15 — g2,
Mst 012(272 + 1)
Assumptions on the coefficient functions p and o: As in e.g. [8], the following
Holder regularity assumption on the coefficient functions (p, o) : [0,7] x R? — R x R is
calibrated to match with the explosion rate of the quadratic form entering the parametrix.
It does not impose smoothness conditions on p and o as in e.g. [13], and facilitate the
analysis, see Remark 2.6 below. Let us set

0 = {(s.2.t,y) € [0,T) x B> x [0,T] x B? : 5 < t},

and, for (s,z,t,y) € O,

. 1 0
Ws,t(‘ra y) =T = Es,t(y) € R27 with Es,t(y) = ( (A A ) 1 ) Yy € R2' (25)
- t — {ls



Assumption 2.4. Let By, 81,82 > 0 be the constants in Assumption 2.1. Then,
(i) We have
B1:=p1—PBo>—1, By:=pa—fo>—L
Moreover, the coefficients i and o are continuous, and there exist constants (a,a) € R2,
beR, Cur >0 and a >0 such that

lu| <b, 0<a<o®<a, on|0,T]xR? (2.6)
and
27@, 27011
|o5(2) —ou(y)| < 0(2.7)<\t—8\“+ W (2, y) |7+ \Ws,t(m,y)\”%), (2.7)

for all (s,z,t,y) € O.
ii) There exists a constant C(y gy > 0 such that
(2.8)

_2a 2a
e(@) = )] < Coy (21 = 02|78 + |2 = 2] 2 ), for all (t,,y) € [0,T] x R? x R2,
(2.8)

Example 2.5. The condition (2.7) holds for instance if o5(x1,x2) depends only on (s,x1)
and is Hélder with respect to (s,x1). It would also hold if it is of the form os(x) = 65(x1, T2—
Asxy) for some Hdélder continuous map 6. Indeed, one has

|22 — Asz1 — (y2 — An) — As(yr — 21) + As(y1 — 21)|
< |wa —y2 + (A — Ayn)| + [Asl |y — =1

(1 + mac AL )

|22 — As1 — (y2 — An)|

IN

Remark 2.6. The case where the coefficient o is Holder in the classical sense, i.e.
270‘/ 2701/
|os(z) —ou(y)| < C(It —s|* + |z — |+ |z — 1+B2)

can be tackled by combining the arquments below with those of e.g. [13]. This will add
additional exponentially growing terms in the estimates on d in Proposition 3.5 below,
which can be handled, to the price of adapted restrictions on the coefficients (Bi)o<i<a. We
chose the formulation of the conditions in (2.7) for sake of simplicity.

2.2 Heuristic derivation using a change of variables and the parametrix
method

Let us consider the path-dependent SDE

t t t
X = Xy +/ ws(Xs, I)ds +/ o1(Xs, I)dWs, I = / XsdAs, te]0,T], (2.9)
0 0 0

where W is a Brownian motion. Assume that the above SDE has a solution X such
that (X, I) is Markov. Then, to deduce a solution to the PPDE (2.1), it suffices to find the
transition probability (density) function f(s,z;t,y) of the Markov process (X, I) from (s, x)



to (t,y). When t — A, is absolutely continuous, it is well-known that (s, ) — f(s, x;t,y)
solves a Kolmogorov’s backward PDE and that (¢,y) — f(s, z;t,y) solves a Kolmogorov’s
forward PDE. One can then apply the classical parametrix method as in [8, Section 4] to
guess the expression of f(s,z;t,y).

In our setting where A is not necessarily absolutely continuous, it is no more possible to
write the Kolmogorov’s PDE for the transition probability (density) function of (X, I). We
therefore perform a change of variable and set

~ X . 1 0
X, = A th A; = t T]. 2.1
t t(Lf >3W1 t (At _1>7 € [0,T] (2.10)

Notice that A;' = A; and that X is a diffusion process with dynamics
> ~ b= b~ =
X = Xo —1—/ fis(Xs) A gds +/ Gs(Xs)AgdWy, te[0,T], (2.11)
0 0
where X, fi:R? — R and 6 : R2 — R are defined by

XS = ( js > . fis(x) := ps(Asz) and 64(z) == o5(Asx), (s,2) € [0,T)] x R%.  (2.12)

The generator Lof X is given by
Lo(s,x) = fis(x) KS - Do(s,x) + %&S(x)Z Tr [XS(XS)TD2¢(S,$):| ,

for smooth functions ¢ : [0,T] x R? — R.
Assume that the SDE (2.11) has a solution X which is Markovian and has a smooth
transition probability density function f(s,x;t,y), from z at s to y at ¢, then (s,z) —

f(s,x;t,y) solves the Kolmogorov backward equation
(0s + E)f(s,x;t,y) =0, for (s,z) € [0,t) x R2. (2.13)

Notice that, in the above, the operator £ acts on the first two arguments (s, z) of f(s, z;t,y).

To construct the parametrix, we consider the following process, with volatility frozen at
(r,z) € [0,T] x R,

X7 = 6r(2)/ A dW, tel0,T].
0
The corresponding generator L7 is then given by
~ 1
L¢(s,x) = iér(z)z Tr [XS(XS)TDz(b(S,CC)} , for smooth functions ¢.

We further define fm(s,x;t,y) as the corresponding transition probability function from
(s,z) to (t,y), for (s,z,t,y) € ©. Notice that f,. is explicitly given and tgat Yy —
frz(s,x;t,y) is the density function of the Gaussian random vector = + &, (2) fst A dW,. It
satisfies

(0s + ZT’Z)fT,Z(S,x;t,y) =0, for (s,x) € [0,t) x R2. (2.14)



Now, we employ the machinery of the parametrix method (see e.g. [9, Chapter 1] or [§]),
taking f;,(s,z;t,y) as parametrix, and expressing f(s,;t,y) in the following form:

t ~
f(S,l’; tu y) = fty(S,Jf;t,y)‘f‘/ / f'r‘,Z(Sux;rn Z)(P(T)Z7t)y)d2drv (215)
s JR?
for some function @ : © —s R. By (2.13) and (2.14), one must have

)f(s x;t,y)
)f (s, 25t y) + (95 +£ / / fra(s, @37, 2)®(r, 2, t, y)dzdr
= (L= L") fry(s,zit,y) — (s, 2;t,)

t ~ o~ ~ ~
+ / (E — [,t’z)fm(s, xyr, 2)®(r, z;t, y)dzdr.
s JR?

0= (0s+L
+L

— (0 +

Therefore, ® must satisfy

D(s,z;t,y) = (E ﬁt’y)fty (s,z;t,y) / / Etz frz(s zir, 2)®(r, 2, y)dzdr.
R2

(2.16)
In view of (2.16), we obtain
(s, zit,y) = iﬁ (s,z;t,y), (2.17)
k=0
where Ao(s,a};t,y) = (E— Et’y)ft,y(s, x;t,y), and
ﬁkﬂ(s,x;t,y) = /t - ﬁo(s,x;r, z)&k(r,z;t, y)dzdr, k> 0. (2.18)

Notice that Z, L4 and ft,y have explicit expressions. The main strategy of the classical
parametrix method consists in checking that ® in (2.17) is well-defined and solves the
integral equation (2.16). Then, one defines f by (2.15), and check that it provides a solution
to (2.13). If f is smooth, one can basically deduce that f is the transition probability density
function of X in (2.11) by using the Feynman-Kac’s formula.

The main difficulty here lies in the fact that f is, in general, not smooth enough. For
smoothness properties, we will therefore turn back to the initial coordinates (X, I) and
define the candidate transition probability function f of the process (X, I) in (2.9) through
(2.19)-(2.20) below, and work on it directly.

2.3 Main results

Under some conditions on the constants a and (5)i=o.... 4 given in Assumptions 2.1 and 2.4,
we will show that ® : © — R is well-defined by (2.17)-(2.18). For (r,z) € [0,T] x R?, we
can then define f,, and ® by inverting the change of variables in (2.10):

fra(8,m5t,y) = fra,2(s, Aszit, Ay), B(s,;t,y) == B(s, Aer; t, Agy). (2.19)



The corresponding candidate transition density f: © — R for (X, I) is therefore:

t
f(s,z;t,y) = ft,y(s,x;t,y)Jr// frz(s,@5m, 2)®(r, 2;t, y)dzdr, (2.20)
s JR2

for all (s,z,t,y) € ©.
For any positive constant a € Ry and 0 < s <t < T, let us set

(e e
Est(a) == a ( _fst(AT — Ag)dr fst(Av" — Ag)*dr > .

For (r,z2) € [0,T] x R?, we write X5 (r, 2) := Xs+(02(2)) for simplicity. Equivalently,

o t—s - fst(AT — Ag)dr
Saalr2) = o2(2) ( A= Addr [1(A, — A ) ' 221)

Then, it is easy to check that y — f;..(s,z;t,y) is the density function of the Gaussian
random vector

(xl Vo (2)(Wy — W), a2+ /: (21 + 00 (2) (W — Ws))dAu>T7

so that, with w := w,(x,y) as in (2.5),

1 1,
fT,Z(sa xZ; tv y) = 1 €xp ( - §<Es,t1(r7 Z)U), U}>)
27 det (Mg (7, 2))2

Let us also define the Gaussian transition probability function f°: ©® — R by

o . L 1 o 1 —1/4=
(s, t,y) = . det(Zs?t(zla))% exp( 2<Es’t (4a)w,w>), (s,z,t,y) € ©. (2.22)

As a first main result, we show that f is well-defined under some conditions on the coeffi-
cients a and [y, and then provide some first regularity and bound estimates.

Theorem 2.7. Let Assumption 2.1.(1) and Assumption 2.4.(1) hold true.

(i) Assume that
Ko = A (a—=fy) > 0. (2.23)

Then ® in (2.17)-(2.18) is well-defined, and so is f : © — R in (2.20). Moreover, f is

continuous on ©, and there exists a constant C' > 0 such that
|f(s,z5t,y)| < Cf°(s,a;t,y), for all (s, x,t,y) € ©. (2.24)
(ii) Assume that (2.23) holds and that

1—250 _ (1—,80)/\(%+Oé*%,80) > 0. (2.25)

K1 = Ko+

Then, the partial derivative (s,z;t,y) € © — Oy, f(s,x;t,y) exists, is continuous on O,
and, for some constant C(3.96) > 0,

C2.26)

|00, f (5,231, )| < s

fo(s,x;t,y), for all (s,z,t,y) € ©. (2.26)



Under further conditions, we can obtain more regularity of f and then check that it is the
transition probability function of the Markov process (X,I). To be more precise, let us
rephrase this in terms of path-dependent functionals. For 0 < s <t < T, x € D([0,T]) and
y € R?, we set

(£, 1) (s, x;t,y) = (f, f°)(s,x(s), s(x);t, ), with I;(x) := /OS x(r)dA,. (2.27)

We now fix £ : [0,7] x R — R and g : R?> — R such that, for some constants Crg >0
and ay > 0,
’f(t,x)’ + |g(x)‘ < Cygexp (Cg7g|$|), (2.28)

and

20 20

0t 2) = £t 0)| < Cug (Pl 4 eCosl=) (Jay — |57 + foz — 2t ), (2.29)

for all t € [0,7] and z, 2" € R?. In view of the upper-bound estimate of f in (2.24), we can
then define

v(s,x) = /T 0t y)f(s, x;t,y)dydt +/g(y)f(s,x;T, y)dy, (s,x)€[0,T)x D([0,T]).
. “ (2.30)
Remark 2.8. By its definition in (2.27), it is straightforward to check that
Of(s,x;t,y) = Ouy [(5,x(s), Ls(x); t,y).
Similarly, let us define, for (r,z), (t,y) € [0,T] x R?,
fro(s,x5t,y) = frz(s,x(s), L(x);t,y), (s,x) €[0,2) x D([0, T]).

Then, the functional (s,x) — £, .(s,x;t,y) is a classical solution to the PPDE

1
Osfr (5, %1, y) + 500 (2)°05fr (5,351, y) = 0, for (5,%) €[0,8) x D([0,T]).  (2:31)

Theorem 2.9. Let Assumptions 2.1 and 2.4 hold true. Assume that (2.23), (2.25), (2.28)
and (2.29) hold, and that there exists ap € R such that

1+ 3! 1 AB 1—2a)"
0<aq><l£0/\dcp/\ililig —;ﬁz, with OA@,::E— 0_25_(,804-204),
where
AB :=max{By — f1, B3 — B2}, (2.32)

and
(254 +1+ 5]
n /
1+ 55

(i) For each (t,y) € (0,T] xR?, the path-dependent functional f(-;t,y) belongs to C12([0,1)).

,1) min{ag, ay, a} — By > 0.

10



(ii) v € CH2([0,T)) and it solves the PPDE (2.1). Moreover, there exists C > 0 such that,
for all (s,x) € [0,T) x D([0,T7]),

CeClxsl+Is (X)) CeCxs|+|1s(x)])

|Ov(s,x)| < RO and |0pv(s,x)| + |02v(s,x)| < T (2.33)

If, in addition, g : R? — R is continuous, then v is the unique classical solution to the
PPDE (2.1) satisfying

lim v(t,x) = g(x) and |[v(s,x)| < CeCxslHIsx)D (2.34)

for all (s,x) € [0,T] x C([0,T), for some C > 0.

(iii) The SDE (2.9) has a unique weak solution X. Moreover, (X,I) is a strong Markov
process with transition probability given by f and

T
v(s,x) = E[/ U Xy, I)dt + (X7, I7)| Xs = x(5), Is = Is(x)|, (s,x) € [0,T] x D(]0,T)).
(2.35)

Remark 2.10. To check the conditions on o and B;, i = 0,--- ,4 in Theorem 2.9, let us
stay in the setting of Example 2.3.

(i) — (ii) In these cases, 50:%/\&, /<;1:1/\(a+%), o?q):%—[%—aﬁ:a/\% and we

can choose ag € (0,3 A ).

(iii) In this case, ko = W A (o0 = 2(71 — 72)) which requires that y1 —y2 < 3 A %
to ensure that kg > 0. Then, k1 > 0 and G = % —3m—72)— -+ % —a]t. If
2a/(1 4+ p]) < 1, then o < 1/2 and therefore y1 — 2 + % —a > 0. In this case, we can
choose agp € (0,0 — 4(y1 —72)) if 11 — 72 < /4. If 2a/(1 + B]) > 1, then (u,0) does no
depend on its first argument, and the different cases can also be treated explicitly, leading
to a suitable ag when v1 — 2 is small enough.

The conditions in Theorem 2.9 ensure that f is smooth enough, so that one can basically
apply the Feynman-Kac’s formula to justify that it is the transition probability function
of a Markov process. It can then be used to prove that the wellposedness (existence and
uniqueness) of the SDE (2.9). If one already knows that the SDE (2.9) has a unique a weak
solution, then one can rely on Theorem 2.11 below, which requires less technical conditions
on A and (u,0), to check that f is the corresponding transition probability function. In
this case, the path-dependent functional v defined above may only be C%'([0,T)), but it is
enough to deduce that (2.35) holds, and obtain it’s It6-Dupire’s decomposition, whenever
it satisfies for instance one of the conditions a. or b. of Theorem 2.11 .

Theorem 2.11. Let Assumption 2.1.(i) and Assumption 2.4.(i) hold true, and assume
that the SDE (2.9) has a unique weak solution, so that the corresponding process (X, I) is
a strong Markov process.

(i) Assume in addition that (2.23) holds true so that f is well defined. Then, f is the
transition probability function of (X,I), and (2.35) holds whenever (2.28) does.
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(ii) Assume that (2.23), (2.25) and (2.28) hold. Then, v € C%1([0,T)). Suppose in addition
that one of the following holds:

a) there exists Ci936) > 0 such that
(2.36)

[v(t.x) — v(6,X)| < Case) /0 x(r) — X'(r)|d|Al,, (2.36)

forallt € [0,T], x,x" € D([0,T]) such that x(t) = x'(t), in which |A| denotes the total
variation of A.
(b) A is monotone and 0 < % <1- w.

Then,
v(t,X) =v(0,X) + /t Oxv(s, X)os(X)dWs — /t ls(X)ds, t€]0,T). (2.37)
0 0

Remark 2.12. When b/o is bounded, and o is Lipschitz in its space variable in the sense

that, for some constant Cy3g) > 0,
los(x) — o5(a’)| < Clasgylz—2a'l, se€[0,T], z,a" € R?, (2.38)
with (05(0))s<7 bounded, then the SDE (2.9) has a unique weak solution.

Remark 2.13. To check the conditions in Theorem 2.11.(ii).(b), let us consider the situ-
ations of Example 2.3.

(i) — (ii) In these cases, 1;’%;450 = % and 1—% =1, so that the conditions inTheorem
2.11.(i1).(b) hold true.

(iii) In this case, 145524550 =1- 17:21; and 1 — Mfrﬁo =1—2(y1 — 72). Therefore, the

conditions in Theorem 2.11.(ii).(b) hold true when v1 — v2 is small enough.

3 Proofs

This section is devoted to the proof of Theorems 2.7, 2.9 and 2.11.

3.1 A priori estimates

Recall that, with w := wg(x,y) (see (2.5)),

1 1
fr,z(sa Z; t’ y) = eXp\ — 3 2;1(715 Z)’UJ, w )
2rdet (X4 (r, z))% ( 2< ! >)
e Yor(r,z) = o2 (z) t—s - fst(AT — Ag)dr
s, t\ Ty . r _ fst(Ar _ As)dr fst(Ar o As)er .

12



By direct computation, one has

det (Zsi(r,2)) = o7 (2)(t = 5)*msy, (3.1)
and hence
1 ms,t fst(A'r*As)dT'
- — s ms S (t—s)2ms,
Sorz) = o) | p i, ) (3.2)
(t—s5)2ms (t—s)ms,t

The following quantities will play an important role in our analysis. Fori = 1,2, (r, z) € R?
and (s, z,t,y) € O, with w := wg(z,y) (see (2.5)), we compute that

Oz, [r2(s, 25t y) = fT,Z(s,x;t,y)( - (Estl(r Z)w)i>v (3.3)

Oy (5 031,9) = Fra(s,:,9) (S 2)w) (S5h 0 2)w), = (S53(2)) ) (B4)

and

mlxlx frz(s x;t y) B
Foo(s 23t y) = Q(Esg(r Z)w)l(Estl(r z))l + (ES’,}(T, z)w) (ng(r Z))l,l
2

— (357 (r, 2)w), (35, (r, 2)w), (3.5)

Let us first provide some estimations in the following lemma.

Lemma 3.1. Let Assumption 2.1.(i) hold. Then, there ewists constants C(z¢), C(37),
C(3.8), Cz.9) > 0, such that, for all (s,z,t,y) € © and (r,z) € [0,T] x R?, with w :=
wet(z,y) (see (2.5)), we have

-1 r, 2)w _ 8w1fr,z(s7x; t, y) C’(3.6) -1 2w w
‘ (Es t ( ) )1 fr,z(& x; t, y) ‘ S (t B 3)% \/<Es7t ( ’ ) ’ >, (3'6)
C
‘(Estl(r z)w)2 < (t_(g')'?w)’\/<23’tl(r, z)w,w), (3.7)
C
)(Es_tl(r 2) 14| < %v (3.8)
(S| € —80 (39)

Proof. The bound in (3.8) and (3.9) are immediate consequences of Assumption 2.1.(i) and
(3.2), up to appealing to Cauchy-Schwarz’s inequality for the latter. By direct computation,
one has

,_.
[a—

t
2, 2 2
= 27”5,15/3 ((Ar — Ao wi +2(A, — As)wiwa + w2>dr

[a—

t
2
= (t—s)2mt/ ((Ar — As)wy + wg) dr.

13



Hence, using Assumption 2.4 and (2.2),

a’(Estl(r Z)w )1‘ < Ut(Z)Ql(Zstl(T Z)w)l‘

1
o = L / (Ar = 4) ((Ar — A+ w)dr]
Mg \/aC (2.9
t—s;nst\/ Strzww) “ 1+ﬂ0\/<25trzww>

Similarly, using the above, Assumption 2.4 and Cauchy—Schwarz inequality, implies that

g‘ (Z‘;tl(r, z)w)z‘ < at(z)Q‘ (Z‘;tl(r, z)w)z‘

=\<t_;>2mst/t (4~ o+ |

/8C3 \/<Estrzww>

N

O]

As usual, an important step consists in providing a suitable upper-bound on the parametrix
density. Recall that y — f°(s,z;t,y) defined in (2.22) is a Gaussian density function on
R2.

Lemma 3.2. Let Assumption 2.1.(i) hold. Then, there exists C(311y > 0 such that, for all
(s,2,t,y) € © and (r,z) € [0,T] x R?, we have

frz(s 25t y) < w(s,xit,y) fO(s,2:t,y), (3.10)
in which @ := wlw? with
wl(s,z;t,y) = Cgi1yexp | — 1 ( s [* -+ w2 * ,)
Y (G0 o =) 1 =92/ ) (3.11)

w?(s,x;t,y) = exp ( — %(Z;tl(élﬁ)w,w»,
where w := ws(z,y) as defined in (2.5).

Proof. Let us first observe that ms; = ms — [(t —s) 7 fst(Ar — Ay)ds)?, so that the right-
hand side of (2.2) is equivalent to

1 t 2 (t — )P0
A, — A < Mmes|1———2—].
<t - S /s ( )ds) et ( C(2.2) >

Note that, upon changing the value of C(; ), one can assume that C(59) > 2770, Hence,

using the inequality 2ab < a? + b® for a,b € R,

1
_ &\Bo 3
<9 |:ms,t <1 B (t—s) ﬂ wywa
.2) (t - s)ms,t
(t— s)ﬂo> { Mgt 9 1 2}
<|1- : wi|*+ ———|w )
B ( Ca2) (t— S)ms,t’ 1 (t— 8)ms,t| 2

14
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Combining the above with (2.2)-(2.3) and Assumption 2.4 implies that

b P
w
(t—s)msﬂg 2

C |’LU1’2 ”LUQ’Q
= a ((t — g)1+B1—=Po + (t — s)1+B2=Bo |’ (3.12)

for some C' > 0 that does not depend on (s,x,t,y). The required result then follows from

fst(Ar — As)wiweds
(t—s)?ms,

- 1 Mt
I > > 22
Fad (2w w) 2 Sy ((t sy,

obvious algebra and Assumption 2.4. O

Lemma 3.3. Let Assumption 2.1.(i) hold. Let us define the transition density function
o3 by, for (s,z,t,y) € O,

1
o det (3,,(8a))?

exp ( - 1<E;t1(8&)w5,t(x, Y), Wer(z, y)>> (3.13)

1
2 it =
f (87 x? 7y) 2

Then, there exists Ci33) > 0 such that, for all (s,z,t,9) € © and =’ € R? satisfying

1 1
|z — 2|7 |y — b P2 < (8 —s)V/2, (3.14)
we have

Fo(s,a'st,y) < Craa f73 (5,231, y) (3.15)

and

<‘Ws,t(x,7y)1‘2 ‘Ws,t(xlay)Q‘z

1
(t — s)1tA (t — 5) P > @ (s,2,t,y) < Cla.3)- (3.16)

Proof. Set w := wg4(z,y) and w' := wy4(2’,y). First observe that

=

1 1
(S @w,w))? < ((Z5 @) (w —w'), (w—w)))? + (S5 @', w'))
Using that 2ab < 2a? + 2b? for a,b > 0, we deduce that

—(I5 (@', w') < —%@;i(ﬁ)w, w) + (254 (@) (w — w'), (w — w)).

Now, by the same arguments as in the proof of Lemma 3.2 and Assumption 2.4, we have

/12 12
y—1(5 R, —uw)) < 2a 21 — 2] |22 — 3] < 4a
(5@ =), (=) <20 (Pl + P ) <

in which we used (2.5) and our assumption (3.14). This proves (3.15). The assertion (3.16)
is proved similarly, upon interchanging the role of x and x’. O
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3.2 Wellposedness of d

In this section, we prove that ® in (2.17)-(2.18) is well defined. Recall that f° is defined in
(2.22), and let us define

J?O(Sathvy) = fo(saASx;taAty>7 (87x7t7y) 66
Noticing that A = A~!, and recalling that

fr,z(sv x;t, y) = fT,ArZ(Sz Azt Aty),

it is straightforward to check that
Opy [rz(s, 23t y) = Ks . Dme,AT,z(s,Asx;t,Aty), (3.17)
- o \T =
lelfm(s xit,y) = Tr[AS(AS) DixfT,ATZ(s,Asx;Aty)] (3.18)

Lemma 3.4. Let the conditions of Theorem 2.7.(i) hold. Then, there exist a constant
0(3.19) > 0 such that

mfo(s,i;t,?j), for all (s, %,t,9) € O, (3.19)
in which ko is defined in (2.23).
Proof. For simplicity, we assume that t — s < 1, the case t — s > 1 being trivially handled.

Let us denote
x:= AT and y := Ayg. (3.20)

(i) Using (2.12) and (3.17), we first estimate

- N 5 ~ o~
I = Ms(x) A 'Dxft,ﬂ(57$;tvy) = Ms(a:) 8I1ft,y(s’x;t7y)‘

Then, by Assumption 2.4, Lemmas 3.1 and 3.2, it follows that

bC 6C(3.6)C
nl s “)’"flﬁo VIS yw,w) fuy(s,238,) < g ‘36) G2 po(s,asty), (3:21)
— S 2 — S

in which w := wy(x,y) and, with v’ :=wy p (2, 9'),

Ciaz) = sup \/<E;}t,(t’,z’)w’,w’>w(s',x';t’,y') < 00. (3.22)
("2t y',2' ) EOXR2

(ii) Using (2.12) and (3.18), we now estimate

2/~ ~2 ~N\N R 7 -, -
I = Te[(52(5) — 62(@) Ko(K o) D2 fugls,35,0)| = [07(y) = o2(@)] 02,2, fy (5.3, ).
By (3.4) and Lemma 3.1, one obtains

L] < [o}(y) = o¥(@)] (Cf;ﬁi)s)vfﬁf’ (ot yyw,w) +1) fy(s.ait.y).
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Recalling (2.5), (2.7), (2.6) and Lemma 3.2, it follows that, for some C' > 0 that does not
depend on (s, z,t,y) and z € R?,

1 2a

_2a _2a
|12| < CW (1 + ‘W&t(xvy)’ e + |W5’t(l‘,y)‘ 1+62)(w1f0)(85$;t>y)7

and we conclude by using the definition of ! in (3.11). O

Proposition 3.5. Let the conditions of Theorem 2.7.(i) hold. Then, the sum in (2.17) is
well-defined and there exists a constant C(3.93) > 0 such that

(s, 23t y)| < — 2

< mfo(s,x;t,y), for all (s,x,t,y) € O©. (3.23)

Moreover, ® is continuous on © and satisfies

~ ~ t ~ ~
@($7x;t7y) = Ao(s,l';t, y) +/ AO(va;T> z)@(r,z;t,y)dzdr, fOT’ all (vaatay) € 0.
s JR?
(3.24)

Proof. Let us recall that, if well-defined,

O(s,z3t,y) = > Ax(s,z5t,y),
k=0
where ﬁo(s,x;t,y) = (E— Et’y)ft,y(s, x;t,y), and

~ t ~ ~
Agy1(s,z;t,y) ::/ Ao(s,x;7, 2) Ak (1, 2, t,y)dzdr, k> 0.
s JR2

We already know from Lemma 3.4 that

Cii9) =

‘(Z—Zt’y)ﬁ,y(s,x;t,y)} < (s, z;t,y),

= (t—s)lro

for all (s,z,t,y) € ©. By the same induction argument as in [8, proof of Proposition 4.1],
together with (3.1) and (2.3), we then deduce that

- M. _
|Ap(s,z;t,y)| < mﬁ(s,x;t,y) < OMy(t — s)Fro—2=3 (3.25)

in which, C > 0 does not depend on (s, z,t,y) and k, and

B {C3.19)T (ko) }*
N F(klﬁo) ’

M,

where I' denotes the Gamma function. By dominated convergence, each map ﬁk is contin-
uous. Then, the well-posedness of ® follows from the fact that the power series Y ;<o M, wul
has a radius of convergence equal to oo. Continuity of P is a consequence of the absolute
continuity of the series.
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It remains to prove (3.24). Note that, by the above,

O(s,m;t,y) = Ao(s, 3 t,y) +Z//Aosxrz)Ak(rzty)dzdr

k>0

and the family {(r, z) € (s, t) x R? Zk OAO(S z;i7r,2)Ag(r, z;t,y), n > 1} is uniformly
integrable and converges to Ag(s,z;-)®(+;t,y). This implies (3.24). O

Recall that
O(s,z;t,y) = P(s, Asx;t, Awy).

Proposition 3.6. Let the conditions of Theorem 2.7.(i) hold. Then, f : © — R is
well-defined in (2.20). Moreover, it is continuous on © and, for some Ci3.6) > 0,

}f(sa z;t, y)‘ < C[3.6]fo(5a x;t, y)v fOT’ all (‘97 z,t, y) € 0.
Proof. This is an immediate consequence of Proposition 3.5 and Lemma 3.2, recalling that
f° is a transition density and observing that f;(t — )~ HRody < O, O
3.3 (l-regularity

We now prove that x = (z1,z2) + f(s,2;t,y) is C' in its first space variable z1, with
partial derivative dominated by a Gaussian density.

Lemma 3.7. Let the conditions of Theorem 2.7 hold. Then, there exists Cj37) > 0 such
that, for all (r,z) € [0,T] x R? and (s,z,t,y) € O,

laxlfr,z(s,:n;t,y)’ < Wf (s,z;t,y).
t

Moreover, let h : R?* — R be a (measurable) function such that [g. f°(s,z;t,y)|h(y)|dy <
o0, and

Vis,z;t) = /ftysxty h(y)dy, (s,z) € [0,t) x R?,

then (s,x) € [0,t) x R? = V (s, x;t) is continuously differentiable in its first space variable
x1 and satisfies

(tml/ £ (s,@3t,) [h(y)ldy,

in which Clg7 > 0 does not depend on (s, z,t) € [0,T] x R? x [0,T] with s <.

‘83;1V(8,$,t)| S

Proof. The first inequality follows immediately from Lemmas 3.1 and 3.2, as in the proof
of (3.21). The second one then follows by dominated convergence. O

For the following, we recall the defintion of x; in (2.25).
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Proposition 3.8. Let the conditions of Theorem 2.7 hold. Then, for each (t,y) € (0,T] x
R2?, the map (s,x) € [0,t) x R? — f(s,z;t,y) is continuously differentiable in its first space
variable x1. Moreover, there exists C3 g > 0 such that

Casl o
mf (s, @;t,y), for all (s,x;t,y) € ©.

Proof. Fix z € R2. In view of the estimate in (3.23), together with Lemma 3.7, we can find
C > 0, that does not depend on (s,z,t,y) € O, such that

J.

< C(r—s)

|8x1f(s,a:;t,y)] <

611 fr,z(sv zT, Z)(I)(Ta 2 ta y)‘d'z

—B

! / Fo(s, 237, 2)|@(r, 231, y) | d2
RQ

—14+x —Fo-1 o o
< C(t-?“) O<T_ S) 2 f (S,I‘;’f’, Z)f (T,Z;t, y>dz
R2

= Ot —r) R0 — 5)TE (s, it y).

Therefore, by the dominated convergence theorem,

t
5;,;1// frz(s,x;r, 2)®(r, 2, t, y)dzdr
s JR?2

is well-defined and continuous, and so is 9, f(-;t,y). The latter is bounded from the above
estimates by integrating over r and using the relation between the Euler-Gamma and the
Beta functions. O

We conclude this section by a continuity property result on f, which allows one to apply
the C'-Ito’s formula in the context of Theorem 2.11.

Proposition 3.9. Let Assumptions 2.1 and 2.4.(i) hold true. Assume in addition that
(2.23) holds and that ’337”82#50 <1, and let us fix o/ € (0, % A1 — W)] Then,
for all § > 0, there exists C|39) > 0 such that

2qa/

\f(s,x;t,y)—f(s,x’;t,y)\ < 0[3.9]\$2—$/2|@,
for all (s,z,t,y) € © and o’ = (a,2%) € R? such that t — s > 6 and @1 = .

Proof. Let I := ‘fm(s,x;t, y) — fm(s,x’;t,y)‘ and denote by C' > 0 a generic constant
that can change from line to line but does not depend on (s,z,2’,t,y, 2). Then, by (3.3),
Lemma 3.1 and Lemma 3.2, one can find zf in the interval formed by x5 and % such that,
with 2" := (21, 2%),

1
1< [wy — 2] 10u fre(s, 2”5 1,9)| < Claa — wh|———z5 f(s5,2" 1,).

t—s) 2
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1465
If (t—s) 2 [|lzg —xh| > 1, then

’

2o/ 1
I < Clag — xh|**72 iy 1+2B3—%+a’ (s, 2" t,y)
= Clx2 _$IQ|% 1,83—52+ﬁ0 fo(s,:v”;t,y).
(t _ S)aq_f
Otherwise, by (3.10),
< Joa = bl (s, 25t,) + 5,5 100).

(t —s)"

We conclude by using the fact that S5 — 82 + 5p > 0 and by appealing to (3.23). O

3.4 (*-regularity

We now prove that f is C? in its first space variable ; and that v is a smooth solution of
the path-dependent PDE (2.1).

3.4.1 Potential estimate and Ho6lder regularity of @

Let 0 <s<t<Tandz€R? h:R?— R be a (measurable) function, we first estimate
the second order derivative of the following functional:

Vissait) o= [ fyloaitah(o)dy,

Let us also denote

_ 1 0
Esil(:c) = (At_As ) >x (3.26)

Lemma 3.10. Let Assumption 2.1 and Assumption 2.4.(i) hold. Let h : R> — R and
ho : R? — R, be such that, for some oy, > 0 and Cj, > 0,

Zap_ Zap
|h(y) — h(y)] < Ch(lyl — TP Jya — | ) (ho(y) + ho(y)), for all y,y € R?,
and
/ fo(s,z;t,y)ho(y)dy < oo, for all0<s<t<T, z¢cR%
]R2
Assume that
. min<2ﬁ4+1+ﬁi
b 1+ B,

Then, 8§1x1V(s,x;t) is well defined and continuous. Moreover

,1) min{ap,a} — o > 0.

O Vssit) = [ 3R, fiyloas b))y,

and there exists C' > 0, that does not depend on Cp, > 0, such that

cC
e <!h<Es,3<w>)\ + o (Bey (@) + /R 2 f°<s,:c;t,y>ho<y>dy) ,

forallO§s<t§Tcmdx€]R2.

laglle(s,x;tﬂ <
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Proof. For simplicity, we only consider the case t — s < 1. To estimate the second order
derivative, we decompose

I:.= /]R? 6§1x1ft,y(87x;t7y)h(y)dy

into the sum of the three following terms, with & := Egtl (z),

I = /R? 8§1$1ft,y(83x;t’y) [h(y) - h(:i:)]dy,
B h0) [ Al it1) =B sl 5t}
Iy h(3) [ 02, fualomit o).

R2

All over this proof, C' > 0 denotes a generic constant that may change from line to line but
does not depend on Cy, (s,z;t,y) € © and z € R%.

(i) We first estimate ;. Set w = wg(x,y), recall (2.5). By the Holder regularity property
of h and the inequality (a + b)Y < 27(a” +b7) for a,b > 0 and v > 0, one has

02,0y figs:23,9) [(y) = h(2)]]

2op 2op
< Cp|2,0, fry(s, it y)‘ (!m — 1|+ Iyg —x9 — (At — As)z1 |72 ) (holy) + ho(E;tl(a:)))
2(1 204
< CC|02,, fuo 5331, 9)] (\wl\wﬁl Tl | (Ag — A 1%) (how) + ho(EZH(2))).

Then, arguing as in the proof of Lemma 3.4 and using (2.4), we deduce that
1 1
(t — 3)1+Bo—ah +

(t—s)
< CC;Z - / fo(s,zt,y)ho(y )dy—l—ho(E;tl(x))).

0| <ccn(

iy L, £t (o) + (B (@) .

1+Bo—ap 1+5é

(ii) We now consider I. By (3.4) and Lemma 3.1,

|02 0y fra (s, 23, y) — 024, fra(s, w5t y)
| fry(s, @3t y) — fm(swty\‘ st (B yw)] - (stty)) (
+ frals.mity)| (50 (G y)w); — (1 ()

+ frals.mity)| (5o ), — (521 (69)), \

= ‘ft,y(svx;tvy) - fti‘(svx;tvy)”(zs_,t (tvy)w)l - (Es_,t (t’y))l,l‘

IN

+ ft,az(8737§t’y) }Ut(y)_4 - Ut(i)_ﬂ ‘(Es_,tl(l)w)1

+ fra(s,x;t,y) }at(y)_2 — Ut(i)_2| ‘(E;
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in which, by (2.7),

_2a —2a
oe(y) — o¢(2)] < 0(2.7)(\311 — 21| 4 |yg — 1 (Ar — As) — a2 1+B2)

209 2

g 229
< C’(\wﬂ“’ﬁ'l + wa| P2 + [ (4 —As)wﬂl*ﬁé)

by the same arguments as in in step 1. Using Lemma 3.12 below, (3.6), (3.8) and (2.6), it
follows that

C|h(z C|h(E }x
| (IL’)| : fO(S,JJ;t,y)dyS ’ ( S,tE ))’
14g—a 2400 JRo (t — s)l=rn
(t _ 8) 1+65

| <

(iii) We finally consider I3. Notice that y — f; (s, x;t,y) is a Gaussian density function,
so that

1 sty < oo

Moreover, by the definition of f; ;(s,x;t,y), one has

1 0

T
(At *A ) 1 ) Dxft7j;(5,$;t7y),

Dyft,:ﬁ(svx;tyy) = - ( .
so that

axlft,i(sa X3 t7 y) = _8y1ft,5c(5, X3 tu y) - (At - As)ayzft,i‘(57 Z; t7 y)u
which implies

//6$1ft,i(sam;t7y)dyldy2 = 0,
R JR

and therefore I3 = 0.

Finally, we can apply the Leibniz integral rule to interchange the derivative and the integral,
and hence to conclude the proof. O

Remark 3.11. Let us consider V(s,xz;t) as a path-dependent functional:

Vis,x;t) = V(s,x(s),Is(x);t) = /]RQ fry(s,x5t,y)h(y)dy.

In view of Remark 2.8, the above results implies that, in the context of Lemma 3.10, the
second order vertical derivative 02,V (s,x;t) is well defined. Moreover, by (2.31), one has

1
asft,y(sa X3 t7 y) = - §G(t7 y)2a§xft,y(87 X3 t? y) (327)

Then, by the same technique as in Lemma 3.10, we can deduce that the horizontal derivative
sV (s,x;t) is also well defined.

We now provide the following easy estimate which is used in the proof of Lemma 3.10.
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Lemma 3.12. Let Assumption 2.1.(i) and Assumption 2.4.(i) hold. Then, there exists
Ciz.12) > 0 such that, for all (s,z,t,y) € © and 2,2’ € R2,

‘ft,z(sa X3 tvy) - ft,z’(sa x; tvy)‘

_2a _2a
< Cpzay <|21 — 21"+ |z — 29 1*‘32) [1+ (Z5; (Dw, w)] (@ f°)(s,z;t,y)

in which w = wg(x,y).

Proof. Let us write f for f; . if 02(z) = a, and let 9, Jla) denote its derivative with respect
to this parameter a. Then,

0:(0)?
2a2

Oua(s.ait.1) = |1+ o (5 0wl f (s, 0)

in which w = wg(z,y) is as in (2.5). In view of Assumption 2.4 and Lemma 3.2, it follows
that

|00 fia) (s, w31, 9)| < C [1+ (S5 (0w, w)] @w(s,z;t,y) (s, 251, ),
for some C' > 0 that does not depend on a, (s, z,t,y). We conclude by appealing to (2.7). O
In order to apply Lemma 3.10 to (2.15), we need to prove that the function ®(s,x;t,y)

defined by (2.17) and (2.19) is Holder in z. Recall the definition of AB in (2.32), of Ko in
(2.23) and of £ in (3.13).

Lemma 3.13. Let the conditions of Theorem 2.9 hold. Fix ag € (O, ap N Ko A mim2 12’8;).
=1,

Then, there exists Cyn, > 0 such that,

|D(s,z;t,y) — D(s, 25 t,y)|

204 20
/| 1+8] /| 1+85
1 — X 1 4+ |x9 — 2 1 1
< ¢, nl A Sl () + et

for all (s,x,t,y) € ©, in which
ne = G Nko—ag > 0.

Proof. In all this proof, C' > 0 denotes a generic constant, whose value can change from
line to line, but which does not depend on (s,z,t,y) € ©. We set Ag(s,x;t,y) =
Ak(s, Asz;t, Ayy) and recall that @ (s, z;t,y) := ®(s, Asx;t, Ary), (s,z,t,y) € O.

(i) Let us first consider
I = AO(Sv z;t, y) - AO(S> ':U/; t, y)

1
= Ms(w)amft,y(é’?x; ta y) + 5(0’3(1‘) - U?(y))ailxlfhy(&w;t?y)

(e a5, 5 9) + 5 () — )y oy 5,'s19)) - (3:28)

(i.1) In the case where

1 1
|y — 2h | 4 o — ah| T > (£ — )12,
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Lemma 3.4 implies that, for o/ € (0, ko),

Ao(s, z;t,y) — Ao(s, 2’5 t, y))

1 [e] [¢]
< C(3.19)m(f (s,zit,y) + f(s,2"st,y))
24/ 24/
|21 = [T A Jag — | °
< Cag) l(t )it 2 (f(s, a5t y) + fo(s,2"st,y)).

(i.2) We next consider the case where
1 1
|21 — 24| oy — ah| TP < (t—s)V/2 (3.29)

Let us write
I = Ao(S,l';t,y)—Ao(S,IE/;t,y) = Il+I2+I3+I47

where
I = (ps(@) — ps(2) O, fry(s, 5t y),
I o= pio(a') (Ous fro (5,051, y) — Oy fry(s, 251, 0),
I = 5 (03e) = a3) 0 i o),
and 1
I = 5 (03@) = o} W) (02, Fra(s,wit,y) = 02, fra (5,05 1,1) ).

For I, we use the Holder continuity property of p in (2.8), Lemma 3.1 and Lemma 3.2 to
obtain that

2 2a
lzy — 2| 7P 4 |ag — xh| 2
L] < ¢ L P (s, w3t y)- (3.30)
— 8 2

For I, let us fix p € [0,1] and 2" = pz + (1 — p)a’ so that, using Assumption 2.4,
2] < 6(1020, fr(s.a” )| |or = 2] + 1820 (5,01, 9) oz — 25 ).

Using (3.4), (3.4), Lemma 3.1, Lemma 3.2 and the fact that Sy < fs, it follows that

’561 - */EI1| |$2 - ‘TIQ‘ o ",

) <o

Since 2" lies in the interval formed by z and 2/, Lemma 3.3 and (3.29) imply that

|71 — 2] |72 — a5
(t _ S)H—ﬂo (t B 8)1+I30‘2H33

B <o )1 (s it ). (3.31)

Next, using the Holder property of o in (2.7), Lemma 3.1 and Lemma 3.2, it follows that

C

_2a _2a
‘13‘ < m(’xl — x|+ |y — o] 1+ﬁ2>f°(3,a:;t,y). (3.32)

24



Finally, I is tackled as Is. Namely, we can find 2’ = pz + (1 — p)a’ with p € [0, 1] such
that

aglzlfty(s7x;t7y) - a‘zlzlfty(sax/;t)y)’

IN

‘ xlxlxlft,y S, IE i, Yy Hxl - $1| +‘ :c1a:1x2ft,y(s7:z'//;tv y)HxQ - x/2‘

|1 — | |z — @b e
¢ ((t_ 8)%(1+ﬁ0) i (t— s)g‘*‘ﬁo-i-ﬁ;’) (’UTJ f )(S’:E 7tay)>

IA

in which we used Lemma 3.1 and Lemma 3.2 again. Next, we appeal to (2.7) to deduce
that

02(2) = o?()] < Clarm (1t = 1% + fun | ™57 + gl ™77 ).

Using that 83 > fp, the condition (3.29) together with Lemma 3.3 and the fact that z” lies
on the interval formed by z and 2z’ implies that

33’1’ ‘1‘2—.23/2‘

1 < cpp—spe 172
(t—s)

5 (1450) (t — S)%-&-Bo—l-%s

) fo’%(s,x;tjy). (3.33)

Note that there exists C' > 0, that does not depend on (s, z,t,y) such that

Pls,asty) < Cf2(s,aity).
Thus, combining (3.30)-(3.33) and recalling (3.28) and (3.15) leads to a upper bound for
1]

J = .
C(f"’%(s, it y) + O3 (5,205, ))
Namely,
2704/ 2704/
5 < lor=atl ™ 4 Jog — a3 ™
- (t _ S)H—ﬁo

1 1
)
ol <<t DR s)iﬂ%*a)

1 1
+ |zo — 2t + .

/

145/
We then use that (¢t —s)72 /jx; — 2} > 1, for ¢ = 1,2, to deduce that, for 0 < o/ <

. 148
a A min —;’81,
i=1,2
20// 20//
/|1 /|1
5 < b= gl foy — a1
= (t _ 8)1+6o+a’—a
20// 20/,
_ ol |1+8 _ | 1+8
+ |21 — [ |22 — ap| 72
3 145 Bot+B3 3,/ : B: 1455
(t — 5)IFPNV(G () —) == +al (¢ _ g)(1+7055) V(G H+ho+ 5 —a) =2 +a
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Since By > [1 and B3 > B9,

/ !
T _ TS
|z — )| |wgy — |7

J < .
Tt — 5) (3R POV B0+ g ma) kel () (Aot BTV S B+ P52 —a) e

(i.3) We now combine the results of steps (i.1) and (i.2) to deduce that, when o/ = ag €
(Oa ap A K‘O)a
209 2ap

x1 — 2| g — | 1 1
w1 — ] |2 — 25| (f°’2(s,:13;t,y)+f°’2(5733/;75,y))-

Il <
1 =c (t —s)l—ne

(ii) To conclude, it remains to use an induction argument as in the end of the proof of
Proposition 3.5. 0

3.4.2 Smoothness of the transition density and Feynman-Kac’s representation
Recall that f(s,x;t,y) is defined in (2.27).

Proposition 3.14. Let the conditions of Theorem 2.9 hold. Then, the vertical derivative
02 f(s,x;t,y) and horizontal derivative Osf(s,x;t,y) are well-defined for all 0 < s <t < T,
x € D([0,T]) and y € R?. Moreover, for all (t,y) € [0,T] x R, 92, £(:;t,y) and Of(-;t,y)
are continuous on [0,t) x C([0,T]).

Proof. We denote by C > 0 a generic constant that does not depend on (s, z,t,y). Let us
fix ty € (s,t), then by (2.20) and (2.27),

to
f(S,X;t,y) = ft,y(s,x;t,y)—l—/ / fm(s,x;r,z)@(r,z;t,y)dzdr
s JR2

t
[ el 00 st ydzdr
tg JR2

= ft,y(sax;tvy) + fl(S,X;t,y) + fZ(SaX;tay)‘

First, the existence and continuity of the vertical derivative and horizontal derivative of
fiy(s,x;5t,y) is trivial.

For fi(s,x;t,y), we can use Lemmas 3.10 and 3.13, Proposition 3.5, together with (3.15),
to obtain that

&

where

o I (s,x;rit,y) + (s, x; 75 t,y)
dr < C/ (r—s)ire dr,

/ 2L, (5,57, 2)®(r, 23, y)dz

. <2ﬁ4+1+B1
K = min| —,1

= e ) min{ag,a} — fy > 0,

and, with z := (x(s), I5(x)),
Li(s,x;m35t,y) = / For (s, wsm,2) (£22 (r, E; M x)ity) + Fo3(r, 2t y))dz

For(r, Ex N @)st,y) + £ (s, a5t y)
1
I(s,x;rit,y) = fo2(r, B} (2);t,y).



Since 9 < t, we can then easily obtain the existence and continuity of 92 fi(:;t,y) by
dominated convergence. Further, in view of Remark 3.11 and in particular (3.27), we can
also deduce the existence and continuity of the horizontal derivative 0sf;(+;t,y).

For fy(s,x;t,y), we notice that
lasfr,z(s,x; T, z)| + ‘ngfm(s,x;r, 2)| < Cf°(s,x;r,2), forr >t >s, z € R?.

Together with the estimate on ®(r, z;¢,y) in Proposition 3.5, it follows the existence and
continuity of the vertical derivative 92, fa(-;¢,y) and the horizontal derivative Osfa(+;¢,y). O

Recall the growth condition (2.28) on ¢ and g, and the Hélder continuity condition (2.29)
on /. Let

T
o) = [ [ densataydt+ [ o) fsa Ty, (s.0) € 0.7) < R

Then, with v defined in (2.30), one has, for z = (x(s), Is(x)),

v(s,x) = v(s, ), Oxv(s,x) =y v(s,z) and 02 v(s,x) = 8513;11)(5,:5).
Proposition 3.15. Let the conditions of Theorem 2.9 hold. Then:
(i) v € C2([0,T)) and the bound estimates in (2.33) hold true.

(ii) The function v is a classical solution to the PPDE (2.1). If in addition g is continuous,
then v is the unique classical solution of (2.1) satisfying (2.34).

Proof. (i) Let us define, for (r,2) € [0,T) x R,

T
v (T, 2) ::/r /R2 O(r, z; t, y)l(t, y)dydt —i—/}R2 O(r,z; T, y)g(y)dy, (3.34)

so that

T
v(s,x) :/R2 fry(s,z;T,y)g(y)dy —i—/s /R2 fra(s,x;r, z)(vq>(r, z) + L(r, z))dzdr. (3.35)

Then, it follows from Lemma 3.13 that

209 20g_
21 — 20| TP 4 |2y — 2L |1 o1 o1
o 2) = (1, )] < Coy A LRSI (02 1 0nd ),
in which
o1 T e ol
092 (r,z) = sz 2 (r, 25 T, y) | £(t, y) | dydt + sz 2(r, 2T, y) |g(y)|dy.
T

Together with the Holder continuity condition on ¢ in (2.29), we can then apply Lemma
3.10 to deduce that 92 , v(s,z) exists and

171

9% (s, x)

T1T1

T
:/Rgagmfm(s,x;:r, y)g(y)dy +/ /RQailzlfr,Z(s,x;r, z)(vq>(r, 2) +€(r.z))dzdr.
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Then, using (3.4) and Lemma 3.1, we deduce that, for some constant C' > 0,

J.

By Lemma 3.10, one can choose C' > 0 such that,

T, dy < ¢ °(s,2;T ay < 2
a:lzvlny(S z; T, y)g(y)|dy < (T—s)lJrﬁO/RQf (s,2; T, y)|g(y)|dy < m

frz(s,x;r, 2)0(r.z)dzdr

$1551

< / m(‘ﬁ(E;}(w))‘—i—C’e'E;;(x)'—i- fo(s,ar;r,z)emz‘dz)dr < celfll,
s r—= ’

R2
in which 2Bt 148
. 4+ 1+ 1 ) .
kg = min(—————,1) min{ay, a} — > 0,
¢ ( T+ 4 {aw, a} — Bo
T
frz(s, @57, 2)ve(r.2)dzdr| < ¢ eClelar < el
v I ’ T s s (T =yt S

v(s,z) (or equivalently 92 v(s,x)) in (2.33). In
view of (3.27), one can obtain the same bound on 9sv(s,x) in (2.33). Finally, 0xv(s,x) is

This proves the bound estimate on 8mlx1

estimated by appealing to Proposition 3.8 and (2.28). The bound on the right-hand side
of (2.34) is proved similarly.

(ii) Recall that

f(s,x;t,y) = fiy(s,x5t,y) +/t /R2 f, .(s,x;7,2)0(r, 2, t,y)dzdr,
and that (s,x) € [0,t) x D([0,T]) + f;4(s,x;t,y) solves
Leyfiy(5t,y) =0 on [s,t) x C([0,T]), (3.36)
where

1
Liy == 05+ §at(y)233x-

Let
Lofs,x) = 0s0(s,%) + 1s(x)0x(s, %) + 302 ()0 (s, %),

for ¢ € CH2([0,T)). Recalling the definition of vg in (3.34) and using (3.35), we obtain
that, with = := (x(s), Is(x)),

L5, = || Liny (55T, 9)a(0)dy — vas,2)~(5,2)
T
+/ /R2 Lf, . (s,x;7, 2) (va(r, 2)+L(r, 2))dzdr. (3.37)

At the same time, as a consequence of (3.24) and (3.17)-(3.18), we observe that

@(S, €5 T7 y) = (L - Lt,y)ft,y(sa X3 ta y)

t
+// (L—Lrvz)f,ﬂ,z(s,x;r,z)@(r,z;t,y)dzdr.
s JRR?
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Hence, recalling Lemma 3.4 and Proposition 3.5, it follows by (3.34) that
n(sv0) = [ (L= Ly by (s, 7,0y (o)

T
- / /R (L = Loa)fra(s,3:7, 2) (v (1, 2)+4(r, 2)) dzdr.

We then use (3.36) to obtain

T
v (s, x) :/R2 Lfry(s,x; T, y)g(y)dy—i—/ /R2 Lf, . (s,x; 7, 2) (va(r, 2)+L(r, 2))dzdr.

It follows then by (3.37) that v is a classical solution to the PPDE (2.1).

(iii) We now prove that lim »7 v(s,x) = g(x7, IT(x)), or equivalently lim, ~7v(s,z) = g(x),
whenever g is continuous. In view of the estimates in (3.10) and (3.23), and Proposition
3.6, one has

slifrr%v(s,x) = J%AQf(s,x;T, y)9(y)dy = Sl%/]RQ fry(s,z:T,y)g(y)dy

C 1 _ TR .
i lig, /D MTfT,y(s,x,T,y)g(y)dy pm lig, DMTfT,x(s,x,T,y)g(y)dy

= Sh/n%/w fra(s,z; T y)g(y)dy = g(x),

in which

DMy = [ml _MVT — s, @1+ MVT — s] x [:m — MAJ(T = s)gy, o+ My/(T — s)ms,t},

so that third and fifth equalities are true since both fr,(s,2;T,y) and fr.(s,x;T,y) are
dominated by C f°(s, z; T, y) in which the covariance matrix in f° is given by 3, r(4a), and
the fourth equality follows by the fact that, for every fixed M > 0,

fT,y(37 Hop Ta y)

.
2t o | Fra(s. e T.y)

T
s/TyepM,

_1):0‘

(iv) The fact that v is the unique solution of (2.1) satisfying (2.34) holds true follows easily
by a verification argument based on It6-Dupire’s formula, see [3], whenever g is continuous.
O

3.5 Proofs of Theorems 2.7, 2.9 and 2.11

Proof of Theorem 2.7. (i) First, the well-posedness of ® in (2.17)-(2.18) is proved in Propo-
sition 3.5. Further, the well-posedness of f in (2.20) as well as its continuity and growth
property is proved in Proposition 3.6.

(ii) Under further conditions, the existence of 0, f(s,x;t,y) as well as its continuity and
growth property is proved in Proposition 3.8. O
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Proof of Theorem 2.9. (i) The fact that f(-;¢,y) € C2([0,t)) is proved in Proposition 3.14.

(ii) The fact that v provides a classical solution to the PPDE, as well as the estimation on
the derivatives are proved in Proposition 3.15.

(iii) We now use the PPDE results in Item (ii) to study the path-dependent SDE (2.9).
To study the weak solution of the SDE (2.9), we consider the martingale problem on the
canonical space C([0,7]) of all R%.-valued continuous paths on [0, T]. By abuse of notation,
we denote by (X, It)icpo,7) the canonical process, which generates the canonical filtration
F. Then, given an initial condition (t,z) € [0,7] x R?, a solution to the corresponding
martingale problem is a probability measure P on C([0,7]) such that P[(Xs,I5) = = =
(z1,22), s €[0,8]] =1, P[Iy = xo + [’ X,dA,, s € [t,T]] =1 and the process

o)~ [ (B ODRX) + 30, COD2(X) ) dr, s € 1,71,

is a (P, F)-martingale for all bounded smooth functions ¢ : R — R. Let us denote, for all
(t,z) € [0,T] x R,

P(t,z) := {P :Pis solution to the martingale problem with initial condition (¢,z)}.

Notice that fz and & are both bounded continuous, it is then classical to know that P(t, z)
is a nonempty compact set (see e.g. Stroock and Varadhan [14, Chapter VI]).

We next apply the classical Markovian selection technique (see e.g. [14, Chapter 12.2])
to construct a weak solution to the SDE (2.9) such that (X, I;);c(o,7] is a strong Markov
process. Let (¢,)n>1 be a sequence of bounded continuous functions from [0, 7] x R? — R
such that it is a measure determining sequence in the sense that the sequence

{EP[/OT On(t, X, 1)t }n21

can determinate the probability measure P on C([0,7]). For each (¢,z) € [0,T] x R?, let
Py (t,x) := P(t,z), and then define, for each n > 0,

T T
P (tx) = {IPGP,J[(t, z) :EP[/ ¢n(t,Xt,It)dt} = max EP'[/ énlt, Xt,It)dt”.
0 P'ePf (t,x) 0
It is easy to see that each P/ (¢,x) is a non-empty compact set, so that PT(t,z) =
Np>1P,f (t,z) is also non-empty compact, as the sequence is non-increasing. Moreover,
since any two probability measures in P (¢, z) has the same value by evaluating w.r.t. any
¢n, this implies that P*(t,z) contains exactly one probability measure denoted by P;f -
By the dynamic programming principle for the optimal control problem in the definition of
P,r, 4, it follows that (X1, (]P’;fx)(tjx)e[oj]xﬂ%z) provides a Markov process solution to SDE

n

(2.9) such that (X, ) is a strong Markov process.

At the same time, one can apply the above Markovian selection argument to construct
another Markov process (X, I, (P; )¢ 2)e(0,r)xr? by replacing “max” by “min” in the def-
inition of P;7,;(t,x). If the class of all martingale solutions P(¢,z) is not unique, then
Py, # P, as (¢n)n>1 is measure determining.
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At the same time, by the results in Item (ii) and the Feynman-Kac’s formula in the case
g =0, one has

IP+ T P T g
EFse [/ ‘gt(Xt,It)dt} = [E s [/ ft(Xt,It)dt] :/ /2 f(s,z3t, y)le(y)dydt.
s s s R

Since £ could be an arbitrary bounded continuous function, this implies that ]P’;fx =P,
for all (s,z) € [0,7] x R2. Therefore, for all initial condition (¢,z), there exists a unique
solution to the martingale problem, i.e. a unique weak solution. Moreover the (unique)
solution process (X, I) is a strong Markov process, and the transition probability function
is given by f. O

Proof of Theorem 2.11. When the SDE (2.9) admits weak uniqueness, the above Markovian
selection argument shows that the only solution (X, I) is a strong Markov process.

(i) Let W be a Brownian motion independent of W, (g,),>1 be a sequence of positive
constants such that e, — 0. For each n > 1, let us define X" = (X™!, X™?2) as the unique
(Markovian) solution to the SDE

dX = 0y (XP)dt 4 64(XP)dWy,  dX]? = [y (XP) Agdt + 50(X]) ArdWy + e, dWE.

By stability of weak solutions of SDEs, it is clear that, by using the same initial condition
for the above SDE as that in (2.11) for X, one has X" — X weakly.

At the same time, it follows from e.g. [8] that, for each ¢ € (s,7T], X" has a density
f(s,x;t,-) whenever X7 = x. Moreover, f™ can be defined in the form

t o~
ﬂwwmw:m@amw+//fﬂ@mmﬂ%wmwww
b S RQ b

in which f]', is defined as f;, but with

n B t—s - fst(Au — Ag)du
Zar ) =or(2) ( — [H(Au— Adu [ [(Ay — A)? + €20,(2) 2] du )

in place of 3, +(r, z), and
. oo
Q" (s, x;t,y) = ZA (s,z;t,y),
k=0
where Ag(s,m;t,y) = (/j? - Z?’t’y) f;q?y(s,a;;t,y),
~ t ~ ~
Bpasaity)i= [ [ Bjsain )i zity)dzdr, k>0,
s JR2

In the above, L™ is the generator of X™ and £ is defined from £ as £ is defined from
L by freezing o to o¢(y) and erasing the drift term. Then, we define f;, from f" as frzis
defined from f in Section 2.3.
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It is straightforward to check that the estimates in (3.25) hold for (ﬁg)kzo in place of
(Ek)kzm uniformly in n > 0. Then, an induction argument combined with the fact that
ﬂ’}y(s,x;t,y) — ft,y(s,x;t,y) as n — oo, for all (s,z,t,y) € ©, implies that f"(s,z;t,y) :=
f(s, Asz;t, Ayy) converges to f(s,x;t,y) as n — oo, for all (s, x,t,y) € O. By the weak
convergence of the sequence of processes ()N( ")p>1 to X, this shows that f is the transition
probability function of (X, I).

(ii) As shown in Theorem 2.7, one has v € C%'([0,7)) and the vertical derivative dyv is
locally bounded. Let (X, I) be the solution of SDE (2.9), then by Feynman-Kac’s formula,
the process

t
v(t, X) +/ {(s,X)ds, t € [0,T], is a local martingale.
0
One can further apply the C!'-Ito6 formula for path-dependent functionals in [1] to prove

(2.37). Indeed, when (2.36) holds true, one can directly apply [1, Proposition 2.11 and
Theorem 2.5].

Otherwise, when A is monotone and 0 < I45-B 1 — w, we can fix o/ €

2+4f4
(%ﬁgfﬂ 1-— [33—,822+,80)’ and, by Proposition 3.9, there exists a constant C' > 0 such that,

for all e > 0,

2
E[|v(s+2X) = v(s + & Xon Bure (Xore = X)) |
o’ (2448y4)

4o’
< CE[( sup ’Xt—Xs‘564)1+ﬁ2] < Ce P2
s<t<s+e

where (XS/\. Dste (Xste — XS))t = 10 s42) (1) Xsnt + 1o (t) Xspe for all ¢ € [0, T7]. Since

al(f%gf“) > 1, it follows that

1 2

;I{‘% EEHV(S +e, X) - V(XS/\~ DPste (Xs—l—a - Xs))‘ } = 0.
Finally, we can apply [1, Proposition 2.6 and Theorem 2.5] to deduce (2.37). O
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