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PREFACE

From the preface to the first edition. Asymptotic distribution theo-
rems in probability and statistics have from the beginning depended
on the classical theory of weak convergence of distribution functions
in Euclidean space—convergence, that is, at continuity points of the
limit function. The past several decades have seen the creation and
extensive application of a more inclusive theory of weak convergence
of probability measures on metric spaces. There are many asymptotic
results that can be formulated within the classical theory but require
for their proofs this more general theory, which thus does not merely
study itself. This book is about weak-convergence methods in metric
spaces, with applications sufficient to show their power and utility.

The second edition. A person who read the first edition of this
book when it appeared thirty years ago could move directly on to
the periodical literature and to research in the subject. Although the
book no longer takes the reader to the current boundary of what is
known in this area of probability theory, I think it is still useful as a
textbook one can study before tackling the industrial-strength treatises
now available. For the second edition I have reworked most of the
sections, clarifying some and shortening others (most notably the ones
on dependent random variables) by using discoveries of the last thirty
years, and I have added some new topics. I have written with students
in mind; for example, instead of going directly to the space D[0, 00),
I have moved, in what I hope are easy stages, from C[0,1] to D[0, 1]
to D[0,00). In an earlier book of mine, I said that I had tried to
follow the excellent example of Hardy and Wright, who wrote their
Introduction to the Theory of Numbers with the avowed aim, as they
say in the preface, of producing an interesting book, and I have again
taken them as my model.

Chicago, Patrick Billingsley
January 1999



For mathematical information and advice, I thank Richard Arratia,
Peter Donnelly, Walter Philipp, Simon Tavaré, and Michael Wichura.
For essential help on Tey and the figures, I thank Marty Billingsley
and Mitzi Nakatsuka.
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INTRODUCTION

The De Moivre-Laplace limit theorem says that, if

Sn—np<x]

Vvnpg

is the distribution function of the normalized number of successes in n
Bernoulli trials, and if

(2) F(z) = \/% /;w e~¥ /24y

is the standard normal distibution function, then

(1) Fo(z) = P[

(3) Fo(z) — F(x)

for all  (n — oo, the probability p of success fixed).

We say of arbitrary distribution functions F,, and F on the line that
F,, converges weakly to F', which we indicate by writing F,, = F, if (3)
holds at every continuity point z of F. Thus the De Moivre-Laplace
theorem says that (1) converges weakly to (2); since (2) is everywhere
continuous, the proviso about continuity points is vacuous in this case.
If F,, and F are defined by

(4) Fn(m) = I[n‘l,oo)(m)
(I for the indicator function) and
(5) F(z) = Ijg o)(),

then again F;, = F, and this time the proviso does come into play: (3)
fails at x = 0.



2 INTRODUCTION

For a better understanding of this notion of weak convergence,
which underlies a large class of limit theorems in probability, consider
the probability measures P, and P generated by arbitrary distribution
functions F;, and F. These probability measures, defined on the class of
Borel subsets of the line, are uniquely determined by the requirements

Pp(—00,x] = Fp(z), P(—o0,z] = F(z).

Since F is continuous at z if and only if the set {z} consisting of z
alone has P-measure 0, F,, = F means that the implication

(6) Py(—o0,z] = P(—00,z] if P{z} =0

holds for each z.

Let A denote the boundary of a subset A of the line; 0A consists
of those points that are limits of sequences of points in A and are also
limits of sequences of points outside A. Since the boundary of (oo, ]
consists of the single point z, (6) is the same thing as

(7) P.(A) — P(A) if P(8A) =0,

where we have written A for (—oo, z]. The fact of the matter is that
F,, = F holds if and only if the implication (7) is true for every Borel
set A—a result proved in Chapter 1.

Let us distinguish by the term P-continuity set those Borel sets A
for which P(8A) = 0, and let us say that P, converges weakly to P, and
write P, = P, if P,(A) — P(A) for each P-continuity set A—that is,
if (7) holds. As just asserted, P, = P if and only if the corresponding
distribution functions satisy F,, = F.

This reformulation clarifies the reason why we allow (3) to fail if
F has a jump at z. Without this exemption, (4) would not converge
weakly to (5), but this example may appear artificial. If we turn our
attention to probability measures P, and P, however, we see that
P,(A) — P(A) may fail if P(0A) > 0 even in the De Moivre-Laplace
theorem. The measures P, and P generated by (1) and (2) satisfy

® P4 = P[22 e 4]

(9) P(A) = #/Ae”“zﬂdu
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for Borel sets A. Now if A consists of the countably many points

k—np
Ve

then P,(A) = 1 for all n and P(A) = 0, so that P(4,) — P(A) is
impossible. Since 0A is the entire real line, this does not violate (7).
Although the concept of weak convergence of distribution functions
is tied to the real line (or to Euclidean space, at any rate), the concept
of weak convergence of probability measures can be formulated for the
general metric space, which is the real reason for preferring the latter
concept. Let S be an arbitrary metric space, let S be the class of
Borel sets (S is the o-field generated by the open sets), and consider
probability measures P, and P defined on §. Exactly as before, we
define weak convergence P, = P by requiring the implication (7) to
hold for all Borel sets A. In Chapter 1 we investigate the general theory
of this concept and see what it reduces to in various special cases. We
prove there, for example, that P, converges weakly to P if and only if

(10) /SfdPn—>/SfdP

holds for all bounded, continuous real-valued functions on S. (In or-
der to conform with general mathematical usage, we take (10) as the
defintion of weak convergence, so that (7) becomes a necessary and
sufficient condition instead of a definition.)

Chapter 2 concerns weak convergence on the space C = C[0,1]
with the uniform topology; C is the space of all continuous real func-
tions on the closed unit interval [0, 1], metrized by taking the distance
between two functions z = z(t) and y = y(t) to be

(11) p(z,y) = sup |z(t) — y(t)|.
0<tL1

An example of the sort of application made in Chapter 2 will show why
it is both interesting and useful to develop a general theory of weak
convergence—one that goes beyond the Euclidean case. Let &;,&o,. ..
be a sequence of independent, identically distributed random variables
defined on some probability space (€2, F, P). If the &, have mean 0 and
variance o2, then, by the Lindeberg-Lévy central limit theorem, the
distribution of the normalized sum

1

(12) s = ;j/-—n(& +oo )
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converges weakly, as n tends to infinity, to the normal distribution
defined by (9).

We can formulate a refinement of the
central limit theorem by proving weak
convergence of the distributions of certain
0 \/ I random functions constructed from the

partial sums S,,. For each integer n and each
sample point w, construct on the unit interval the polygonal function
that is linear on each of the subintervals [(i —1)/n,i/n], i =1,2,...,n,
and has the value S;(w)/o+/n at the point i/n (Sp(w) = 0). In other
words, construct the function X™(w) whose value at a point ¢ of [0, 1]
is

(1) 1 t — 1 1
Xp@):msi-l(wn _(11/_71 )/"U NG

For each w, X™(w) is an element of the space C, a random function.
Let P, be the distribution of X™(w) on C, defined for Borel subsets A
of C—Borel sets relative to the metric (11)—by

&Lw), ifte [1—7-117_:;]

P,(A) = Plw: X™(w) € 4]

(the definition is possible because the mapping w — X™(w) turns out
to be measurable in the right way). In Chapter 2 we prove Donsker’s
theorem, which says that

(14) P, =W,

where W is Wiener measure. We also prove the existence in C of
Wiener measure, which describes the probability distribution of the
path traced out by a particle in Brownian motion.

If A= [z:2(1) < o], then, since the value of the function X"(w) at
t=11is X}w) = Sp(w)/ov/n,

L
av/n

It turns out that W(8A) = 0, so that (14) implies

Py(A) = P[w: Sn(w) < a].

1
v

P[w: Sp(w) < a] — Wiz:z(1) < a].
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It also turns out that
Wiz:z(1) < 1] = -i—/m e~V 2y
’ - V 2T —00 '

so that (14) does contain the Lindeberg-Lévy theorem.

If & takes the values +1 and —1 with probability % each, S, can
be interpreted as the position at time n in a symmetric random walk.
The central limit theorem says that this position, normalized by /n
(o = 1), is, for n large, approximately distributed as the position at
time ¢t = 1 of a particle in Brownian motion. The relation (14) says
that the entire path of the random walk during the first n steps is, for
n large, distributed approximately as the path up to timet =1 of a
particle in Brownian motion.

To see in a concrete way that (14) contains information going be-
yond the central limit theorem, consider the set

A= [:c:ossligl z(t) < a].

Again it turns out that W(9A) = 0, so that (14) implies

. 1 o
(15) lim P[w. m lxéléa%cn Sk(w) < a] = nlgglo P,(A)

n—oo

= W[x: sup z(t) < a].
0<t<1

We can evaluate the rightmost member of (15) by finding the limit on
the left for the special case of symmetric random walk, which is easy
to analyze. And then we have a limit theorem for the distribution of
maxg<n Sk under the hypothesis of the Lindeberg-Lévy theorem.

For another example involving X"(w), take A to be the set of z
in C for which the set [t: z(t) > 0] has Lebesgue measure at most o
(where 0 < a < 1). As before, P,(A) — P(A). Since the Lebesgue
measure of [t: X['(w) > 0] is essentially the fraction of the partial sums
S1,S2,...,5, that exceed 0, this argument leads to an arc sine law un-
der the hypotheses of the Lindeberg-Lévy theorem. Chapter 2 contains
the details of these derivations.

We can in this way use the theory of weak convergence in C to
obtain a whole class of limit theorems for functions of the partial sums
S1,82,...,8,. The fact that Wiener measure W is the weak limit of
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the distribution over C of the random function X"™(w) can also be used
to prove theorems about W, and W is interesting in its own right.

Chapter 3 specializes the theory of weak convergence to another
space of functions on [0, 1}—the space D[0, 1] of functions having only
discontinuities of the first kind (jump discontinuities). This is the nat-
ural space in which to analyze the Poisson process and other processes
with paths that are necessarily discontinuous. We also study spaces of
discontinuous functions on [0, 00) and on certain other sets that play
the role of a generalized “time”—for example, the set of convex sub-
sets of the unit square. Chapter 4 concerns weak convergence of the
distributions of random functions derived from various sequences of de-
pendent random variables. Chapter 5 has to do with other asymptotic
properties of random functions; there we prove Strassens’s theorem, a
far-reaching generalization of the law of the iterated logarithm.

Many of the conclusions in Chapters 2 through 5, although not
requiring function-space concepts for their statement, could hardly
have been derived without function-space methods. Standard measure-
theoretic probability and metric-space topology are used from the be-
ginning of the book. Although the point of view throughout is that
of functional analysis (a function is a point in a space), nothing of
functional analysis is assumed (beyond an initial willingness to view a
function as a point in a space). All function-analytic results needed
are proved in the text or else in Appendix M at the end of the book.
This appendix also gathers together for easy reference some results in
metric-space topology, analysis, and probability.
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CHAPTER 1

WEAK CONVERGENCE IN
METRIC SPACES

SECTION 1. MEASURES ON METRIC SPACES

We begin by studying probability measures on the general metric space.
Denote the space by S, and let S be the Borel o-field, the one generated
by the open sets;! its elements are the Borel sets. A probability mea-
sure on S is a nonnegative, countably additive set function P satisfying
PS=1.

If probability measures P, and P satisfy! P,f — Pf for every
bounded, continuous real function f on S, we say that P, converges
weakly to P and write P,, = P. In Chapter 1 we study the basic, gen-
eral theory of weak convergence, together with the associated concept
of convergence in distribution. We first derive some properties of indi-
vidual measures on (S,S). Although S is sometimes assumed separable
or complete, most of the theorems in this chapter hold for all metric
spaces.

Measures and Integrals

Theorem 1.1. Every probability measure P on (S,S) is reqular;
that is, for every S-set A and every e there exist a closed set F' and an
open set G such that FC AC G and P(G—F) <.

PROOF. Denote the metric on S by p(z,y) and the distance from
x to A by p(z,A) [M1]3 If A is closed, we can take F = A and
G = A% = [z:p(z, A) < 6] for some &, since the latter sets decrease to
A as 6 | 0. Hence we need only show that the class G of S-sets with

t Or, for example, by the closed sets. All unindicted sets and functions are
assumed measurable with respect to S. Another convention: all €'s and é’s are
positive.

! Write Pf for [ fdP.

§ A reference [Mn] is to paragraph n of the Appendix starting on p. 236.
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the asserted property is a o-field. Given sets A, in G, choose closed
sets F,, and open sets Gp, such that F,, C A, C G, and P(G, — F)) <
/2" If G =, Gn, and if F = J,<p,, Fn, with ng so chosen that
P(U,Fn—F)<e€/2,then FC|J,An C G and P(G—F) <e. Thus G
is closed under the formation of countable unions; since it is obviously
closed under complementation, G is a o-field. m]

Theorem 1.1 implies that P is completely determined by the val-
ues of PF for closed sets F'. The next theorem shows that P is also
determined by the values of P f for bounded, continuous f. The proof
depends on approximating the indicator Ir by such an f, and the
function f(z) = (1 — p(x, F)/e)T works. It is bounded, and it is con-
tinuous, even uniformly continuous, because |f(z) — f(y)| < p(z,y)/e.
And z € F implies f(z) = 1, while z ¢ F* implies p(z,F) > ¢ and
hence f(z) = 0. Therefore,

(L1 Ir(z) < f(z) = (1 = p(z, F) /)" < Ipe(a).

Theorem 1.2. Probability measures P and @ on S coincide if
Pf = Qf for all bounded, uniformly continuous real functions f.

PRrROOF. For the bounded, uniformly continuous f of (1.1), PF <
Pf=Qf <QF¢. Letting € | 0 gives PF < QF, provided F is closed.
By symmetry and Theorem 1.1, P = Q. (]

Because of theorems like this, it is possible to work with measures
PA or with integrals Pf, whichever is simpler or more natural. We
defined weak convergence in terms of the convergence of integrals of
functions, and in the next section we characterize it in terms of the
convergence of measures of sets.

Tightness

The following notion of tightness plays a fundamental role both in
the theory of weak convergence and in its applications. A probability
measure P on (S, S) is tight if for each € there exists a compact set K
such that PK > 1 — €. By Theorem 1.1, P is tight if and only if PA

is, for each A in S, the supremum of PK over the compact subsets K
of A.

Theorem 1.3. If S is separable and complete, then each probability
measure on (S,S) is tight.

PROOF. Since S is separable, there is, for each k, a sequence
Ag1, Ak, ... of open 1/k-balls covering S. Choose ny large enough that
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P(Ui<n, Aki) > 1—¢/ 2k, By the completeness hypothesis, the totally
bounded set ;>1 U; <y, Aki has compact closure K. But clearly PK >
1—e a

Some Examples

Here are four metric spaces, together with some facts about them we
need further on. Define a subclass A of S to be a separating class if
two probability measures that agree on A necessarily agree also on the
whole of §: The values of PA for A in A are enough to separate P from
all the other probability measures on §. For example, by Theorem 1.1
the closed sets form a separating class. Recall that a class is a m-system
if it is closed under the formation of finite intersections and that A is
a separating class if it is a m-system generating the o-field S [PM.42).

Ezample 1.1. Let R* denote k-dimensional Euclidean space with
the ordinary metric |z —y| = /[~ (2 — v;)?], and denote by R¥ the
corresponding class of Borel sets—the k-dimensional Borel sets. The
distribution function corresponding to a probability measure P on R*

is
(1.2) F(zy,...,zx) = Ply:yi < z;, t < k.

Since the sets on the right here form a m-system that generates R,
they constitute a separating class. Therefore, F' completely determines
P.

By Theorem 1.3, each probability measure on (RF,R¥) is tight.
But tightness is in this case obvious because the space is o-compact—
is a countable union of compact sets (B(0,n)~ T R¥, for example). O

Ezample 1.2. Let R* be the space of sequences z = (z;,z2,...)
of real numbers—the product of countably many copies of R!. If
b(a,3) = 1 A |a — B|, then b is a metric on R! equivalent to the usual
one, and under it, R! is complete as well as separable [M4]. Metrize
R® by p(z,y) = X, b(zi,yi)/2". Obviously,} p(z",z) —, 0 implies
b(z},z;) —n O for each i; but by the M-test [PM.543], the reverse
implication also holds. Under p, therefore, R* has the topology of
pointwise convergence: z" —, z if and only if 27 —, z; for each 1.

! These are page references to Probability and Measure, third edition, for any who
may find them useful.

t As often in the book, the superscript is not a power: " = (z7,z%,...).
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Let 7: R — R* be the natural projection: my(z) = (21,...,2x).
Since convergence in R® implies coordinatewise convergence, 7y is
continuous, and therefore the sets

(1.3) Nie(z) =y |lyi —mil <€, i=1,...,k]

are open. Moreover, y € N (z) implies p(z,y) < € + 27%. Given a
positive 7, choose € and k so that € + 2% < r; then Ny ((z) C B(z,r).
This means that sets (1.3) form a base for the topology of R*®. It
follows that the space is separable: one countable, dense subset consists
of those points having only finitely many nonzero coordinates, each of
them rational. If {z"} is fundamental, then each {zI'} is fundamental
and hence converges to some z;, and of course x" converges to the
point with coordinates z;. Therefore, R is also complete. (These
facts are proved in a more general setting in [M6]).

Since R™ is separable and complete, it follows by Theorem 1.3 that
each probability measure on R is tight.

In the case of R*, tightness follows directly from the fact that the space is o-
compact, an argument which cannot work here, since R is not o-compact. Indeed,
if y! = z; for i < k and y' = n for ¢ > k, then the sequence {y"} is contained in
(1.3) but has no convergent subsequence. This means that the closure of (1.3) is not
compact, and therefore no closed ball B(z,€)” is compact. This of course implies
that R is not locally compact. Furthermore, if K is compact, then an arbitrary
open ball B must share some point z with K¢ (B C K being impossible), and
so (since B N K° is open) there is an e such that B(z,e) C B N K°. Therefore,
every compact set is nowhere dense. Finally, by Baire's category theorem [M7], this
implies that R* is not o-compact.

Let R be the class of finite-dimensional sets, that is to say, the
sets of the form 7rk—1H for k > 1 and H € R*. Since m is continuous,
it is measurable R®/R* [M10], and so R C R*. Moreover, since
T g = T, +1(H x R!), the set of indices in the specification of an
R?-set can always be enlarged, and it follows that two sets A and A’
in R$° can be represented as A = 7r,:1H and A' = 7rk_1H " for the same

value of k. And now AN A’ = n'(H N H') makes it clear that RP
is a 7-system (even a field). Further, since the sets (1.3) form a basis
and each lies in 'Rfﬁ, it follows by separability that each open set is
a countable union of sets in R, which therefore generates the Borel
o-field R*°: RS is a separating class.
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If P is a probability measure on (R®,R), its finite-dimensional
distributions are the measures ngl on (R*,R¥), k > 1, and since 'R,?°
is a separating class, these measures completely determine P. a

Ezample 1.8. Let C = C[0,1] be the space of continuous func-
tions = z(-) on [0, 1]. Define the norm of z as ||z|| = sup, |z(¢)|, and
give C the uniform metric

(1.4) plz,y) =z —yll = sup |lz(t) — y(t)|-

The random-walk polygons of the Introduction lie in C, which will be
studied systematically in Chapter 2. Since p(zn,z) — 0 means that
z,, converges to z uniformly, it implies pointwise convergence. But of
course the converse is false: Consider the function z, that increases
linearly from 0 to 1 over [0,n7!], decreases linearly from 1 to 0 over
[n‘l, 2n~1], and stays at 0 to the right of 2n71; that is,

(1.5) zn(t) = ntlg n-1] t)+(2- ’nt)I(n-l,zn—l] (2).

This z, convereges pointwise to the 0-function, while p(z,,0) = 1.

The space C is separable. For let Dy, be the set of polygonal func-
tions that are linear over each subinterval Iy; = [(i—1)/k, i/k] and have
rational values at the endpoints. Then | J, Dy is countable. To show
that it is dense, for given = and € choose k so that |z(t) — z(i/k)| < €
for t € I;, 1 < i < k, which is possible by uniform continuity, and
then choose a y in Dy, so that |y(i/k) — z(i/k)| < € for each i. Now
y(i/k) is within 2¢ of z(t) for t € Ii;, and similarly for y((i — 1)/k).
Since y(t) is a convex combination of y((i — 1)/k) and y(i/k), it too is
within 2¢ of z(t): p(z,y) < 2e.

And C is also complete: If z, is fundamental, which means that
€n = SUPpop P(Zn, Tm) —n 0, then, for each ¢, {z,(¢)} is fundamental
on the line and hence has a limit z(¢). Letting m — oo in the inequality
|zn(t) —2m(t)] < €n gives |zn(t) —2(t)| < €n; therefore, z,(t) converges
uniformly to z(t), = is continuous, and p(z,,z) — 0.

Since C is separable and complete, it follows, again by Theorem
1.3, that each probability measure on the Borel o-field C is tight.

Like R, C is not o-compact. To see this, consider the function (1.4) again.
No subsequence of ez, can converge, because if p(ezy,;, z) —; 0, then z must be the
O-function, while p(ezn,;,0) = €. Therefore, the closed ball B(0,¢)” is not compact,
and in fact no closed ball B(x, €)™ is compact (consider the points z+€z,). It follows
as before that every compact set is nowhere dense and that C is not o-compact.
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For 0 < t; < -+ <t < 1, define the natural projection from C to
RE by w4, (z) = (x(t1),...,2(tk)). In C the finite-dimensional sets
are those of the form wt_l,l.,tkH , H € R¥, and they lie in C because the
projections are continuous. As in the preceding example, the index set
defining a finite-dimensional set can always be enlarged. For suppose
we want to enlarge t1,%3 to #1,8,ty (where t; < s < t3). For the
projection 9 from R3 to R? defined by ¢(u,v,w) = (u,w), we have
Tty = YTty 1, and hence 71'[1%2}[ = wt'litzw_lH, and of course Yy 1H €
R3 if H € R2. The proof for the general case involves more notation,
but the idea is the same. It follows as before that the class C; of
finite-dimensional sets is a m-system. Furthermore, we have B(z,€)”™ =
N, ly: ly(r) — z(r)| < €], where r ranges over the rationals in [0, 1].
Therefore, the o-field 0(Cy) generated by Cy contains the closed balls,
hence the open balls, and hence (separability) the open sets. Since Cy
is a m-system and o(Cy) =C, Cy is a separating class. O

The final example clarifies several technical points. Let Sy be the
o-field generated by the open balls; we can call it the ball o-field. Of
course, S C S. If S is separable, then each open set is a countable
union of open balls, and therefore Sy = &, a fact we used in each of
the preceding two examples. In the nonseparable case, Sp is usually'
smaller than S.

Ezample 1.4. Let S be an uncountable discrete space (p(z,y) =1
for z # y); S is complete but not separable. Since the open balls are the
singletons and S itself, Sy consists of the countable and the cocountable
sets. But since every set is open, S = 25, and so S is strictly smaller
than S.

Suppose there exists on S a probability measure P that is not tight.
If Sp consists of all the z for which P{z} > 0, then Sy is countablet
and hence PSp < 1 (since otherwise P would be tight). But then, if
pA = P(ANSE) for A in S, p is a finite, nontrivial measure (countably
additive) on the class 25, and u{z} = 0 for each z. If S has the
power of the continuum, then, assuming the axiom of choice and the
continuum hypothesis, one can show [PM.46] that this is impossible.
Thus Theorem 1.3 sometimes holds in the nonseparable case. a

The ball o-field will play a role only in Sections 6 and 15.

t For some nonseparable spaces, the two o-fields coincide—by accident, so to
speak. See Talagrand [64].

! Since P is finite, S cannot contain an uncountable, disjoint collection of sets of
positive P-measure [PM.162].
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Problems

A simple assertion is understood to be prefaced by “show that.” See Some Notes on
the Problems, p. 264.

1.1.

1.2.
1.3.

1.4.

1.5.

1.6.

1.7.
1.8.

1.9

1.10.

1.11.

1.12

1.13.

The open finite-dimensional sets in R form a basis for the topology. Is this
true in C?

Are RY and Cy o-fields?

Show that, if A and B are at positive distance, then they can be separated
by a uniformly continuous f, in the sense that J4 < f < Igc. If A and B
have disjoint closures but are at distance zero, this holds for a continuous f
but not for a uniformly continuous one.

If S is a Banach space, then either (i) no closed ball of positive radius is com-
pact or else (ii) they all are. Alternative (i) holds for R® and C. Alternative
(ii) holds if and only if S has a finite basis; see Liusternik and Sobolev [44],
p.- 69.

Suppose only that P is finitely additive. Show that, if each PA is the supre-
mum of PK over the compact subsets K of A, then P is countably additive
after all.

A real function on a metric space S is by definition a Borel function if it
is measurable with respect to §. It is by definition a Baire function if it is
measurable with respect to the o-field generated by the continuous functions.
Show (what is not true for the general topological space) that the two concepts
coincide.

Inequivalent metrics can give rise to the same class of Borel sets.

Try to reverse the roles of F' and G in Theorem 1.1. When is it true that,
for each ¢, there exist an open G and a closed F such that G C A C F and
P(F-G)<e?

If S is separable and locally compact, then it is o-compact, which implies
of course that each probability measure on S is tight. Euclidean space is an
example.

Call a class F of bounded, continuous functions a separating class if Pf = Qf
for all f in F implies that P = Q. The functions (1.1) form a separating class.
Show that F is a separating class if each bounded, continuous function is the
uniform limit of elements of F.

Suppose that S is separable and locally compact. Since S is then o-compact,
each compact set in S is contained in the interior of another compact set.
Suppose that Pf = Qf for all continuous f with compact support; show that
P and Q agree for compact sets, for closed sets, for Borel sets: The continuous
functions with compact support form a separating class in the sense of the
prededing problem.

Completeness can be replaced by topological completeness [M4] in Theorem
1.3, and separability can be replaced by the hypothesis that P has separable
support.

The hypothesis of completeness (or topological completeness) cannot be sup-
pressed in Theorem 1.3. Let S be a subset of [0,1] with inner and outer
Lebesgue measures 0 and 11 M\(S) = 0, A*(S) = 1. Give S the usual metric,
and let P be the restriction of A* to S ([M10] & [PM.39]). If K is compact,
then PK = 0, and so P is not tight.
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1.14. If S consists of the rationals with the relative topology of the line, then each
P on S is tight, even though S is not topologically complete (use the Baire
category theorem).

1.15. If r < ¢/(1+ €)2%, then (see (1.3)) B(z,) C Ni.(z).

1.16. If A is nowhere dense, then A° = 0, but the converse is false. Find an A that
is everywhere dense even though A° = 0.

1.17. Every locally compact subset of C is nowhere dense.

1.18. In connection with Example 1.3, consider the space Cy(T) of bounded, contin-
uous functions on the general metric space T'; metrize it by (1.4) (we specify
boundedness because otherwise ||z|| may not be finite). Show that Cy(T) is
complete. Show that it need not be separable, even if T" is totally bounded.

SECTION 2. PROPERTIES OF WEAK CONVERGENCE

We have defined P, = P to mean that P,f — Pf for each bounded,
continuous real f on S. Note that, since the integrals Pf completely
determine P (Theorem 1.2), a single sequence {P,} cannot converge
weakly to each of two different limits. Although it is not important to
the subject at this point, it is easy to topologize the space of probability
measures on (S, S) in such a way that weak convergence is convergence
in this topology: Take as the basic neighborhoods the sets of the form
[Q:|Qfi— Pfi| < €,i < k], where the f; are bounded and continuous. If
S is separable and complete, this topology can be defined by a metric,
the Prohorov metric; see Section 6.

Weak convergence is the subject of the entire book. We start with
a pair of simple examples to illustrate the ideas lying behind the defi-
nition.

Ezample 2.1. On an arbitrary S, write 6, for the unit mass at =,
the probability measure on S defined by 6;(A) = Ia(z). If z, — z¢
and f is continuous, then

(2.1) bz f = f(xn) = flx0) = 650 f,

and therefore 8, => 6;,. On the other hand, if z,, / ¢, then there is
an € such that p(xo,z,) > € for infinitely many n. If f is the function
in (1.1) for FF = {xo}, then f(zo) = 1 and f(z,) = O for infinitely
many n, and so (2.1) fails: é,, # 0g. Therefore, §;, = 6, if and
only if £, — xo. This simplest of examples is useful when doubtful
conjectures present themselves. a
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Ezample 2.2. Let S be [0,1] with the usual metric, and for each
n, suppose that z,x, 0 < k < r,, are r, points of [0, 1]. Suppose that
these points are asymptotically uniformly distributed, in the sense that,
for each subinterval J,

(2.2) ri#[k:znk e J]— I,

where |J| denotes length: As n — oo, the proportion of the points z,x
that lie in an interval is asymptotically equal to its length. Take P, to
have a point-mass of 1/, at each zni (if several of the z, coincide, let
the masses add), and let P be Lebesgue measure restricted to [0, 1].
If (2.2) holds, then P, = P. For suppose that f is continuous on
[0,1]. Then it is Riemann integrable, and for any given ¢, there is a
finite decomposition of [0, 1] into subintervals J; such that, if v; and
u; are the supremum and infimum of f over J;, then the upper and
lower Darboux sums Y v;|Ji| and ¥ u;|J;| are within € of the Riemann

intergal Pf = fol f(z)dz. By(2.2),
Pf=)_ rif(ﬂfnk) < Zviri#[kixnk €Ji] =Y wlJi| < Pf+e.
k" i n i

This, together with the symmetric bound from below, shows that
P,f — Pf. Therefore, P, = P; this fact, as Theorem 2.1 will show,
contains information going beyond (2.2).

As a special case, take r, = 10" and let x,, = k107" for 0 < k <
tn. If J = (a,b], then (2.2) holds because the set there consists of
those k satisfying |al0™] < k < [b10™]. That P, = P holds in this
case is an expression of the fact that one can produce approximately
uniformly distributed observations by generating a stream of random
digits (somehow) and for (a suitably chosen) large n breaking them
into groups of n with decimal points to the left.

As a second special case, take z,) to be the fractional part of k@,
0 < k < r, = n. If 8 is irrational, then (2.2) holds [PM.328], which
is expressed by saying that the integer multiples of 8 are uniformly
distributed modulo 1. i

The Portmanteau Theorem

The following theorem provides useful conditions equivalent to weak
convergence; any of them could serve as the definition. A set Ain S
whose boundary 9A satisfies P(OA) = 0 is called a P-continuity set
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(note that OA is closed and hence lies in S). Let P,, P be probability
measures on (5, S).

Theorem 2.1. These five conditions are equivalent:

(i) P, = P.
(ii) Pof — Pf for all bounded, uniformly continuous f.
(iii) limsup, P,F < PF for all closed F.
(iv) liminf, P,G > PG for all open G.
(v) P,A — PA for all P-continuity sets A.

To see the significance of these conditions, return to Example 2.1.
Suppose that z, — zg, so that é,, = 6,,, and suppose further that the
T, are all distinct from zo (take g = 0 and =, = 1/n on the line, for
example). Then the inequality in part (iii) is strict if F = {0}, and the
inequality in (iv) is strict if G = {zo}°. If A = {z0}, then convergence
does not hold in (v); but this does not contradict the theorem, because
the limit measure of 8{zo} = {zo} is 1, not 0.

And suppose in Example 2.2 that (2.2) holds, so that P, = P. If
A is the set of all the z,, for all n and &, then A is countable and
supports each P,, so that P,A =1 4 PA = 0; but of course, A = §
in this case. By regularity (Theorem 1.1), there is an open G such that
AC Gand PG < % (say); for this G the inequality in part (iv) is strict.
To end on a positive note: If (2.2) holds for intervals J, then by part
(v) of the theorem, it also holds for a much wider class of sets—those
having boundary of Lebesgue measure 0.

PROOF OF THEOREM 2.1. Of course, the implication (i) — (ii) is
trivial.

Proof that (ii) — (iii). The f of (1.1) is bounded and uniformly
continuous. By the two inequalities in (1.1), condition (ii) here implies
limsup,, P, F < limsup, P,f = Pf < PF¢. If F is closed, letting e | O
gives the inequality in (iii).

The equivalence of (iii) and (iv) follows easily by complementation.

Proof that (iii) & (iv) — (v). If A° and A~ are the interior and
closure of A, then conditions (iii) and (iv) together imply
(2.3) PA™ > limsup P,A™ 2> limsup P, A

n n
> liminf P, A > liminf P,A® > PA°.
n n

If A is a P-continuity set, then the extreme terms here coincide with
PA, and (v) follows.
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Proof that (v) — (i). By linearity we may assume that the bounded
f satisfies 0 < f < 1. Then Pf = [°P[f > #]dt = [} P[f > t]dt,
and similarly for P, f. If f is continuous, then 8(f > t] C [f = t], and
hence {f > t] is a P-continuity set except for countably many ¢. By
condition (v) and the bounded convergence theorem,

1 1
Pnf=/0 Pn[f>t]dt-—>/0 P[f > t] dt = Pf. 0

Other Criteria

Weak convergence is often proved by showing that P,A — PA holds
for the sets A of some advantageous subclass of S.

Theorem 2.2. Suppose (i) that Ap is a w-system and (ii) that
each open set is a countable union of Ap-sets. If P,A — PA for every
A in Ap, then P, = P.

PRrROOF. If A;,... A, liein Ap, then so do their intersections; hence,
by the inclusion-exclusion formula,

.

P JA) =D Pudi =) PAiAj+ ) PuAidjAp— -

i=1 H iJ ijk

=N PA; =Y PAA;+) PAAA—-- =P(| A).
i ij

ijk i=1

If G is open, then G = |J; A; for some sequence {A;} of sets in Ap.
Given ¢, choose r so that P(|J;., Ai) > PG — €. By the relation just
proved, PG — ¢ < P(U;c, 4Ai) = limy Po(U;c, 4i) < liminf, P,G.
Since € was arbitrary, condition (iv) of the preceding theorem holds. O

The next result transforms condition (ii) above in a useful way.

Theorem 2.3. Suppose (i) that Ap is a w-system and (ii) that S
is separable and, for every x in S and positive €, there is in Ap an A
for which x € A° C A C B(z,¢). If P,A — PA for every A in Ap,
then P, = P.

PRrROOF. The hypothesis implies that, for each point z of a given
open set G, x € A7 C Ay C G holds for some A, in Ap. Since S
is separable, there is a countable subcollection {43 } of {A3:z € G}
that covers G (the Lindeldf property [M3]), and then G = J; A;,.
Therefore, the hypotheses of Theorem 2.2 are satisfied. O
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Call a subclass A of S a convergence-determining class if, for ev-
ery P and every sequence {P,}, convergence P,A — PA for all P-
continuity sets in A implies P, = P. A convergence-determining class
is obviously a separating class in the sense of the preceding section. To
ensure that a given A is a convergence-determining class, we need con-
ditions implying that, whatever P may be, the class Ap of P-continuity
sets in A satisfies the hypothesis of Theorem 2.3. For given A, let A ¢
be the class of A-sets satisfying z € A° C A C B(z,¢), and let 0A4;
be the class of their boundaries. If 8.A; . contains uncountably many
disjoint sets, then at least one of them must have P-measure 0, which
provides a usable condition.

Theorem 2.4. Suppose (i) that A is a w-system and (ii) that S
is separable and, for each z and €, Ay ¢ either contains @ or contains
uncountably many disjoint sets. Then A is a convergence-determining
class.

Since 8B(z,r) C [y: p(z,y) = 7], the finite intersections of open
balls satisfy the hypotheses.

PRroOOF. Fix an arbitrary P and let Ap be the class of P-continuity
sets in A. Since

(2.4) 8(AN B) C (94) U (8B),

Ap is a m-system. Suppose that P, A — PA for every A in A satisfying
P(BA) = 0, that is, for every A in Ap. If A, does not contain @,
then it must contain uncountably many distinct, pairwise disjoint sets;
in either case, it contains a set of P-measure (. This means that each
A ¢ contains an element of Ap, which therefore satisfies the hypothesis
of Theorem 2.3. Since P,A — PA for each A in Ap, it follows that
P,= P. |

Ezample 2.8. Consider RF, as in Example 1.1, and let A be the
class of rectangles, the sets [y:a; < y; < b;, ¢ < k|. Since it obviously
satisfies the hypotheses of Theorem 2.4, A is a convergence-determining
class.

The class of sets @z = [y: ¥ < zi, @ < k] is also a convergence-
determining class. For suppose that P,Q, — PQ, for each z such
that P(0Q;) = 0. The set E; of ¢ satisfying Ply:y; = t] > 0 is at
most countable, and so the set D = (|J; E;)¢ is dense. Let Ap be the
class of rectangles such that each coordinate of each vertex lies in D.
If A € Ap, then, since 0Q, C |J;[y:¥i = zi], @ is a P-continuity
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set for each vertex z of A, and it follows by inclusion-exclusion that
P,A — PA. From this and the fact that D is dense, it follows that
Ap satisfies the hypothesis of Theorem 2.3.

That these sets (), form a convergence-determining class can be
restated as a familiar fact. Let F(z) = P(Q,) and F,(z) = Po(Q:)
be the distribution functions for P and P,. Since F is continuous
at z if and only if @, is a P-continuity set, P, = P if and only if
F.(z) — F(z) for all continuity points = of F. O

Ezxample 2.4. In Example 1.2 we showed that the class RY of
finite-dimensional sets is a separating class. It is also a convergence-
determining class: Given z and €, choose k so that 2% < ¢/2 and
consider the finite-dimensional sets A, = [y:|y; — z;| < 7, i < k] for
0 <7 < €/2. Then z € A} = A, C B(z,¢). Since dA, consists of the
points y such that |y; — z;| < n for all i < k, with equality for some i,
these boundaries are disjoint. And since R* is separable, Theorem 2.4
applies: R is a convergence-determining class, and P, = P if and
only if P,A — PA for all finite-dimensional P-continuity sets A. O

Ezample 2.5. In Example 1.3, the sequence of functions z, de-
fined by (1.5) shows that the space C is not o-compact, but it also
shows something much more important: Although the class C; of finite-
dimensional sets in C is a separating class, it is not a convergence-
determining class. For let P, = 4,, and let P = dg be the unit mass
at the O-function. Then P, # P, because z, / 0.

On the other hand, if 2n~! is less than the smallest nonzero t;, then
Tty oty (Zn) = Tay.t, (0) = (0,- -+, 0), and so Pnﬂt_l_l_tkH = P7rt‘1.1_,tkH for
all H. In this example, P, A — PA for all sets A in Cy (including those
that are not P-continuity sets, as it happens), even though P, % P.
In the space C, the arguments and results involving weak convergence
go far beyond the finite-dimensional theory. a0

Theorem 2.2 has a corollary used in Section 4. Recall that A is a semiring if it
is a m-system containing § and if A, B € A4 and A C B together imply that there
exist finitely many disjoint .A-sets C; such that B— A = |JT", C..

Theorem 2.5. Suppose that (i) A is a semiring and (ii) each open set is a
countable union of A-sets. If PA < liminf, P, A for each A in A, then P, = P.

Proor. If Ay,---, A lie in A, then, since A is a semiring, |J_, A: can be
represented as a disjoint union |J;_, B; of other sets in .A [PM.168], and it follows
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that
P(Uf=1 A.-) = P(U;=1 Bj) = 3!, PB; <lminf 5_, PaB;
= limninf P, (U:=1 Ai) .

The proof is completed as before. m]

A further simple condition for weak convergence:

Theorem 2.6. A necessary and sufficient condition for B, = P
is that each subsequence {Py,} contain a further subsequence { Py, }
converging weakly (m — oo) to P.

PROOF. The necessity is easy (but not useful). As for sufficiency,
if P, # P, then P,f + Pf for some bounded, continuous f. But
then, for some positive € and some subsequence P, |Pp,f — Pf| > €
for all i, and no further subsequence can converge weakly to P. O

The Mapping Theorem

Suppose that h maps S into another metric space S’, with metric p’ and
Borel o-field S’. If h is measurable §/S’ [M10], then each probability
P on (8,8) induces on (S',S’) a probability Ph~! defined as usual
by Ph~1(A) = P(h~'A). We need conditions under which P, = P
implies P,h~! = Ph~L. One such condition is that A is continuous: If
f is bounded and continuous on §’, then fh is bounded and continuous
on S, and by change of variable [PM.216], P, = P implies

@8) [ 1Pk ) = [ f(h)Pu(ds)
= [ 1@)Pa) = [ 1w)PEay).
S S’

Ezample 2.6. Since the natural projections 7, from R™ to R are
continuous, if P, = P holds on R*, then Pn'/r,:1 = P1r,:1 holds on R¥
for each k. As the following argument shows, the converse implication
is a consequence of the fact that the class RY of finite-dimensional sets
in R* is a convergence-determining class (Example 2.4).

From the continuity of 7y, it follows easily that o, 'H ¢ W,ZIBH for
H C R*. Using special properties of the projections we can prove inclu-
sion in the other direction. If z € W,C_IBH , so that mpx € OH, then there
are points o* in H and points 8 in H® such that o{*) — 7,z and
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B™ — mz (u — oo0). Since the points (agu), . --a,(c"),:rkH, .-} lie in

7T;1H and converge to z, and since the points ( f"), .. ﬂ,(c"), Tht1y ")

lie in (7 'H)® and also converge to z, it follows that z € d(n; 'H).
Therefore, HW;IH = 1r,:16H.

fA=m, 1H is a finite-dimensional P-continuity set, then we have
Pr Y(8H) = P(n;;'60H) = P(8r;'H) = P(OA) = 0, and so H is a
Pﬂgl-continuity set. This means that, if in,;l = Pm, ! for all k, then
P,A — PA for each P-continuity set A in 'R‘}O, and hence (since R‘f”
is a convergence-determining class) it means that P, = P. Therefore:
P, = P if and only if Pn7rk_1 = Prmy ! for all k. This is essentially
just a restatement of the fact that the finite-dimensional sets form a
convergence-determining class. The theory of weak convergence in B>
is applied in Section 4 to the study of some problems in number theory
and combinatorial analysis. m|

Ezxample 2.7. Because of the continuity of the natural projections
Tyt from C to RF, if P, = P for probabilities on C, then int’l,l_,tk =
P”t_1~1~~tk for all k and all k-tuples ¢, ...,tx. But the converse is false,
because, as Example 2.5 shows, Cy is not a convergence-determining
class. In fact, for P, and P as in that example, P, # P, even though
for 2n~1! less than the smallest nonzero ¢; we have Pymy, ltk = Pmy, ‘1"tk
(a unit mass at the origin of R¥). Again: Weak-convergence theory
in C goes beyond the finite-dimensional case in an essential way. The
space C is studied in detail in Chapter 2. O

By (2.5), P, = P implies P,h~! = Ph~! if h is a continuous
mapping from S to §’, but the continuity assumption can be weakened.
Assume only that h is measurable §/S’, and let D), be the set of its
discontinuities; Dp, lies in S [M10]. The mapping theorem:

Theorem 2.7. If P, = P and PDy = 0, then P,h~! = Ph~L.

Proor. If r € (h™'F)~, then z, — z for some sequence {z,}
such that hx, € F; but then, if z € D¢, hx lies in F~. Therefore,
D¢n (h"YF)” Cc h™Y(F7). If F is a closed set in &', it therefore
follows from PD{ =1 that

(2.6) limsupP,(h~F) < limsup P,(h~'F)~ < P(h™1F)~
n n

= P(DiN(A~'F)) < P(WY(F7)) = P(h'F).
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Condition (iii) of Theorem 2.1 holds.! O

Ezample 2.8. Let F be a distribution function on the line, and
let © be the corresponding quantile function: ¢(u) = inflz:u < F(z)]
for 0 < u < 1 (put ¢(0) = (1) = 0, say). If P is Lebesgue mea-
sure restricted to [0,1], as in Example 2.2, then Py~! is the proba-
bility measure having distribution function F, since Pp~!(—o00,z] =
Plu: p(u) < z] = Plu:u < F(x)] = F(z). Since ¢ has at most count-
ably many disconinuities, PD, = 0. If P, is also defined as in Example
2.2, then P, = P, and it follows that P, ! = Pp~!. Consider the
case where T, = k107", If ¢ is calculated for each approximately uni-
formly distributed observation as it is generated, this gives a sequence
of observations approximately distributed according to F. O

Ezample 2.9. If Sy € S, then [M10] the Borel o-field for Sp in the
relative topology consists of the S-sets contained in Sp. Suppose that
P, and P are probability measures on § and that P,S; = PSy = 1.
Let @, and @ be the restrictions of P, and P to Sp. The identity map
h from Sp to S is continuous, and P, = Q,h~!, P = Qh~!. Therefore,
by the mapping theorem, @, = Q implies P, = P.

The converse holds as well. The general open set in Sp is G N Sp,
where G is open in S. But @,(GN Sp) = P,(GNSy) = P,G, and
similarly for Q. If P, = P, then liminf, @,(GNSy) = liminf, P,G >
PG = Q(G N Sp). Therefore:

If P,Sy = PSy = 1, then P, = P (on S) if and only if Q, = Q
(on S()) O

Ezample 2.10. Suppose again that Sy € S and P,Sy = PSp = 1.
And suppose that the measurable map h: S — §’ is continuous when
restricted to Sp, in the sense that, if points x, of Sy converge to a
point z of Sy, then hz, — hx. If P, = P, then the @, and @ of the
preceding example satisfy @, = @. The restriction hg of & from S to
So is a continuous map from Sy to S’, and the mapping theorem gives
(SoNh1A' = hg'A') Poh™ = Quhy' = Qhg! = Ph~!. Therefore:

If P,So = PSo = 1 and h is continuous when restricted to Sy, then
P, = P implies P,h™! = Ph~ 1} 0

t For a different approach to the mapping theorem, see Problem 2.10.
! See Problem 2.2.
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Product Spaces

Assume that the product T'= S’ x S” is separable, which implies that
S’ and S” are separable and that the three Borel o-fields are related by
T = &' x 8” [M10]. Denote the marginal distributions of a probability
measure P on T by P’ and P”: P'(A’) = P(A' x §”) and P"(A") =
P(S’ x A"). Since the projections n'(z/,z") = 2’ and 7" (2',2") = z"
are continuous, and since P’ = P(')~! and P” = P(r")~1, it follows
by the mapping theorem that P, = P implies P, = P’ and P/ = P".

The reverse implication is false.! But consider the 7-system A of
measurable rectangles A’ x A” (4’ € &' and A” € §"). If we take the
distance between (z’,z") and (y',y”) to be p(z,y') V p(z”,y"), then
the open balls in T" have the form [M10]

(2.7) Bi((«',2"),7)) = By(z',1) x By (", 7).

These balls lie in A, and since the dB;((z’,z"),r) are disjoint for dif-
ferent values of r, A satisfies the hypothesis of Theorem 2.4 and is
therefore a convergence-determining class.

There is a related result that is more useful. Let Ap be the class
of A’ x A” in A such that P'(8A’) = P"(0A”) = 0. Applying (2.4) in
S’ and in S” shows that Ap is a m-system. And since

(2.8) B(A' x A")  ((BA") x S") U (S’ x (8A")),

each set in Ap is a P-continuity set. Since the By (z’,r) in (2.7) have
disjoint boundaries for different values of r, and since the same is true
of the By/(x”,r), there are arbitrarily small r for which (2.7) lies in
Ap. It follows that Theorem 2.3 applies to Ap: P, = P if and only if
P,A — PAfor all Ain Ap. Therefore, we have the following theorem,
in which (ii) is an obvious consequence of (i).

Theorem 2.8. (i) If T = S’ x S” is separable, then P, = P if
and only if P,(A' x A") — P(A’ x A”) for each P'-continuity set A’
and each P"-continuity set A”.

(ii) If T is separable, then Py x Py = P'x P" if and only if P, = P’
and P} = P".

Problems

2.1. According to Examples 2.4 and 2.5, R® is a convergence-determining class,
while Cy is not. What essential difference between R™ and C makes this
possible? (See Problem 1.1.)

t See Problem 2.7.
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2.2. Show that the assertion in Example 2.10 is false without the assumption that
P,.So = 1, which points up the distinction between continuity of h at each
point of Sp and continuity of h when it is restricted to So.

2.8. If § is countable and discrete, then P,, = P if and only if P,{z} — P{z} for
each singleton. Show that in this case sup g |PnA — PA| — 0.

2.4. In connection with Example 2.3, show for k£ = 1 that F has at most countably
many discontinuities. Show for k = 2 that, if F has at least one discontinuity,
then it has uncountably many. Show that, if F,(z) — F(z) fails for one z,
then it fails for uncountably many.

2.5. The class of P-continuity sets (P fixed) is a field but may not be a o-field.

2.8. If f is bounded and upper semicontinuous [M8], then P, = P implies that
limsup,, Pnf < Pf. Show that this contains part (iii) of Theorem 2.1 as a
special case. Generalize part (iv) in the same way.

2.7. The uniform distribution on the unit square and the uniform distribution on
its diagonal have identical marginal distributions. Relate this to Theorem 2.8.

2.8. Show that, if §;, = P, then P = §, for some z.

2.9, If f is S-measurable and P|f| < oo, then for each ¢ there is a bounded,
uniformly continuous g such that P|f — g| < e.

2.10. (a) Without using the mapping theorem, show that P, = Pf if P,f — P for
all bounded, continuous f such that PDy = 0. (See the proof of (v)—(i)
in Theorem 2.1.)

(b) Now give a second proof of the mapping theorem. (Use (2.5) and the fact
that Dgp C Dp.)

SECTION 3. CONVERGENCE IN DISTRIBUTION

The theory of weak convergence can be paraphrased as the theory
of convergence in distribution. When stated in terms of this second
theory, which involves no new ideas, many results assume a compact
and perspicuous form.

Random Elements

Let X be a mapping from a probability space (2, F,P) to a metric
space S. We call X a random element if it is measurable F/S; we say
that it is defined on its domain Q and in its range S, and we call it
a random element of S. We call X a random wariable if S is R!, a
random wvector if S is R¥, a random sequence if S is R®, and a random
function if S is C or some other function space.!

The distribution of X is the probability measure P = PX~! on
(S,S) defined by

(3.1) PA=P(X7'4) =Plw: X(w) € A] = P[X € A].

! Often in the literature an arbitrary random element is called a random variable.
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This is also called the law of X and denoted £(X). In the case S = R¥,
there is also the associated distribution function of X = (X;,..., Xg),
defined by

(8.2)  F(z1,...,7x) = Ply:yi <y, i < k) =P[X; <z, i < K]

Note that P is a probability measure on an arbitrary measurable
space, whereas P is always defined on the Borel o-field of a metric
space. The distribution P contains the essential information about the
random element X. For example, if f is a real measurable function on
S (measurable S/R'), then by change of variable,

(33)  E[f(X)= /Q F(X () Pdw) = /S f(2)P(dz) = Pf,

in the sense that both integrals exist or neither does, and they have
the same value if they do exist.

Each probability measure on each metric space is the distribution
of some random element on some probability space. In fact, given P
on (S,8), we can simply take (2, F,P) = (S,S, P) and take X to be
the identity, so that X(w) =w forw € Q = S:

(3.4) (Q,F,P)=(58,P), X(w)=wforwe=S_S.

Then X is a random element on Q with values in S (measurable F/S),
and it has P as its distribution.

Convergence in Distribution

We say a sequence {X,} of random elements converges in distribution
to the random element X if F,, = P, where P, and P are the distri-
butions of X, and X. In this case we write X,, = X. (This double
use of the double arrow causes no confusion.) Thus X, = X means
that £(X,) = L£(X). Although this definition of course makes no
sense unless the image space S (the range) and the topology on it are
the same for all the X, X1, Xo, -+, the underlying probability spaces
(the domains)—(Q2, F,P) and (Qy, Fn,P), say—may all be distinct.
These spaces ordinarily remain offstage; we make no mention of them
because their structures enter into the argument only by way of the
distributions on S they induce. For example, if we write E, for in-
tegrals with respect to Py, then, by (3.3), P,f — Pf if and only if
En[f(Xn)] — E[f(X)]. But we simply write P in place of P,, and E
in place of E,: P and E will refer to whatever probability space the
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random element in question is defined on. Thus X,, = X if and only
if E[f(Xn)] — E[f(X)] for all bounded, continuous f on S.

Theorem 2.1 asserts the equivalence of the following five state-
ments. Call a set A in § an X-continuity set if P[X € 4] = 0.

(i) Xp = X.
(ii) E[f(Xn)] — E[f(X)] for all bounded, uniformly continuous f.
(iii) imsup,, P[X, € F] < P[X € F] for all closed F.
(iv) liminf, P[X, € G] > P[X € G] for all open G.
(v) P[X, € A] — P[X € A] for all X -continuity sets A.

This requires no proof; it is just a matter of translating the terms.
Each theorem about weak convergence can be recast in the same way.
Suppose h: S — S’ is measurable §/S’ and let Dy, be the set of its
discontinuity points. If X has distribution P, then h(X) has distribu-
tion Ph~!l. Therefore, the mapping theorem becomes: X, = X (on
S) implies h(X,) = h(X) (on ") if P[X € Dy] = 0.

The following hybrid terminology is convenient. If X,, and X are
random elements of S, and if P, and P are their distributions, then
X, = X means P, = P. But we can just as well write X, = P or
P, = X. Thus there are four contexts for the double arrow:

P, = P,
X, = X,
X, = P,
P,= X.

(3.5)

The last three relations are defined by the first. If X, are random
variables having asymptotically the standard normal distribution, this
fact is expressed as X,, = N, and one can interpret N as the standard
normal distribution on the line or (better) as any random variable
having this distribution. In all that follows, N will be such a random
variable—normally distributed with mean 0 and variance 1.

Ezample 3.1. If Sy € S, then the Borel o-field of Sy for the rela-
tive topology is So = [ANSp: A € §] [M10] and Sy C S. If X: Q2 — Sy,
then X is a random element of Sy (measurable F/Sp) if and only if it
is a random element of S (measurable F/S), the common requirement
being that the set [w: X(w) € ANSy| = [w: X(w) € A] lie in F for
every Ain S.

Suppose now that X, and X are random elements of S;. The
general open set in Sp is G N Sy with G open in S. Therefore, there
is convergence in distribution in the sense of Sy if and only if there is
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convergence in distribution in the sense of S, the common condition
being that liminf, P[X, € GNSe] > P[X € GNSy) for every open set
G in S. This is essentially the convergence-in-distribution version of
Example 2.9. a

Convergence in Probability

If, for an element a of S,
(3.6) Plp(Xn,a) <€ — 1

for each €, we say X, converges in probability to a. Conceive of a as
a constant-valued random element on an arbitrary space, and suppose
that (3.6) holds. If G is open and a € G, then, for small enough ¢,
liminf, P[X, € G] 2> lim, P[p(X,,a) < €] = 1 = P[a € G], whereas if
a € G, then liminf, P[X,, € G] > 0 = Pla € G]. Thus (3.6) implies
X, = a, in the sense of the second line of (3.5). On the other hand,
if X, = a in this sense, then (3.6) follows because [z:p(z,a) < €] is
open. For this reason, we express convergence in probability as

(3.7) Xn = a.

This can also be interpreted by the third line of (3.5): Identify a with
8,. Again, the random elements X, in (3.7) can be defined on different
probability spaces. By the mapping theorem, X,, = a implies h(X,,) =
h(a) if h is continuous at a.

Suppose that (X,,Y,) is a random element of S x S; this implies
(since the projections (z,y) — z and (z,y) — y are continuous) that
X, and Y, are random elements of S.} If p is the metric on S, then
p(z,y) maps S x S continuously to the line, and so it makes sense
to speak of the distance p(Xp,Y,)—the random variable with value
p(Xpn(w),Yn(w)) at w. The next two theorems generalize much-used
results about random variables.

Theorem 3.1. Suppose that (X,,Y,) are random elements of
SxS. If Xp,=X and p(X,,Y,) =0, then Y, = X.

T For X and X, all defined on the same , Plo(X.,X) < € —n 1 defines
convergence of X, to X in probability, but this concept is not used in the book
until Chapter 5 (except for Problem 3.8). Before that, X will always be a constant
and the X, may be defined on different spaces.

! The reverse implication holds if S is separable, but not in complete generality
(M10].
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PROOF. Apply the convergence-in-distribution version of Theo-
rem 2.1 twice. If F. is defined as [z: p(z, F) < €, then

P[Y, € F] < P[p(X,,Yy) > €] + P[ X, € F].
Since F; is closed, the hypotheses imply
limsupP|Y;, € F] <limsupP[X, € F.] < P[X € F{].
n n
If F is closed, then F¢ | F ase | 0. a

Take X, = X:

Corollary. Suppose that (X,Y,,) are random elements of S x §.
If o(X,Y,) =0, then Y5, = X.

Theorem 3.2. Suppose that (Xyn, Xp) are random elements of
SxS. Ift Xyn =n Zy =4 X and

(3.8) lim lim sup P{o(Xun, Xpn) > €] =0

u n
for each €, then X, =y, X.

PROOF. For F, defined as before, we have
P[Xy € F] < P[Xun € F] + P[o(Xun, Xn) > €.
Since Xyun =n Zy and F; is closed,
limnsup P[Xn € F]<P[Z, € F] + limnsup Plo(Xun, Xn) > €.
And since Z, =, X, (3.8) gives
limnsup P[X, € F) < P[X € F.

Let ¢ | 0, as before. O

Other standard results can be extended beyond the Euclidean
case in a routine way:

t Xun =n Z, indicates weak convergence as n — oo with u fixed.
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Ezxample 3.2. Assume of the random elements (X,,,Y,) of S x §
that X, and Y, are independent in the sense that the events [X, € A]
and [Y,, € B] are independent for A, B € S; assume that X and Y are
independent as well. If S is separable, then (Theorem 2.8) X, = X
and Y, = Y imply (X,,Y,) = (X,Y).

If S = R!, we can go further and conclude from the mapping
theorem that, for example, X,,Y, = XY. If X;, = a,, and X = q,
then X, = X is the same thing as o, — a (Example 2.1), and the
independence condition is necessarily satisfied: o - ¢ and Y, = Y
imply a,Y, = aY. a

Local vs. Integral Laws

Suppose P, and P have densities f, and f with respect to a measure
pwon (S,8). If

(3.9) fa(z) — f(2)
outside a set of y-measure 0, then, by Scheffé’s theorem [PM.215],

(3.10) sup |PA — PoA| < / 1£(2) = fu(x)| u(dz) — 0.
AeS

Thus (3.9), a local limit theorem, implies P, = P, an integral limit

theorem. But the reverse implication is false:

Ezample 8.8. Let P = pu be Lebesgue measure on S = [0,1].
Take f,, to be n? times the indicator of the set | Ji—5(kn~1, kn~14n=3).
Then p[fn, > 0] = n~2, and by the Borel-Cantelli lemma, f,(z) — 0
outside a set B of u-measure 0; redefine f,, as 0 on B, so that f,(z) — 0
everywhere. If P, has density f, with respect to p, then | P,[0, z]—z| <
1/n, and it follows that P, = P, a limit theorem for integral laws.
With respect to u, P has density f(z) =1, and so (3.9) does not hold
for any z at all: There is no local limit theorem. O

Local laws imply integral laws also in the case where S = R¥, P
has a density with respect to Lebesgue measure, and P, is supported
by a lattice. Let 6(n) = (6;(n),...,6k(n)) be a point of R* with
positive coordinates, let a(n) = (ai(n),...,ax(n)) be an arbitrary
point of RE, and denote by L, the lattice consisting of the points of
the form (u161(n)—ai(n), ..., ukbr(n)—ax(n)), where uy, ..., ux range
independently over the integers, positive and negative. If z is a point
of L,, then

(3.11) [y:zi— 6i(n) <y; <z, 1< k], z€L,
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is a cell of volume v, = 6;(n)---6;(n), and R* is the union of this
countable collection of cells.

Suppose now that P, and P are probability measures on RF,
where P, is supported by L, and P has density p with respect to
Lebesgue measure. For ¢ € Ly, let p,(z) be the P,-mass (possibly 0)
at that point.

Theorem 3.3. Suppose that
(3.12) 651(n) V-V ég(n) =, 0

and that, if x, is a point of L, varying with n in such a way that
T, — T, then

(3.13) Pn(zn)/vn — p(z).
Then P, = P.

PROOF. Define a probability density g, on RF by setting g, (y) =
Pn(z)/vn if y lies in the cell (3.11). Since z, — z implies (3.13), it
follows by (3.12) that gn(z) — p(z). Let X, have the density g¢,, and
define Y,, on the same probability space by setting Y, = z if X, lies in
the cell (3.11). We are to prove that ¥;, = P. Since | X, —Y;| < [6(n)],
this will follow by (3.12) and Theorem 3.1 if we prove that X, = P.
But since ¢, converges pointwise to p, this is a consequence of Scheffé’s
theorem. O

Ezample 3.4. If S,, is the number of successes in n Bernoulli
trials and v, = 1/,/npq, then |

_ 1 _
(3.14) P[Sh = k]/vn = (:)pkq" b /mBg = N /2,

provided k varies with n in such a way that (k — np)/\/npq —n, .
Therefore, Theorem 3.3 applies to the lattice of points of the form
(k—np)/\/npg: Py is the distribution of (S, —np)/,/Apg and P is the
standard normal distribution. This gives the central limit theorem for
Bernoulli trials: (S, — np)/\/npg = N. O

Integration to the Limit

If X,, = X for random variables, when does EX,, — EX hold?

t Feller [28], p. 184.
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Theorem 3.4. If X, = X, then E|X| < liminf, E|X,|.

PROOF. By the mapping theorem, |X,| = |X|, and therefore
P[|Xn| > t] — P[|X| > ¢] for all but countably many t. By Fatou’s
lemma, on the line,

oC o
E|X|= / P X| > t]dt < limninf/ P(|Xn| > t] dt = liminf E|.X,|.
n
0 0 -
The X,, are by definition uniformly integrable if

o n

(3.15) lim sup/ | Xn|dP = 0.
[Xn|Za

This obviously holds if the X, are uniformly bounded. If « is large
enough that the supremum in (3.15) is at most 1, then sup, E|X,| <
l1+a<oo.

Theorem 3.5. If X, are uniformly integrable and X,, = X, then
X is integrable and EX,, — EX.

PROOF. Since the E|X,,| are bounded, Theorem 3.4 implies that
X is integrable. And since X, = X* and X,; = X~ by the mapping
theorem, the variables can be assumed nonnegative, in which case

s}
(3.16) EX,, =/ Plt < X, < qf dt+/ X, dP
0 Xn2a
and
(s}
(3.17) EX = / Plt< X <aldt+ [ XdP.
0 X>a

By uniform integrability, for given € there is an a such that the second
term on the right in each equation is less than ¢, and it is therefore
enough to show that the first term on the right in (3.16) converges to
the corresponding term in (3.17). But a can be chosen in such a way
that P[X = ] = 0, and then this follows by the bounded convergence
theorem applied in the interval [0, af. O

A simple condition for uniform integrability is that

(3.18) sup E[| X,|1¢] < o0
n
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for some ¢; in this case, (3.15) follows from
1
[ 1XaldP < X
[ Xn|>a o

Theorem 3.6. If X and the X,, are nonnegative and integrable,
and if X, = X and EX,, — EX, then the X, are uniformly integrable.

PROOF. From the hypothesis and (3.16) and (3.17) it follows that

/ X, dP — X dP
Xn2a X>a

if P[X = a] = 0. Choose « so that the limit here is less than a given €.
Then, for n beyond some ng, [ X, >a X, dP < e. Increase o enough to
take care of each of the integrable random variables X1, X,...,Xy,.0

Relative Measure*

Let P7 be the probability measure on (R!,R!) corresponding to
a uniform distribution over [T, T}:
1
(3.19) Prd==l|AN[-T\T]|, Ae R,
where the bars refer to Lebesgue measure. Now define Py A as

(3.20) PoA = lim PpA,
T—o00

provided the limit exists; this is called the relative measure of A. Note
that, since P, A = 0 if A is bounded, P, is not countably additive on
its domain of definition. For Borel functions f, define

(3.21) Eof = hm Erf = 11 oo2T/ flw) dw,

provided the integrals and the limit exist; Eo f is the mean value of f.
To write PooA or Ex f is to assert or assume that the corresponding
limit exists. If f is bounded and has period Tj, then it has a mean
value,! and in fact, Eof = Er, f. And if a set A has period Tp, in the
sense that its indicator function does, then PooA = P, A.

! Almost periodic functions also have means; see Bohr [10].
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Suppose that X: R! — S is measurable R!/S. Then X, regarded
as a random element defined on (R, R}, P7), has PrX ! as its distri-
bution over S. Iff

(3.22) PrX =1 P

for some probability measure on S, then P is called the distribution of
X. By definition, this means that E,[f(X)] = Pf for every bounded,
continuous f on S, and by Theorem 2.1, it holds if and only if, for every
P-continuity set A, Poo[X € A] = PA . By the mapping theorem, if
X has distribution P, and if » is a measurable map from S to S’ for
which PDy, = 0, then h(X) has distribution Ph~!. We can derive the
distributions of some interesting random elements by using standard
methods of probability theory. For example, by the continuity theorem
for characteristic functions, if f(w) is real, then it has distribution P if
and only if Ex[exp(itf(w))] coincides with the characteristic function
of P.

If A is a nonzero real number, then cos Aw has period T, = 27/|}|,
and its distribution is described by

(3.23)  Pcos Aw < z] = Pry[cos \w < 7]
1
=1-— —arccosz, -—-1<z<+1,
™
where for the arc cosine we use the continuous version on [—1, +1] that
takes the values m and 0 at —1 and +1. By using the simple relation

isw) _ 1 if3=0,
(3.24) Eoole ]_{0 fo20

we can calculate some moments and characteristic functions. Since Eo,
is obviously linear, it follows by (3.24) and the assumption A # 0 that

(3.25) EOO[COST/\W] =Eq [(M)T]

2
1 - (r (25— L(’") r even
- \E 61(2] TIAW) — { a7 \r/2/) ’
27 jg; (j) ool ! 0, r odd.
We have
— (it)"
itcos Awy _ T
Erle = ; — Er(cos” Aw],

t In the theory of weak convergence, T' can obviously go to infinity continuously
just as well as through the integers.
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where the expected value can be taken inside the sum because the
series on the right converges absolutely. And by the M-test, we can
let T go to infinity on each side:

(3.26) @(t): = Epoe e ] = Z (z:') ’ Eoo[cos” Aw].
r=0

Because of (3.23), this characteristic function is the same for all A.
A two-dimensional version of the same argument shows that

(3.27) Eco|exp( z't1 cos A\jw + itg cos Aw)]

(i)t (itg)2
Z Z (it1) (z:) Eoo[cos™ Aqw - cos™ Agw].
! 2!

r1=0r2=0

Suppose now that A; and A; are incommensurable (neither is 0 and
A1/A2 is irrational). We can show in this case that

(3.28)  Egofcos™ Aw - cos™ Agw] = Ego[cos™ Aw] - Eo[cos™ Agw].
The argument is like that for (3.25):

(3.29) Eyofcos™ A\w - cos™ Aw]

_ Eoo [(eiz\w: _|.2€"i)\lw)r1 (ei/\zw _i_ze—i)‘zw)rz]

=722 0)6)

$1=042=0
X Eoolexp{i((241 — r1) M1 + (2j2 — r2) A2)w}].

By (3.24) and the assumption that A\; and Ay are incommensurable,
this last expected value is 1 or 0 according as 2j; — 1 = 0= 2j3 — 7o
or not. But the product

Ecolexp{i(2j1 — m1)A1}] - Eoo[exp{i(22 — 72)A2}]
is also 1 or 0 according as 2j; —r; = 0 = 2j3—r5 or not, and substituting
this product into (3.29) gives (3.28)—see (3.25). Finally, (3.26), (3.27),
and (3.28) together imply

(3.30) Ecolexp(ity cos Aiw + itg cos Aaw)] = (¢ )p(ta).
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Let 71,79, ... be independent random variables, each having the
characteristic function ¢ and the distribution function in (3.23). By
the continuity theorem for characteristic functions in two dimensions,
the random element (cos A\jw, cos Aaw) of R? has the same distribution
(in the sense of (3.22)) as the random vector (m1,72), provided A;
and )9 are incommensurable. Now suppose that Aj, A2 ... are linearly
independent in the sense that miA; + - - + mgMe = 0 for integers m;
can hold only if m; = 0. Then the preceding argument extends from
R? to R™. Since the m; have mean 0 and variance % by (3.25), it is

probabilistically natural to replace them by & = V2n,. By (3.23),

1 T
31 < =1-— et —V2< < )
(3.31) Plé: < 7  arecos —, V2 << +v2
Since the distribution of (£1,...,&) is absolutely continuous with re-

spect to Lebesgue measure in R™, we arrive at the following theorem.

Theorem 3.7. Suppose that A1, A2,... are linearly independent
and that £1,&,,. .. are independent, each distributed according to (3.31).
Then (V2cos \Mw, - - ., V2cos \yw) has the distribution of (£1,...,&n)
for each n:

(3.32) Poo[(V2cosMw,...,V2cos \w) € A] = P(&1,...,&) € 4]

if A has Lebesgue measure 0.

Since the & have mean 0 and variance 1, the Lindeberg-Lévy
theorem implies a result of Kac and Steinhaus:

[2 & 1 (Y _pe
1 < —_ E < = — —u*/2
(3.33) nlLIEo P [1: = Van k=1 cos A\gw < y] T L e du.

This approximates the relative time a superposition of vibrations with
incommensurable frequencies spends between z and y. For a refine-
ment, see Theorem 11.2.

Return to the random variables 7, and let ¢(z) = (27) ! arccos ,
with the arc cosine defined as in (3.23). Then the distribution function
on the right in (3.23) is F(z) = 1 — 2¢(z) for -1 < =z < +1, and
since F(n) is uniformly distributed over [0,1] (the probability trans-
formation), B = %(m) is uniformly distributed over [0, 3]. And for
every z, ¥(cos2nz) is (z), the distance from z to the nearest integer.
From the linear independence of {\;} follows that of {27}, and so
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the cos 2 yw are distributed like the 7. By the mapping theorem,
we can apply ¥ to each cos2m ), if we relace each ny by Bx. Therefore:
Suppose that A;, Ag, ... are linearly independent and that 3y, 5z, ... are
independent random variables, each uniformly distributed over [0, %]
Then, for each n,

(3.34) Poo[({(M1w), - -+, (Mnw)) € A] = P[(B1,...,Bn) € 4]

if A has Lebesgue measure 0, a connection with Diophantine approx-
imation.

Suppose that 0 < a < % and take A to be the set of (zy,...,zy)
such that 0 < z; < a for exactly k values of i. If Up(w,a) is the
number of 1, 1 < i < n, for which (\;w) < a, then the event on the left
in (3.34) is [Up(w, @) = k] (for the corresponding A, A has Lebesgue
measure 0), and the right side is a binomial probability:

(3.35) PoolUn(w,a) = k] = <:> ok (1 — )"k,

We can apply the binomial central limit theorem here—either the local
or the integral one. Or take a Poisson limit:
o k

(3.36) lim P [Un (w, ;) = k] - e-a%.

Three Lemmas*®

The rest of the section is needed only for the proofs of Theorems 14.4
and 14.5 and in Section 17.

Theorem 3.8. If (X,,X) is a random element of S x S and
p(Xn, X) = 0, and if A is an X-continuity set, then it follows that
P([X» € AJA[X € 4]) — 0.

PROOF. For each positive ¢,
P[Xn € A, X & A]) < Plp(Xn, X) 2 €| + P[p(X, 4) < ¢, X & A].

This, the same inequality with A in place of A, and the assumption
p(Xn, X) = 0, together imply

limsup P([X, € AJA[X € A])
n
< Plp(X,4) <¢e, X ¢ Al +P[p(X, A%) < ¢, X € Al
If A is an X-continuity set, then the right side goes to 0 as e — 0. O
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Let (X', X") and (X, X)) be random elements of T' = §' x S”.
If S is separable, then, by Theorem 2.8(i),

(3.37) (Xn, Xn) = (X', X")
holds if and only if
(3.38) PIX,eA X Al -PX €A X" € A"

holds for all X’-continuity sets A’ and all X”-continuity sets A”.

Theorem 3.9. Suppose that T is separable. If X! = X' and
X! = a", then (X}, X)) = (X',a").

PROOF. We must verify (3.38) for X" = a”. Suppose that A’ is an
X'-continuity set and that a” ¢ 8A". Ifa” € A”, then P[X]] ¢ A"] — 0,
and (3.38) follows from X}, = X' and

P[X, € A|-P[X, ¢ A" <P[X,ed, X, c A"l <P[X, € 4.
If a” ¢ A”, then (3.38) follows from
PIX, € A, X e A"] <P[X] e A”] - 0. g

Suppose that Y” and all the (X, X/} are all defined on the same
(Q, F,P). Suppose that Fy is a field in F and let F; = o(Fp).

Theorem 3.10. Suppose that T is separable, X' and X" are
independent, and X" has the same distribution as Y". If p(X],Y") =

0, if

(3.39) P([X, € A|NE) - P[X' € A|P(E)

for each X'-continuity set A’ and each E in Fy, and if each X, is
measurable F1/S', then (X, X]) = (X', X").

PRrROOF. Fix an X’-continuity set A’ and an X"-continuity set
A". Tt follows from the hypothesis and Rényi’s theorem on mixing
sequences [M21] that (3.39) holds for every E in F, and therefore,

(3.40) P[X. € A, Y" € A"] — P[X' € A|P[Y" € A"].

We are to prove (3.38), which, since X’ and X" are independent and
the latter has the same distribution as Y”, reduces to

PIX. € A, X! € A"] - P[X' € A|P[Y" € A"].

Since p(X},Y") = 0, it follows by Theorem 3.8 that this is the same
thing as (3.40). a
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Problems

3.1. Let X1, X3, ... be independent random elements having a common distribution
Pon S. Let P, be the empirical measure corresponding to the observation
(X1(w), ..., Xn(w)):

Pao(A) = = 3 Ia(Xe(w).
k=1

Show that, if S is separable, then P,, =, P with probability 1. Use the
strong law of large numbers and Theorem 2.3.

3.2. If X' and X" are random elements of S’ and S”, then (X', X"):Q — T =
S’ x §" is measurable /8’ x 8”. And (X', X") is a random element of T if T
is separable but may not be a random element in the nonseparable case [M10].

3.38. Let X,, and X be random elements of a separable S, defined on (2, 7, P). Then
[w: Xn(w) = X(w)] lies in F; if it has probability 1, then p(Xn,X) = 0, and
hence X, = X.

3.4. Prove directly that P, = §, if and only if P,(B(a,€)) — 1 for positive e. Prove
directly from the definition (3.6) that X, = a implies h(Xn)} = h(X) if h is
continuous at a.

3.5. Apply the method of Example 3.4 to the hypergeometric distribution (see Prob-
lem 10 on p. 194 of Feller [28)).

3.8. Suppose there is a nonnegative random variable Y such that P[|X,| > ] <
P[Y > t] for all n and all positve ¢, and EY < oo (Y and the X, can be defined
on different spaces). Show that X, = X implies EX,, — EX. This corresponds
to the dominated convergence theorem.

3.7. Prove (in the notation of (3.34)) that
1« 1 1 [* _p
3.41 lim P|——= ((Mw)-3) <o| = —= vy,
(3.41) n—00 [\/48—nk=1(( k) 4)— ] Nor __ooe v

3.8. For random variables 7, and 7 on the same probability space, write 5, —p 77
if 7w — 1 = 0 in the sense of (3.6). Let S, be the partial sums of independent
and identically distributed random variables with mean 0 and variance 1. By
the Lindeberg-Lévy theorem, S,/v/n = N. Show that S,/\/n —p 7 cannot
hold for any random variable . But see Chapter 5.

SECTION 4. LONG CYCLES AND LARGE DIVISORS*

Here we study the cycle structure of random permutations on n letters,
obtaining in particular the joint limiting distribution (n — o) of the
greatest cycle lengths. And we derive analogous results on the limiting
distribution of the largest prime divisors of an integer drawn at random
from among the first n integers. These distributions are described by a
certain measure—the Poisson-Dirichlet measure—on a certain space of
sequences. We study weak convergence in this space, obtaining results
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that have applications to population biology as well as to long cycles
and large divisors. The essential tool is the mapping theorem.

Long Cycles

Every permutation can be written as a product of cycles. For example,
the permutation

(4.1) (1427)(3)(56)

on the seven “letters” 1,...,7sends 1 -4 -2 -7 — 1,3 — 3,
and 5 — 6 — 5. To standarize the representation, start the first cycle
with 1 and start each successive cycle with the smallest integer not yet
encountered.

Of the n! permutations on 1, ..., n, for how many does the leftmost
cycle have length 7 (1 < i < n)? The answer is

(4.2) m=-Dn-2)-(n—i+1l)x(n—9!'=(n-1)

To see this, note that what we want is the number of products g,
where « is an i-long cyclic permutation of 1 together with ¢ — 1 other
letters and § is a permutation of the remaining n — ¢ letters. The
number of ways of choosing « is the product to the left of the x in
(4.2); and, o having been chosen, the number of ways of then choosing
Bis (n—1)!

Suppose now that a permutation is chosen at random, all n! possi-
bilities having the same probability, and suppose that it is written as
a product of cycles in standard order, on the pattern of (4.1). That
is to say, the first cycle starts with 1, the second cycle starts with
the smallest element not contained in the first cycle, and so on. Let
CP,C%, ... be the lengths of the successive cycles; if the number of
cycles is u, set CJ} =0 for v > u (3, CF = n). It follows by (4.2) that
P[C? =i] =1/n for 1 < i< n. Suppose that CT =i and that in fact
the initial cycle consists of i specified letters (including 1, of course).
Then there remain n — i letters that make up the rest of the permuta-
tion, and conditionally, the chance that C7 = j is just the probability
that the first cycle in a random permutation on the remaining n — 1
letters has length j, and this is 1/(n — i) for 1 < j < n — i. Therefore,

1

] ISZSN,
n
1 1
n

(43) P[CP=i]=

PICT =i,Cf =jl==-—, 2<i+j<n,
1 1
n—t n—t—j

-

1
P[C} =1,C3 =j,C3 =k]=—- , 3<i+j+k<n,
1 n
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and so on.

Let L = CZ/n be the relative cycle lengths, and let By, B, - be
independent random variables, each uniformly distributed over [0, 1].
(The uniform distribution has the beta—(1,1) density [M11]; hence the
notation B;.) Since LT is uniformly distributed over its possible values
i/n, it should for large n be distributed approximately as B;. That
this is true can be shown by the argument in Example 22: If f is
continuous over [0,1], then E[f(L})] = n~t Y .., f(i/n) is a Riemann

sum converging to fo z)dz = E[f(B1)]. Therefore, LT = B;.

i<n

If CT = i, then CE‘ is, conditionally, uniformly distributed over
the values j for j < n—1i = n— CT. Therefore, conditionally on
= i/n, L} is uniformly dlstrlbuted over the values j/n for j/n <

1 —i/n = 1 — L?. This makes it plausible that (L}, L%/(1 — LT))
will be, in the limit, uniformly distributed over the unit square—like
(B, Bs). This follows by a two-dimensional Riemann-sum argument:
If f is continuous over the square [0, 1]2, then

E[f( ?’%)] - n12 z; z/n (/n j/z/n)

// T9 ) dzydxo
- Iy,
z1+z2<1 1—-z1/ 1—-24

=//[01]2f(y1,y2)dy1dyz-

Therefore, (L}, L} /(1-LT)) = (B, By), and it follows by the mapping
theorem that (LT, L) = (B1, (1 — B1)Ba).
Define

(4.4) Gi=B1, Gi=(1-By)---(1-B;i-1)B;, i>1.

A three-dimensional version of the argument given above shows that

Ly Ly
n 2 3
( : 1—L’1"1—L’1‘—L5‘) = (B1, Bz, By),

which, by the mapping theorem, implies (L}, L}, L}) = (G1, G2, G3).
This extends to the general r: (L},...,L?) =, (Gy,...,G,). We
can regard (L%,L%,...) and (G1,Gy,...) as random elements of R®
(Example 2.6), and since the finite-dimensional sets in R*® form a
convergence-determining class, we have

(4.5) L™ = (L%, L2,..) =0 G = (G1,GCa, . ..).



SecTION 4. LONG CYCLES AND LARGE DIVISORS 41

This describes the limiting distribution of the relative cycle lengths
of a random permutation when it is written as a product of cycles in
standard order.

Induction shows that 3", G; = 1-[]*_,(1- B;), and since, by the
Borel-Cantelli lemma, there is probability 1 that B; > % holds infinitely
often, it follows that ) co; Gi = 1 with probability 1. The random
sequence G can be viewed as a description of a random dissection of
the unit interval into an infinite sequence of subintervals. A piece of
length B; is broken off at the left, which leaves a piece of length 1— Bj.
From this, a piece of length (1 — B;)B; is broken off, which leaves a
piece of length (1 — B;)(1 — Bz), and so on. What (4.5) says is that
the splitting of a random permutation into cycles is, in the limit, like
this random dissection of an interval.

Let LTy = ( ?1),L’(‘2),...) be L™ with the components ranked by
size: L?l) > L?2) > - ... The details of how this is to be done are taken
up below. To study the asymptotic properties of the longest cycles of
a random permutation is to study the limiting distribution of L?). Let
G(, be G with the components ranked by size. After the appropriate
groundwork, we will be in a position to deduce L?) = G, from (4.5)
by means of the mapping theorem, as well as to describe the finite-
dimensional distributions of G(.). It will be very much worth our while
to do this in a more general context.

The Space A

Consider the subset
_ 00, *®
(4.6) A= [mER 1 x1,T9,...> 0, Zi=1x’_1]

of R*™ with the relative topology, that of coordinatewise convergence.
Let A,y be the set of z in R* for which z;,...,2p > 0 and 1 —
€ < Z;Ll z; < 1; it is closed in R*, and since A = [, U,c>1/€ Ack
(intersection over the positive rationals), (4.6) is a Borel set, a member
of R®. From ), C!* = n follows L™ € A, and since } ,G; = 1 with
probability 1, P[G € A] = 1. This leads us to study weak convergence
in the space A.

IfY™ and Y are random elements of A, then they are also random
elements of R*°; see Example 3.1. And Y™ = Y holds in the sense
of A if and only if it holds in the sense of R*, which in turn holds if
and only if (Y%,...,Y;") = (Y1,...,Y;) holds for each r. Therefore:
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Y™ = Y holds for random elements of A if and only if (Y1*,..., V) =
(Y1,...,Y;) holds for each r.

Change the G in (4.5) on a set of probability 0 in such a way that
3=; Gi = 1 holds identically, so that G becomes a random element of
A. Now (4.5) is to be interpreted as convergence in distribution on A
rather than on R*.

We turn next to ranking. The ranking function p: A — A is defined
this way: If x € A, then z; —; 0, and so there is a maximum z;, and
this is the first component of y = px. There may of course be ties
for the maximum (finitely many), and if there are j components z; of
maximum size, take y1,...,y; to have this common value. Now take
y;+1 to be the next-largest component of z, and so on: p is then defined
in an unambiguous way.

Lemma 1. The ranking function p: A — A is continuous.

PRrROOF. To prove that 2™ — z implies px™ — pz, we can start by
applying an arbitrary permutation to the coordinates of z and applying
the same perutation to the coordinates of each z™: This does not
change the hypothesis, which requires convergence z}' —, z; in each
coordinate individually, and it does not change the conclusion because
it leaves px and the pz™ invariant. Use the permutation that ranks
the z;. Assume then that z; > z2 > --- (and hence pzr = z) and that
z" — z; we are to prove that pz™ — z. Since ),z =), z; =1 and
the coordinates are all nonnegative, it follows by Scheffé’s theorem that
3 |z} — zi| —=n 0. Suppose that

Q=21 = =4 > A2 =Tjj41 = " =Tjy > Q3 =Tjp41 =",
For n beyond some n,, the coordinates z7,...,z, all lie in the range
ay £ € Z7 4q,...,2;, all lie in the range as + ¢, and 7, 4,27, .o, ..

are all less than az +¢. If ay —€ > ax+€ > as — € > ag + ¢, then
(for n > n¢) the first i; coordinates of pz™ are some permutation of
z%,...,z}., all of which are within € of a;; and the next i3 coordinates
are some permutation of z* ,,..., 7, all of which are within € of as.
A simple extension of this argument proves continuity. O

An immediate consequence of Lemma 1 and the mapping theorem:

Theorem 4.1. If Y™ and Y are random elements of A, and if
Y?=,Y, then pY™ =, pY.

Since (4.5) now means weak convergence in A, we can conclude
that the vector L?,) of ranked relative cycle lengths satisfies

(4.7) L?.) = ( ?1), ?2), ) =pL" = pG = G = (G(l),G(2)v--')'
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For this result to have real significance, we need detailed information
about the distribution of G, over A.

The Poisson-Dirichlet Distribution

Let By, By, . .. be independent random variables on (£2, F, P), each hav-
ing the beta—(1, 8) density 8(1—z)?! over [0, 1], where § > 0. If§ = 1,
the B; are uniformly distributed. Define G = (G1,Ga,...) by (4.4), as
in the special case above. For the general 8, we still have >, G; =1
with probability 1; alter G on a set of probability 0 so as to make it
a random element of A. The distribution PG~! of G, a probability
measure on A, is called the GEM distribution with parameter §. And
as before, let Gy = pG = (G1))G(2),- - -) be the ranked version of G.
The distribution PG('.)1 of Gy on A is the Poisson-Dirichlet distribu-
tion with parameter 8.

For 8 = 1, the GEM distribution describes the random splitting
of the unit interval into a sequence of subintervals, and the Poisson-
Dirichlet distribution describes the random splitting after the pieces
have been ordered by size (the longest piece to the left). And, also
for 8§ = 1, by (4.5) the GEM distribution describes the asymptotic
distribution of the relative cycle lengths of a random permutation when
the cycles are written in standard order, and by (4.7) the Poisson-
Dirichlet distribution describes the asymptotic distribution when the
cycles are written in order of size (the longest one first).

We can get a complete specification of the Poisson-Dirichlet distri-
bution for the general § by an indirect method that comes from popula-
tion genetics. Imagine a population of individuals (genes) divided into
n types (alleles),’ the proportion or relative frequency of individuals
of the ith type being Z;,i = 1,...,n. In the diffusion approximation
to the Wright-Fisher model for the evolution of the population, the
stationary distribution for the relative frequency vector (Z1,...,Zp_1)
has the symmetric Dirichlet density [M13]

[(na)
()

a—1 a—1
zl -..Zn_l(l—zl—...zn_l

Zlye.es2n_1 >0,
for{zl+"'+2n_1<1.

(4'8) ¢n(zla ceey 2n—-1) = )a—l

t In the genetics literature, the number of types is denoted by K. For a general
treatment of mathematical population genetics, see Ewens [27]. The account here
is self-contained but ignores the biology.
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Here o represents the mutation rate per type. To study the limiting
case of a population in which all mutations produce new types, there
being infinitely many such types available, let n tend to infinity while
the total mutation rate § = na is held fixed. This forces the individual
components to 0, and so we focus on the largest components—the
components corresponding to types having appreciable proportions in
the limiting population—which means studying the first r components
Z(1)s - - -+ Z(r) of the ranked relative frequencies.

The program is first to derive the limiting distribution of the ranked
frequencies, and then later to show that this is in fact the Poisson-
Dirichlet distribution with parameter §. Some of the arguments involve
considerable uphill calculation, and these are put at the end of the
section, so as not to obscure the larger structure of the development.

Changing the notation, let Z™ be a random element of A for which
(Z%,...,2Z5_,) is distributed according to the density (4.8), Z? =1 ~
Zt—---—2Z7_i,and Z =0 for i > n. And let Zf = pZ"™. Here n will
go to infinity, o will be a positive function of n such that nao — 8 > 0,
and r will be fixed. Define

(4.9) MT=[zERT:1>z1>--->zr>0,Z:_lz,~<1].
Let gm( ;@) be the m-fold convolution of the density az®~! on (0,1),
and write (assume n > r+2) (n)y =n(n—1)---(n—r+1).

Lemma 2. The density of Z{‘l), e ,ZZ‘T) at points of M, is
(4.10)

P(na) _(n-r)_a-1 -1, (n—~r+1)a—2 l—2z1—-—2
(n)’"rn—(a)a (n T)z‘f‘ o 22 21(‘71 r+1)a gn_r( - T;a)

For the proof, see the end of the section. To carry the calculation
further, we need the limit of gr,( ;). Suppose that 8§ > 0. For k > 1,

let Ci(z) be the (s1,...,s;)-set where sq,...,s; > 1 and Zf=1 s; <,
and define

(4.11) Jk(x;0)=/c(x)(x—

6-1dsy - dsg
s —_
slunnsk

k
|
i=1

ngte that, for z < k, Cy(z) = 0 and Ji(z;0) = 0. Define Jy(z;6) =
-1
zv L
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Lemma 3. For 0 < x < m, we have

m=k(a)a™
(412) gm(zia)= ) (‘1)k<k)£((m——l)cTa)

x/ so 1. ( zk: )m Ko 1 sy -+ ds
Cila) Py o

where for k = 0 the integral is to be replaced by z™*~ 1. If m — oo and
ma — 8 > 0, then gm(z;a) converges to

(=1)*
(4.13) go( Z N )ew 0" (23 )
0<k<
for each positive x; gg is a probability density on (0,00) having Laplace
transform

(4.14) /oo e P gp(x) dr = et~ exp[—0E; ()]
0

_ t _uy du
—exp[ 9/0(1 e )u]
Although gy is integrable, term-by-term integration in (4.13) gives
3_+oco. Here v is Euler’s constant and Ej(t) is [ e “u~ldu, the
exponential integral function. The sum in (4.13) can be extended to
all £ > 0, since the summand vanishes for £k > z. Again the proof is
deferred.

Theorem 4.2. Asn — oo and na — 6 (r fized), the density (4.10)
of Z?l)’ cey Z(T;) converges to the probability density

(4.15) 0T(8)e™ 2t - z:flzf‘290(1 — 2T)

Zy
on the set M, defined by (4.9).

Let dr(2r;0) be (4.15) with 21,..., 2. integrated out (for fixed z,,
(21y- .., 2r—1, 2r) ranges over M), so that d,(-;6) is the rth marginal
density.

Theorem 4.3. The rth marginal density of (4.15) is

_ 1 k0r+k 1-—
(416)  de(z;0) =22 ) (k|()—)=]k+r 1(Tx;9>
0<k<z—1-r
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for 0 < x < r~1. The corresponding moments are

-1

(4.17) /Or z™d,(z;0) dz

P(o + 1) * m—1_—y (OEl(y))T_l —6F:(y)
el VA V) d
I‘(0+m)/0 A S T v

form=0,1,2,....
The two preceding theorems are proved at the end of the section.
Size-Biased Sampling

Let X = (X;,X2,...) be a random element of A. The size-biased
version of X is another random element X = (X' 1, X, .. .) of A defined
informally in the following way. Take X, = X; with probability X;.
That done, take X; = X; (j # i) with the conditional probability
X;/(1 - X;); to put it another way, take X=X, Xo = X; (i #74)
with probability X; - X;/(1 — X;). Continue in this way. We must set
up a probability mechanism for making the choices, and we must avoid
divisions by 0.

Replace the probability space on which X is defined by its product
with another space, in such a way that the enlarged space supports
random variables &7, &3, . . . that are independent of X and of each other
and each is uniformly distributed over [0, 1]; arrange that 0 < &,(w) <
1 for every u and w. Let S; = Y;_; Xn (So = 0); since X is a
random element of A, S;T1. Let ¢, = i if S;_1 < & < S;. Then,
conditionally on X, the ¢, are independent and each assumes the value
i with probability X; (if X; = 0, then [¢, = i) = 0). Let 1 = ¢1; let
T9 = Gy, Where u is the smallest index for which ¢, is distinct from 71;
let 73 = ¢, where v is the smallest index for which ¢, is distinct from
71 and 73 (v necessarily exceeds u); and so on. If we define X, = Xr,
then X = (Xl,X'Q, ...} will have the structure we want, provided we
accommodate the case where we run out new values for the 7.

Suppose that the procedure just described defines 71,...,7, un-
ambiguously but that X, + .-+ X7, = 1. Then 7,41 is not defined,
because there is no g, distinct from 71, ..., 7. In this case, take 7, = oo

and X, = 0 for v > u. Under this definition, if X has infinitely many
positive components, then all the components of X are positive, and
they are a (random) permutation of the positive components of X; and
if X has exactly u positive components, then Xy,..., X, are positive,
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a permutation of the positive components of X, and X, = 0 for v > u.
And >, X, = oey Xy = 1 in any case, so that X is a random ele-
ment of A (verify in succession the measurability of ¢, 74, X’u) This
defines the size-biased version X of X.

The significance of size-biasing for the biological model is this. If
(X1,-..,Xr) has the density (4.15) for each r, then X = (X1, Xs,...)
describes a population with infinitely many types and mutation rate
. Now X = (Xr,Xr,,...), and for a given X, X, is the conditional
probability that 7 is the oldest type, X, is the conditional probability
that 7 is the second oldest type, and so on. For us the significance of
size-biasing will be that we can use it to show that the densities (4.15)
specify the finite-dimensional distributions of the Poisson-Dirichlet dis-
tribution on A. This will give us the asymptotic distribution of the
lengths of the long cycles in a random permutation, and we can also
use size-biasing to analyze the distribution of the large prime divisors
of a random integer.

Return now to the Z" of Theorems 4.2 and 4.3. By (4.8) and
Dirichlet’s formula [M12], (Z7,...,2Z") has at (z1,..., z) the density

(4.18) hr(21,...,2) =
F(na) za_l
I ()l ((n —r)e)

ifr<mn,z,...,2 >0,and z; + - -+ + 2, < 1; and by symmetry, this

---z,"_l(l —zp— = zr)(n—'r)a—l

is also the density for Z[},..., 27 for any of the (n), permutations
i1, ..., %, of size r from {1,2,...,n}. For size-biasing on Z",
(4.19) P[Tl =i1,...,Tr=ir||Zn]
zn Zn
=70 —2_ ... o =pZ0,...,20);
wi_zp 1-ZF - -2 IR

the last equality defines p, and there are no divisions by 0. Since
(Z%,...,27) =(2},...,2%),

PIZT,....27) € HIZ" =) _p(Z},..., 20 (2, ..., ZT),

where the sum extends over all (n), choices for i3,...,i,. And now it
follows by symmetry that

(4.20) P[(Z],...,27) € H]

:-/[{(n)rpr(zl,...,Zr)hr(zl,...,z'r)dzl"'d»z'r.
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Let [0,1]* be the subspace of R* consisting of the points z sat-
isfying 0 < z; < 1 for all ;. Suppose that B” is a random element of
[0,1]%° such that the components B}, BZ, ... are independent and B}’
has the beta—(a + 1, (n — i)e) density

(4.21) hm(x) — Ili‘((‘in+—1’;lj'((]:r2(3‘_‘:);)) 2%(1 — m)(n—i)a—l

on (0,1). Define G® by G} = B} and G} = (1-B})---(1- B} |)B}".
Consider the map given by z; = 21, zs = (1 —z1) - (1 — z;_1)xs,

1 < i < r. The inverse map is 1 = z1, &; = z;/(1 — 21 — -+ — 2z_1),
1< i< r,and so G,...,G} has density
(4.22)
22 Zr oz, ... zy)
hn1(21)hn2(1 - zl) hm(l —zp— e — zr_l) 021,y 2r)
Since the Jacobian is []}_o(1—21—---—2i—1)"!, algebra reduces (4.22)

to the integrand in (4.20):
(4.23) (2%,...27) =a (G},...,GP),

in the sense that the two have the same distribution.

As n — oo and na — 6, (4.21) converges to the beta—(1, 8) density
for 1 <i<r. If By, Bs,... are independent, each having this limiting
distribution, then of course (B},...,B) =, (Bi,...,Br). And if
G1,Ga, ... are defined in terms of these B; by (4.4), as before, then the
mapping theorem gives (G7,...,GF) =, (Gy,...,G,). It follows by
(4.23) that (Z2,...,2") =, (G1,...,G,), and since this holds for each
r, Z™ =, G. And further, since the components of Z" are a (random)

permutation of those of Z", pZ™ and pZ" coincide, and it follows by
Theorem 4.1 that

(4.24) Z0y = pZ" = pZ" =4 pG = G(,).

Since Theorems 4.2 and 4.3 give the limiting densities for the com-
ponents of ZZ?), we have a complete description of the Poisson-Dirichlet
distribution:

Theorem 4.4. The random vector (G(yy,...,G(,)) has density
(4.15), G(y) has density (4.16), and the moments E[(G ()™ are given
by (4.17).
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Numerical values for some of these distributional quantities can be
calculated. Below is a short table of the distribution of G(;) for the

case § = 1. The median is e~/2, which is about .61, and so there is,
for large n, probability about % that the length of the longest cycle
exceeds .61 X n.

z 20 30 40 50 .60 .70 .80 .90
PGyy<z] .00 .02 .13 31 .49 .65 .78 .90

Moments have also been computed: For § = 1, the first three com-
ponents G(1), G(ay, G(3) of Gy have means .62, .21, .01 and standard
deviations .19, .11, .07. And here is a graph of d;(-;1):

2

Large Prime Divisors

Let N, be an integer randomly chosen from among the first n integers:
P[N, = m] = 1/n for 1 < m < n. Let Qn; be the distinct prime
divisors of Ny, ordered by size: Qn1 > Qn2 > - -+, where Qpn, =1 if N,
has fewer than v distinct prime divisors,’ and let T}, = I1, @nv be the
product of the distinct prime divisors.

Theorem 4.5. We have

(log Qn1 log Qn2
logT, ’ logTy, '~

where G(.) has the Poisson-Dirichlet distribution for 6 = 1.

(4.25) ) =n G,

Note that the vector on the left does lie in A. We prove below that

log T},

1,

t In the limit, the large prime divisors all have multiplicity 1: P[Q2;|N,] —» 0
for each i. See Problem 4.4.
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from which it follows that the asymptotic properties of the ratios
log Qni/log N, are the same as those of the ordered relative cycle
lengths of a random permutation. For example, the chance is about %
that the largest prime factor of N, exceeds N;8!.

PROOF. Since T;, < N, < n, (4.26) will follow if we prove that

log T,

(4.27) oan

=, L.
We need two facts from number theory:

(4.28) Z logp =logz + O(1), Zlogp = O(z)

p<z p<z

as £ — 00. Since

EflogTa] = )~ [J ogp >Zloﬂ——zlogp,

p<n p<n pEn

(4.28) implies that E[logn —log Ty is bounded, and (4.27) follows from
this.

Size-bias the vector in (4.25), then multiply each component of
the result by log7, and apply exp(-) to it. This gives a sequence
Dp1,Dyg, . .. of random variables such that, if N, has exactly r distinct

prime factors and pi,...,p, is an arbitrary permutation of them, then
(4 29 P[Dnl =Plyeeoy Dnr = pT”Nn]

_logpy logpy/logT, log pr/log T,

~ logT,1— (logp:/logT,)  1— (logp1/logT) — -+ — (log pr—1/ log Tr)
_logpi  logps log pr

" logT, log(Tn/p1)  log(Tn/p1--pro1)’

And Dy; = 1if i > r. Note that the conditional probabilities (4.29)
summed over the r! permutations come to 1. Define V,,; = n and
Vni =n/Dpy -+ Dy i1, and take

(4.30) Bpi = log Dy;/ log Vy;.

Finally, define Gn1 = Bnl and Gm' = (1 - Bnl) v (1 — Bn,z‘—l)Bm'- If
we can prove that

(4.31) (Bn1, Bna,...) =n (B1,B2,...),

T Hardy & Wright [37), Theorems 414 and 425, or [PM.85].
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where the B; are independent random variables, each uniformly dis-
triubted over [0, 1], then the mapping theorem will imply that G, =
(Gr1,Gn2,...) =n G = (G1,Gaq,...), where the G; are defined by
(4.4). Now Gp; = log Dp;/logn (note that Vi, ;—1/Dpi—1 = V,; and
that Gp; = 0 if ¢ exceeds the number of distinct prime divisors of N,,),
and if G; = log Dy;/log Ty, then it follows by (4.27) that G/, = G.
Theorem 4.1 now gives pG;, = pG = G(.), and since the Dp; are a
permutation of the Qn;, this is (4.25).

To understand how (4.31) is proved, consider first an approximate
argument for Bp1. Suppose that 0 < a < 1. If ¢(m) is the product of
the distinct prime divisors of m (T, = t(NNy)), then

n
P[Bar < o] = P[Dar < 7] = 3 ~P[Dpy < |y = m]

m=1

logp e 1 logp

m=1 P<n“ plm =1~ p<nsa, Im
logp 1 1 logp
T 0

p<n“ m< n,p|lm p<ne@

where the first approximation works because log x increases so slowly,
the second works because there are about n/p multiples of p preceding
n, and the final step is a consequence of (4.28).

By Theorem 2.5, in order to prove (4.31) we need only show that,
for each r,

r
(4.32) liminf Pla; < Bp; < by, i < 7] > ] (b — a:)
n
i=1
if 0 < a; < b; < 1. Note that there are at least r prime divisors if the
event in (4.32) occurs. By the definitions,

(4.33) Pla; < Bpi < bi,i < 7] =P[V% < Dpy < V%

ni?
n
= Z ZP[N =m, Dp; =p;, i < T]a
m=1

where the inner sum extends over certain permutations p;...,p, of
the distinct prime divisors of m, namely, over those permutations that
satisfy

a; bi
@s) () <ms(—2)" isr
P1:-Pi-1 P11 -Pi-1

i < 7]
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By (4.29), each term in the sum satisfies (¢ ( ) defined as before)

_ lo
(4.35) P[Nn=m, Dni=pi, i <7] = H + log(¢( /ifl ‘pi-1)
i

Decrease the right side by increasing t(m ) to n. This gives

n T
. 1 log p;
(4.36) Plai < Bpi <b;, i <1} > m2=1 ~ E l'I=|1 oa(n

(n/p1---pic1)’
and we can further decrease the right side by tightening (4.34) to
n ai €n bi
4.37 _—) <p <|——), i<
(4.87) (Pl“'Pi—1) pi= (Pl"'Pi—l)

(0 < € < 1). For i = r, the right-hand inequality here implies p, <
pi/b" < en/p; - -pr—1 and hence p; ---p, < en. But then the number

|n/p1 - pr] of multiples m of p; - - - p, satisfying m < n is greater than
(1 —€)n/p1 - pr, and reversing the sums in (4 36) gives

) log p;
(438) Ploi < Bu<boi<r]2 (1 ZHM log(n/p1- - pi-1)’
the sum extending over the permutations satisfying (4.37).

If n; = n/py - pi—1, then (4.37) implies n;/n;4; = p; < n:-’" and
hence niy1 > n; _b‘, and it follows by recursion that n; > n, > nf,
where 6§ = [[_;(1 — b;) > 0. By (4.28), there is a u, such that u > u,
implies

logp .

. > — — (1 <

(4.39) E Slogu > (1—e€)(bj—ai), i<,
u% <p< (eu)bi

and if n > u:/‘s, then this holds for each u = n;. Fix p1,...pr—1, sum
out p,, and apply (4.39) for u = n,:

Plas < Bas < by 1] —eZHL‘,’:ﬁ’[ ~ (b —ar) - =],

where here the sum extends over py,...,pr—1 and the term —r/logn®
is to account for the fact that in summing out p, we must avoid the
values of the earlier p;. And now successively sum out p,_1,...,p; in
the same way:

T
T
P[ai<Bn_,-$b,~,i§r]2(1—e’"H (1—e) i)_——é
=1[ logn]

for n > ui/ % This proves (4.32). 0
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Technical Arguments

PROOF OF LEMMA 2. Let
(4.40) m=n-—1-r, szzizlzi, c=(1-38)/z.

By symmetry, the density of Z{1ys-- 120 at a point (z1y...,2,) of M, is

[(n0) ot -1 [ a1, a- -\
(4.41) (")rps.r(mg Lo 1/y1 Lge 1(1_3_2%-) dy1 4 - dym,

i=1

where the domain of integration is given by 0 < yi1,...,¥m < 2zr and (to account
for ZLY0<1—35— Z:’;l yi < zr. The change of variables y; = z.s; reduces the
integral here to

m a—1
(4.42) Z{m+he=1 ""/(Has" 1)( Zs) ds1 - dsm,

=1

where now the variables are constrained by 0 < s1,...,8m < land c—1 < Z,’;l 8 <
c. If S is a (positive) random variable having the density gm, then the integral in
(4.42) is the integral of (c — S)*7! over the event c — 1 < § < ¢ (if ¢ < 1, the
constraint ¢ — 1 < S is vacuous). Therefore, (4.41) can be written as

I'nao —m—1_a— ae m o c .
(n )TI‘E'( g EREEE Sy 2/ a(c— )" tgm(z; ) da.
e—1

Since the last integral is gm+1(c; @), this proves (4.10). o

Proor oF LEMMA 3. The Laplace transform [(1-a fol(l—e"tz)m"“ldw)l/“]'""
of gm( ;) converges to the right-hand member of (4.14). This by itself, however,
does not imply that the limit transform comes from a density to which gm(-;a)
converges; see Example 3.3. Let An(z) be the set where 0 < s1,...,5m < 1 and

Yoy 8i < z; let Bi(z) be the set where s1,...,s; > 0 and Zf=1 8; < z; and define
Ck(z) as in (4.11). First, for 0 < z < m, we have

x
(4.43) / gm(u)duz/ a™sy T 82 sy - - dsin.
0 Am ()

Use the inclusion-exclusion principle, together with symmetry, to express this as the
integral over By, (r) minus an alternating sum of integrals over the regions where
$1,..-28k > 1, Skt+15-+.,8m > 0, and E:"zl s; < z. This reduces (4.43) to

S cor(p)en [ s
Cr(x)

0<k<z
a—1 a—1
x[/ . Sgr1 " Sm dsk+1~--dsm:|dsl---dsk,
B"‘_’“(I—Z;:x "‘)
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where in the term for k = 0 the iterated integral is replaced by a single integral over
Bm(z). Dirichlet’s integral formula [M12] further reduces this to

m "™ *(a)a™
(449) D (-1 (k> (m — K)aT((m — k)a)

o<k<x
k (m—k)o
X/ s‘;‘_l...sz-l(q;—z.si> dsy - dsg,
Ci () i=1

where in the term for k = 0 the integral is replaced by z™.

The derivative of the term for k = 0 in (4.44) matches the corresponding term
in (4.12), and we turn to the case 1 < k < & < m. Write § = (m — k)a > 0 and
o = 81+ -+ ck. Since (4.43) does have a derivative, we need only find the limit
for h decreasing to 0 of the difference quotient

(4.45) '1‘/ s¢7r s8Nz + h—0)Pdsy - ds
h Cr(z+h)—Ck(x)

— g\ — —_ ~\8
+/ 37—1“_8:_1(.1:+h a) (z—0) ds, - - dsg.
Cr(z) h
k

Since z + h — o < h and 3 > 0, the first term here is at most (Dirichlet’s formula
again)

s THa) (z+ hyke — gke Y I*(a) gha-t
I'(ka)ka h I'(ka)

The difference quotient in the second term in (4.45) goes to B(z — ¢)°~!, and so the
derivative of the kth term (k > 1) in (4.44) will agree with the kth term in (4.12)
if we can integrate to the limit. But by the mean-value theorem, the difference
quotient is bounded by 8(2z)?~! if 8 > 1 (and h < ) and by the limit 8(z — o)~}
if 0 < 8 < 1, and in either case, the dominated convergence theorem applies. (This
argument is like the proof of the chain rule, which does not work here.)

Suppose now that m — oo and ma — 8, and consider a fixed k. Since (1)
—~ (for our purposes this can be taken as the definition of ), we have al'(a) =
I'(1+4 a) = 1 — ya + O(a®) and hence a™I'"™(a) — e~ . Since (m)x ~ m* and
m/T'(a) = ma/T(1+ a) — 6, it now follows that the factor in front of the integral
in (4.12) converges to the corresponding factor in (4.13). It is now clear that the
term for k = 0 in (4.12) converges to the term for k = 0 in (4.13). Consider the case
1 < k < z < m. Let Di(x) be the set defined by y1,...,yx > 1/z and Zf=1 Y < 1.
Transforming the integrals in (4.11) and (4.12) by s; = zy:, consider whether

k —kYa—
)("‘ Jo Ydyi - di
Yi —_—

w"‘"'l/ yi‘my;?(l—
Dg (x) Z

—p 0.

i=1 Yr- Uk
k -1
— z”“/ (1 - Zm) < Al L
Di(z) i=1 YUk

holds for each positive . Of course, z™*~* — z%~!, The two integrals themselves
differ by at most

k (m—k)a—1 k -1
m"/ yi"---u:‘?(l—Zyi) —(1—Zyi>
Bk (1)

i=1 i=1

dy1 -'-dyk.
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The integrand here goes to 0 pointwise; if 0 < 00 < 6, then (m — k)a > 6, for large
m, and so the integrand is at most 2(1 — Zz_l y,)‘90 1. which is integrable over
Bi(1) (Dirichlet yet again). By the dominated convergence theorem, the integral
goes to 0, and we do have g, (z; o) — go(x) pointwise. The limit g¢ is nonnegative,
and by Fatou’s lemma, it is integrable.

Although the series in (4.13) cannot be integrated term by term, it can be if
we multiply through by e~** for ¢t > 0. Reversing the integral in the kth term then
gives I‘(H)t ®(E1(t))*. Putting this into (4.13) and summing over k gives the middle
expression in (4.14), and sum and integral here can be reversed because if we work
with absolute values (suppress the (—1)*), the resulting sum is finite.

For t > 0, the right-hand equality in (4.14) is equivalent to v + logt + Ei(t) =
fo (1—e~*)u~du, which follows by integration by parts on each side, together with

the fact that —y = I'(1) = f0°° ~*logudu. Finally, since the right-hand member
of (4.14) converges to 1 as t | 0, g integrates to 1—is a probability density. m|

ProOOF OF THEOREM 4.2. Recall the definitions (4.40). Since r is fixed, we have
m — oo and ma — 6, and so, by Lemma 3 (m + 1 in place of m), (4.10) converges
pointwise to (4.15). By Fatou’s lemma, (4.15) integrates to at most 1, and we must
show that the integral in fact equals 1; this will be part of the next proof. 0

PRrROOF OF THEOREM 4.3. By (4.15) and (4.13),

1kr+k _ g — . N
dp(z;8) = 2°~ /E( Yo (1 o g z;e)d:m(:s:ll,

where the integration extends over s; > -+- > s,y >z and s1i+ - +s,—1+z < 1.
First, restrict the sum by 0 < k < ™! —r (the other terms are 0) and take it outside
the integral; second, lift the constraint s; > -+ > s,_; and divide by (r — 1)! to
compensate; and third, change variables: y; = s;/z. This leads to

) = -2 GV
(4.46) dr(z;0) == Z kli(r — 1)!
0<k<z~1—r

-z dyy - dyr—
x [ J =y 9 | AT
/ k( z n Yr—1 ) Vi Y1

where here the integration extends over y1,...,9,—1 > land yh + - + yr—1 <
(1 - z)/z. Replace the Jx in (4.46) by its definition (4.11), and intersect the region
of integration for the y; with that for the s; to arrive at (4.16).

It is probabilistically clear that d, must be supported by (0,77!). It is conve-
nient to take the support as (0, 1), which is consistent because all the summands in
(4.16) vanish if z > r~!. The mth moment of d.(-;8) is

1 (<] 1
(4.47) / ™ d,(x;0) dz = / m—”dr(y'l;ﬂ)dy
0

(—1)kgr+* 1 .
Z Kiir—1)! J, ym+9Jk+r—-1(y 1;0) dy.
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To simplifty the notation, take v = k+r — 1; by (4.11), the last integral in (447) is
oo v o—1
1 / ( > dsy - - ds,
— y—1- 8i ——dy
1 a,9-1, ds1---ds
B / / (L= ) Ty =
si>1Jy>a y Y 51 Sy

where a stands for 1 + 81 + + -+ + sy. The change of variable s = a/y converts the
inner integral into [M11]

a~™ /01 sl —s) s = a_m____F(m)F(G) .

T'(m+6)
Therefore, the last integral in (4.47) is (v=k+r —1)

T(m)['(9)
I'(m+0)

Expanding the right-hand exponential in (4.17) in a series gives

—-_m d81 - -dsu

(4.48) =

(1+51+"‘+sv)
8i>1 s

e ¢]

_1\kgr—1+k o0
(4.49) > : lctgra— 0 II“((::;L)) / YT leTV(Ei(y)) T dy.
k=0 o

What (4.17) says is that the right member of (4.47) is identical with (4.49), and this
will be true if the two match term for term, for each k. Since the last integral in
(4.47) reduces to (4.48), and since I'(6 + 1) = 6T'(8), the question now is whether
(take v = k + r — 1 again in (4.49))

—md d v * m— - v
(4.50) F(m)/ (14814 +80) Zl—s— =/ y" e Y (Eu(y)) dy.
8;>1 v ]

18

This last integral is (take s; = x:/y)

o0
/ ym—le—y/ e %l...g7% dml"'dfcv dy
0 Ti>Y " Ty
-1 -y
e Yexpl|-y 8| dy———
/s.>1/ [ Z ]

Since the inner integral on the right here is (1481 + -+ + s,) "™ I'(m), we arrive at
the integral on the left in (4.50). This proves (4.17).

We have still to prove that (4.15) integrates to 1, which will be true if the
marginal density (4.16) does. Since (4.17) holds for m = 0, the question is whether

o) -1
-1, -y (0B (y)" —6E
. 0 1 u(_____ Wy = 1.
(4.51) /0 y e 1)1 e dy=1
For r =1, this is

o
(4.52) / by le Ve B Wgy = 1,
0

and it holds because the integrand is the derivative of e 9Z1® Multiply each side
of (4.52) by #~! and repeatedly differentiate the resulting identity with respect to
9. This gives a sequence of identities equivalent to (4.51).

The proofs of Lemmas 2 and 3 and Theorems 4.2 and 4.3 are now complete. O
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Problems

4.1. Show that
/ k
Ji(z;0) = ;Jk._l(:c -1;8), forz>k>1

if # = 1. Now show that di(z; 1) is differentiable except at = = 1/2.

4.2. Let X be the size-biased version of X. Show that X, = X implies X.= X.

4.3. Denote the size-biased version of X by ¢X. Show that p?X = pX, 02X =4
X, poX = pX, opX =4 0X. Show that, if X has the Poisson-Dirichlet
distribution, then pX = X and ¢X has the GEM distribution. Show that, if
X has the GEM distribution, then ¢ X =4 X and pX has the Poisson-Dirichlet
distribution.

4.4. (a) Let A, be the set of integers m such that p? divides m for some prime p
exceeding b. Show that, if by — oo, then P[N,, € 4,,] = 0.
(b) Redefine the Qn; to consist of all the prime divisors of N,, multiplicity
accounted for, in nonincreasing order: Qn1 = Qn2 > ---. Show that (4.25)
still holds if N, is substituted for T,.

4.5. If Z has density (4.13), then the denisty hs of (1 4+ Z) ™! is related to di(-,6)
by
di(z;0) = 6T (8)e" 2 ho(z), O<z < 1.

Show that E[G;]] = 6T (6)e™’.

SECTION 5. PROHOROV’S THEOREM
Relative Compactness

Let IT be a family of probability measures on (S,S). We call II rel-
atively compact if every sequence of elements of II contains a weakly.
convergent subsequence; that is, if for every sequence {P,} in II there
exist a subsequence {P,,} and a probability measure @ (defined on
(S, S) but not necessarily an element of II) such that P,, =; Q. Even
though P,, =; Q makes no sense if QS < 1, it is to be emphasized that
we do require QS = 1—we disallow any escape of mass, as discussed
below. For the most part we are concerned with the relative com-
pactness of sequences {P,}; this means that every subsequence {P,,}
contains a further subsequence {F,, } such that P, =~ =m Q for
some probability measure Q.

(m)

Ezxample 5.1. Suppose we know of probability measures P, and
P on (C,C) that the finite-dimensional distributions of P, converge
weakly to those of P: int:,l,.tk =, Pvrt_l,l,,tlc for all k and all ty,...,%.
We have seen (Example 2.5) that P, need not converge weakly to P.
Suppose, however, that we also know that {P,} is relatively compact.
Then each { Py, } contains some { Py, } converging weakly to some Q.
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Since the mapping theorem then gives Pni(m)w,;,l,,tk =m th'l,l.,tk,

1
ot

and since Pn"t-l-l--tk = P7rt_1-1--tk by assumption, we have Qm;
Pvrt_l_l,‘tk for all t,...,tx. Thus the finite-dimensional distributions of
P and Q are identical, and since the class Cy of finite-dimensional sets is
a separating class (Example 1.3), P = Q. Therefore, each subsequence
contains a further subsequence converging weakly to P—not to some
fortuitous limit, but specifically to P. It follows by Theorem 2.6 that
the entire sequence {P,} converges weakly to P. Therefore:

If {P,} is relatively compact and the finite-dimensional distribu-
tions of P, converge weakly to those of P, then P, =, P.

This idea provides a powerful method for proving weak convergence
in C and other function spaces. Note that, if {P,} does converge
weakly to P, then it is relatively compact, so that this is not too
strong a condition. g

Ezample 5.2. Now suppose we know that a sequence of mea-
sures {P,} on (C,C) is relatively compact and that, for all £ and
all t1,..., %, P"”t_l-l--tk converges weakly to some probability measure
Hty .ty ON (R*, R¥)—the point being that we do not assume at the
outset that the u,..;, are the finite-dimensional distributions of a
probability measure on (C,C). Some subsequence {P,,} converges
weakly to some limit P (sub-subsequences are not relevant here). Since
Pm”t_l-l--tk = P7rt—1'1--tk (again by the mapping theorem), and since
Pn7ft_1-1~-tk =p Ht;.-t, (again by assumption), Pﬂ't_l-l-'tk = pt,...t, for all
t1,...,t,. This time we conclude that there exists a probability mea-
sure P having the pi,...;, as its finite-dimensional distributions. There-
fore:

If {P,} is relatively compact, and if int_l,l.,tk =n Pyt for all

ti,...tx, then some P satisfies Pﬂ-ail“tk = pt,..t;, for all ty,... 1.

This provides a method of proving the existence of measures on
(C,C) having prescribed properties. O
Tightness

To use this method requires an effective means of proving relative com-
pactness.

Ezample 5.8. Suppose P, are probability measures on the line.
How might we try to prove that {F,} is relatively compact? Let F,
be the distribution functions corresponding to the P,. By the Helly
selection theorem [PM.336], every subsequence { Fy, } contains a further
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subsequence {Fp, .} for which there exists a nondecreasing, right-
continuous function F such that Fy, () »m F(z) for all continuity
points z of F. Of course, 0 < F(z) <1 for all z, and if F has limits
0 and 1 at —oo and +o0, then F' is the distribution function of a
probability measure @, and Py, =m Q follows (Example 2.3). One
can try in this way to prove { P,} relatively compact.

If {P,} is not, in fact, relatively compact, then of course the effort
must fail for certain subsequences. Suppose for example that P, = §,.
Then F(z) = 0 is the only possibility for the limit function, and ac-
cordingly, there are no weak limits at all: If P, =m Q, then
Q(—k, k) < liminfm, P, ., (—k, k) = 0 for all k, and so Q cannot be a
probability measure. The reason this sequence is not relatively com-
pact is that mass is “escaping to infinity.”

For a second example, let u, be the uniform distribution over
[-n,+n], and take P, = & for even n and P, = %60 + %un for odd
n. Then {P,,} contains a weakly convergent subsequence if n; is even
for infinitely many ¢, but what if n; runs through odd integers only?
Then the single possible limit F'(z) is % for z < 0 and % for z > 0, and
imy =>m @ is impossible: It would imply Q(—k, k) < 3 for all
k. In this example, the mass lost (namely %), rather than heading off
in any particular direction, simply evaporates. a

again P,

The condition that prevents this escape of mass generalizes the
tightness concept of Theorem 1.3. The family II is tight if for every €
there exists a compact set K such that PK > 1 — ¢ for every P in II.

Theorem 5.1. IfII is tight, then it is relatively compact.

This is the direct half of Prohorov’s theorem, and the main purpose
of the section is to prove it. The proof, like that of Helly’s theorem,
will depend on a diagonal argument. The following corollary extracts
the essence of the argument in Example 5.1.

Corollary. If {P,} is tight, and if each subsequence that converges
weakly at all in fact converges weakly to P, then the entire sequence
converges weakly to P: P, =, P.

ProOOF. By the theorem, each subsequence contains a further sub-
sequence converging weakly to some limit, and by the hypothesis, this
limit must be P. Apply Theorem 2.6. m]

Ezample 5.4. Return to Example 5.1, and suppose that P, is a
unit mass at the function z, defined by (1.5). No subsequence can
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converge weakly (Example 2.7), and the reason for this is that {P,} is
not tight: If P,K > 1— ¢ > 0 for all n, then K must contain all the
zn, and hence cannot be compact. O

Theorem 5.2. Suppose that S is separable and complete. If II s
relatively compact, then it is tight.

This is the converse half of Prohorov’s theorem. It contains Theo-
rem 1.3, since a II consisting of a single measure is obviously relatively
compact. Although this converse puts things in perspective, the direct
half is what is essential to the applications.

PRrRoOOF. Consider open sets G, increasing to S. For each € there
is an n such that PG, > 1 — € for all P in II: Otherwise, for each n
we have P,G,, < 1 — € for some P, in II, and by the assumed relative
compactness, P,, =; ¢ for some subsequence and some probability
measure Q, which is impossible because then QG,, < liminf; P,,G,, <
liminf; P,,Gp, <1 —¢, while G, T S.

From this it follows that, if Ag1, Axo, ... is a sequence of open balls
of radius 1/k covering S (separability), then there is an nj such that
P(Ui<n, Aki) > 1—¢/2* for all P inII. If K is the closure of the totally
bounded set (;>; Ui<n, Aki» then K is compact (completeness), and
PK >1-c¢for all PinIL O

The Proof

There remains the essential agendum of the section, the proof of The-
orem 5.1. Suppose that {P,} is a sequence in the tight family II. We
are to find a subsequence {P,,} and a probability measure P such that
Pni =, P.

CONSTRUCTION. Choose compact sets K, in such a way that K; C
Ky € -+ and P,Ky > 1 —u~! for all w and n. The set U, K is
separable, and hence [M3] there exists a countable class A of open sets
with the property that, if z lies both in |J, Ky, and in G, and if G is
open, then z € A C A~ C G for some A in A. Let H consist of § and
the finite unions of sets of the form A= N K, for A€ A and u > 1.

Using the diagonal procedure, choose from the given sequence {P,}
a subsequence {P,,} along which the limit

(5.1) o(H) = lim P, H
1
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exists for each H in the countable class H. Our objective is to construct
on S a probability measure P such that

(5.2) PG = sup a(H)
HcG

for all open sets G. If there does exist such a probability measure P,
then the proof will be complete: If H C G, then a(H) = lim; P,,,(H) <
liminf; P,,,G, whence PG < liminf; P,,G follows via (5.2), and there-
fore P, =; P.

To construct a P satisfying (5.2), note first that H is closed under
the formation of finite unions and that a(H), defined by (5.1) for each
H in H, has these three properties:

(5.3) a(Hy) < a(Hs) if Hy C Ho;
(5.4) a(Hy U Hy) = a(H,) +O£(H2) if HiNHy =0

(5.5) Oz(Hl UH) < a(Hl) + a(Hj).
And clearly a(@) = 0. For open sets G define

(5.6) B(G) = sup a(H);
HCG

then (3 is monotone and G(#) = a(@) = 0. Finally, for arbitrary subsets
M of S define

(5.7) v(M) = inf B(G);

it is clear that v(G) = B(G) for open G.

Suppose we succeed in proving that «+ is an outer measure. Recall
[PM.165] that M is by definition y-measurable if y(L) > y(M N L) +
y(M¢N L) for all L C S, that the class M of y-measurable sets is a
o-field, and that the restriction of v to M is a measure. Suppose also
that we are able to prove that each closed set lies in M. It will then
follow, first, that S C M, and second, that the restriction P of v to S
is a measure satisfying PG = v(G) = 3(G), so that (5.2) will hold for
open G. But P will be a probability measure because (each K, having
a finite covering by A-sets, lies in H)

(5.8) 1> PS = p(S) >supa(Ky) > sup(l —u~ 1) =1.
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We proceed in steps.

Step 1. If F C G, where F is closed and G is open, and if F C H
for some H in H, then F C Hy C G for some Hp in H. To see
this, choose, for each z in F', an A; in the class A in such a way that
z € Ay C A; CG. These A, cover F, and since F' is compact (being
a subset of H), there is a finite subcover Ag,,... A;,. Since F C K,

for some u, we can take Hy = Uf=1(A;'. NKy).

d@) O

Step 2. B is finitely subadditive (on the open sets). Suppose that
H C G1 UGy, where H € H and G; and G3 are open. Define

Fy=[z € H:p(z,G]) 2 p(x, G3)], F2 = [z € H:p(z,G3) 2 p(z,GY)].

If z € Fy and z ¢ Gy, then z € Gy, so that, since G§ is closed,
p(z, G§) =0 < p(z,G§), a contradiction. Thus F} C G4, and similarly
Fy C Gq. Since F1 C H and H € H, it follows by Step | that Fy ¢ H, C
G, for some H, in H; similarly, F» C Hy C G for some Hs in H. But
then a(H) < a(Hy U Ha) < a(H;) + a(Hz) < B(G1) + B(G2) by (5.3),
(5.5), and (5.6). Since we can vary H inside G, U G, B(G1 U Gq) <
B(G1) + B(Gz) follows.

Step 3: [ is countably subadditive (on the open sets). If H C
U, Gn, then, since H is compact, H C UnSno Gy, for some ng, and
finite subadditivity implies a(H) < B(Up<n, Gn) £ Xncny B(Gn) <
> nB(Gr). Taking the supremum over H contained in J, G, gives
B(U, Gn) £ 32, B(Gh).

Step 4: v is an outer measure. Since 7 is clearly monotone and
satisfies y()) = 0, we need only prove that it is countably subadditive.
Given a positive € and arbitrary subsets M, of S, choose open sets
Gr, such that M, C G, and B(Gn) < v(My) + €/2". Then, by the
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countable subadditivity of 8, v(U, Mn) < B8(U, Gr) < >, 8(Gr) <
3=, 7(My) + €; since € was arbitrary, v(U, Mn) < >, v(My).

Step 5. B(G) 2 v(FNG) +v(F°NG) for F closed and G open.
Choose, for given €, an H; in H for which H; C F°*NG and o(H;) >
B(F°NG) —e. Now choose an Hy in H for which Hp C Hf N G and
a(Hp) > B(H{NG)—e. Since Hp and H; are disjoint and are contained
in G, it follows by (5.6), (5.4), and (5.7) that 8(G) > a(Hp U Hy) =
a(Ho)+a(Hy) > B(HING)+B(F°NG)—2¢ > 7(FNG)+v(F°NG)—
But € was arbitrary.

Step 66 F € M if F is closed. By the inequality of Step 5,
B(G) > y(FNL)+~(F°NL)if Gis open and G D L; taking the
infimum over these G shows that F' is y-measurable. This completes
the construction. O

Prohorov’s theorem (the direct half) will be used many times in
what follows. Here is a standard application to classical analysis:

Ezample 5.5. Let P be a probability measure on the Borel sub-
sets of the half-line S = [0,00). The Laplace transform of P is the
function defined for nonnegative t by L(t) = [ 30 e~ P(dz). There is
a uniqueness theorem [PM.286] according to which L completely de-
termines P. Suppose we also have a sequence of measures P, with
transforms L. If P, = P, then obviously L,(t) — L(t) for each t¢.

Let us prove the converse. The argument depends on the inequality

(5.9) i / (1= Lo /m 5 / (1 — e~*) dt Py (dz)

/ / (1—e %) dt Py(dz) = e ' Py(u™!, 00).
z>u~1

Since L(t) is continuous and L(0) = 1, there is for given € a u such
that u~! f(1 — L(t))dt < e/e. But then, if Ly(t) — L(t) for all ¢,
u™! [/(1 = Ln(t)) dt < ¢/e for n beyond some ng. And if a = u~1, then
(5.9) gives P,[0,a] > 1—e¢ for n > ng. Therefore, { P,} is tight (increase
a to take care of Py,..., Py,), and by the corollary to Theorem 5.1 it
is enough to show that if a subsequence converges weakly at all then
it must converge to P. But P, =; @ implies that @ has transform
lim; L, (¢) = L(t), so that, by uniqueness, P must be the limit. ]

The arguments in Examples 5.1 and 5.5 prove very different propo-
sitions but have the same structure. Each argument rests on three
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things: (i) the concept of tightness, (ii) a previously established con-
verse proposition, and (iii) a previously established proposition con-
cerning uniqueness.

As to Example 5.1, on conditions under which P,y -1-~tk = Pry, '1"tk
for all t1,...,1 implies P, = P on C:

(i) Methods for proving tightness will be developed in Chapter 2.
(ii) The previously established converse says that P, = P implies
Purpty = Prit,, forallty,... t.
(iii) The previously established uniqueness proposition says that the
finite-dimensional distributions P, ‘1"tk uniquely determine P.

As to Example 5.5, on the fact that pointwise convergence of the
corresponding Laplace transforms (L,(t) — L(t) for ¢ > 0) implies
P, = P on [0,00):

(i) Tightness was proved by means of (5.9).
(ii) The previously established converse says that P, = P implies
L,(t) — L(¢) for all t.
(iii) The previously established uniqueness proposition says that the
transform L uniquely determines P.

Although these two arguments have the same structure, there is an
essential difference: If the Laplace transforms in Example 5.5 converge
pointwise, then, because of (5.9), {P,} is necessarily tight. On the
other hand, if the finite-dimensional distributions in Example 5.1 con-
verge weakly, then {P,} may or may not be tight—and the essential
task in Chapter 2 is to sort out the cases.

Problems

5.1. In connection with Example 5.2, assume that Pmrt_l.l..tk = fgy...t,, for all
ty---tr and prove directly that the py,..., are consistent in the sense of
Kolmogorov's existence theorem.

5.2. If S is compact, every separating class is a limit-determining class.

5.3. Let II consist of the é; for  in A. Show directly from the definition that IT
is relatively compact if and only if A~ is compact in S.

5.4. A weak limit of a tight sequence is tight.

5.5. If IT is tight, then its elements have a common o-compact support, but the
converse is false.

5.6. A sequence of probability measures on the line is tight if and only if, for
the corresponding distribution functions, we have limz_oc Fn{z) = 1 and
limy— o0 Fr(z) = 0 uniformly in n.
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5.7.

5.8.

5.9.

5.10.

5.11.

5.12.

A class of normal distributions on the line is tight if and only if the means and
variances are bounded (a normal distribution with variance 0 being a point
mass).

A sequence of distributions of random variables X, is tight if it is uniformly
integrable.

Probability measures on S’ x S” are tight if and only if the two sets of marginal
distributions are tight on 8’ and S”.

As in Problem 1.10, suppose that S is separable and locally compact. Assume
that P,f — Pf for all continuous f with compact support; show first that
{P.} is tight and second that P, => P.

Consider the following analogues of the concepts of this section: Points on the

line play the role of probability measures on S, ordinary convergence on the

line plays the role of weak convergence, relative compactness has the same

definition (every sequence has a convergent subsequence), and boundedness

plays the role of tightness. For each of the following facts, find the analogue

in the theory of weak convergence.

(a) If each subsequence of {z,} contains a further subsequence converging to
z, then z,, — z.

(b) If {z.} is bounded, then it is relatively compact (and conversely).

(¢) If {zn} is relatively compact and every subsequence that converges at all
converges to z, then z, — z.

(d) The same with “bounded” in place of “relatively compact.”

(e) If {zn} is bounded, sinz, — sinz, and sin 7z, — sinwz, then z, — z.

The example in Problem 1.13 shows that Theorem 1.3 fails without the as-
sumption of completeness, and hence so does Theorem 5.2. Here is an exam-
ple of a separable S on which is defined a relatively compact (even compact),
non-tight set of probability measures the individual elements of which are
tight.

(a) Let Q be the closed unit square and put Ly = [(z,y):0 < y < 1] for
0 < z € 1. Let K be the class of compact K in Q that meet each L.
From the fact that K contains each [(z,y):0 < £ < 1],0 < y < 1, conclude
that K has the power of the continuum.

(b) Let £ — K. be a one-to-one correspondence between [0,1] and K. For
each z choose a point p; in Kz N L., and let A = [p;:0 < z < 1]. Show
that (i) A meets each L, and (ii) A meets each K in X.

(c) Let S = Q@ — A. Show that (i’) S misses exactly one point on each L, and
(it') if K is a compact subset of S, then K misses some L.

(d) Let P; be Lebesgue measure on L; NS (just one point on L, is missing).
Show that z, — z implies P, => P;. Show that each P, is tight but
that [Pz:0 < = < 1] is not tight.

SECTION 6. A MISCELLANY™*

Of the four topics in this section, the first, on the ball o-field, is used
only in Section 15, and the second, on Skorohod’s representation the-
orem, is not used at all. The last two, on the Prohorov metric and a
coupling theorem, are used only in Section 21.
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The Ball o-Field

Applications to nonseparable function spaces require a theory of weak
convergence for probability measures on the ball o-field Sg, the one
generated by the open balls. Although Sp coincides with the full Borel
o-field S in the separable case, it may be smaller if S is not separable.
In this case, a continuous real function on S may not be measurable
So, which creates problems: If S is discrete and uncountable (Example
1.4) and A is neither countable nor cocountable, then I4 is continuous
but not measurable Sg.

Lemma 1. (i) If M is separable, then p(-, M) is Sp-measurable
as well as uniformly continuous.
(i) If M is separable, then M® € Sy for positive 6.
(i) If M is closed and separable, in particular if it is compact, then
M e Sp.

PROOF. Since [z:p(z,y) < u] = B(y,u) € Sp, it follows that
p(+,y) is Sp-measurable for each y. If D is countable, then p(-, D)
is Sp-measurable; and if D is dense in M, then p(-,D) = p(-,M).
Hence (i), and (ii) follows. Finally, (iii) follows from (ii) and the fact
that M = [, MY/* for closed M. a

The theory of weak convergence for Sy is closely analogous to that

for S.

Theorem 6.1. If P is a probability measure on (S,Sp), A is an
So-set, and e is positive, then there ezist a closed Sy-set F' and an open
So-set G such that FC AC G and P(G—- F) <e.

PROOF. The proof is analogous to that of Theorem 1.1. Let G be
the class of Sg-sets with the asserted property. If A = [y : p(z,y) < 7]
is a closed ball, take F = A and G = [y : p(z,y) < r + 6] for small é:
A € G. It is now enough to show that G is a o-field, and the argument
in Section 1 carries over without change. a

Call a probability measure on Sp separable if it has a separable
support (in &p). By Lemma 1(iii), the support can be assumed closed.

Theorem 6.2. Suppose probability measures P and Q on Sy are
separable. If Pf = Qf for all bounded, uniformly continuous, Sp-
measurable functions f, then P = Q.

PROOF. Let M be a common closed, separable support for P and
Q. By part (i) of Lemma 1, the function

(6.1) fl@)=1-(1-plz,(F)°NM)/e)*
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is Sp-measurable as well as uniformly continuous, and by part (iii), the
set Ac = (F€)°N M lies in Sp. If z € F, then p(z, Ac) > ¢, and hence
f(x) = 1. And f is supported by A¢ = F*U M°. Thus Ir < f < I4e.
If F € &, then PF < Pf = Qf < QA = Q(F¢U M) = Q(F*).
Suppose that F is closed and let € | 0: PF < QF. Since, by symmetry,
QF < PF as well, P and @ agree for closed Sp-sets and hence, by
Theorem 6.1, agree on Sp. a

For probability measures P, and P on Sy, if P,f — Pf for every
bounded, continuous, Sp—measurable real function f on S, we say that
P, converges weak®ly to P and write P, =° P. By Theorem 6.2, a
sequence cannot have two distinct, separable weak® limits.

Theorem 6.3. If P has a separable support, then these five con-
ditions are equivalent:

(i) P, =° P.
(ii) P,f — Pf for all bounded, So—measurable, uniformly continuous f.
(iii) limsup, PoF < PF for all closed F in Sp.
(iv) liminf, P,G > PG for all open G in Sy.
(v) PhA — PA for every Sp-set A for which Sy contains an open G
and a closed F such that G C AC F and P(F —G) = 0.

PROOF. As in Theorem 2.1, the implication (i) — (ii) is trivial. To
prove (ii) — (iii) we can use (6.1) and the set A, again, where M is a
closed, separable support for P. Since limsup,, P, F < limsup,, P,f =
Pf < PAS = P(F¢UM°®) = P(F¢), we can let € | 0, as before.

The equivalence of (iii) and (iv) is again simple. To prove that (iii)
and (iv) together imply (v), replace A° by G and A~ by F in (2.3).

Finally, suppose that (v) holds and that f is bounded, continuous,
and measurable with respect to Sp. Let Gy = A; = [f > t] and F; =
[f > t]. Then the Sp-sets G and F; are open and closed, respectively,
and F; — Gy C [f = t]. Except for countably many t, therefore, we
have P(F; — G;) = 0 and hence P,[f > t] — P[f > t], and so the old
argument goes through. O

There is also a mapping theorem. Let S’ be a second metric space,
with ball o-field S). Let h map S into S’

Theorem 6.4. Suppose that M (in Sy) is a separable support for
P and that h is measurable Sy /S| and continuous at each point of M.
If P, =° P (in S), then P,h™1 =° Ph™! (in &).
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PROOF. Let G’ be an open S)-set, and put A = h™1G’. Since
h is continuous at each point of M, AN M C A°. Since AN M is
separable, there is a countable union G of open balls which satisfies
ANM c G c A° C A. But since Sy contains A N M and the open
set G, liminf, P,A~Y(G') = liminf, P,A > liminf, P,G > PG >
P(ANM) = PA = Ph {(G"). 0

Define a sequence {P,} of probability measures on Sy to be tight®
if for every € there is a compact set K such that, for each 6,

(6.2) lim inf PK’>1—¢

By Lemma 1, K and K? are in Sp, and so is K; = [z: p(z, K) < §]. If
{P,} is tight® and P,, =° P, then, since Kj is closed and contains K?,
it follows by Theorem 6.3, together with (6.2), that PKs > 1 — €. Let
610: PK >1—¢, and so P is tight in the old sense.

The next result is the analogue of Prohorov’s theorem.

Theorem 6.5. If {P,} is tight®, then each subsequence {Py,}
contains a further subsequence {Pn,,. } such that Primy =m P for
some separable probability measure P on Sy.

PROOF. Since a subsequence of a tight® sequence is itself tight®, it
is enough to construct a weakly convergent subsequence of {P,} itself.
Choose compact sets K, in such a way that K; C K, C -+ and

(6.3) lim inf PKS>1-u!

for all u and 6. Now follow the proof of Theorem 5.1.

Define the classes A and H just as before. By the diagonal method,
choose a subsequence { Py} along which the limit ao(H?) = lim; P, H®
exists for each of the countably many sets H® for H in H and § a
positive rational. Now put a(H) = lims ag(H?), where § decreases to
0 through the rationals.

Clearly, o satisfies (5.3). Since (H; U Hz)® = H{ U HY, it also
satisfies (5.5). And if H; and Hy are disjoint, then (compactness) H{
and HJ are also disjoint for small 6, and so « satisfies (5.4). Define
B(G) for open G by (5.6) and v(M) for arbitrary M by (5.7). Then
Steps 1 through 6 of the previous proof go through exactly as before.

t Problem 6.1 shows why the § and the limit inferior are needed here, even though
they are not needed for the theory based on S.
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Let P be the restriction of 4 to Sp. By (6.3), ap(K$) > 1 —u~!
(K, € H), and so a(K,) > 1 —u~!. Therefore, (5.8) holds again, and
P is a probability measure on Sy. Finally, if H C G, where H € H,
G is open, and G € Sp, then (compactness again) H® ¢ G for small
8, and so a(H) < ap(H®) < liminf; P,,G. Therefore, PG = 8(G) <
liminf; P,,G, and F,, =7 P.

The measure P, as the weak® limit of the tight® sequence {P,}, is
tight in the old sense, and so it is certainly separable. )

Suppose that p and p' are two metrics on S, and let S, S, S), S’
be the corresponding ball and Borel o-fields. If p’ is finer [M2] than p,
then each p-open set is also p’-open, and hence S C §’. In Section 15
there arise a function space S and a pair of metrics for which

(6.4) S§=8cS.

If P, and P are probability measures on S = S}, one can ask whether
(6.5) P,=P rep

(“re” for “with respect to”) and whether

(6.6) P,=°P reyp.

Suppose P has a separable support M (in § = &). If (6.6) holds, then
limsup, P,F < PF for each p/-closed F in S} and hence holds for
each p-closed F in §. Thus (6.6) implies (6.5). Now assume also that
p-convergence to a limit in M implies p’-convergence. If the Sj-set F is
p'-closed, and if Fy is its p-closure, then M NF) C F, and (6.5) implies
lim sup,, P, F < limsup,, P,F1 < PF, = P(M N F;) < PF, from which
(6.6) follows.

Theorem 6.6. Suppose that p' is finer than p, that p-convergence
to a limit in M implies p'-convergence, that (6.4) holds, and that M
(in S = 8)) is separable and supports P. Then (6.5) and (6.6) are
equivalent.

Even though (6.5) and (6.6) are equivalent here, (6.6) can give
more information: If h is a real Sg-measurable function on S, then
P,h~! = Ph~! follows from (6.5) if h is p-continuous and from (6.6)
if h is p’-continuous. And if p’ is strictly finer than p, then there are
more p'-continuous functions than there are p-continuous functions.t

t Problem 6.4.
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Skorohod’s Representation Theorem

If P, =, P, then there are (see (3.4)) random elements X, and X
such that X, has distribution P,, X has distribution P, and X, = X.
According to the following theorem of Skorohod, if P has a separable
support, then it is possible to constuct the X and all the X, on a com-
mon probability space and to do it in such a way that Xp(w) —n X(w)
for each w. This leads to some simple proofs. For example, if P, =, P
(and P has separable support), and if h: S — S’ is continuous, con-
struct X, and X as just described; then h(Xn(w)) —n h(X(w)) for all
w, and hence (see the corollary to Theorem 3.1) hX, =, hX, which
is equivalent to P,h~! =, Ph~!l. This gives an alternative approach
to the mapping theorem.

Theorem 6.7. Suppose that P, =, P and P has a separable
support. Then there exist random elements X, and X, defined on a
common probability space (2, F,P), such that L(X,) = P,, L(X) = P,
and Xn(w) —n X(w) for every w.

PRrROOF. We first show that, for each ¢, there is a finite S-partition
Bg, By, ..., By of S such that

(6.7) P(6B;) =0, i=0,1,...,k

{PBO<e,
diam B; <e¢, i=1,...,k.

Let M be a separable S-set for which PM = 1. For each z in M,
choose 4 so that 0 < ry < ¢/2 and P(0B(z,r;)) = 0. Since M is
separable, it can be covered by a countable subcollection A;, A,,...
of the B(z,7;). As k T oo, P(US; A) T P(UR, 4) > PM = 1,
and we can choose k so that P(Uf,g=1 A;)) >1—¢€ Let B; = A; and
Bi=A{N---NAS NAy,i=2,...k and take By = (U~ , 4:)°.
Then the middle relation in (6.4) holds because dB; C U;?:l 0A; for

1=0,1,...,k, and the other two are obvious.
Take €, = 1/2™; there are S-partitions Bf*, B, ..., % such that
P(BT') < €m,
(6.8) P@OB*) =0, i=0,1,...,kp,
diam B* < e, i=1,...,kn.

Amalgamate with Bf* (which need not have small diameter) all the
B* for which P(B[") = 0, so that P(-|B™) is well defined for i > 1.
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By the middle relation in (6.8) and the assumption that P, = P, there
is for each m an n,, such that n > n,, implies

(6.9) Pa(B™) 2 (1 - em)P(B™), i=0,1,...,kn.

We can assume n; < ng < - .

There is a probability space supporting a random element with any
given distribution on (S, S), and by passing to the appropriate infinite
product space! we can find an (2, F, P) that supports random elements
X, Yo(n>1), Yy(n,i>1), Z,(n > 1) of S and a random variable
&, all independent of one another, having these three properties: First,
L(X) = Pand L(Y,) = P,. Second, if nym < n < npy1, then L(Yy;) =
P.(-|B™). Third, if nym < n < Ny, then £(Zy) = pn, where

km
pn(A) = e Y Pa(A|BI)[Po(B) = (1 — em) P(BI));
=0

by (6.9), pn is a probability measure on (S,S). Finally, £ is uniformly
distributed over [0, 1].
For n < n; (if n; > 1), take X, = Y,. For ny, <1 < mpy, define

km
Xn= Z lie<i—em, xeBM Yni + Ijg>1-6) Zn-
i=0
If ny, < n < npt1, then, by independence and the definitions,

P[X, € 4]

km
=) PE<1-€n, X €BP, Yni € A| +P[£> 1~ €m, Zm € 4]
i=0

km
= (1-€m) > _P[X € BP|P(AB}") + empun(A) = P, A.
=0

Thus £(X,) = P, for each n. Let Ep, = [X ¢ BJ', £ < 1 — ¢y] and
E =liminf, E,. If ny, £ 0 < nypyq, then on the set By, X, and X
lie in the same B[", which has diameter less than €,,. It follows that
Xn —n X on E, and since P(ES) < 2¢,,, we have PE = 1 by the
Borel-Cantelli lemma. Redefine X,, as X outside E. This does not
change its distribution, and now X, (w) —, X(w) for all w. O

t See Halmos [36], p. 157.



72 WEAK CONVERGENCE IN METRIC SPACES

The Prohorov Metric

Let P be the space of probability measures on the Borel o-field S
of a metric space S. If one topologizes P by taking as the general
basic neighborhood of P the set of @ such that |Pf; — Qfi| < € for
i=1,...,k, where the f; are bounded and continuous on S, then weak
convergence is convergence in this topology. Here we study the case
where P can be metrized.

The Prohorov distance w(P, Q) between elements P and @ of P is
defined as the infimum of those positive € for which the two inequalities

(6.10) PA< QA +e¢, QA< PA“+e¢

hold for all Borel sets A. We first prove a sequence of facts connecting
this distance with weak convergence and then, at the end, state the
most important of them as a theorem.

(i) The Prohorov distance is a metric on P. Obviously n(P,Q) =
7(Q, P) and n(P,P) = 0. If n(P,Q) = 0, then for positive ¢, PF <
QF*+e¢, and if F is closed, letting € | 0 gives PF < @QF; the symmetric
inequality and Theorem 1.1 now imply P = Q. If n(P,Q) < € and
7(Q, R) < €2, then PA < QA® +¢€; < R(A%)®2+¢1+€3 < R(ATe2) +
€1 + €3. The triangle inequality follows from this and the symmetric
relation.

(i) If PA < QAf+¢ for all Borel sets A, then 7(P,Q) < €. In other
words, if the first inequality in (6.10) holds for all A, then so does the
second. Note that A C S — B¢ and B C § — A€ are equivalent because
each is equivalent to the condition that p(z,y) > efor allzin 4 and y
in B. Given A, take B = S — A%; if the first inequality in (6.10) holds
for B, then PA*=1-PB>1-QB*-e=Q(S—B%)—e¢> QA—ce.

(iii) If n(Py, P) — 0, then P, = P. Suppose that 7(P,, P) < ¢, —
0. If F is closed, then limsup,, P,F < limsup,(PF* +¢,) = PF.

(iv) If S is separable and P, = P, then w(P,, P) — 0. For given
€, let {A;} be an S-partition of S into sets of diameter less than e.
Choose k so that P(|J;5; 4i) < € and let G be the finite class of open
sets (Aj; U---UA; )forl <ip <. <in<k IfP = P,
then there exists an ng such that n > ny implies that P,G > PG — ¢
for each G in G. For a given A, let Ag be the union of those sets
among Aj,..., Ay that meet A. Then A§ € G, and n > ng implies
PA < PAg + P(U;s4i) < PAg+ € < PoA§+ 2 < P A% + 2.
Use (ii).
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(v) If S is separable, then a set in P is relatively compact in the
sense of Section 5 if and only if its w-closure is w-compact. In the sep-
arable case, weak convergence and m-convergence are the same thing,
and so this is just a matter of translating the terms.

(vi) If S is separable, then P is separable. Given €, choose an S-
partition {A;} as in the proof of (iv). In each nonempty A; choose
a point z;, and let Il be the countable set of probability measures
having the form ), , 7i0;, for some k and some set of rationals 7;.
Given P € P, choose k so that P(|J;5x Ai) < €, then choose rationals
T1,...,Tk in such a way that ., ri = 1and Y, . |ri — P(4i)] <,
and put @ = 3y Tibz,- Given a set A, let I be the set of indices i
(¢ £ k) for which A; meets A. If Ag = |J;c; Ai, then PA< PAp+e=
Yicr P(Ai) + € <D i i+ 26 = QAp + 2 < QA® + 2¢. By (ii), II, is
a countable 2¢-net for P.

(vii) If S is separable and complete, then P is complete. Suppose
that {P,} is m-fundamental. It will be enough to show that the se-
quence is tight, since then it must (by Theorem 5.1 and (iv) above)
contain a w-convergent subsequence. The proof can be completed by
the argument in the proof of Theorem 5.2 if we show that for all € and §
there exist finitely many é-balls C; such that P,(C1U---UCp) > 1—¢
for all n. First, choose n so that 0 < 2n < € A é. Second, choose
no so that n > ng implies 7(P,,, B,) < 1. Third, cover S by balls
A; = B(zi,n) and choose m so that P,(AjU---UAp) > 1—1n for
n < ng. Third, let B; = B(x;,2n). If n > ng, then P, (B1U---UBp,) >
P ((A1U---UAR)") 2> Pyo(A1U- - -UAp)—n > 1-2n. If n < ng, then
Po(B1U---UBp) > Py(A1U---UAp) > 1 —1n. Take C; = B(x,6),
1 <m.

Theorem 6.8. Suppose that S is separable and complete. Then
weak convergence is equivalent to m-convergence, P is separable and
complete, and a set in P is relatively compact if and only if its -
closure is w-compact.

A Coupling Theorem

Suppose M is a probability measure on S x S that has marginal mea-
sures P and @ on S and satisfies

(6.11) M[(s,t): p(s,t) > a] < «,

where p is the metric on S. Then, for positive 7, QA = M(S x A) <
M](s,8): p(s,t) > o] + M((4%)~ x 8) < o + P(A%)" < a + P(4%*),
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This and the symmetric relation imply that the Prohorov distance
satisfies m(P,Q) < a. The following converse, the Strassen-Dudley
theorem, is used in proving the approximation theorem in Section 21.

Theorem 6.9. If S is separable and 7(P,Q) < «, then there is
a probability measure M on S x S that has marginals P and Q and
satisfies (6.11).

To begin the proof, choose § so that m(P,Q) < 8 < a, and then
choose € so that S+ 2¢ < a and € < 8. As in the proof of Theorem 6.7,
use separability to find a partition By, By, ..., By such that PBy < €
and diam B; < € for 1 > 1. Find a similar partition for @ and replace
{B;} by the common refinement, so that PBy < ¢, @QBp < ¢, and
diamB; <e< ffori=1,...,k.

Let p; = PB; and ¢g; = QB; for 0 < 4,7 < k, and let A be the set
of pairs (7,7) such that 1 < 4,5 < k and dist (B;, B;) < 8. It will be
shown later that there exists a (k + 1) x (k + 1) array of nonnegative
numbers p;; such that

(6.12) pi= ijija g = Zipz'j, Z(ij)eAPij >1-f-2e

Assuming for the moment that there exists such an array, we can
complete the proof this way: Let M;; be the product of the conditional
probability measures P(-|B;) and Q(-|Bj;); if PB; or @B, is 0, take
M;;j(S x §) = 0. Then M;; is a measure on S x S supported by
B; x Bj. Let M be the probability measure Zij pijM;ij. Then (sum
over the (i,7) for which p;; > 0) M(A x S) = 3, pi; Mi;(A x ) =
2.i; PigP(A|Bi)Q(S|B;) = 3y pis P(ANBy) /pi = 3; P(ANB;) = PA.
Thus P is the first marginal measure for M, and similarly @ is the
second.

To prove (6.11), observe first that, if (i, j) € A, then B; and B; have
diameters less than € (since é,j > 1) and dist (B;, Bj) < 8. Choose s;;
in B; and t;; in B; in such a way that p(si;,t;;) < 8. If s € B; and
t € Bj, then p(s,t) < p(s, 8i5) + p(sij, ti) + p(tijyt) < B+2e <. It
follows by (6.12) that

M((s,8): p(s, 1) < o] > M(U ispeaBix Bj))
=Z(i'j)€Apij 21-p8-2¢>1-o0.

Hence (6.11).



SECTION 6. A MISCELLANY 75

There remains the (considerable) task of constructing an array
{pi;} satisfying (6.12). We start with finite sets X, Y, and RC X xY.
If (z,y) lies in R, write zRy: z and y stand in the relation (represented
by) R. For A C X, let A® be the set of y in Y such that xRy for some
z in A. Indicate cardinality by bars.

Lemma 2. Suppose that |A®| > |A| for each subset A of X. Then
there is a one-to-one map ¢ of X into Y such that xRyp(z) for every
z in X.

This can be understood through its interpretation as “the marriage lemma”:
X is a set of women, Y is a set of men, and xRy means that z and y are mutually
compatible. The hypothesis is that for each group of women there is a group of men,
at least as large, each of whom is compatible with at least one woman in the group.
The conclusion is that each woman in X can be married off to a compatible man.
Some men may be left celibate, but not if the total numbers of men and women
are the same; in the notation of the lemma, if |X| = |Y|, then the map ¢ of the
conclusion carries X onto Y.

PROOF. For U C X and V C Y, call the pair (U,V) an R-couple
if |JAR N V| > |A| for every A C U. This is just the hypothesis of the
theorem formulated for the relation RN (U x V) on U x V. Call f an
R-pairing for (U, V) if it is a one-to-one map of U into V and uRf(u)
for all u € U. We want to find an R-pairing ¢ for the R-couple (X,Y).

The proof of the lemma goes by induction on n = |X]|. It obviously
holds for n = 1. Assume that it holds for sets of size less than n. The
induction hypothesis implies this:

(T) If U is a proper subset of X and (U,V) is an R-couple, then there
is an R-pairing for (U,V).

Fix an z¢ in X; by the hypothesis, g Ryo for some yg in Y. There
are two possibilities: (a) (X — {z0},Y — {yo}) is an R-couple, and (b)
it is not. Assume (a). It then follows by (T) that there is an R-pairing
f for (X = {z0},Y — {y0}). Extend f to an R-pairing ¢ for (X,Y) by
taking ¢(zo) = yo, and we are done.

So assume (b). Then (X — {zo},Y — {yo}) is not an R-couple, and
there is an A C X — {z0} such that |[A®\{yo}| < |A|. But since |[AF| >
|A| by the hypothesis of the lemma, we have |A%| > |4] > |A®\{yo}|.
This means that (yo € A® and) |A®| = |A|. Since (by the hypothesis
of the lemma) |Bf N A%| > |B| for B C A, (A, AF) is an R-couple,
and by (T) there is an R-pairing ¢ for (4, A®). Again consider two
possibilities: (a°) (X — A,Y — A®) is an R-couple, and (b°) it is not. If
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(a°) holds, then, by (T), there is an R-pairing x for (X — A4,V — AR).
But this x can be combined with v to give an R-pairing ¢ for (X,Y).

It remains only to rule out (b°) as a possibility. If (b°) does hold,
then there is a C' C X — A such that |C®\ A®| < |C|. But then (recall
that |AR| = |A|) we have |(AUC)B| = |AR| + |CE\AR| < |A| +|C| =
|A U C|, which contradicts the hypothesis of the lemma. a

Next consider finite sets I, J, and a subset D of I x J. Consider
also a rectangular array of cells corresponding to the (4,7) in I x J,
together with nonnegative numbers ¢; and r;. Think of the ¢; in a row
below the array (¢ running from left to right) and the r; in a column
to the left (j running from bottom to top). For E C I, let EP be the
set of j such that (i,7) € D for some i € E.

Lemma 3. Suppose that, for each E C I,

(6.13) D iemn i 2 D G

Then there are nonnegative numbers m;; such that my; > 0 only for
(i,7) € D, and

(6.14) Zje.] mij = Ci, zie! mi; S T
If 3icrci = 2 jcy i, then there is equality on the right in (6.14).

PROOF. Suppose first that the ¢; and r; are rational. By multiply-
ing through by a common multiple of the denominators, we can ((6.13)
and (6.14) are homogeneous) arrange that the c; and r; are nonneg-
ative integers. Take A; to be disjoint sets with |A;| = ¢;, take B; to
be disjoint sets with |B;| = r;, and take X = J; 4;, Y = |J; B;. Now
define R C X x Y by putting into R those (z,y) such that the indices
of the A; and B; containing them (z € A;, y € B;) satisfy (¢, j) € D.

There is an interpretation of this setup in terms of wholesale marriage. Suppose
the women are divided into clans and the men are divided into hordes. Certain clans
and hordes are compatible, and a woman-man pair is compatible if and only if the
clan and horde they belong to are compatible.

We can verify the hypothesis of Lemma 2. Suppose that A C X,
and take E=[i: ANA; #0]. If i ¢ E, then (ANA)R=0. Ifi € E,
Ujesp Bj- By (6.13), |A®| = ¥ cpo |Bj| 2 ¥iep|Ail = |A]. The
hypothesis of Lemma 2 is thus satisfied, and there is a one-to-one map ¢
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of X into Y such that, for each z in X, z Rp(z). Let m;; be the number
of points in A; that are mapped into B; by ¢. Then ). mi; = c¢; (every
point of A; is mapped into some Bj), and ), mi; < |Bj| =15 (p is
one-to-one). Hence (6.14). If m;; > 0, then there are points z and y
of A; and B; such that zRy, which implies (¢, ) € D.

To treat the general case, choose rational ¢;(n) and r;(n) such that
0 < ¢j(n) 1 ¢j and r;(n) | r; (D does not change). Let {m;;(n)} be a
solution for these marginals, and pass to a sequence along which each
m4;j(n) converges to some m;;. This gives a solution to (6.14).

If 32,¢i = )_;rj, then 37,37, mi; = 3, rj, and none of the in-
equalities in (6.14) can be strict. ]

COMPLETION OF THE PROOF OF THEOREM 6.9. We can use
Lemma 3 to finish the proof of Theorem 6.9. We must construct a
(k+1) x (k+ 1) array {pi;} satisfying (6.12). Let I = {0,1,...,k},
J={0,1,...,k,00}, ¢i =pi = PBifor 0 < i < k, r; = ¢ = QB;
for 0 < j £k, and 1o = B+ 2¢. Use for D the elements of the
set A (defined just above (6.12)) together with the pairs (i,00) for
i =0,1,...,k. If E is a nonempty subset of I, then, since # was
chosen so that 7(P, Q) < 3,

ZieE ¢ < PBo+ P(UiGE\{O} B") <et Q<UieE\{0} B") By

<e+ Q(Bo U UieE\{O}(Biﬁ N Bg)) + 8.

Suppose that x € Bf, where 1 <1 < k, and = € Bp; then = € B, for
some j, 1 < j < k, and dist (B;, B;) < 8, which implies (i,j) € A,
which in turn implies j € EP\{oo}. Therefore, UieE\{o}(B%B N B§) C
Ujerp\ {0} Bj» and it follows that

ZieE G < ZjEED\{oo} G t2+f= ZjeE‘D "3

Thus (6.13) holds, and there exist my; for (4,7) € I x J, positive only
for (i,7) € D, such that

(&) Xjesmij =pi, for0<i<k,
(6.15) (b)  Dicrmij < g, for 0 < j <k,
(C) Zie[ Mio < 26 + 0.

Reduce J to J' = {0,1,...,k},let D' = I x J', and apply Lemma 3
a second time, with ¢; = mico and 5 = ¢;—3_;; m; (all nonnegative).
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If EcIand E #0, then EP’ = J', and by (6.15a) and the fact that
Zie] b= ZjeJ' q; = 1, we have

(6.16) ZjeED’ r; - ZJ’GJ' (g - ZiEI mij)
=1- Zie! (ZjeJ Mij = m"°°) - Zie[ Mico 2 ZieE MMico:

The hypothesis of Lemma 3 is therefore satisfied. Since (6.16) also
implies Y,y c; = 3¢ v 75, there exist my; such that

(6.17) { (&) Yjermi;=c; fori€l,

(b) Xiegmiy=r; forjeJ.

Take pi; = mi; +m; for (i,5) € D'. From (6.15a) and (6.17a) follows
> jes Pij = pi; from (6.17.b) follows } .., pij = ¢;. And finally, since
my; > 0 only if (4,5) € 4, it follows by (6.15a) and (6.15c) that

S - . )
Z(m‘)eA Py = Z(i,j)eA g Z(i,j)emm“ je oo
Zia bi i€l Miso 2 1~ 2~ f

Therefore, (6.12) is satisfied. m]

Problems

6.1. Metrize S = [0,1) by p(x,y) = z + y for £ # y. Describe the balls in this
space; show that Sy consists of the ordinary Borel sets and that $ = 2(%Y),
Show that each point of (0, 1) is isclated. An infinite compact set must consist
of 0 and a sequence converging to 0 in the ordinary sense. Define P, on Sg
as the uniform distribution over [27"7!,27"|. If K = {0}, then P,K® =1
for large n, and so {P,} is tight®. On the other hand, if K is compact, then,
for each n, P, K? = 0 for small enough é.

6.2. Does So consist of the S-sets that are either separable or coseparable?

6.3. Prove in steps that a separable probability measure on So has a unique ex-
tension to §. Let P be the measure and M the separable support; let B and
O be the classes of open balls and open sets in S.

(a) Show [PM.159] that the ball and the Borel o-fields in A (with the relative
topology) are M No(B) = M NSy and M No(O) = M NS and that they
coincide.

(b) Define a probability measure P’ on MNSp = MNS by P(MNB) = PB
for B € Sp. Define a probability measure P’ on S by setting P4 =
P/(MNA)for A€ S.

(c) Now show that P"B = PB for B€ 8§, C S.

(d) Suppose that Q" is a second extension. If A € 8, then MNA = MN B for
some B € So; use this fact to prove that P” and Q" are identical (on 8).
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6.4.

6.5.

6.6.

8.7.

6.8.
8.9.

6.10.

Suppose that every p’-continuous function is also p-continuous; show that p
is finer than p’.

There is another way to define weak convergence for Sg. If p is a probability
measure on Sg and f is bounded, define the upper [lower] integral f *fdu
(f, f du] as the infimum [supremum] of [ gdu for bounded, So-measurable
functions g satisfying g > f [g < f]. Let P, be probability measures on Sp,
let P be a probability measure on S, and take Py to be the restriction of P
to So. Define P,, — P (weak*) to mean that

lim/ fdP,.=lim/fdPn=/fdP

for all bounded, continuous f. Show that this is equivalent to P, =° P;.

Let h and h, be maps from S to S’, each measurable S/S’. Let E be the set
of z such that h,z, 7 hz for some sequence {z,} converging to z. Suppose
that P, = P, P has separable support, £ € §, and PE = 0. Use Theorem
6.7 to show that P,h,! = Ph™L.

Suppose that S is separable. For probability measures P and @, take M(P, Q)
to be the set of probability measures on S x S having marginal measures P
and Q. Let 7'(P,Q) = inf inf[a: M[(s,t): p(s,t) > a] < a], where the outer
infimum is over the M in M(P, Q). Show that 7'(P,Q) = (P, Q).

Show that n(P, Q) is unchanged if we require (6.10} only for closed sets A.

For measures on the line, show that, if Q(A) = P(A + z) and |z| < ¢, then
m(P,Q) <e.

For distribution functions F' on the line, consider the completed graphs I'r =
[(z,y): F(z—) < y < F(z)]. Each line y = a — = meets each of I'r and ' at
a single point; let L(F,G) be the supremum over a of the distance between
these two points. Show that L, the Lévy metric, is indeed a metric. Show that
this metric carried over to P in the natural way is equivalent to the topology
of weak convergence and to the Prohorov metric for the case of the line.
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CHAPTER 2
THE SPACE C

SECTION 7. WEAK CONVERGENCE AND TIGHTNESS
INC

The Introduction shows by example some of the reasons for studying
weak convergence in the space C' = C|[0, 1] of continuous functions on
the unit interval, where we give to C the uniform topology, defining
the distance between two points z and y (two continuous functions z(-)
and y(-) on [0,1]) as

p(z,y) =z -yl = sup |lz(t) — y(t).

Although weak convergence in C need not follow from the weak
convergence of the finite-dimensional distributions alone (Example 2.5),
it does in the presence of relative compactness (Example 5.1). And
since tightness implies relative compactness by Prohorov’s Theorem
5.1, we have this basic result:

Theorem 7.1. Let B,, P be probability measures on (C,C). If the
finite-dimensional distributions of P, converge weakly to those of P,
and if {P,} is tight, then P, = P.

Tightness and Compactness in C

In order to use Theorem 7.1 to prove weak convergence in C, we need
an exact understanding of tightness and hence of compactness in this
space. The modulus of continuity of an arbitrary function z(-) on [0, 1]
is defined by

(7.1) we(6) = w(z, ) = | sulp |z(s) — z(¢)|, 0<é6< 1.
s—t|<é

A necessary and sufficient condition for z to be uniformly continuous
over [0,1] is

(7.2) Jim w;(6) = 0.

80
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And an z in C satisfies (7.2). Note that, since |w;(6) — wy(6)| <
2p(z,y), w(z, d) is, for fixed positive §, continuous in z.

Recall that A is relatively compact if A~ is compact, which is equiv-
alent to the condition that each sequence in A contains a convergent
subsequence (the limit of which may not lie in A)."! The Arzela-Ascoli
theorem completely characterizes relative compactness in C:

Theorem 7.2. The set A is relatively compact if and only if

(7.3) sup |z(0)] < oo
z€A
and
(7.4) lim sup w,(6) = 0.
6—0z€A

The functions in A are by definition equicontinuous at tg if, as t —
to, supge 4 |2(t) — z(to)| — 0; and (7.4) defines uniform equicontinuity
(over [0,1]) of the functions in A.

If A consists of the functions z, defined by (1.5), then A is not rela-
tively compact; since (7.3) holds, (7.4) must fail, and in fact w(z,,8) =
1forn> 61

PROOF. If A~ is compact, (7.3) follows easily. Since w(z,n™!) is
continuous in z and nonincreasing in n, (7.2) holds uniformly on A if
A~ is compact [M8], and (7.4) follows.

Suppose now that (7.3) and (7.4) hold. Choose k large enough that
sup,e 4 wz(k™1) is finite. Since

k
le(8)] < 12(0)] + Y lz(it/k) — 2((G - 1)t/k)],

i=1
it follows that
(7.5) sup sup |z(t)| < oc.
t z€A

The idea now is to use (7.4) and (7.5) to prove that A is totally
bounded; since C is complete, it will follow that A~ is compact.

t Although this is analogous to the relative compactness in Prohorov’s theorem,
it is technically different because in Section 5 the space of probability measures on
(S, 8) is not assumed metrizable. But see Theorem 6.8.
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Let o be the supremum in (7.5). Given ¢, choose a finite e-net
H in the interval [—a,a] on the line, and choose k large enough that
wz(1/k) < € for all z in A. Take B to be the finite set consisting of
the (polygonal) functions in C that are linear on each interval Iy; =
[(i — 1)/k,i/k], 1 < i < k, and take values in H at the endpoints. If
z € A, then |z(3/k)| < o, and therefore there is a point y in B such
that |z(i/k) — y(i/k)] < € for i = 0,1,...,k. Now y(i/k) is within
2e of z(t) for t € Iy;, and similarly for y((i — 1))/k. Since y(t) is a
convex combination of y((i — 1)/k) and y(i/k), it too is within 2¢ of
z(t): p(z,y) < 2e¢. Thus B is a finite 2e-net for A. ]

Let P, be probability measures on (C,C).

Theorem 7.3. The sequence {P,} is tight if and only if these two
conditions hold:

(i) For each positive n, there exist an a and an ng such that
(7.6) Pylz: |z(0)| 2 a] <7, n > mny.

(ii) For each positive € and 7, there exist a §, 0 < § < 1, and an ng
such that

(1.7) Pulziw,(6) > €] <n, n>ng.

In connection with (7.7), note that w(-,6) is measurable because
it is continuous. Condition (ii) can be put in a more compact form:
For each positive ¢,

(7.8) lim lim sup Py [z: w,(8) > €] = 0.

§—0 n—ooo

PROOF. Suppose {P,} is tight. Given 7, choose a compact K such
that P,K > 1 —n for all n. By the Arzela—Ascoli theorem, we have
K C [z:|z(0)| < a] for large enough a and K C [z: w,(6) < ¢] for small
enough 6, and so (i) and (ii) hold, with ng = 1 in each case. Hence the
necessity.

Since C' is separable and complete, a single measure P is tight
(Theorem 1.3), and so by the necessity of (i) and (ii), for a given 5
there is an a such that P[z:|z(0)| > a] < 7, and for given ¢ and 7
there is a § such that Plz: wz(6) > €] < n. If {P,} satisfies (i) and(ii),
therefore, we may ensure that the inequalities in (7.6)and (7.7) hold
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for the finitely many n preceding ng by increasing a and decreasing
6 if necessary: In proving sufficiency, we may assume that the ng is
always 1.

Assume then that {P,} satisfies (i) and (ii), with ngp = 1. Given 7,
choose a so that, if B = [z:|z(0)| < a], then P,B > 1—n for all n; then
choose 6y, so that, if By = [z:w,(6;) < 1/k], then P, By > 1 —n/2F for
all n. If K is the closure of A = BN Bk, then P,K > 1— 27 for all
n. Since A satisfies (7.3) and (7.4), K is compact. Therefore, {P,} is
tight. O

Theorem 7.3 transforms the concept of tightness in C simply by
substituting for relative compactness its Arzela—Ascoli characteriza-
tion. The next theorem and its corollary go only a small step beyond
this but, even so, fill our present needs.

Theorem 7.4. Suppose that 0 =g <t1 < ---<ty, =1 and

(7.9) juin (8 —ti-1) 2 6.

Then, for arbitrary z,

(7.10) we(6) <3 max  sup |z(s) — z(ti-1)],

1<i<y t;-1<s<t;

and, for arbitrary P,

(7.11)  Plz:wy(6) > 3¢] < ZP[J}: sup |z(s) — z(ti_1)| > e].
i=1

ti—1<s<t;

Note that (7.9) does not require t; —t;—1 > éfori=1o0ri=wv.

PROOF. Let m be the maximum in (7.10). If s and ¢ lie in the same
interval I; = [t;—1,t;], then |z(s) — z(t)| < |z(s) — z(ti=1)| + |z(t) —
z(ti—1)| < 2m. If s and ¢ lie in adjacent intervals I; and I;,,, then
lz(s) — z(t)| < |z(s) — z(tic1)| + |2(ti-1) — z(t:)| + |z(t:) — z(2)| < 3m.
If |s — t| < 6, then s and ¢ must lie in the same I; or in adjacent ones,
which proves (7.10). And now (7.11) follows by subadditivity. O

Corollary. Condition (ii) of Theorem 7.3 holds if, for each positive
€ and 1, there exist a 6§, 0 < § < 1, and an integer ng such that

1
(7.12) —Pyz: sup |z(s)—z(t)|=>€ <n, n>ng,
6 t<s<t+6
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for every t in [0,1].

If t > 16, restrict s in the supremum in (7.12) to t < s < 1. Note
that (7.12) is formally satisfied if § > 1/n; but we require 6 < 1.

PROOF. Take t; = i6 for ¢ < v = [1/6]. If (7.12) holds, then, by
(7.11), (7.7) holds as well (3¢ in place of €). ]

Random Functions

Let (Q, F,P) be a probability space, and let X map Q into C: X(w)
is an element of C with value Xi(w) = X(t,w) at t. For fixed t, let
X; = X(t) denote the real function on  with value X;(w) at w; X;
is the composition m; X, where 7, is the natural projection defined in
Example 1.3. And let (X;,,..., X;,) denote the map carrying w to the
point (Xy, (w), ..., Xz, (W) = 7,1, (X (w)) in R*.

If X is a random function—that is, measurable F/C—then the
composition 7y, ¢, X is measurable F /R’“, so that (X;,,...,X;,) isa
random vector. But the argument can be reversed: The general finite-
dimensional set has the form A = wt‘l.l'_tkH, H e R¥, and if m, 4, X
is measurable F/R¥, then X714 = (m, ; X)"'H € F; but since
the class Cy of finite-dimensional sets generates C, it follows that X is
measurable F/C. Therefore, X is a random function if and only if each
(Xty5...,Xy,) is a random vector, and of course this holds if and only
if each X; is a random variable. Let P = PX~! be the distribution
of X; see (3.1). Then P[(X:,,...,X:,) € H| = Pﬂt:.l.‘tkH, and so
the finite-dimensional distributions of P (Example 1.3 again) are the
distributions of the various random vectors (Xj,,..., X, ).

Suppose that X, X!, X2, ... are random functions.

Theorem 7.5. If
(7.13) (X&s - Xip) =0 ( Xty -0 Xiy)
holds for all ty,...,tx, and if

(7.14) lim lim sup P[w(X",6) > €] =0

§—0 n—ooo
for each positive €, then X™ =, X.

FIRST PROOF. Let P and P, be the distributions of X and the X,,.
Since (7.13) is the same thing as Pmrt_l.l._tk =>n Pwt_l.l._tk and X" =, X is
the same thing as P,, =, P, the result will follow by Theorem 7.1 if we
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show that { X"} is tight in the sense that { P} is tight. Now X§ =, Xj
implies that {P,m;'} is tight, which in turn implies condition (i) of
Theorem 7.3. Since (7.14) translates into (7.8), condition (ii) of the
theorem also holds, and {P,} is indeed tight. |

There is a second proof, very different, based on Theorem 3.2.

SECOND PROOF. For u = 1,2,..., define a map M, of C into itself
this way: Let M,z be the polygonal function in C that agrees with
z at the points i/u, 0 < i < u, and is defined by linear interpolation
between these points:

1

)+t — (- 1)z(2),

U

i—1 i
t< -
u u

IA

, i
(My2)(8) = (6 - ut)o(— .
Since M,z agrees with z at the endpoints of each [(i — 1)/n,i/n], it is
clear that p(Myz,z) < 2w;(1/u). And now define a map L,: R**! —
C this way: For a = (ag, ..., o), take (Lya)(t) = (i — ut)ai—1 + (ut —
(i — 1))a; for t in [(¢ — 1)/u,i/u]; this is another polygonal function,
and its values are a; at the corner points. Clearly, p(Lya, L,8) =
max; |a; — Gil, so that L, is continuous; and M, = Ly, 4, if t; = i/u.
By (7.13), mty..t, X™ =>n T4o..t, X (i = i/u again), and since L,
is continuous, the mapping theorem gives M, X" =, MyX. Since
p(M,X,X) < 2w(X,1/u) and X is an element of C, p(M, X, X) goes
to 0 everywhere and hence goes to 0 in probability, so that M, X =, X
by the corollary to Theorem 3.1. Finally, from (7.14) and the inequality
p(MX™ X™) < 2w(X™,1/u), it follows that

lim limsup P[p(M, X", X™) > €] = 0.
u n

Combine this with M, X" =, M, X =, X and apply Theorem 3.2. O

This second proof does not require the concepts of relative com-
pactness and tightness, and it makes no use of Prohorov’s theorem.
See the discussion following the proof of Donsker’s theorem in the next
section.

Coordinate Variables

The projection m;, with value m¢(z) = z(t) at z, is a random variable
on (C,C). We denote it by x;: For fixed t, z; has value z(t) at z.
If P is a probability measure on (C,C) and t is thought of as a time
parameter, then [z::0 < t < 1] becomes a stochastic process, and the
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x; are commonly called the coordinate varables or functions. We speak
of the distribution of z; under P and often write Plz; € H] in place
of Plz:z; € H| and [z:dP in place of [,x; P(dz). Finally, when
t is a complicated expression, we sometimes revert back to z(t), still
intended as a coordinate variable.

Problems

7.1. Let X (t) = t£, where £ is a random variable satisfying P[|¢| > o] ~ o~ '/%;
for every n, let P, be the distribution of X. Then {P,} is tight but does not
satisfy (7.12).

7.2. Show that, if the functions in A are equicontinuous at each point of [0, 1], then
A is uniformly equicontinuous.

SECTION 8. WIENER MEASURE AND
DONSKER’S THEOREM

Wiener Measure

Wiener measure, denoted here by W, is a probability measure on (C, C)
having the following two properties. First, each x; is normally dis-
tributed under W with mean 0 and variance t:

ved et
T J-x

For ¢t = 0 this is interpreted to mean that W[z = 0] = 1. Second, the
stochastic process [z;:0 < t < 1] has independent increments under
w: If

(8.1) Wz < a] =

(8.2) 0<to<ti <---<tpg=1,
then the random variables
(8.3) Ty, — Ty, Tty — Ttgy -+ -y Lty — Lty_y

are independent under W. We must prove the existence of such a
measure.

If W has these two properties, and if s < ¢, then z; (normal with
mean 0 and variance t) is the sum of the independent random variables
zs (normal with mean 0 and variance s) and z; — z,, so that z; — z,



SECTION 8. WEINER MEASURE AND DONSKER’S THEOREM 87

must be normal with mean 0 and variance t—s, as follows from dividing
the characteristic functions. Therefore, when (8.2) holds,

(8.4) Wizy, —x,_, Sy, i=1,...,k]

(o721
e~¥/2ti~tim1) gy

k 1 .
- E V2 (t; — ti—1) [oo

In particular, the increments are stationary (the distribution of x; —
under W depends only on the difference ¢ — s) as well as independent.

Since zgz; = x2 + z5(Tt — T5), it follows from the independence of
the increments that the covariance of z, and z; under W is s if s < ¢.
By a linear change of variables, the joint distribution of (zy,,...,zs,)
can therefore be writen down explicitly; it is the centered normal dis-
tribution for which z;, and Ty, have covariance ¢; At;. But (8.4) is the
clearest way to specify the finite-dimensional distributions.

Wiener measure gives a model for Brownian motion. In proving its
existence, we face the problem of proving the existence on (C,C) of a
probability measure having specified finite-dimensional distributions.
There can for an arbitrary specification be at most one such measure
(Example 1.3), and for some specifications there can be none at all
(there is, for example, no P under which the distribution of z; is a
unit mass at 0 for ¢ < & and at 1 for ¢t > 1).

Construction of Wlener Measure

We start with a sequence £1,&s,. .. of independent and identically dis-
tributed random variables (on some probability space) having mean 0
and finite, positive variance o2. Let S, = £ + --- + &, (Sp = 0), and
let X™(w) be the element of C having the value

at t. Thus X™(w) is the function defined by linear interpolation be-
tween its values z"/n(w) = Sij(w)/o+/n at the points i/n. Since (8.5)
defines a random variable for each ¢, X" is a random function, the one
discussed in the Introduction. If &; takes the values +1 with probability
% each, then ¢ = 1 and X" is the path corresponding to a symmetric
random walk.

If ¢ is the rightmost term in (8.5), then ¢ = 0 by Cheby-
shev’s inequality. Therefore, by the Lindeberg-Lévy central limit the-
orem (together with Theorem 3.1, Example 3.2, and the fact that
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|nt]/n — t), X} =, VIN, where, as always, N has the standard
normal distribution. Similarly, if s < ¢, then

1
(8.6) (Xs, X¢ - X;l) = m(sLnSJaS[ntJ - SLnsJ)

+ ("/’n,m"ﬁn,t - wn,s) =n (NlaN2),

where N1 and N are independent and normal with variances s and t—s.
And by the mapping theorem, (X7, X7') =, (N1, N1+ N3). The obvi-
ous extension shows that the limiting distributions of the random vec-
tors (X7, .. -XZZ) are exactly those specified as the finite-dimensional
distributions of the measure W we are to construct. To put it another
way, if P, is the distribution on C of X", then for each t;,..., 1,
Pomy, -1.-tk converges weakly to what we want W, .1..tk to be.

Suppose we can show that {P,} is tight. It will then follow by
the direct half of Prohorov’s theorem that some subsequence {Pg,}
converges weakly to a limit we can call W. But then P,, wt:}.tk =
WTrt—l.l..tkv and therefore, by what we have in fact just proved, W, ltk
will be the probability measure on R* we want. See Example 5.2.

The argument for the tightness of {X™} will be clearer if we first
consider the more general case in which {£,} is stationary (the distri-
bution of (&, ...,&k+;) is the same for all k).

Lemma. Suppose that X™ is defined by (8.5), that {£,} is station-
ary, and that
(8.7) lim lim sup /\2P{maX|Sk| > )\U\/ﬁ] =0.
k<n

A—>00 N—00
Then {X™} is tight.!

ProoF. Use Theorem 7.3. Since X§ =0, {P,} obviously satisfies
condition (i) of the theorem. Condition (ii) we prove by (7.8), which
translates into the requirement that
(8.8) lim lim sup P[w(X",6) > ¢/ =0
6—0 n—oo
for each e. And to this we can apply Theorem 7.4. If (7.9) holds, then
so do (7.10) and (7.11):

v
(89) Pw(X™8) >3] <Y P[ sup [XI-X2,|>¢],
i=1 t;—1<8<t;
if lr?ilgv(ti —ti_1) > 6.

t The condition (8.7) is in fact necessary for X™ = W. See Problem 8.3.
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This becomes easier to analyze if we take ¢; = m;/n for integers m;
satisfying 0 = mg < m1 < -+ < my, = n. The point is that, because
of the polygonal character of the random function X", if the ¢; have
this special form, then the supremum in (8.9) becomes a maximum of
differences | Sy, — Sm,_,|/ov/n:

v
‘Sk_Sm‘—1|
. n > < L
10 Plo(x") 23 < P[ mm STt

v
= ZP[ max  |Sk| > ea\/ﬁ],

” k<mi—mi_y

i=1
where the equality is a consequence of the assumed stationarity. The
inequality holds if the condition on the right in (8.9) does, which re-
quires that

m;  Mi_1

(8.11) -

>4 1<i<uw.

For a further simplification, take m; = im for 0 < i < v (and
my = n), where m is an integer (a function of n and §) chosen according
to these criteria: Since we need m; — m;_1 = m > né for i < v, take
m = [né]; since we also need (v — 1)m < n < vm, take v = [n/m].
Then

m <m v [n" 1<2 n 1>1
pa— _ = |—] —,, — —_ —_——), - J—
Mo = Mo-1 =1 ml "§58 m "6 28

and it follows by (8.10) that, for large n,
(8.12) Plw(X",8) >3] <wv- P[max [Sk| > ea\/ﬁ]
k<m
2 €
<Z.p > < .
<3 [gcnsa;lclskl > \/2_—50‘/75]
Take A and 6 to be functions of one another: A\ = ¢/v/26. Expressed
in terms of A, (8.12) is

42
n > < —_—- >
Plw(X"™,6) > 3¢] < % P[Iknsari(lskl > /\a\/m].
For given positive € and 7, there is, by (8.7), a A such that
422
- > .
= hm’SupP[IanaTJﬂSH > )\a\/m] <n

Once A and § are fixed, m goes to infinity along with n, and so (8.8)
follows. O
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We can complete the construction of Wiener measure by using
the independence of the random variables &, in the definition (8.5).
Because of this independence, Etemadi’s inequality [M19] implies

(8.13) Plmax |Sy| > o] € 3maxP[|S,| > a/3].
u<m usm

Therefore, (8.7) will follow if
(8.14) lim limsup A2 max P[lSkl > Aoy/n| = 0.

A—00 n—o0

For the construction of Wiener measure, we can use any sequence {&;}
that is convenient. Suppose the &; are independent and each has the
standard normal distribution (¢ = 1), in which case S/vk also has
the standard normal distribution. Since

(8.15) P[IN| > A < EN*. X% =3\74,

we have P[|Sk| > Aoyv/n] = P[VE|IN| > Aoy/n] < 3/A%0* for k < n,
which implies (8.14). This proves the existence of Wiener measure:

Theorem 8.1. There exists on (C,C) a probability measure W
having the finite-dimensional distributions specified by (8.4).

Denote by W not only Wiener measure, but also a random func-
tion having Wiener measure as its distribution over C. It is possible
to reverse the approach taken above, constructing the random func-
tion first and the corresponding measure second. There are a number
of ways to do this. For one, use Komogorov’s existence theorem to
show that there exists a stochastic process [W(¢):0 < ¢ < 1] having
the finite-dimensional distributions specified by the right-hand side of
(8.4). By a further argument involving Etemadi’s inequality (or some-
thing similar), modify the process so as to ensure that the sample path
W (- ,w) is continuous for each w [PM.503]. None of this involves the
space C at all. But once we have this W(w), we can regard it as a
random element of (C,C), and then we can define Wiener measure as
its distribution.

Donsker’s Theorem
Donsker’s theorem is the one discussed in the Introduction:

Theorem 8.2. If £,&,... are independent and identically dis-

tributed with mean 0 and variance 02, and if X™ is the random function.
defined by (8.5), then X" =, W.
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ProoF. The proof depends on Theorem 7.5. Now that the ex-
istence of Wiener measure and the corresponding random function
W have been established, we can write (8.6) as (X7, X[ — X7) =,
(W,, Wy — W), and this implies (X7, X[} =n (W,, W:). An easy ex-
tension gives (7.13) with W in the role of X.

We have already proved tightness by means of (8.14), but under
the additional assumption that the & are normal. In place of this,
we can use the central limit theorem, provided we consider separately
the small and the large values of k in the maximum in (8.14). By the
central limit theorem, if k) is large enough and ky < k < n, then (use
(8.15)) P[|Sk| > Aoy/n] < P[|Sk| > Ao vk] < 3/X%. For k < ky we can
use Chebyshev’s inequality: P[|Sk| > Aoyv/n] < kx/A%n. The maximum
in (8.14) is therefore dominated by (3/2%) Vv (kx/A?n). 0

This argument is based on Theorem 7.5, the second proof of which
makes no use of Section 5. But Theorem 8.2 assumes the prior existence
of W, and our proof that W does exist depended heavily on the theory
of Section 5 (compare Examples 5.1 and 5.2). On the other hand, as
pointed out above, the existence of W can be proved in an entirely
different way, and so one can do Donsker’s theorem without reference
to tightness and Prohorov’s theorem. On the other other hand, without
the concept of tightness, the condition (7.14) is somewhat artificial, an
ad hoc device.

An Application

Donsker’s theorem has this qualitative interpretation: X™ = W says
that, if 7 is small, then a particle subject to independent displacements
£1,€,. .. at successive times 7,27 ... will, viewed from far off, appear
to perform a Brownian motion.

Specifically, we can use the theorem to derive limit laws for various
functions of the partial sums S,. The Introduction indicates how to
use the relation X™ = W to derive the limiting distribution of
(8.16) M, = 012%)% S;.

We are now in a position to carry through the details.

Since h(z) = sup, z(t) is a continuous function on C, it follows
from X™ = W and the mapping theorem that sup, X{* = sup, W;.
Obviously, sup, X* = M, /o+\/n, and so

My
(8.17) o = sup W;.
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Thus we would have the limiting distribution of M, /c+/n (under the
hypothesis of Theorem 8.2) if we knew the distribution of sup, W;. The
idea now is to find the latter distribution by calculating the limiting
distribution of M,,/o+/n in an easy special case.

For the easy special case, assume that the independent &; take the
values £1 with probability -1:; each, so that Sp, Sy, ... are the successive
positions in a symmetric random walk starting from the origin. We
first show that for each nonnegative integer a,

(8.18) P[M, > a] = 2P[S, > a] + P[S, = a].
The case a = 0 being easy (M,, > Sy = 0), assume a > 0. Since
P[M, > a] — P[S, = a] = P[My, > a, S, < a] + P[M, > a, S, > 4],

and since the second term on the right is just P[S, > a], (8.18) will
follow if

(8.19) P[Mn > a, Sp < a] = P[M, > a, S, > al.

Now all 2" possible paths (S1,...,S,) have the same probability,
and so (8.19) will follow provided the number of paths contributing to
the left-hand event is the same as

N the number of paths contributing to
P \/ the right-hand event. Given a path

. contributing to the left-hand event in
* (8.19), match it with the path obtained
by reflecting through a all the partial

(v n sums after the first one that achieves

the height a (replace Si, by a—(Sx—a)).

Since this describes a one-to-one correspondence, (8.19) and (8.18)
follow. This is an example of the reflection principle.

Assume « > 0 and put a, = [an!/?). From (8.18) it follows that
P(Mn/v/n > o] = 2P[S, > an] + P[S, = ay]. The second term here
goes to 0, and P[S, > ap] — P[N > o] by the central limit theorem,
and so P[M,,//n] — 2P[N > o] for a > 0. Combine this with (8.17):

2 (Y
8.20 PlsupW; < o] = —= YRy, a>0
62)  PawpWi<al=—= ["e¥du, az

(the left side is 0 if @ < 0). We have derived a fact about Brownian
motion by combining Donsker’s theorem with a computation involving
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random walk, a computation which is simple because it reduces to
enumeration and because a random walk cannot pass above an integer
without passing through it.

Under the hypotheses of Donsker’s theorem (drop the assumption
& = 1), (8.17) holds, and from (8.20) it now follows that

Mn 2 a u2/2
— < —_ — > 0.
(8.21) P[U\/ﬁ _a] \/2_7;/0 e2du, a0

Under the hypotheses of the Lindeberg-Lévy theorem, the limiting
distribution of M,, (normalized) is the folded normal law.

The next section has further examples that conform to this pattern.
If h is continuous on C'—or continuous outside a set of Wiener measure
0—then X™ = W implies h(X™) = h(W). We can find the limiting
distribution of h{(X™) if we can find the distribution of A(W), and
we can in many cases find the distribution of A(W) by finding the
limiting distribution of h(X™) in some simple special case and then
using h(X™) = h(W) in the other direction.

Therefore, if the & are independent and identically distributed
with mean 0 and variance o2, then the limiting distribution of A(X™)
does not depend on any further properties of the §;. For this reason,
Donsker’s theorem is often called the (or an) invariance principle. It
is perhaps better called a functional limit theorem, or since the limit is
Brownian motion in this case, a functional central limit theorem.

The Brownian Bridge

A random element X of (C,C) is Gausstan if all its finite-dimensional
distributions are normal. The distribution over C' of a Gaussian X
is completely specified by the means E[X;] and the product moments
E[XX:], because these determine the finite-dimensional distributions.
For W, the moments are E[W;] = 0 and E[W,W;] = s A t.

A second important random element of C is the Brownian bridge, a
Gaussian random function W° specified by the requirements E[W?] = 0
and E[WoW] = s(1 — t) for s < t. The simplest way to show that
there is such a random function W*° is to construct it from W by
setting W2 = W, — tW; for 0 <t < 1. Obviously, W°, thus defined, is
a Gaussian random element of C, and a calculation shows that it has
the required moments.

We also use W° to denote the distribution on C of the random
function W°. If h:C — C carries z to the function with the value
z(t) — tz(1l) at t, then the measures W and W° are related by
We =Wh1
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Problems

8.1. Show that W has no locally compact support. See Problem 1.17.

8.2. Define V; = (1 + )W, (1,4 The process [V;:t > 0] has continuous sample
paths, the finite-dimensional distributions are Gaussian, and the moments are
EV; = 0 and E[V,V}] = s At. The process thus represents a Brownian motion
over the time interval [0, 00).

8.3. Assume that X" is defined by (8.5) and that X™ = W. Use (8.20) and
symmetry to show that sup, |W;| has a fourth moment. Conclude that (8.7)
holds.

8.4. Let £y, .. .,€nk,, be independent random variables with mean 0 and variances
012.1; put Sni = €n1 + -+ + &ni 5,2,,- = 07211 + - +a,2,,-, and s2 = sf,k". Let
X™ be the random function that is linear on each interval [s2 ;_, /s, s%;/s2]

and has values X™(s2,/52) = Sni/sn at the points of division. Assume the
Lindeberg condition holds and generalize Donsker’s theorem by showing that
X" =W.

SECTION 9. FUNCTIONS OF BROWNIAN MOTION
PATHS

The technique used in the preceding section to find the distribution
of sup, W; and the limiting distribution of My, /o+/n we here apply to
other functions of Brownian motion paths and partial sums. We also
compute some distributions associated with the Brownian bridge. In
subsequent sections, convergence in distribution to W will be proved for
a great variety of random functions, and in each case the calculations
carried out here apply.

Although the theory of weak convergence of probability measures
on function spaces had its origin in problems of the kind considered
here, and although these problems and their solutions are indeed
interesting, it is possible to understand the general theory of the
subsequent sections without studying this one.

In this section, the Lindeberg-Lévy case will mean the one in which
the Sy, are partial sums of independent, identically distributed random
variables §; with mean 0 and finite, positive variance o2, and X" will
always denote the random function defined by (8.5). The random walk
case will be that in which each §; takes the values £1 with probabilities
3 each (02 = 1).

Maximum and Minimum
Let m = inf; W; and M = sup, W}, and let

9.1 mp, = min S;, M, = max S;
( ) n 0<i<n iy n 0<i5nz



SECTION 9. FUNCTIONS OF BROWNIAN MOTION PATHS 95

be the corresponding quantities for the partial sums. The mapping
carying the point z of C to the point (inf; z(t),sup, z(t), z(1)) of R? is
everywhere continuous, and so by Donsker’s theorem and the mapping
theorem,

(92) Mna Sn) = (m, M’ Wl)

1 (m
0'\/;1.- ({3}

in the Lindeberg-Lévy case.
We first find an explicit formula for

(9.3) pn(a,b,v) =Pla <my, < M, < b, S, =]

in the random walk case. We show that if

(9.4) pn(j) = P[Sh = 4],

then

(9.5) pn(a,b,v) = f: pn(v+2k(b—a))— i Pn(2b—v+2k(b—a))
k=-00 k=—00

for integers a, b, and v satisfying
(9.6) a<0<b, a<b a<v<h

Since a < b, the series in (9.5) are really finite sums. Notice that both
sides of (9.5) vanish if n and v have opposite parity or if v is either a
or b.

For particular values of n,a,b,v, denote the equation (9.5) by
[n,a,b,v]. Then [n,a,b,v] is valid if (9.6) holds, and the proof
of this goes by induction on n. For n = 1, this follows by a
straightforward examination of cases. Assume as induction hypothesis
that [n — 1, a,b,v] holds for a,b, v satisfying (9.6). If @ = 0, then (9.3)
vanishes (¢ starts at 0 in the minimum in (9.1), and Sp = 0), and
the sums on the right in (9.5) cancel because p,(j) = pn(—j). Thus
[n,a,b,v] is valid if (9.6) holds and a = 0; we may dispose of the case
b = 0 in the same way. To complete the induction step, we must verify
[n,a, b,v] under the assumption that a < 0 < band a < v < b. But in
this case, a+1<0and b—1 >0, so that [n—1,a—1,b—1,v—1] and
[n—1,a+1,b+1,v+1] both come under the induction hypothesis and
hence both hold. And now [n,a,b,v] follows by the probabilistically
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obvious recursions (condition on the direction of the first step of the
random walk)

1 , 1 _
pa(j) = §pn-1(3 - 1)+ §pn_1(y +1)

and
1 1
pnla,b,v) = §Pn—1(ﬂ -L,b-1v-1)+ —2—pn_1(a +1,b+1,v+1).

This proves (9.5), and it follows by summation over v that, if
(9.7 a<0<b a<fu<wv<hb,
then

(9.8) Pla<mp <My <b, u<8, <]

= i Plu+ 2k(b—a) < Sp < v+ 2k(b— a)]

k=—-o00

o0
— Y PRb—v+2k(b—a) < S < 2b—u+2k(b—a)).

k=—00
Taking a = —n — 1 in this formula leads to

(9.9) P[Mp, <b, u< Sy <v]=Plu<8, <]
—P[2b—v < S, < 2b— 1y,
valid for —-n—1<u< v <b, b>0. From (9.9) it is possible to derive
(8.18) again.
Now (9.8) holds in the random walk case, and because of (9.2), we

can find the distribution of (m, M, W1 ) by passing to the limit. Ifa, b, u,
and v are real numbers satisfying (9.7), replace them in (9.8) by the

integers |av/n], [by/n], luy/n}, and [vy/n7], respectively. Because of
the central limit theorem and the continuity of the normal distribution,
a termwise passage to the limit in (9.8) yields

(9.10) Pla<xm<M<b u<W; <

= i Plu+2k(b—a) < N <v+2k(b-a)]

k=—00

o0
- Y PRb—v+2k(b—a) < N < 2b—u+2k(b—a)].

k=~o00
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The interchange of the limit with the summation over k can be justified
by the series form of Scheffé’s theorem [PM.215].

The joint distribution of M and W; alone could be obtained by
letting a tend to —oo in (9.10), but it is simpler to return to the
random walk case and pass to the limit in (9.9), which gives

(9.11) P[M <b, u < W7 < v]
=Plu<N<v]-P2b—v<N<2b—u,

valid for u < v < b, b > 0. Taking v = b and letting u — —o0 leads to
(9.12) P[O< M <b=2P[0< N <bj;

this is the same thing as (8.20).
From (9.10) for u = a and v = b we get

(9.13) Pla<m< M <b
= i (=1)*Pla + k(b — a) < N < b+ k(b — a)],

k=—00

valid for a < 0 < b. And this result with a = —b gives

(9.14)  Plsup[Wi| < 8] = i (=1)¥P[(2k — 1)b < N < (2k + 1)b]

k=—00

for b > 0. By continuity, the strict inequalities in all these formulas
can be relaxed to allow equality. And the right sides can all be written
out as sums of normal integrals.

Although we derived (9.10) through (9.14) by passing to the
limit in the random walk case, we have the limiting distributions
for (mp, Mp,Sn), (Mn,Sn), Mp, (mn, M), and max;<,|Sp| (all
normalized by o+/n) in the more general Lindeberg-Lévy case because
(9.2) holds there.

The Arc Sine Law

For z in C, let hi(z) be the supremum of those ¢ in [0, 1] for which
z(t) = 0; let ha(z) be the Lebesgue measure of those ¢ in [0,1] for
which z(¢) > 0; and let h3(z) be the Lebesgue measure of those ¢ in
[0, h1(z)] for which z(t) > 0. Then T = hy(W) is the time at which
W last passes through 0, U = ho(W) is the total amount of time W
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spends above 0, and V' = hg(W) is the amount of time W spends above
0 in the interval [0,T]. The object is to find the joint distribution of
(T,U,V,W).

It can be shown [M15] that each of the functions ki, hg, and hg
is measurable and is continuous outside a set of Wiener measure 0.
Therefore,

(915) (h'l(Xn)a h'Z(Xn)a h3(xn), Xil) =n (Tv Uv V, Wl)

in the Lindeberg-Lévy case. In the random walk case, the vector on
the left has a simple interpretation: T, = nhy(X™) is the maximum
i, 1 <14 < n, for which S; = 0; U, = nho(X"™) is the number of i,
1 < i < n, for which S;—; and S; are both nonnegative; V,, = nhg(X™)
is the number of i, 1 < i < T,, for which S;_; and S; are both
nonnegative; and, of course, X7 = S,//n.

With these definitions we therefore have

1
o

in the random walk case; the distribution of (T, U, V, W) will be found
by a passage to the limit. In the general Lindeberg-Lévy case, the left
side of (9.15) is a somewhat more complicated function of the partial
sums S;, but it will still be possible to derive limit theorems associated
in a natural way with these partial sums.

Since the random vector (T, U, V, W}) is constrained by

1.1 1
(9.16) (;Tn,EUn, ~V,, ) = (T,U,V,W1)

(9.17) U_{I—T+V if Wiy>0,

Vv if Wy <0,

it suffices to consider (T',V,W;) and the related vector (T, Va, Sn).
The distribution of the latter vector in the random walk case will be
derived from three facts which admit of elementary proofs we do not
carry through here.

First, we need the local central limit theorem for random walk: If
m tends to infinity and j varies with m in such a way that j and m
have the same parity and j/\/m — y, then'

(9.18) vm

1 .2
y- ; = _o¥%/2
2 Pl = e

! Feller (28], p. 184, has the local limit theorem for the binomial distribution,
and (9.18) follows because 3(Sm + m) is binomially distributed.
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Second, we need the fact that
(9.19) PS1>0,...,80-1>0,5n =j] = —pm(J)

for j positive.! If Sy, = 0, then Uay, = Vo, assumes one of the values
0,2,...,2m; the third fact we need? is that these m + 1 values all have
the same conditional probability:

1
. PlVop = 2i| Sopp =0l = ——, i= e,
(920) [Zm Zl 2m ] m+11 i=0,1, y M
To compute the probability that 7, = 2k, V,, = 2¢, and S, =
j, condition on the event Sy = 0. Conditionally on this event,
(So,---,S9%) and (Sak41,...,Sp) are independent, V;, depends only
on the first sequence, and T;, = 2k and S, = j both hold if and only if

the elements of the second sequence are nonzero and the last one is j.
By (9.19) and (9.20) we conclude that

1 j
. T, = 2k, Vp = - .
(9.21) P k, Vo =2i, Sp = j] = pa 0)k+1n T4 2k (J)
if
(9.22) 0<2<2%<n, j>O0

Both sides of (9.21) vanish if n and j have opposite parity. For j
negative, the same formula holds with [j| in place of j on the right.
We apply Theorem 3.3 to the lattice of points (2k/n,2i/n,j/\/n)

for which j and n have the same parity. Suppose that k, ¢, and j tend
to infinity with n in such a way that

2k 2i J

- t1 —_ 9 = )

n n vn -
where 0 < v < t < 1 and =z > 0. Then (9.22) holds for large n, and it
follows by (9.21) and (9.18) that

2 2 2\t . ;
(Z n _E) P[T = 2k, Vi = 2i, Sp = j] — g(t, ),

t See Feller [28], p. 73.
! See Feller [28], p. 94.
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where

1 |z| —22/2(1~t)
. L) = —————= , 0<t<l.
(9.23) g(t,x) o [t(l—t)]3/2e <t<
The same result holds for negative z by symmetry. Since local limit
theorems imply global ones (Theorem 3.3),

1 1 1
(9.24) (;Tm ~Vn, \—/-;Sn)
has (in the random walk case) the limiting distribution in R3 specified
by the density

t, if 0 t<1,
(9.25) ftv,z) = {g( ? i)ther;i:e.< )

By (9.16), (T,V,W1) has this density. Because of (9.17), the
distribution of (T, U, V, W1) can be written out explicitly as well.

From (9.25) it follows that the conditional distribution of V' given
T and W; is uniform on [0, T]; this corresponds to (9.20). By (9.17),
if T =t and Wy = x, then U is distributed uniformly over [1 —t, 1] for
z > 0 and uniformly over [0, ¢] for z < 0. Using (9.25) to account for
the possible values of ¢t and z, we find the density of U alone:

(9.26) / / o0

g(t,x)dtdz + // <0 g(t,z)dtdz.
1-u<t ft(t
Now the integral of g(t, ) over the range z > 0 is 1/[2nt3/2(1 — t)1/2],
which is the derivative of —7~1((1—1)/t) Y2 and hence (9.26) reduces
to 1/[rul/2(1 — u)'/?]. Therefore
(9.27) P[U <4 /u ds 2 arcsiny/i, 0<u<1

. <ul= [ ————==—arc , u<l.

0 Vs(l—s) T

This is Paul Lévy’s arc sine distribution. A similar computation shows
that T also follows the arc sine law:

2
(9.28) PIT <t = — arcsin Vi, 0<t<l.

Let us now combine (9.15) with the facts just derived to obtain a
limit theorem for the general Lindeberg-Lévy case. Let us agree to say
that a zero-crossing takes place at 4 if the event

(9.29) Ei=[Si=0/U[Si-1 >0> S;JU[Si-1 <0< S)]
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occurs (which in the random walk case is to say that S; = 0). Let T,
be the largest i, 1 < i < n, for which a zero-crossing takes place at i;
let U/, be the number of i, 1 < i < n, for which S; > 0; and let V,, be
the number of i, 1 < < T, for which S; > 0. It will follow that

1 ,1.,1., 1
(9.30) (;T,;,gU;,EV,;,mSn) = (T,U,V,W1)

if we can show that the left side here approximates the left side of
(9.15).

Clearly, T} /n is within 1/n of hi(X™). If v, is the number of i,
1 < 4 < n, for which E; occurs—the number of zero-crossings—then
U!/n and V,,/n are within v,/n of ho(X™) and h3(X™), respectively.
Therefore, (9.30) will follow from (9.15) and Theorem 3.1 if we prove
that v,/n =y 0, and for this it is enough to show that

(9.31) E[yn/n] = % zn: PE; — 0.
i=1

But
PE; < P[|&| > €Vi] + P[|Si—1] < V]

for each positive €, and hence, by the central limit theorem, PE; — 0.
And now (9.31) is a consequence of the theorem on Cesaro means.

From (9.30) we may conclude for example that U, /n and T, /n
have arc sine distributions in the limit.

The Brownian Bridge

The Brownian bridge W° behaves like a Wiener path W conditioned
by the requirement W; = 0. With an appropriate passage to the limit
to take account of the fact that [W; = 0] is an event of probability
0, this observation can be used to derive distributions associated with
we.

Let P. be the probability measure on (C,C) defined by

PA=PWeA|0<W;<¢, AE€C.
The first step is to prove that

(9.32) P.= W°
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as € tends to 0. Take W as a random function defined on some
probability space, and take W° to be defined on the same space by
We = Wy — tWi. If we prove that

(9.33) limsupP[W € F|0 < W) < €] < P|W° € F]
e—0

for every closed F' in C, then (9.32) will follow by Theorem 2.1.

From the normality of the finite-dimensional distributions it
follows that Wy is independent of each (Wg,..., W) because it is
uncorrelated of each component. Therefore,

(9.34) P[W° € A, W, € B] = P[W° € A]P[W; € B]

if A is a finite-dimensional set in C and B lies in R!. But for B fixed
the set of A in C that satisfy (9.34) is a monotone class and hence
[PM.43] coincides with C. Therefore,

P[W° e A|0< W) <¢=P[W° e A

Since p(W, W*®) = |W1|, where p is the metric on C, [Wi| < § and
W € F imply W° € Fy = [z: p(z, F) < §]. Therefore, if € < §,

PW e F|0<W; <e <PW°e Fs|0< Wi <e=PW° e Fy.

The limit superior in (9.33) is thus at most P[W° € Fj|, which decreases
to P[W®° € F] as 6 | 0 if F is closed. This proves (9.33) and hence
(9.32).1

Suppose now that h is a measurable mapping from C to R* and
that the set Dy of its discontinuities satisfies P[W° € Dp] = 0. It
follows by (9.32) and the mapping theorem that

(9.35)  P[(W*) < o] = lmPA(W) < a [0S Wi <

holds for each o at which the left side is continuous (as a funtion of
a ranging over R¥). From (9.35) we can find explicit forms for some
distributions connected with W°. Sometimes an alternative form of
(9.35) is more convenient:

(9.36)  P[R(W°) < o] = lim P[h(W) < a| — < Wi < 0]

T This part of the argument in effect repeats the proof of Theorem 3.1.
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The proof is the same (we could use any subset of [—¢, €] of positive
Lebesgue measure).

Define
m° = inf Wy, M°=supW;.
t

Suppose that a < 0 < b and 0 < € < b; by (9.10) we have, if c=b — a,

(9.37) Pa<m<M<b 0< W <¢
oo

= Z P[2ke < N < 2kc + €]

k=—o00

(e ¢}
— ) Pl2kc+2b—e < N < 2kc+2b].

k=—o0

Since

1
(9.38) lxm P[x <N<z+e¢= Ee -2

and since the series in (9.37) converge uniformly in €, we can take the
limit (¢ — 0) inside the sums, and it follows by (9.35) that

(e.¢]
(9.39) Pla<m®<M°<b= Z 2(ke)? _ Z o~ 2(b+ko)?

k=—o0 k=—00
Thus we have the distribution of (m°, M°). Taking —a = b gives
(9.40) Plsup |W?| < b =1+2 Z 1)ke=2%* 50,
t
k=—00

By an entirely similar analysis applied to (9.11),
(9.41) Pm° <b=1-e2 b>0.

Let U° be the Lebesgue measure of those t in [0,1] for which
Wp > 0. It will follow that U° is uniformly distributed over [0, 1]
if we prove

(9.42) lintl)P[USa|—-e§W1§O]=a, 0<a<l.
€

Because of (9.17), the conditional probability here is P[V < a| — € <
Wy < 0]. From the form of the density (9.25) we saw that the
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distribution of V for given T and W; is uniform on (0,T). In other
words, L = V/T is uniformly distributed on (0,1) and is independent
of (T',W1). Therefore, the conditional probability in (9.42) is

1
P[TL £ o —e§W1§0]=/ P[T <a/s| —e< W; <0]ds,
0

and (9.42) will follow by the bounded convergence theorem if we prove
the intuitively obvious relation

PT<8|-e<W1<0]—0, 0<f<1.
But this follows by (9.38) and the form of the density (9.25). Therefore,

(9.43) PU°<a]l=0a, O<ac<l.

Problems
9.1. Show by reflection in the random walk case that

J— — Pn(v) lf v 2 by
(9.44) P(My > b,> Sn = v] = {pn(2b— ) HuZh

for b > 0. Derive (9.9) from this.

9.2. For nonnegative integers c;, let w(c1,...,ck;v) be the probability that an n-
step random walk (n fixed) meets ¢1 (one or more times), then meets —cz, then
meets c3, ..., then meets (—1)**+1cy, and ends at v. Use (9.44) and induction
on k to show that

= [ en@er+ 4 201 + (1)) i (1) e > e,
W(Cl). -ack,v) {pn(2cl+"'+2ck_(—1)k+lv) lf (“l)k+1'USCk.

(Reflect through (—1)*cy—; the part of the path to the right of the
first passage through that point following successive passages through
€1, =€z, ., {—1)¥"1ck—3.) Derive (9.5) by showing that p,(a,b,v) is

pn(v) — w(b;v) + w(b, a;v) + w(b,a,b,;v) + - -
—m(a;v) + w(a,b;v) — n(a,b,a;v) + - .

9.3. For z in C let h(z) be the smallest ¢ for which z(t) = sup, z(s). Show that h
is measurable and continuous on a set of W-measure 1. Let 7, be the smallest
k for which Sy = max;<, S; and prove

P[%Sa] q%arcsin\/a, O<a<l,

in the Lindeberg-Lévy case. (See Feller [28], p. 94, for the random walk case.)
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9.4. Derive the joint limiting distribution of the maximum and minimum of
S;—in" 8., 0 < i < n, in the Lindeberg-Lévy case. (Consider Y;* = X —tX
with X" defined by (8.5).)

SECTION 10. MAXIMAL INEQUALITIES

To prove tightness in Section 8, we used Etemadi’s inequality (8.13),
which requires the assumption of independence. Since we are also
interested in functional limit theorems for dependent sequences of
random variables, we want variants of (8.13) itself. This means that
we need usable upper bounds for probabilities of the form

P[makan ISkl > )\],

that is, mazimal inequalities. The inequalities derived here are useful
in probability theory itself and also in applications of probability to
analysis and number theory.

Maxima of Partial Sums

Let £1,...,&, be random variables (stationary or not, independent or
not), let Sg =& + -+ + & (So = 0), and put

(10.1) M, = Il?ff |Sk|-
(Because of the absolute values, the notation differs from (8.16) and

(9.1).) We derive upper bounds for P[M,, > )] by an indirect approach.
Let

(10.2) mijk = |85 — Sil A Sk — S,
and put
(10.3) Ln=_ <iDBX ik

From |Sk| < |Sn — Sk| + |Sa] and |Sk| < |Sk| + |Sn| follows |Sk| <
Mokn + |Sn|, which gives the useful inequality

(10.4) My < L, +|Sn).
There is a useful companion inequality. If |S,| = 0, then, trivially,

k<n
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But this also holds if |S,| > 0. For in that case, |Sk| > |S, — Sk| holds
for £k = n but not for k = 0, and hence thereis a k, 1 < k < n,
for which |Sk| > |Sn — Sk| but |Sk—1] < |Sp — Sk—1|; for this k,
|Sn — Sk| = mokn < Ly and [Sg—1| = mox-1,n < Ln, which implies

that |Sp| < [Sk—1| + |€k| + |Sn — Sk| < 2Ln + |€|: (10.5) again holds.
Finally, (10.4) and (10.5) combine to give

(10.6) M, < 3L, + max ||
k<n

If we have a bound on L,—that is to say, an upper bound on the
right tail of its distibution—as well as a bound either on |S,| or on
maxy ||, then we can use (10.4) or (10.6) to get a bound on M,, as
required to establish tightness. And in the next chapter, bounds on
L, itself will play an essential role. We can derive useful bounds on
L, by assuming bounds on the m;jy.

Theorem 10.1. Suppose that o > % and 8 > 0 and that uy, ..., un
are nonnegative numbers such that

1 20 . )
(107 Plmu2 A< 55( Y w), 0<i<j<k<n,
i<i<k
for A > 0. Then
K 2a
(10.8) PLa 2 N < 575( D )
o<i<n

for A >0, where K = K, g depends only on o and 3.

Before turning to the proof, consider the independent case as a first
illustration.

Ezample 10.1. Take oo = # = 1 and suppose that the & are
independent and identically distributed with mean 0 and variance 1.
By Chebyshev’s inequality and the inequality zy < (z + y)?,

Plmije > Al = P[|S; — Sil > A|P(|Sk — ;| > A]
(G—i)(k—3)  (k—1i)?
ST o SToa

Thus (10.7) holds with w; = 1, and by (10.8), P[L, > A] < Kn?/)\*
and hence P[L,//n > A] < K/A* (normalize as usual by /n). By
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stationarity,
1€kl |&1]
BE S| <nP|BE >
P[Ii‘ff o e VA

q / \ 1 / ,
<= 24P < €2 4P
X Jiezava X Jigon !

Write ¢(A) for this last integal. By (10.6),

P[%ZA]GW‘ ;'\]J”P[ nljk‘l-zA]s(A%)ft*Zi(/%;)Z'

Since ¥(3A) — 0 as A — 00, we can use this inequality to prove (8.7)
and hence tightness. Thus we have a new proof of Donsker’s theorem:
We have proved tightness by Theorem 10.1 instead of by the central
limit theorem and Etemadi’s inequality. O

This alternative proof still uses independence, however, and the real
point of Theorem 10.1 is that it does not require independence. See, for
example, the proof of Theorem 11.1, on trigonometric series, and the
proof of Theorem 17.2, on prime divisors. Postponing again the proof
of Theorem 10.1, we turn to the following variant of it, where conditions
are put on the individual |S; — S;| rather than on the minima m;j.

Theorem 10.2. Suppose that o > % and 3 > 0 and that uq, ..., uy
are nonnegative numbers such that

1 20 . .
(109)  PlS;—SizA< (Y w), 0<i<jis<n,

i<li<j
for A> 0. Then
(10.10) P[Mpn > M| < <o (Z ul)
O<i<n

for A >0, where K' = K, 5 depends only on a and 3.

PROOF. By Schwarz’s inequality, P(AN B) < P1/2(A)P1/2(B), and
therefore, by (10.9) (zy < (z + y)?),

P[ngk > /\] < )éﬂ ( g'ul)a/\—;ﬁ-(.;kul)a < riﬁ( Z 'ul)2a.
AN

i<I<k

If s = 3, w, then P[L, > )] < Ks**/X*%® by Theorem 10.1. But

P[ISn| = A] < s2¢/X% by (10.9), and so it follows by (10.4) that
P[M, > )| < (K +1)24s22 /)48, a
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By Markov’s inequality, (10.9) holds if

(10.11) E[1S; — Si|*] < ( > u,)2a

i<l<j
does.

Example 10.2. Return to Example 10.1, where a = 8 = 1. If the
&, have fourth moment 74, then it is a simple matter to show [PM.85]
that ES? = k7% + 3k(k — 1) < 3k7* (1 > o = 1). In this case, (10.11)
holds for u; = v/372. By applying Theorem 10.2 we can now conclude
that P[M,, > A < 3K'n%r%/)4, or P[M,/v/n > )] < 3K'r*/X*. This
is enough to establish tightness in Theorems 8.1 and 8.2. And as
before, the real point of Theorem 10.2 is that it does not require
independence. O

Just as (10.11) implies (10.9), there is a moment inequality that
implies (10.7), namely

pLs
(10.12) E[1S; — Sil*|Sk — 8;/*°) < ( > uz) :

i<i<k
A More General Inequality

If we generalize Theorem 10.1, the proof becomes simpler. Let T be a
Borel subset of [0,1] and suppose that v = [y;:t € T] is a stochastic
process with time running through T'. We suppose that the paths of the
process are right-continuous in the sense that if points s of T' converge
from the right to a point ¢t of T, then vs(w) — ~:(w) at all sample
points w (if T is finite, this imposes no restriction). Let

(10.13) Mrgt = l’Ys - 'le Alve — ’YSL
and define
(10.14) L(y) = sup mys.
r<a<t
r,8,teT

Theorem 10.3. Suppose that a > % and 8 2 0 and that p is a
finite measure on T such that

1
(10.15) Plmrst > )] < WMi’a(:rn (rt]), r<s<t,
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for A\>0 and r,s,t € T. Then
(10.16) P[L(v) > A\ <

for A > 0, where K = K, 3 depends only on o and (3.

To deduce Theorem 10.1 from Theorem 10.3, we need only take
T =[i/n:0<i<n]and 7(i/n) =8;, 0 < i <n, and let 4 have mass
u; at i/n, 1 <i<n.

PROOF. Write m(r,s,t) for m, s;. The argument goes by cases.

Case 1. Suppose first that T = [0,1] and that p is Lebesgue
measure. Let D be the set of dyadic rationals i/2k, 0 < i< 2k
Let By be the maximum of m(t;,ta,t3) over triples in Dy satisfying
t1 < tg < t3. Let A; be the same maximum but with the further
constraint that t1,t2,t3 are adjacent: t3 —t) =t3 —ta = 2=k For t in
Dy, define a point ¢ in Dy_; by

t ift € Dg_1
t—2% ift ¢ Dy_y and |y(t) —y(t — 27%)]
< ) = At +279),
t+27% ift ¢ Dg_y and |[y(t) — y(t — 27%)]
> |y(t) — y(t +27F)].

[y 28
~
"

Then |y(t) — v(t')| < Ag for t in Dy, and therefore, for ¢1,%2,t3 in Dy,

[y(t2) = v(t1)] < Iv(t2) — ¥(t9)] + Iv(t) — Y(EDI + [v(t1) = v(t2)]
< Iy(t) —v(t)| + 24k

and

[v(t2) — v(t3)| < Jv(t2) — v(t)| + [7(22) — v(t5)] + |v(t3) — v(t3)]
< |y(tg) — v(t3)] + 24k

If t; < ta < t3, then t| < t) < t}, and since t],t),t5 lie in Dy_,y, it
follows that m(t;,t2,t3) < Bg_1+2Ag, and therefore, By < By_;+2Ag.
Since Ag = By = 0, it follows by induction that By < 2(A; + - - + Ag)
for k > 1, and it follows further by the right-continuity of the paths
that L(y) <23 5o, Ak.
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We need to control ), Ai. Suppose that 0 < § < 1 and choose C
so that C Y2, 6% = % Then

o0 o0

PIL(7) 2 A < P[z A > ,\] < S P4k 2 OA6H
k=1 k=1
2k~1 , .
=1 i=

Since u is assumed to be Lebesgue measure, (10.15) implies

= 1 2\2 2% 1 \k
PIL(v) 2 A < ;2km(§z> "= CaB D kZ(ngza-'T) :
= =1

Since 48 > 0 and 2a — 1 > 0, there is a # in (0,1) for which the series
here converges. This shows how to define K and disposes of Case 1.

Case 2: Suppose that T = [0,1] and p has no atoms, so that
F(t) = p[0,t] is continuous. If F is strictly increasing and F(1) = ¢,
take a = ¢~®/?8 5o that a*¥c®*® =1, and define a new process ¢ by

¢(t) = ay(F~(ct).

Then ¢ comes under Case 1, and the theorem holds for n because
L(v) = aL((). If F is continuous but not strictly increasing, consider
first the measure having distribution function F(t) + €t, and then let €
go to 0.

Case 8: Suppose that T is finite (which in fact suffices for Theorem
10.1). If 0 € T, let v(0) = 4(t1), where t; is the first point of T', and
take u{0} = 0. If 1 ¢ T, take v(1) = 4(fy—1), where t,-; is the last
point of T, and take p#{1} = 0. Then the new process v and measure
p satisfy the hypotheses, and so we may assume that T' consists of the
points

O=tg<ti< - <tpy=1

Define a process v’ by

Trey ’)’(ti) ift; <t<tiyr, 0<i<ou,
7“)‘{7(1) ift = 1.

If m,, denotes (10.13) for the process 4/, then m/,, vanishes unless r,
s, t all lie in different subintervals [¢;,¢;+1). Suppose that

(10.17) r € [t ti+1), SE€ [tj,tj+1), t € [ti,tp+1), i<j<k.
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Then m/,, = m(t;,t;,tx), and hence, by the hypothesis of the theorem
for the process v,

1
(10.18) Plmig > A] < W/ﬂ"((ti,tk] NT).

Now let v be the measure that corresponds to a uniform
distribution of mass p{t;_1} + p{t;} over the interval [t;_;,%;], for
1 <1 <wv. Then

u((ti, te] NT) < vtigr, te) < v(r ],

and so (10.18) implies

1
(10.19) Plm,.s > A < Wuza(r, .
Although (10.17) requires t < 1, (10.19) follows for ¢ = 1 by a small
modification of the argument.
Thus (10.19) holds for 0 < r < s <t < 1, and Case 2 applies to
the process «':

%(0,1] < - (2u(T))%.

PL(Y) 2 A < . 46

pude

Since L(y') = L{v), if we replace the K that works in Cases 1 and 2
by 222K, then the new K works in Cases 1, 2, and 3.

Case 4: For the general T and u, consider finite sets
Tn:OStn0<tn1<"'<tnvnsl

such that T, C Th41 and |JT,, is dense in T. Let p, have mass
p((tn,i-1,tn) NT) at the point tp;. If ~™ is the process v with the
time-set cut back to Tj, then L(y(™) 1 L(y) by the right-continuity of
the paths. Since each 4™ comes under Case 3, we have

PIL(y) 2 A] € P(liminf[L(y™ > X~ ¢]) < ( (T).

K
A— e)‘wﬂ

Let € go to 0. O
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A Further Inequality

The last theorem of this section will be used in Chapter 3. Suppose
that v = [y:t € T] has right-continuous paths, as before, and for
positive § define L(v,6) by (10.14), but with the supremum further
restricted by the inequality t — r < 6.

Theorem 10.4. Suppose that a > % and 8 > 0 and that u is a
finite measure on T such that

1
XTﬂ,u?“(Tn(r,t]), r<s<t t—-r<26

for A>0 and r,s,t € T. Then

(10.20) Plmyet > Al <

2K
(10.21)  P[L(y,6) 2 A] < 7zu(T) sup p T Nt t + 26))
) 0<t<1-26

for A >0, where K = K, g depends only on o and 3.

This theorem is somewhat analogous to Theorem 7.4 and its
corollary. The K’s in (10.16) and (10.21) are the same.

PRrROOF. Take v = |1/6],t; =6 for 0 < i< w,and t, = 1. If
|r — t| < 6, then r and t lie in the same [t;_1,t;] or in adjacent ones,
and hence they lie in the same [t;_1,t;11] for some ¢, 1 < i < v —1.
If l; is the supremum of m,g for r,s,t ranging over T N [ti~1,tis1]
(r < s < t), then P[l; > A\ < Kp®*(T N [ti—1,tiv1])/A** by Theorem
10.3. If p; = u(T N [ti—1,ti+1]), then

2 200~1 20—1
2P < ) i} maxp < 2p(t) maxpl® T,
1 K3

and (10.20) follows from this. a

Problems

10.1. Prove a theorem standing to Theorem 10.3 as Theorem 10.2 stands to
Theorem 10.1.

10.2. Weaken (10.11) by assuming only that it holds for ¢ = 0 and j = n, but
compensate by assuming that Si,...,S, is a martingale and 43 > 1. Show
that P[M, > A] < A™* (3", w)®*, an inequality of essentially the same
strength as (10.10). B

10.3. Adapt the proof of Menshov’s inequality (Doob [19], p. 156) to show that, if
(10.12) holds with a > 1/2 and 8 > 1/4, then

20
E[L3°] < (log, 2n)** (ZK u,) :
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Now deduce that, if (10.11) holds with & > 1 and 3 > 1/2, then

E[M?’] < (log, 4n)*” (ZK uz>a~

If a = 8 =1, this gives Menshov’s inequality again.

10.4. Use Theorem 10.2 to show that, if €1, &2, . . . satisfies (10.11) for0 < ¢ < j < o0,
where 8 > 0 and a > 1/2, then Zz &; converges with probability 1.

SECTION 11. TRIGONOMETRIC SERIES*

In this section we prove functional limit theorems for lacunary series
and for series defined in terms of incommensurable arguments.

Lacunary Series

A trigonometric series Y oo ; (ax cos mix +by sin myx) is called lacunary
if the my are positive integers increasing at an exponential rate:
mg+1/mg > g > 1. If z is chosen at random from [0, 27, then the series
has some of the properties of a sum of independent random variables.
Here we prove a functional central limit theorem for the partial sums
of a pure cosine series.

In this theorem, P and E will refer to normalized Lebesgue measure
on the Borel sets in 2 = [0, 2x]. Since the cosine integrates to 0 over
[0,27], it follows from the relation

(11.1) cosf - cosf = %cos(@ +6) + %cos(ﬂ -6

that

)

B =

(11.2) Ef[cosmw] =0, E[cos?mw] =

E[cosmw - cosm'w] =0, 1<m<m.

3

Because of the % here, it is probabilistically natural to multiply the

cosine by v/2; this makes the variance equal to 1. And so, define
Cx(w) = v2ay, cosmyw and consider the sums

(11.3) Sp(w) = ch(w) = \/EZak COS Myw.
k=1 k=1
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By (11.2),
(114)  EG =0, E¢?=a}, ES,=0, s:=ES2=) o}

Define a random element Y™ of C by

s2 2
ot — 8% V20541 COS MW
(11.5) Y™ (w) \/— E a; cosmiw + —— £ Y2k kil

i=1 B+1 Sn
2 2
s s
for —’; <t< kgl
S
n n

, 0<k<n.

This is a trigonometric analogue of the random function (8.5) of
Donsker’s theorem: Y™ is the polygonal function resulting from linear
interpolation between its values Y;* = Sk /s, at the points t = s2/s2,
k=0,1,...,n.! Strengthen the lacunarity condition to

(11.6) Mpgs1/mi > 2.

Theorem 11.1. If (11.6) holds and

2 242
(11.7) Sp ™00, max ai/s; — 0,

then Y™ = W.

To show that the finite-dimensional distributions converge it is best
to consider a triangular array first: Let (up(w) = V2ap) cosmyw for
1 < k < n. In the following lemma and its proof, k ranges from 1 to n
in the sums, products, and maxima.

Lemma 1. If (11.6) holds, if 3 a2, — a® > 0, and if o2 =
maxy a2, — 0, then 3 (nk = aN.

PROOF. The hypothesis of convergence to a? we can strengthen
to equality, and we can arrange that a = 1: If 62 = a™2%", a2, and
! e(w = V20 'a"la,; cosmyw, then 6, — 1, Yebrtatan)? = 1,
and (Example 3.2) Yk ¢k = N implies Zk (ak = aN. Assume,
therefore, that 3, a2, = 1.

trr aﬁH = 0, there is a division by 0 in (11.5); but in that case, no t can satisfy
the defining inequality anyway. Or simply assume all the a? to be positive.
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For |z| < 1, the principal value of log(1 + iz) can be defined as
iz + 122 — r(z), where r(z) = 352 5(~1)*(iz)**! /u and |r(z)| < |z
for |z] < % This gives
€% = (1 + izx) exp[—22/2 + r(z)].
For fixed t, write
T, = Hk(1 + itCnk),
- 1 2
Zp = exP(_it Zk Cor T Zk r(tan)>a
Ap = Tp(Zn — €/2),
Then
(11.8) exp [z’t Zk an] =T t/2 4 A,

and so 3, Cuk = N will follow if we prove

(11.9) EA,—0
and
(11.10) ET, = 1.

We first show that
(11.11) Zk ¢ =1

From the assumption that 3, a?, = 1, it follows by the double-angle
formula that

Zk (W) = Zk 207 cos” myw = 1 + Zk a2 cos 2myw.

And now (11.2)—orthogonality—implies
2
E[(Zk ¢2 — 1) ] = Zk anrElcos? 2myw]
<Y <ol Y, e =al~0

and (11.11) follows from this.
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From |Guk| < V2|ank] it follows that, for all sufficiently large n, we
have

Zk [7(tlni)| < Zk V2t%ad, < 4(t]an Zk a2, — 0.

By this and (11.11), Z, = et®/2, But since 1 + u < e*, we also have
1Tn| € TL(1 + 2a2,)V? < exp(3, t2a2,/2) < e, and so A, = 0.
Finally, by (11.8), |An| < 1+ |T4) < 1 + €t*, and so, by Theorem 3.5,
we can integrate to the limit: (11.9) follows.

There remains the proof of (11.10). Expanding the product that
defines 1), gives

11.12) ET, =1+ V2it)®aj, - -~ a; E|cosmjw - - - cosm; w|,
j j j Ju

where the sum extends over v =1,...,nandn > j; > --- > j, > 1.
And repeated use of (11.1) leads to

(11.13) E[cosmj,w - - - cos m;, w]

1
= -2,”—_1 Z E[COS(’ITLJ'1 + mi, = mjv)w],

where here the sum extends over the 2V~! choices of sign. The expected
value in the sum is 0 unless

(11.14) mj, £mj, £---tmy, =0.

But if j; > -+ > j,, then by (11.6),

1 1 1
(11.15) mj, £myy +--- £m,, zmjl(l—i—-g—z- ----- 20_1) >0,
and so (11.14) is impossible. The expected values on the right in (11.13)
and (11.12) are therefore 0, and (11.10) follows. |

We need a second lemma for the proof of tightness. Define S, by
(11.3), as before.

Lemma 2. If (11.6) holds, then
C 2\ 2
(11.16) P[%;l(lskl > ,\] < -——(Zak) :

— )4
A k<n

where C is a universal constant.
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PROOF. The proof uses (10.11) and Theorem 10.2 for o = 3 = 1.
By (11.13) for v = 4,

I n]
(11.17) E[Si] = Z aj, - Qj, Z gE[cos(mj1 +mj, £my; £ mjwl,

where in Y’ the four indices range independently from 1 to n, and S
extends over the eight choices of sign. In place of (11.6) temporarily
make the stronger assumption that mgi1/mgp > 4. We must sort
out the cases where the coefficient of w in (11.17) vanishes for some
choice of signs. Suppose that j; > j2 > 73 > j4 and consider whether
L:= mj, £ mj, = £my; £ mj, =: R is possible. It is if j; = jp and
J3 = Jja, but this is the only case: If j; > j2, then m;; > 4mj, and
hence L > 4mj, £ m;, > 2m;, > mj; + mj, > R. Suppose on the other
hand that j; = j2 but j3 > js. Then L = mj, £my, is either 0 or 2m,;
but R # 0 rules out the first case and R < mj; + mj, < 2m;, < 2my,
rules out the second.

Therefore (if mg+1/my > 4), the only sets of indices j1,. .., j4 that
contribute to the sum in (11.17) are those consisting of a single integer
repeated four times and those consisting of two distinct integers each
occuring twice. Since in any case the inner sum has modulus at most 1,

(11.18) ElSA < ot +3 Y adad < 3(2 ai)Q.

j<n Jk<n k<n

Since (11.6) implies mg4+2/my > 4, it implies that (11.18) holds if
k is restricted to even values in the sum S, and also in the sum on
the right. The same is true for odd values, and so by Minkowski’s
inequality, (11.18) holds if the right side is multiplied by 2%. Finally,
the same inequality holds with S; — S; in place of Sy:

ey - 5 < 16-3- (Y o)

1<l<j

And now (11.16) follows by Theorem 10.2 if C =16 -3 - K'. m

PrOOF OF THEOREM 11.1. We prove Y* = W by means of
Theorem 7.5 (with Y™ and W in the roles of X™ and X), and we turn
first to (7.13). Let ap = maxg<p |ak|/sn. Taking any = ar/sn, k < n,
in Lemma 1 gives Y* = S, /s, = Wi. Fix a t in (0,1) and let k,(t)
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be the largest k for which s2/s2 < t. Then ts2 lies between s%n ) and

sﬁn(t) +1» and therefore,
2
Zkn(t)

2
(11.19) t-al < -5

<t

By (11.5), Y is within v2a, of Sk, ()/sn, and it converges in
distribution to Wi by (11.19) and the lemma. And (Y, Y") =
(Wy, W) will follow by the Crameér-Wold method [PM.383] if we show
that uY;* +vY* = uW;+ovW; for all u,v. But this also follows from the
lemma if we take anx = (u + v)ag/sp for k < kn(t) and anx = vak/sn
for kn(t) < k < n. This argument extends to the case of three or
more time points, and therefore (Y;7,..., YY) =n (Wyy,...,Wy,) for
all £1,...,tk.

We turn next to (7.14), which we prove by means of (7.10). Let
A = esp. If I =0 and m = n, then (11.16) can be written

Sk — S, C /s? 2\2

(ar20)  P[max B8, [ Con _sy?
I<k<m  8p et \s2 2
But this holds for any pair of integers satisfying 0 < I < m < n,
because it depends only on the condition (11.6). Suppose now that ¢;
are points satisfying 0 = tg < - -+ < t, = 1 and (7.9), so that, by (7.10),
(11.21) w(Y",8) <3 maxv sup |Y7'-Y! |
1<iv  t;~1<8<t;

Suppose further that we can choose the ¢; in such a way that t; =
s2,./s% for integers m; satisfying 0 = mp < -+ < m, = n. Since the
random function Y™ is a polygon with break-points over the ¢;, (11.21)
implies

Sk — Su,
w(Y™,6) <3 max max I—k—+u';1|;
1<iv ui1 <k<u; Sn

the inner maximum here equals the supremum in (11.21). It follows
by (11.20) that

n C < C
(1122) P(Y",6) 236 <53 (t-t1)*<

i=1

frsliaéxv(ti —ti—1).

Suppose we can, for all sufficiently large n, arrange that

(11.23) t; =52, /s2, 1rfz'i2u(ti —ti_1) 26, 11151{3'5)5;(ti —ti~1) < 36.
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The first two of these conditions will ensure that (11.22) holds for large
n, and it will then follow from the third one that Plw(Y™,8) > 3¢] <
36C/e*. And of course this implies (7.14), which will complete the
proof.

Integers m; satisfying (11.23) can be chosen this way: Take v =
[1/(26)] and my, = n, and for 0 < i < v — 1, take m; = kn(261),
where ky(t) is defined as before. For large n, (11.23) then follows from
(11.19). O

Incommensurable Arguments

Replace the integers mi,ma,... in (11.3) by a sequence Aj, Mg, ... of
linearly independent real numbers, as at the end of Section 3. And
for simplicity take ay = 1. That is, replace (x(w) = v/2a cos mpw by
¢.(w) = V2 cos \yw and replace (11.3) by

n
(11.24) Sp(w) = \/EZ oS Agw.
k=1
For each w € R!, define a function Z"(w) in C by

k
2 V2 €08 Ay 1w
. Z} (w) =4/ — A t—k)— —————
(11.25) Z@(w) =/ ” i';'=1 coshw + (n ) 7
k k+1

for —<t<—,0<k<n.
n n

This, a second trigonometric analogue of (8.5), is a polygonal function
with values ,’c‘/n(w) = S} (w)/v/n at the corner points. The objective
is to extend (3.33) to a functional central limit theorem.

Let & be the random variables in (3.31). If we put va(w) =
(V2cos \w, . .., V2cos A\yw) and Vi, = (£1,...,&,), then what (3.33)
says is that Prv;! =1 PV, !, where P refers to the space the
independent sequence {£;} is defined on. Define 7,,: R* — C this
way: If z = (21,...,2n), take 72 = z, where z(0) = 0, z(k/n) =
Zle zi/\/n for 1 < k < n, and z is linear between these points. Since
Tn is continuous, it follows by the mapping theorem that Pru; 7! =1
PV,7 1771, But m(vn(w)) is exactly Z(w) as defined by (11.25), and
X" = 1,V, is a special case of the random function (8.5) of Donsker’s
theorem (o = 1). Therefore, Donsker’s theorem applies:

Pr(Z") ! =27 P(X") ! =, PWL,
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where the P at the right refers to some space supporting a Wiener
random function W.

Now suppose that h: C — R! is measurable, and let D, be the set
of its points of discontinuity. If

(11.26) P[X™ € Dp] =P[W € Dy} =0, n > ny,
for some ng, then two further applications of the mapping theorem give
Pr(ZY) 'h = P(X") 1hl =, PW1n7L
Finally, if H is a linear Borel set and
(11.27) P[h(X"™) € 8H] =0 =P[h(W) € 8H], n 2 ny,
then
Pr[h(Z"(w)) € H] »1 P[h(X™) € H] —, P[h(W) € H].

What the argument shows is this: If (11.26) and (11.27) hold, then

(11.28) nllvnolo P [h(Z"(w)) € H] = P[L{(W) € H].

Take H = (—o00,z|. Then (11.27) holds for all but countably many z,
and we arrive at our theorem.

Theorem 11.2. If A1, A1,... are linearly independent and Z™(w)
is defined over R' by (11.25), and if (11.26) holds, then

(1129)  lim Poo[h(Z"()) < a] = PIA(W) < o]

for all but countably many x.

If h(z) = sup, z(t), for example, then (11.26) holds because h is
continuous everywhere on C. On the other hand, h has discontinuities
if h(z) is sup[t:z(t) = 0], for example, or if h(z) is the Lebesgue
measure of [t:z(t) > 0]; but P[W € D] is 0 for these functions as
well [M15]. Since the random variables & in the definition of X™ have
continuous distributions in this particular case (see (3.31)), we also
have P[X™ € Dy] = 0 as long as n > 1. Therefore, Theorem 11.2
gives the folded normal distribution as the limiting distribution of the
maximum of the sums \/2/n ), cos\w, 1 < k < n, as well as an
arc sine law for the fraction of positive partial sums, and so on.

Problem
11.1. Prove a theorem that stands to (3.41) as Theorem 11.2 stands to (3.33).
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CHAPTER 3

THE SPACE D

SECTION 12. THE GEOMETRY OF D

The space C is unsuitable for the description of processes that, like
the Poisson process and unlike Brownian motion, must contain jumps.
In this chapter we study weak convergence in a space that includes
certain discontinuous functions.

The Definition

Let D = DJ[0,1] be the space of real functions z on [0, 1] that are
right-continuous and have left-hand limits:

(i) For 0 <t < 1, z(t+) = limg)s z(s) exists and z(¢4) = z(2).
(i) For 0 < t <1, z(t—) = limgy; 2(s) exists.

Functions having these two properties are called cadlag (an acronym
for “continu & droite, limites &4 gauche”) functions. A function z is said
to have a discontinuity of the first kind at ¢ if z(t—) and z(t+) exist
but differ and z(t) lies between them. Any discontinuities of a cadlag
function—of an element of D—are of the first kind; the requirement
z(t) = z(t+) is a convenient normalization. Of course, C is a subset
of D.

With very little change, the theory can be extended to functions on [0, 1] taking
values in metric spaces other than R!. What changes are needed will be indicated
along the way. Denote the space, metric, and Borel o-field by V, v, and V; V' will
always be assumed separable and complete. The definition of the cadlag property
needs no change at all.

For z € D and T C [0, 1}, put

(12.1) wy(T) = w(z,T) = sup |z(s) — z(t)].
s,teT

121
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The modulus of continuity of z, defined by (7.1), can be written as

(12.2) wy(6) = w(z,8) = sup wyt,t+ 6]
0<t<1-6

A continuous function on [0, 1] is uniformly continuous. The following
lemma gives the corresponding uniformity idea for cadlag functions.

Lemma 1. For each x in D and each positive €, there exist points
to,t1,-..,ty such that

(12.3) O=t<t) < - <ty=1
and
(12.4) wx[t,-_l,ti) <e, 1=12,...,v.

PROOF. Let t° be the supremum of those ¢ in [0, 1] for which [0, ¢)
can be decomposed into finitely many subintervals [t;—1,t;) satisfying
(12.4). Since z(0) = z(0+), we have t° > 0; since z(¢t°—) exists, [0, ¢°)
can itself be so decomposed; t° < 1 is impossible because z(t°) =
z(t°+) in that case. |

From this lemma it follows that there can be at most finitely many
points ¢ at which the jump |z(f) — z(t—)| exceeds a given positive
number; therefore, z has at most countably many discontinuities. It
follows also that z is bounded:

(12.5) (]l = sup |z(t)] < oo.

Finally, it follows that = can be uniformly approximated by simple
functions constant over intervals, so that it is Borel measurable.

If = takes its values in the metric space V, replace the |z(s) — z(t)| in (12.1) by
v(z(s), z(t)); the magnitude of the jump in z at ¢ is v(z(t),z(t-)). Lemma 1 and
its proof need no change, and in place of (12.5) we have the fact that the range of «
has compact closure. Indeed, for given points z(t.) in the range, choose a sequence
{n:} and a t so that either tn, | t or tn; T ¢; in the first case, z(tn;) — 2(t), and
in the second, z(ts;) — z(t—). As for measurability, a function that assumes only
finitely many values is measurable B8/), where B is the o-field of Borel sets in [0, 1],
and [M10] a limit of functions measurable B/V is itself measurable B/V.

We need a modulus that plays in D the role the modulus of conti-
nuity plays in C. Call a set {t;} satifying (12.3) §-sparse if it satisfies
miny<i<y(¢; — ti—1) > 6. And now define, for 0 < 6§ < 1,

(12.6) we(6) = w'(z,6) = inf 1max welti-1,t),
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where the infimum extends over all §-sparse sets {t;}. Lemma 1 is
equivalent to the assertion that lims w/,(6) = 0 holds for every z in D.
Notice that w},(6) is unaffected if the value 2(1) is changed.

Even if z does not lie in D, the definition of w},(§) makes sense. Just
as lims w,(6) = 0 is necessary and sufficient for an arbitrary function
z on [0,1] to lie in C, lims w,(6) = O is necessary and sufficient for z
to lie in D.

Now to compare wl,(6) with w;(6). Since [0,1) can, for each § < ,
be split into subintervals [t;_;,¢;) satisfying 6§ < ¢; —t;—1 < 28, we have

(12.7) W' (6) < wa(26), if 6 < 1/2.

There can be no general inequality in the opposite direction because
of the fact that w;(6) does not go to 0 with §é if z has discontinuities.
But consider the maximum (absolute) jump in z:

(12.8) j(z) = sup |z(t) — =z(t-)l;
0<t<1

the supremum is achieved because only finitely many jumps can exceed
a given positive number. We have

(12.9) we(8) < 2wy (6) +5(=).

To see this, choose a §-sparse {t;} such that wy[ti—1,t) < wh{é) + ¢
for each i. If |s — t| < 8, then s and ¢ lie in the same [t;_1,t;) or else
in adjacent ones, and [z(s) — z(t)| is at most w},() + € in the first case
and at most 2w}, (6) +€+j(z) in the second. Letting ¢ — 0 gives (12.9).
Since j(z) = 0 if z is continuous, we also have

(12.10) wy(6) < 2wl (6), ifzeC.

Because of (12.7) and (12.10), the moduli w;(6) and w,(§) are
essentially the same for continuous functions z.

The Skorochod Topology

Two funtions z and y are near one another in the uniform topology
used for C if the graph of z(t) can be carried onto the graph of y(t)
by a uniformly small perturbation of the ordinates, with the abscissas
kept fixed. In D, we allow also a uniformly small deformation of the
time scale. Physically, this amounts to the recognition that we cannot
measure time with perfect accuracy any more than we can position.
The following topology, devised by Skorohod, embodies this idea.



124 THE SPACE D

Let A denote the class of strictly increasing, continuous mappings
of [0, 1] onto itself. If X € A, then A0 =0 and A1 = 1. For z and y in
D, define d(z,y) to be the infimum of those positive € for which there
exists in A a A satisfying

(12.11) sup M —t| =sup|t— A7t <e
t t
and
(12.12) sup |z(t) — y(At)| = sup jx(A71t) — y(t)| < e
t t

To express this in more compact form, let I be the identity map on
[0,1] and use the notation (12.5). Then the definition becomes

(12.13) d(z,y) = inf {|A = 11|V llz ~ yAll}-

By (12.5), d(z,y) is finite (take X\t = t). Of course, d(z,y) > 0; and
d(z,y) = 0 implies that for each ¢ either z(t) = y(t) or z(t) = y(t-),
which in turn implies z = y. If A lies in A, so does A™}; d(z, y) = d(y, z)
follows from (12.11) and (12.12). If A\; and X, lie in A, so does their
composition A\jAg; the triangle inequality follows from ||[A;Ag — If| <
A1 = I|| + || A2 = I|| together with ||z — zA1 2| < [z —yA2||+ly — 2z A1l
Thus d is a metric.

This metric defines the Skorohod topology. The uniform distance
lx — y|| between z and y may be defined as the infimum of those
positive € for which sup, |2(¢) — y(¢)| < €. The A in (12.11) and (12.12)
represents the uniformly small deformation of the time scale referred
to above.

Elements z, of D converge to a limit = in the Skorohod topology if
and only if there exist functions A, in A such that lim, z,(A,t) = z(¢t)
uniformly in ¢ and lim, Ayt = ¢ uniformly in ¢t. If z,, goes uniformly to
z, then there is convergence in the Skorohod topology (take A\t = t).
On the other hand, there is convergence z, = Tio,a+1/m) = T = Ijoq)
in the Skorohod topology (0 < a < 1), whereas z,(t) — z(t) fails in
this case at t = o. Since

(12.14) |zn(t) = 2(t)] < |lza(t) — z(Ant)] + |2(Ant) — 2(8)],
Skorohod convergence does imply that z,(t) — z(t) holds for conti-
nuity points ¢ of £ and hence for all but countably many t. More-
over, it follows from (12.14) that if # is (uniformly) continuous on
all of [0,1], then Skorohod convergence implies uniform convergence:
zn — ]| < lzn — 2An]| + wz(]]An — I|]). Therefore:

The Skorohod topology relativized to C coincides with the uniform
topology there.
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Ezample 12.1. Consider again j(x), the maximum jump in z.
Clearly, |j(z) — j(y)| < € if |lz — y|| < €/2, and so j(-) is continu-
ous in the uniform topology. But it is also continuous in the Skorohod
topology: Since j(y) = j(yA) for each A, d(z,y) < €/2 will imply for
an appropriate A that |f(z) — j(y)| = |5(z) — j(yA)| <e. g

The space D is not complete under the metric d:

Ezample 12.2. Let z, be the indicator of [0, 1/2"). Suppose that
Ae(1/27) = 1/27+1 If A, is linear on [0,1/2"] and on [1/27,1], then
| Zns1dn — x|l = 0 and ||An — I|| = 1/27*1. On the other hand, if A,
does not map 1/27 to 1/27+1, then ||Z,41 — x| is 1 instead of 0, and it
follows that d(x,,Zn41) = 1/27"L. Therefore, {z,} is d-fundamental.
Since z,(t) — 0 for ¢ > 0 and the distance from z, to the O-function
is 1, the sequence {z,} is not d-convergent. ]

We can define in D another metric d°—a metric that is equivalent
to d (gives the Skorohod topology) but under which D is complete.
Completeness facilitates characterizing the compact sets. The idea in
defining d° is to require that the time-deformation A in the definition
of d be near the identity function in a sense which at first appears more
stringent than (12.11); namely, we are going to require that the slope
(At — As)/(t — s) of each chord be close to 1 or, what is the same thing
and analytically more convenient, that its logarithm be close to 0.

If )\ is a nondecreasing function on [0,1] satisfying A0 = 0 and
Al =1, put

(12.15) |All° = sup‘log Al = )\s]’
s<t t—s

If ||Al|° is finite, then the slopes of the chords of A are bounded away
from 0 and infinity and therefore it is both continuous and strictly
increasing and hence is a member of A. Although ||A||° may be infinite
even if A does lie in A, these elements of A do not enter into the
following definition.

Let d°(z,y) be the infimum of those positive e for which A contains
some A such that [[A||° < € and (12.12) holds. In other words, let

(12.16) d*(z,y) = inf {|AI° V llz — yA[l}.

! We can replace [0,1/2") by [to, to+1/2") here, the point being that the example
does not depend on special properties of 0 (like A0 = 0).
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Since Ju — 1] < e!l°8%l — 1 for u > 0,

At — A
(12.17) sup |AMt—t|= sup t 0_
0<t<1 o<t<t | t—=0

1| < e 1,

And since v < e” — 1 for all v, it follows by (12.13) that
(12.18) d(z,y) < e¥(®¥) —1,

Symmetry and the triangle inequality for d° follow from J]A~}||° = ||A]|°
and the inequality

(12.19) [ArA2l® < IAull® + ([ A2

That d°(z,y) = 0 implies z = y follows from (12.18) together with the
corresponding property for d. Therefore, d° is a metric.

Because of (12.18), d°(zp, z) — 0 implies d(z,,z) — 0. The reverse
implication is a consequence of the following lemma.

Lemma 2. Ifd(z,y) < 62 and 6§ < 1/2, then d°(z,y) < 46+w,(6).

In connection with Example 12.1, note that, if A,(1/2") = 1/27+1,
then the chord from (0, A,0) to (1/2™,A,(1/2")) has slope 1/2, from
which it follows that d°(zp,Zn4+1) = || An]|° = log2. Therefore, {z,}
is not d°-fundamental, as must be the case if D is to be d°-complete.
And if 6 is just greater than 1/1/2", then d(z,,Tnt1) < 6%, and the
lemma applies; but since w;,_(8) = 1, all that follows from this is the
fact that log2 < 22-2/7 4 1,

PROOF. Take € < § and then take {t;} to be a é-sparse set satis-
fying wy(ti—1,t) < wi(6) + € for each i. Now choose from A a p such
that

(12.20) sup [z(t) — y(ut)| = sup lo(p=t) — y(t)] < 62
and
(12.21) sup |ut — t| < 62.

t

We want to define in A a A that will be near u but will not, as u
may, have chords with slopes far removed from 1. Take A to agree with
 at the points ¢; and to be linear in between. Since the composition
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11X fixes the t; and is increasing, ¢ and p~1At always lie in the same
subinterval [t;-1,%;). Therefore, by (12.20) and the choice of {¢;},

jz(t) — y(A)| < |2(t) — a(p™ M| + |z(u ™ 2t) — y(x))
< wh(6) + € + 6% < 46 + wl(9).

It is now enough to prove ||A||° < 46. Since A agrees with u at the
t;, it follows by the condition (12.21) and the inequality t; — ¢;—1 > 6
that l()\t,' — Ati—1) — (t; — ti_1)| < 26% < 26(t; — ti—1). From this we
can deduce that |[(At — As) — (t — s)| < 26|t — s| for all s and ¢: Because
of the polygonal character of A, this is clear for s and ¢ in the same
[ti—1,%i]. And it follows in the general case because, for every triple u;,
U2, u3,

l()\u;; - )\ul) - (U3 - U1)| < l()\'U,Q — )\ul) — (U,2 — ’LL1)|
+ |()\U3 - )\’u.z) - (u3 - UQ)I

Therefore,
At — As

t—s
Since |log(1 + u)| < 2|u| for |u| < 1/2, it follows that ||A|[° < 46. O

log(1 — 26) < log

< log(1 + 26).

By Lemmas 1 and 2 together, d(zp,z) — 0 implies d°(z,,z) — 0;
and as already observed, the reverse implication follows from (12.18):

Theorem 12.1. The metrics d and d° are equivalent.
Separability and Completeness of D

The following lemma will simplify several proofs. Suppose that the
set 0 = {s,} satisfies 0 = 89 < 81 < -+ < 8¢ = 1, and define a map
Ag: D — D in the following way. Take A,z to have the constant value
z(8y—1) over the interval [s,_1,8,) for 1 < u < k and to agree with z
at t = 1. If z is sufficiently regular, then A,z will be close to z in the
metric d:

Lemma 3. If max(s, — sy~1) < 6, then d(Asz,z) < 6 V w,(8).

PROOF. Write A,z = £ to simplify the notation. Let (¢ be the s,
“just to the left” of ¢, in the sense that (1 = sy = 1 and (t = s,_1
for t € {sy_1,84). Then &(t) = z((t). Given ¢, find a é-sparse set {t;}
such that wz[ti—1,t;) < w,(8) + € for each i. Let At; be the s, “just
to the right” of t;, in the sense that Atg = sp = 0 and At; = s, for
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ti € (sy—1,80). Since t; —t;_1 > 6 > sy — sy—1, the At; increase with i.
Extend )\ to an element of A by interpolating linearly between the ¢;.
Obviously, sup, |At — ¢| < 6.

It is now enough to show that |£(t) —z(A71t)| = |x({t)—z(A71t)| <
wh(8) + € (let ¢ — 0 at the end). This holds if ¢ is 0 or 1, and it is
enough to show that, for 0 < ¢ < 1, (t and At always lie in the same
[ti—1,t:). To prove this it is enough to show that ¢; < (t is equivalent
to t; < A~!t (and hence (t < ¢; is equivalent to A~'t < t;). The case
t; = 0 being trivial, suppose that ¢; € (sy—1,8,|. In this case, since
¢t is one of the s;, t; < (t is equivalent to s, < (t, which in turn is,
by the definition of ¢, equivalent to s, < t. But from t; € (sy-1, 5] it
also follows that At; = s, and hence s, < ¢ is equivalent to At; < ¢, or
t; <At O

Theorem 12.2. The space D is separable under d and d° and is
complete under d°.

PROOF. Separability. Since d and d° are equivalent and separabil-
ity is a topological property, we can work with d. Let By be the set of
functions having a constant, rational value over each [(u — 1)/k,u/k)
and a rational value at ¢ = 1. Then B = |J, By is countable. Given
x and €, choose k so that k~! < € and w},(k™!) < e. Apply Lemma 3
with o = {u/k}: d(z, Asz) < e. Clearly, d(A,z,y) < € for some y in
Bg: d(z,y) < 2e and y € B.

Completeness. It is enough to show that each d°-fundamental
sequence contains a subsequence that is d°-convergent. If {zy} is
d°-fundamental, it contains a subsequence {y,} = {zk,} such that
d°(Yn,Yn+1) < 1/2™. Then A contains a p,, for which

(12.22) lpnll® < 1/27

and
(12.23) sup |y (t) = Yn+1(pnt)| = sup lyn (1 't) = Ynr1 ()] < 1/27.

The problem is to find a function y in D and functions A, in A for
which || As]|° — 0 and yn(A;1t) — y(t) uniformly in ¢.

A heuristic argument: Suppose that y,()\;!t) does go uniformly to a limit
y(t). By (12.23), yn(pr ' A 1t) is within 1/2" of yn41(M;},t), and therefore it, like
y(A7't), must go uniformly to y(t). This suggests trying to choose A in such a
way that yn(p ' A5} ;t) is in fact identically equal to ya (A5 't), or pn ATt = A2,
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Or An = An+1fin = Ans2lin+1n = -+, and this in turn suggests trying to define
An as an infinitely iterated composition: A, = -+ fin41pn. If this idea works at all,
An should be near the identity for large n, just as the tail of a convergent infinite
product is near 1.

Since ¥ —1 < 2u for 0 < u < 1/2, it follows by (12.17) and (12.22)
that

sup |tn+m+1ntm -+ fntitint = fntm " Pn+1pnt|

= sup |tn+m+18 = 8| < 2/lpnim1[® < 1/27F™,
8

This means that, for fixed n, the functions pn+m - - Pn+144nt are uni-
formly fundamental as m — oo. Therefore, the sequence converges
uniformly to a limit

(1224) /\nt = lillrrln Hn4+m " * " ,Ll.n+1/J,nt.

The function A\, is continuous and nondecreasing and fixes 0 and
1. If we prove that ||A,||° is finite, it will follow that A, is strictly
increasing and hence is a member of A. By (12.19) and (12.22),

Prtm " Pntlfnl = fngm** Unt1fnS
t—s

< tnmll® + - + gt |° + lpnll® < 17277

log < ||pngm -+ P10 |°

Letting m — oo in the first member of this inequality shows that
|All® < 1/277% in particular, |[Ag[|° is finite and A, € A.
From (12.24) follows A, = Ap+iftn, which is the same thing as
w11 = pnA; 1. Therefore, by (12.23),

sup [y (A 1) — ynr1 (A fit)| = Sup [yn(s) — Yn+1(uns)| < 1/2".

It follows that the functions y,(\;'t), which are elements of D, are
uniformly fundamental and hence converge uniformly to a limit func-
tion y(t). It is easy to show that y must be an element of D. Since
IAnll® — O, yn is d°-convergent to y. m)

It is interesting to observe that if d° is replaced by d and ||A||° is temporar-
ily redefined as sup, |At — t|, then this proof of completeness goes through word
for word, except at one place: sup, |Ant —t| < 1/2"7! does not imply that A,
is strictly increasing. In fact, if u. carries 1/2" to 1/2"*' and is linear over
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[0,1/2"] and [1/2",1] (this is the function of Example 12.1 in new notation), then
Pntm - Pnsipn(1/27) = 1/27Y™+1; (12.24) now implies that A, (1/2") = 0.

Compactness in D

We turn now to the problem of characterizing compact sets in D. Using
the modulus w}(6) defined by (12.6), we can prove an analogue of
Theorem 7.2, the Arzela-Ascoli theorem:

Theorem 12.3. A necessary and sufficient condition for a set A
to be relatively compact in the Skorohod topology is that

(12.25) sup |jz]| < oo
z€A
and
(12.26) lim sup w,,(6) = 0.
§~0xeA

This theorem differs from the Arzela-Ascoli theorem in that for
no single ¢ do supge4 |z(t)| < oo and (12.26) together imply (12.25)
(consider z, = nlj1)). The important part of the theorem is the
sufficiency, which will be used to prove tightness.

PROOF OF SUFFICIENCY. Let a be the supremum in (12.25).
Given ¢, choose a finite e-net H in [~a,a] and choose § so that § < e
and w,(6) < € for all z in A. Apply Lemma 3 for any o = {s,} sat-
isfying max(s, — sy—1) < 8: = € A implies d(z, A,z) < e. Take B to
be the finite set of y that assume on each [sy_1,s,) a constant value
from H and satisfy y(1) € H. Since B obviously contains a y for which
d(Asz,y) < € it is a finite 2e-net for A in the sense of d. Thus A is
totally bounded in the sense of d.

But we must show that A is totally bounded in the sense of d°,
since this is the metric under which D is complete. Given (a new) e,
choose (a new) é so that 0 < § < 1/2 and so that 46 + w/,(6) < € holds
for all z in A. We have already seen that A is d-totally bounded, and
so there exists a finite set B’ that is a 62-net for A in the sense of d.
But then, by Lemma 2, B’ is an e-net for A in the sense of d°. O

The proof of necessity requires a lemma.
Lemma 4. For fized 6§, w'(x,8) is upper-semicontinuous in x.

PROOF. Let z, 8, and € be given. Let {t;} be a é-sparse set such
that wy(ti—1,t;) < w,(6) + € for each i. Now choose 5 small enough
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that §+2n < min(¢;—t;—1) and < e. Suppose that d(z,y) < 1. Then,
for some X in A, we have sup, |y(t) — z(\t)| <  and sup, |\ "1t ~¢t| < .
Let s; = A~1¢;. Then s; — si_1 > t; —t;_1 — 2n > 6. Moreover, if s and
t both lie in [s;_;, s;), then As and At both lie in [¢t;—1,¢;) and hence
ly(s) — y(t)| < lx(Xs) — z(At)| +2n < wy(8) +e+2n. Thus d(z,y) <7
implies wy,(6) < wg(6) + 3. ]

PROOF OF NECESSITY IN THEOREM 12.3. If A~ is compact, then
it is d-bounded (has finite diameter), and since sup, |z(t)| is the d-
distance from z to the O-function, (12.25) follows.

By Lemma 1, w'(z, §) goes to 0 with é for each z. But since w'( -, 6)
is upper semicontinuous, the convergence is uniform on compact sets
[M8]. 0

For the general range space V, write sup, v(x(t), y(t)) in place of ||z — y|| in all
the definitions and arguments (it is mostly a matter of using the triangle inequality
in V rather than on the line); j[A — I|| and [|A[|° need no change. In Example 12.1,
take z, to have value a on [0,1/2") and value b on [1/2",1], where a and b are
distinct points of V. In the argument for separability, any countable set dense in
V can replace the rationals. The completeness argument, which uses the assumed
completeness of V, goes through as before. In place of (12.25) in the condition for
compactness, assume that the set [z(t):z € A,t € [0,1]] has compact closure, and
in the proof of sufficiency use an e-net from this set.

A Second Characterization of Compactness

Although the modulus w/(6) leads to a complete characterization of

compactness, a different one is in some ways easier to work with. This is

(12.27)  wg(8) =w"(z,6) = sup {[z(t) — z(t1) A [z(t2) — ()},
<to

t1StS
tog—~ty <6

the supremum extending over all triples ¢1,¢,¢2 in [0, 1] satisfying the
constraints. Suppose that w,(§) < w, and let {r;} be a é-sparse set
such that wz[r—1,7:) < w for all 5. If t3—¢; < 6, then ¢ and t; cannot
lie on opposite sides of any of the subintervals [r;,_1, 7;), and therefore,
if t; < t < tg, either #; and ¢ lie in a common subinterval or else ¢
and t3 do, so that either |z(t) — z(t1)| < w or else |z(t1) — z(t)] < w.
Therefore (let w | wf(6)),

(12.28) w(8) < w(6).

There can be no inequality in the opposite direction: For the func-
tions

(12.29) Ip = I[O,n“‘)? In = I[l—n‘l,l]v
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we have wy_(8) = 0, whereas w;, (§) =1 for n > 6L, In neither case
does {z,} have compact closure, and so there can be no compactness
condition involving (in addition to (12.25)) a restriction on w}(6) alone.
It is possible, however, to formulate a condition in terms of w}(§) and
the behavior of x near 0 and 1.

Theorem 12.4. A necessary and sufficient condition for a set
A to have compact closure in the Skorohod topology is that it satisfy
(12.25) and

lims_,g sup,¢ 4 |2(6) — z(0)] =0,

lims_.q sup,e 4 w"(8) =0,
(12.30)
lims_.o sup,e 4 |x(1—) - fE(l - 6)| =0

PROOF. It is enough to show that (12.30) is equivalent to (12.26).
That (12.30) follows from (12.26) is clear from (12.28). In fact,

(1231)  wz(8)V |z(6) — z(0)] V |z(1-) — z(1 — 6)| < wg(26).

We can prove the reverse implication by showing that
1
(12.32) !, (55) < 24{w"(6) V |2(8) — z(0)| V |z(1=) — z(1 — 8)]}.

We first show that

(12.33)  |a(s) — ()| V [2(t2) — 2(t)] < 2wg(6)
if tih<s<t<ty tg—t; <6

Indeed, if |z(s) — z(t1)| > w}(8), then, by the definition, |z(t) — z(s)| <
wj(6) and |z(t2) — z(s)| € wi(6), so that |z(t2) — z(t)| < 2wi(8).
Next,

(12.34).  wglt,ta) < 2(wi(6) + |z(t2) — x(t1)]) if to —t; < 6.

To see this, note that, if t; < t < ¢z and |z(¢) ~ z(t1)| > w!(6), then
|z (t2) — z(t)| < wy(6), and therefore, |z(t) — z(t1)| < |z(t) — z(ta)| +
|z(t2) — z(t1)] € wi(6) + |z(t2) — z(t1)|. Hence (12.34).

From (12.34) it follows that w;[0,6) < 2(wy(6) +|z(6) —z(0)|) and
wz[l — 6,1) < 2(wj(6) + |z(1-) — z(1 — 6)]) (for the second inequal-
ity, take t; = 1 — 6 and let t increase to 1). Because of these two
inequalities, (12.32) will follow if we show that

(12.35) wé(%&) < 6{w(8) V ws[0,6) V wy[l ~ 6,1)}.
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Let o exceed the maximum on the right in (12.35). It will be enough
to show that w}(6/2) < 6a. Suppose that z has jumps exceeding 2a
at uy and ug. If upg — u; < 6, then there are disjoint intervals (¢;, s)
and (t,t2) containing u; and ug, respectively, and satisfying to—¢; < 6,
and if these intervals are short enough, we have a contradiction with
(12.33). Thus [0, 1] cannot contain two points, within § of one another,
at each of which z jumps by more than 2¢. And neither [0,6) nor
[1 — 6,1) can contain a point at which z jumps by more than 2c.

Thus there exist points s;, satisfying 0 = sg < 51 < -+- < 8, =1,
such that s; — s;—1 > 6 and such that any point at which z jumps
by more than 2o is one of the s;. If s; —s;_1 > 6 for a pair of
adjacent points, enlarge the system {s;} by including their midpoint.
Continuing in this way leads to a new, enlarged system so, ..., s, (with
a new r) that satisfies

1
§6<si—s,’#1§6, i=1,2,...,r

Now (12.35) will follow if we show that
(12.36) Wz[si—1,8i) < b

for each i. Suppose that s;—; <#; <ty < s;. Then to ~#; < 6. Let oy
be the supremum of those points ¢ in {t1,?2] for which the inequality
SUPy, <y<o [2(¥) — 2(t1)| < 2a holds. Let o2 be the infimum of those o
in [t1, 2] for which sup,<, <y, |Z(t2) —2(u)| < 2a. If 01 < 09, then there
exist points s just to the right of o} satisfying |z(s) — z(¢1)| > 2a and
there exist points ¢ just to the left of o9 satisfying |z(t2) — z(t)| > 2¢;
since we can arrange that s < ¢, this contradicts (12.33). Therefore,
o2 < o1 and it follows that |z(01—) —z(t1)] < 2« and |z(t2) — z(01)] <
2a. Since t; < 031 < t9, 0 is interior to (s;_1,s;), and so the jump at
o1 is at most 2. Thus |2(t3) — z(¢1)| < 6. This establishes (12.36),
hence (12.35), and hence (12.32), which proves the theorem. 0

Finite-Dimensional Sets

Finite-dimensional sets play in D the same role they do in C. For
0 <t < -+ <t <1, define the natural projection ..+, from D to
Rk as usual:

(12.37) Tty (2) = (2(t1), ... 2(te)).

Since each function in A fixes 0 and 1, ng and 7; are continuous.
Suppose that 0 < t < 1. If points x, converge to = in the Skorohod



134 THE SPACE D

topology and z is continuous at ¢, then (see (12.14)) z,(t) — =z(t).
Suppose, on the other hand, that z is discontinuous at ¢. If A, is the
element of A that carries ¢ to t — 1/n and is linear on [0,¢t] and [¢, 1],
and if z,,(s) = z(Ans), then z,, converges to z in the Skorohod topology
but z,(t) does not converge to z(t). Therefore: If0 < t < 1, then m;
is continuous at x if and only if x is continuous at t.

We must prove that 7.4, is measurable with respect to the Borel
o-field D. We need consider only a single time point ¢ (since a map-
ping into R* is measurable if each component mapping is), and we may
assume t < 1 (since 7 is continuous). Let he(z) = ™! [ z(s) ds.
If z, — z in the Skorohod topology, then z,(s) — z(s) for conti-
nuity points s of x and hence for points s outside a set of Lebesgue
measure 0; since the x, are uniformly bounded, limy he(zn) = he(z)
follows. Thus h¢(-) is continuous in the Skorohod topology. By right-
continuity, h,,-1(z) — m(z) for each z as m — oo. Therefore: Each
¢ 18 measurable.

Having proved the 7;,...4, measurable, we may, as in C, define in D
the class Dy of finite-dimensional sets—those of the form -1--tkH for
k> 1and H € RF. If T is a subset of [0,1], let p[m:t € T] be the
class of sets rt'l,l,,tkH , where k is arbitrary, the t; are points of T', and

H € RF; these are the finite-dimensional sets based on time-points in
T. Then p[m;:t € T) is a w-system (see the argument in Example 1.3).
Let o[m:t € T| be the o-field generated by the real functions m; for
t € T it is also generated by the class p[m:t € T).

Theorem 12.5. (i) The projections g and m are continuous; for
0<t<]l, m is continuous at x if and only if x is continuous at t.
(ii) Each ¢ is measurable D/R', and each .4, is measurable D/R¥.

(iii) If T contains 1 and is dense in [0,1], then o[ny:t € T] = D and
plm:t € T is a separating class.

PROOF. Only (iii) remains to be proved. By right-continuity and
the assumption that T is dense, it follows that 7o is measurable with
respect to o[m:t € T], and so we may as well assume that T contains
0. For each m, choose points sg,...,s, of T in such a way that 0 =
80 < -+ < s = 1 and max(s, — sy—1) < m~}, and take g, = {s,};
here k and the s,, are functions of m. For a = (aq,...,a) in R¥t!, let
Vo be the element of D taking the constant value y,—1 on [sy-1, s4),
1 < u < k, and taking the value oy at t = 1. Clearly, V;,: R¥t1 —
D is continuous (relative to the Euclidean and Skorohod topologies)
and hence is measurable with respect to R**1/D. Since 7.5, is
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measurable o[m;: t € T/ R+, the composition Vi, mg,... s, is measurable
o[m:t € T]/D. But this composition is just the map Ao, of Lemma
3, which is therefore measurable o(m:t € T]/D. Since d(z, 4,5, ) <
m~1Vw!(m~1) by the lemma, £ = limy, A,,, = for each z. This means
[M10] that the identity function is measurable o[m::t € T]/D, which
implies D C o[m;:t € T). Since p[m:t € T is therefore a m-system
generating D, it is a separating class. O

It follows from Lemma 4 that w'( -, ) is D-measurable. Since the
functions in D are right-continuous, the supremum in (12.27) is un-
changed if 3, t, to are restricted to the rationals; since the individual
7; are D-measurable, it follows that w”(-,8) is also D-measurable.

Random Functions in D

Just as in the case of C, the finite-dimensional distributions of a proba-
bility measure P on (D, D) are the measures P7"t_1~1~-tk- Since the projec-
tions are not everywhere continuous on D, there is this difference with
C: P, = P does not always imply Pnﬂ't_l.l--tk = Pmy, '1"tk; see the next
section. On the other hand, D is like C in that if the finite-dimensional
distributions do converge weakly, the measures on D they come from
may not; in fact, Example 2.5 applies to D just as well as to C.

If (2, F,P) is a probability space and X maps 2 into D, then X
is a random element of D—in the sense that it is measurable 7 /D—
if and only if each X;(w) = m(X(w)) defines a random variable; the
argument is as for C (see p. 84). Finally, each coordinate function
mi(z) = z(t) = z; can be viewed as a random variable on (D, D) (p.
86).

The Poisson Limit*

A probability measure P, on D describes a Poisson process with rate
« if the increments are independent under P, and have Poisson distri-
butions:

)
(12.38) Pz —z,=i] = e-a(t-8>(°‘(ti—_'s)).
To prove the existence of such a measure, first construct the corre-
sponding random function: Call a function in D a count path if it is
nondecreasing, takes integers as values, and has jumps of exactly 1 at
its points of discontinuity. Let D, be the set of count paths. The idea
is that the elements of D, are the possible paths for a point process,
a process that counts events. Take a Poisson process [X;:0 < t < 1],
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arrange that each sample path X(-,w) lies in D, [PM.297], and let P,
be the distribution of X(w).

The following theorem shows that weak convergence to P, is just a
matter of the convergence of the finite-dimensional distributions. Let
P,,, P be probability measures on (D, D).

Theorem 12.6. Suppose that E € D and Ty is a countable, dense
set in [0,1]. Suppose further that, if z,z, € E and z,(t) — z(t) for
t € Ty, then z, — x in the Skorohod topology. If P,E = PE =1 and
Pn“'t—l,l.-.,tk =n Pﬂ'{l’l‘__,tk for all k-tuples in Ty, then P, =, P.

The set D, of count paths satisfies the hypothesis on E, as will be
shown.

PROOF. The idea is, in effect, to embed E in R* with the product
topology; see Example 2.4. Let Ty = {t1,t2, ...} and define m: D — R®
by n(x) = (z(t1), z(t2),...). If m is the natural projection from R
to RF, defined by (21, 22,...) = (21,...,2), then m7 is the natural
projection 7y,...¢, from D to R*. Therefore, 7r‘1(7r,:1H) = 7rt"1_1_,tkH €D
for H € R¥, and since the sets W;IH , the elements of R?, generate
R, it follows that 7 is measurable D/R*®.

For A C D, define A* = n=}(mA)~. Then A* € Dand A C A*. Ifz
lies in (ANE)*, so that 7z € (m(ANE))~, then there is a sequence {z, }
in ANE such that 7z, — 7wz. If x also lies in E, then by the hypothesis,
zp, converges to x in the Skorohod topology. Therefore, (AN E)*NE
is contained in the closure A~ of A in the Skorohod topology. Since
int_l.l__tk =n wt'l,l,_tk by hypothesis, and since m,..;, = 7, we have
Pn7r"17rk_ Vo P7r‘17r; 1 But since in R® weak convergence is the
same thing as weak convergence of the finite-dimensional distributions,
it follows that P,m~! = Pr~! on R®. Therefore, if A € D,

lim sup P, A < limsup P, A*
n n

= limsup P~} (1A)~ < Pr}(nd)” = PA*.

n
And now, since P,E=PE=1and (ANE)*NEC A",
limsup P, A =limsup P,(ANE)
n n
SPANE)*=P((ANE)*NE)< PA™.

Therefore, P, = P. m|
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It is not hard to see that the set D, of count paths is closed in
the Skorohod topology. Let Ty be any countable, dense set in {0, 1],
and suppose that z,z, € D, and that, for each ¢t in Ty, z,(t) — z(¢)
(which means that z,(t) = z(t) for large n). A function in D, has only
finitely many discontinuities; order those for z: 0 < t; < -+ <t < 1.
For a given ¢, choose points u; and v; in Tp in such a way that u; <
t; < v, v; — u; < €, and the intervals [v;_1,u;] are disjoint. Then, for
n exceeding some ng, T, agrees with x over each [v;-1,u;] and has a
single jump in each [u;, v;]. If Ay (in A) carries ¢; to the point in [u;, v;]
where ,, has a jump (and is defined elsewhere by linearity, say), then
sup, [Ant — t| < € and xp(Ant) = 2(t). Therefore, z, converges to z
in the Skorohod topology, and so D, satisfies the hypothesis on FE in
Theorem 12.6.

Example 12.8. Suppose that, for each n, £,1, . . ., €xn are indepen-
dent and take the values 1 and 0 with probabilities a/n and 1 — a/n.
Define a random function X" by X' (w) = Y, . ,.; éni(w). Then X™ has
independent increments; since X — X? has the binomial distribution
for |nt] — |ns] trials, with probability of success a/n at each, it has in
the limit the Poisson distribution with mean a(t — s). It follows easily
from the theorem that X™ = P,. This can be extended in various
ways, for example to the (Aw) of (3.34) and (3.35). m]

Problems

12.1. Let D* be the class of functions on [0, 1] that have only discontinuities of
the first kind in (0,1) and have right-hand limits at 0 and left-hand limits at
1. Convert D into a pseudo-metric space in such a way that (i) x and y are
at distance 0 if and only if they agree at their common continuity points and
at 0 and 1, and (ii) D is isometric to the standard quotient space (see Kelley
(41], p. 123).

12.2. Under the Skorohod topology and pointwise addition of functions, D is not a
topological group.

12.3. The set C is nowhere dense in D.

12.4. Put
wy (8) = sup  sup {we(t1,t) Aws(t, t2)}.
ta—t1 <6t <t<ty
Show that "
wy () = sup inf  {wz(t1,t) Vwz(t,t2)}
ta—t1<S t1<t <ty
and
we (8) < wZ'(6) < 2wy (6).
12.5. Suppose that £ is uniformly distributed over [%, %], and consider the random
functions

X =2y, X" =lgn-1q+ figpn-1,-



138 THE SPACE D

Show that X™ # X, even though X{;...;, = X¢;-¢, for all ¢4,...,tc. Why
does Theorem 12.6 not apply?

SECTION 13. WEAK CONVERGENCE AND TIGHTNESS
IND

Prove weak convergence in function space by proving weak convergence
of the finite-dimensional distributions and then proving tightness—this
was the technique so useful in C, and we want to adapt it to D. Since D
is separable and complete under the metric d°, a family of probability
measures on (D, D) is relatively compact if and only if it is tight, and
so there is no difficulty on that point. On the other hand, the fact
that the natural projections are not continuous complicates matters
somewhat.

Finite-Dimensional Distributions

For probability measures P on (D, D), denote by Tp the set of ¢ in [0, 1]
for which the projection m; is continuous except at points forming a
set of P-measure 0. Since my and m; are everywhere continuous, the
points 0 and 1 always lie in Tp. If 0 < t < 1, then 7y is continuous at
z if and only if z is continuous at ¢, and it follows that ¢t € Tp if and
only if PJ; = 0, where

(13.1) Jp = [z z(t) # z(t-))].

(This equivalence holds only in the interior of the unit interval: 0 lies
in Tp, and each function z is continuous at 0; 1 lies in Tp, but an x
may or may not be continuous at 1.)

An element of D has at most countably many jumps. Let us prove
the corresponding fact that PJ; > 0 is possible for at most countably
many t. Let Ji(e) = [z:|z(t) — z(t—)| > ¢]. For fixed, positive ¢ and
8, there can be at most finitely many ¢ for which P(J;(¢)) > 6, since
if this held for infinitely many distinct ¢,, then P(limsup,, J;, (€)) > 6
would follow, contradicting the fact that for a single z the saltus can
exceed € at only finitely many places. Since P(Ji(e¢)) T PJ; as € | 0,
the result follows:

The set Tp contains 0 and 1, and its complement in [0,1] is at
most countable.

If ty,...,tx all lie in Tp, then m,..;, is continuous on a set of P-
measure 1, and it follows by the mapping theorem that

(13.2) P,=P
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implies

-1 -1
(133) Pn7rt1---tk = P7rt1~--tk‘

If some ¢; lies outside Tp, then (13.3) may not follow from (13.2): Take
P to be a unit mass at Ijp;) and P, to be a unit mass at Ijg s1n-1).

Here is the analogue of Theorem 7.1:

Theorem 13.1. If {P,} is tight, and if Pyt , = Pr;l, holds
whenever t1,...tx all lie in Tp, then P, = P.

PROOF. By the corollary to Theorem 5.1, it is enough to show
that, if a subsequence { Py, } converges weakly to some @, then ) must
coincide with P. Assume that P, =; Q. If t;,...,% lie in Tp, then
Pnf"t_l-lutk = P7rt_1,1,,t,c by the hypothesis of the theorem. If ¢;,... %
lie in Ty, then Pni7"t_1-1~~tk = Qﬂ.t_l'l"tk by the assumption. Therefore,
if t1,...,tg lie in Tp N T, then P7rt_1,1_tk = th_l'l"tk' But by Theorem
12.5, this implies that P = @, because Tp N Ty contains 0 and 1 and
has countable complement—since Tp and Ty both do. ]

Tightness

The analysis of tightness in C began with a result (Theorem 7.3) which
substituted for compactness its Arzeld-Ascoli characterization. Theo-
rem 12.3, which characterizes compactness in D, gives the following
result. Let {P,} be a sequence of probability measures on (D, D).

Theorem 13.2. The sequence {P,} is tight if and only if these
two conditions hold:
(i) We have

(13.4) lim limsup Py[z: ||z]| > a] =0.

a—0o0 n
(ii) For each ¢,

(13.5) lim lim sup P, [z: w,(6) > €] = 0.
§ n

PRroOF. Conditions (i) and (ii) here are exactly conditions (i) and
(ii) of Theorem 7.3 with ||z|| in place of |z(0)] and w’ in place of w.
Since D is separable and complete, a single probability measure on D
is tight, and so the previous proof goes through. O
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There are two convenient alternative forms for (13.4). The first
controls ||z|| by controlling |z(t)| for the individual values of ¢, the
second by controlling |z(0)| and j(z) (defined by (12.8)).

Corollary. Fither of the following two conditions can be substi-
tuted for (i) tn Theorem 13.2:

(i) For each t in a set T' that is dense in [0,1] and contains 1,

(13.6) lim limsup Py,[z: |z(¢)| > a] =

a—00 n

(i) The relation (13.6) holds for t =0, and

(13.7) lim lim sup Polz:j(z) > o] =

a—o0

The proof will show that (i), ('), and (i”) are all equivalent in the
presence of (ii).

PRrOOF. It is clear that (i) implies (i') and (i”). It is therefore
enough to show that, in the presence of (ii), (i) follows from (i') and
also from (i”).

Assume (ji) and (i'). Let {to,...t,} be a §-sparse set for which
wylti—1, ) < W) ( )+ 1,4 < v. Choose from T points s; such that
0=3s <8 < <8 =1ands; —sj_; <¥b. (The t; depend on
z, but the s; do not) If m(z) = maxo<;<k |2(s;)|, then, since each
[ti-1,t;) contains an s;, ||z| < m(z) + wy(6) + 1. If (13.5) and (13.6)
hold, then there exist a § and an a such that P,[z: w(6) > 1] < n and
P,[z:m(z) > a] < n for large n. But then Pyfz:||z|| > a + 2] < 27 for
large n, which proves (13.4). Thus (ii) and (i) imply (i).

Assume (ii) and (i”). Let {t;} be the é-sparse set (depending on
x) described above. Now |z(t;) — z(ti-1)| < w,(6) + 1 + j(z), and
so max;<y |z(t:)| < |2(0)] + v(wi(6) + 1 + j(z)) and (since év < 1)
lzll < |z(0)| + 67 (wh(8) + 1 + j(z)) + wh(6). If (13.5) holds, there
is a 6 such that P,[z:w,(6) > 1] < 5 for large n. Further, if (13.6)
holds for ¢ = 0, and if (13.7) holds, then there is an a such that
Py[z:|z(0)| > a] < n and Pu[z:671(2 + j(z)) + 1 > a] < 7 for large n.
And then P, [z: ||z| > 2a] < 3n for large n. Thus (ii) and (i) imply (i).

O

We can use Theorem 12.4 in place of Theorem 12.3 here. In fact,
the inequalities (12.31) and (12.32) make it clear that we can replace
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(13.5) by the condition that, for each positive € and 7, there exist a é,
0 < § < 1, and an integer ng such that

(13.8) P, [z: |z(6) — z(0)
Pylz: |z(1-) — z(

for n > ng. As the next theorem shows, the second and third conditions
in (13.8) are automatically satisfied in the most important cases.

Theorem 13.3. Suppose that Pn”t_l-l--t,, = Pwt_l_l,,tk whenever the
t; all lie in Tp. Suppose further that, for every e,

(13.9) }EI%) Plz:|z(1) —z(1 - 6)| > €] =0,

and that, for positive € and 1), there exist a §, 0 < § < 1, and an ng
such that

(13.10) Pu[z:wn(6) > €] <n, n>no.

Then P, = P.

PROOF. We need only prove that {P,} is tight, and for this it is
enough to check (13.8) and (13.6) with Tp in the role of T. For each ¢
in Tp, the weakly convergent sequence { P,7; '} is tight, which implies
(13.6).

As for (13.8), we need consider only the second and third condi-
tions, since of course (13.10) takes care of the first one. By right-
continuity we have P[z:|z(6) — z(0)| > €] < n for small enough §; by
hypothesis, P,mg g = Pmy ; if 6 € Tp, and it then follows that the
middle condition in (13.8) holds for all sufficiently large n. With one
change, the symmetric argument works for the third condition. From
the fact that cadlag functions have left-hand limits at 1, it follows that
Plz:|z(1-) —z(1 — 6)| > €] = 0 as § — 0, and from (13.9) it follows
further that P[z: |z(1) —z(1—)| > €] = 0—that is, PJ; = 0. Therefore,
there is continuity from the left at 1 outside a set of P-measure 0, and
the symmetric argument does go through. a

Let ¢;: D — R? carry z to (z(t),z(1-)). One can replace (13.9)
in this theorem by the condition that Py, ! = Py; ! for t € Tp. But
some restriction on the oscillations near 1 is needed: Consider the case
where P, is a unit mass at I;;_,-1 ).
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Theorem 13.3 can be stated in terms of random elements of D; com-
pare Theorem 7.5. The second proof-of Theorem 7.5 makes very little
use of the general theory of weak convergence, and the convergence-in-
distribution version of Theorem 13.3 can be given a similar proof.'

Let X, and X be random elements of D.

Theorem 13.4. Suppose that X, = X. ThenP[X € C] =1 if
and only if j(X,) = 0.

PRroOF. By Example 12.1 and the mapping theorem, j(X,) =
j(X). And j(X) =0 if and only if X € C. ]

A corollary shows what happens if we use the conditions for weak
convergence in C.

Corollary. Suppose the conditions (7.6) and (7.7) hold for prob-
ability measures on (D, D). Suppose further that int_l,l,,tk = Pwt“l_l,,tk
forallty,...,ty. Then P, = P, and PC=1.

PROOF. The proof of Theorem 7.3 shows that condition (i) of The-
orem 13.2 holds, and by (12.7), condition (ii) holds as well. Therefore,
P, = P, or X, = X for the corresponding random functions. And
since j(Xp) < w(Xy, 6) for each 8, (7.7) implies that j(X,)=0. O

A Criterion for Convergence
Write Tx for Tp, where P is the distribution of X.
Theorem 13.5. Suppose that

(1311) (thivaXt?;;) =n (th"'-vxtk)
for points t; of Tx, that
(13.12) X1 —X1-6 =500,

and that, forr<s<t,n>1, and A >0,
1
(13.13)  PlXF = X7 AIXE = X 2 Al < 55(F() - F(r))*,

where 3> 0 and o > %, and F' is a nondecreasing, continuous function
on [0,1). Then X" =, X.

1 See Problem 13.1.
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There is a more restrictive version of (13.13) involving moments,
namely

(13.14) E[lX7 - X7 1*1X7 - X2|%) < [F(t) - F(r)]**.

ProoOF. By Theorem 13.3, it is enough to show that for each
positive € and 7 there is a é such that Plw”(X",6) > €] < n for all
n. We can prove this by applying Theorem 10.4 to each X", since the
paths are right-continuous and w”(X™,§) = L(X",6). Let T = [0,1]
and define p by u(s,t] = F(t) — F(s). With X™ in the role of v, (10.20)
is the same thing as (13.13). It follows by (10.21) that

Pl (X™,6) > ¢ < 25 u[0,1] sup p2V[t,t+26]
4P 0<t<1-26

= i—IEu[O, 1](wF(26))2a_17

where wr is the modulus of continuity. Since F' is uniformly continuous
and o > %, it is possible, for given € and 7, to choose § so that the
right side here is less than 7. g

For applications of Theorem 13.5, see the next section.

A Criterion for Existence*

These ideas lead to a condition for the existence in D of a random
element with specified finite-dimensional distributions. For each k-
tuple t1,...,tk, let pe, .4, let be a probability measure on (RF, RF),
and assume that these measures satisfy the consistency conditions of
Kolmogorov’s existence theorem.

Theorem 13.6. There exists in D a random element with finite-
dimensional distributions py,..s,, provided these distributions are con-
sistent; provided that, for t; <t < ty,

1
(13.15) pugy g2, [(w1, w, u2): Jlu—ug|Alug—u| > A < W[F(tz)—F(tl)]%,

where > 0, a > %, and F' is a nondecreasing, continuous function
on [0,1]; and provided that

(13.16) 1’1{3 privn[(ur,u2): lug —uy| > €] =0, 0<t<1l
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By right-continuity, (13.16) is in fact necessary for the existence of
such a random element of D.

PROOF. For each n, consider the points t} = i/2" fori =0,...,2",
and let X™ be a random function that is constant over each [t ,,¢T)
and for which (XZ,..., t’;n) has distribution p...t,,. Let Y™ be the
process X™ with the time-set cut back to T, = {t}. Let p, have mass
F(t?) — F(t?,) at t} for s = 1,...,2", and apply Theorem 10.4. By
(13.15),

1
PIYS = Y2 ALY = ¥ 2 A < g™ (Tn N (),

and it follows by (10.21) that

2K
PIL(Y™ 6) > €] < —gglin(Tn) sup  p2* YT, 0 (t,t + 26)).
€ 0<t<1-26

Suppose that 1 < s < t and t —s < §. Move r,s,t to the left
endpoints ', s', ' of the intervals [t? ;,tI') containing them (' =1 if
t=1). Then | XP—XP|A|XP—XD| = |YI-YIA|YF-Y]| and t' —s' <
6+ 27", It follows that, if 27" < §, then w”(X™,6) < L(Y™,26). And,
again if 27" < 6, un(Tn N[t,t +46]) S F(t+46+27") - F(t—27") <
wr(46 +2-27") < wp(66). Since p,(T,) = F(1) — F(0), we arrive at

Plw"(X™,6) 2 ] < %[F(l) —~ F(0)](wr(66))**~".

From the uniform continuity of F, it follows that, for given ¢ and 7,
there exists a 6 such that

(13.17) Pw’(X™ 6) > € <n

for n large enough that 27" < 6.
The distributions of the X™ will be tight if they satisfy (13.4) and
(13.8). If 2% < §, then

1X7) < max |X5-e| + w" (X", 6).

Since the distributions of the first term on the right all coincide for
n > k, it follows by (13.17) that (13.4) is satisfied.
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The first condition in (13.8) of course holds because of (13.17). To
take care of the second and third conditions, we temporarily assume
that, for some positive 6, h < §g implies

(13.18)  pon[(ur,ug)iur =ug) =1, pi—p1[(ur,u2):iu; =ug] =1.

Under this assumption, the second and third conditions in (13.8) hold,
so that {X"} is tight. Suppose that X is the limit in distribution of
some subsequence. Because of the consistency hypothesis, the distri-
bution of (X3,,..., X4, ) is ...+, for dyadic rational ¢;, and the general
case follows via (13.16) by approximation from above.

It remains to remove the restriction (13.18). For a §p < —%, take f(t)
to be 0 to the left of 6y, 1 to the right of 1 —§g, and (¢t —68p)/(1—26p) in
between. Now define vy,...4, as pg,..s, for s; = f(¢;). Then the vy, ...,
satisfy the conditions of the theorem with a new F, as well as the
special condition (13.18), so that there is a random element Z of D
with these finite-dimensional distributions. We now need only define
X by X(t)=Z(bo+t(1—26)) for 0 <t < 1. a

Ezxample 13.1. We can use this theorem to construct a random
function representing an additive process. Suppose that F is nonde-
creasing and continuous over [0,1], and for 0 < ¢t < 1, let 14 be a
measure on the line for which 14(R') = F(t). Suppose now that, for
s <t, vs(A) < 1n(A) for all A, so that v, — v4 is a measure with total
mass F'(t)— F(s). By the general theory [PM.372], there is an infinitely
divisible distribution having characteristic function

(13.19) ¢s,t(u) = exp /Rl (e — 1 — iux)m—12(1/t — v,)(dx);

the mean and variance are 0 and F(t) — F(s).

We are to construct a random element of D for which the incre-
ments are independent and X; — X has characteristic function (13.19).
Since ¢r ¢ = ¢r sPs t, the distributions specified for X, — X, and X;— X
convolve to that specified for X; — X,, and so the implied finite-
dimensional distributions are consistent. Further, by Chebyshev’s in-
equality and the assumed independence, the left side of (13.15) is at
most

1

S [F(t2) - F(t1))?.

%[F(t) — F(t1)]- %[F(t'z) - F)] <

And (13.16) follows by another application of Chebyshev’s inequality.
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In the case of Brownian motion, v; consists of a mass of ¢ at the
origin. If 14 consists of a mass of F(t) at 1, then (13.19) is the char-
acteristic function of a Poisson variable with its mean F(t) — F(s)
subtracted away. We can add the means back in, which gives a Pois-
son process with rate function F(t): The increments are independent,
and X; — X, has the Poisson distribution with mean F(t) — F(s). O

Problem

13.1. Prove Theorem 13.3 by the method of the second proof of Theorem 7.5. In
place of the M, of the previous proof, use the A, of Lemma 3 in Section
12.

SECTION 14. APPLICATIONS

This is a sampling of the applications of weak-convergence theory in
D. Of the results here, only Theorems 14.2 and 14.4 are used in later
proofs.

The identity map ¢ from C to D is continuous and is therefore
measurable C/D. If W is Wiener measure on (C,C), then Wil is
a probability measure on (D,D), and it is easy to see that W and
Wi~! have the same finite-dimensional distributions. From now on,
we denote this new measure by W rather than Wi~1; W will also
denote a random element of D having this distribution.

Donsker’s Theorem Again

Given random variables &£1,&2,... on an (2, F,P), with partial sums
Sp =&+ -+ + &, let X™(w) be the function in D with value

1
(14.1) Xi(w)= WSWJ (w)
at t. This random element of D (each X is measurable D/R!) is the

analogue of (8.5); it is slightly easier to analyze.

Theorem 14.1. Suppose the £, are independent and identically
distributed with mean 0 and variance 0. Then the random functions
defined by (14.1) satisfy X" = W.

ProOF. The proof in Section 8 that the finite-dimensional distri-
butions converge carries over with essentially no change. Since W is
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continuous at 1, we can apply Theorem 13.5. By independence,

E[1XF — XX — XPP) = —(lnt] = Lnta))([nta] ~ Lnt)
< (I_ntQJ — |_'nt1_| )2

n

for t;) <t < ty. If tg —t; > 1/n, the right side here is at most
4(ty — t1)%. If ts — t; < 1/n, then either ¢; and ¢ lie in the same
subinterval [(i — 1)/n,i/n) or else t and t2 do; in either case the left
side vanishes. Therefore, (13.14) holds for « = =1 and F(t) = 2t.0

The equations (9.2) and (9.10) through (9.14) can be derived as
before. Some functions of the partial sums S; can be more simply
expressed in terms of the random element of D defined by (14.1) than
in terms of the random element of C defined by (8.5). For example,
for z € D, let h(z) be the Lebesgue measure of the set of ¢ for which
z(t) > 0. Then [M15] h is measurable D/R! and is continuous on a set
of Wiener measure 1. If X™ is defined by (14.1), then h(X™) is exactly
n~! times the number of positive partial sums among S1,...,Sh_1,
which leads to a simple derivation of the arc sine law.

An Extension

Let X be the random function constructed in Example 13.1. Suppose

that, for each n, &u1,...,&pr, are independent random variables with
: 2 2 _ sk 2 — 2
mean 0 and variances o;,. Let s2, = > " 05 and M, = maxo,,,

and assume that s2, =1 and M, — 0. Let kn(t) be the maximum k

for which sflk < t, and define measures vy, ; and random functions X"
by

Vn,t(—oovx]= Z /; < glecdp’ thz Z Enk-
nkST

k<kn(t) k<kn(t)

If v ¢ converges vaguely to v; (in the sense that vy, ;(a, b] —, vi(a, b] if
n{a} = 1 {b} = 0), then it follows by the theory of infinitely divisible
distributions [PM.375] that XJ* = X;. Since vy ¢ — vy s then converges
vaguely to vy — v, for s < ¢, it follows also that X! — X7 = X, —
Xs; and by the independence of the increments, the finite-dimensional
distributions of X™ converge weakly to those of X.

We can easily prove that

(14.2) X" = X
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if we assume that »;(R!) = t and that, if m,, = miny crflk, then M,

Kmy, for some K. The variance of X{ — X7 is 3ok (o) <k<kn(t) Tok
(t — s+ My), and so

<
<

E[X7— X2 2 XE — XD < (t—t1+Ma)(ta—t+My) < (to—t1+2My,)>.

Now ty — t; > m, implies that the right side here does not exceed
(2K + 1)%(t3 — t1)?, while ty — t; < my, implies that the left side is 0.
This proves (13.14) for a = 8 = 1 and F(t) = (2K + 1)t, and (13.12)
holds because X; — X;_s has variance 6. Hence (14.2). This extends
Theorem 14.1 to triangular arrays satisfying the Lindeberg condition.
It also covers Example 12.3.

Dominated Measures

The random variables &, in Theorem 14.1 are defined on a space
(Q,F,P), and we can replace P by any probability measure Py ab-
solutely continuous with respect to it. Suppose, for example, that
Q = [0,1], F consists of the Borel subsets of [0, 1], and &, is the nth
Rademacher function: &,(w) = 2w, — 1, where w, is the nth digit in
the dyadic representation of w. Theorem 14.1 applies to {&,} if w is
drawn from [0, 1] according to Lebesgue measure, but this is also true
if w is drawn according to a distribution having a density with respect
to Lebesgue measure:

Theorem 14.2. Theorem 14.1 remains true if P is replaced by a
Po absolutely continuous with respect to it.

PROOF. Define X™ by

(143) Hw=s= ¥ &)

pn<i<nt

where the p, are integers going to infinity slowly enough that p, =
o(n). Since | X™ — X™|| < I, |€n|/0v/n, it follows by Chebyshev’s
inequality that (d is Skorohod distance)

(14.4) d(X™ X" < [X™ - X =0,

where this is interpreted in the sense of P (that is, P governs the
distribution of the £,). By Theorem 14.1,

(14.5) X" =W
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in the sense of P, and it follows by (14.4) and Theorem 3.1 that
(14.6) X"=>W

in the sense of P.

Let A be a W-continuity set (in D), temporarily fixed; (14.6) im-
plies that P[X™ € A] — W(A). Let Fy be the field of cylinders—
sets of the form [(¢1,...,&) € H|. If E € Fy, then, since p, — oo,
P([X" € A|n E) = P[X" € A]P(E) for large n, and therefore

(14.7) P([X™ € A|NE) — W(A)P(E).

Since the events [X™ € A] all lie in o(Fp), it follows by Rényi’s theorem
on mixing sequences [M21] that Po[X™ € A] — W(A). This holds for
each W-continuity set A, and so (14.6) holds in the sense of Py (as well
as P). Since P dominates Py, it follows that (14.4) holds in the sense
of Py (think of the -8 version of absolute continuity), and by another
application of Theorem 3.1, so does (14.5). a

Empirical Distribution Functions

The empirical distribution for observations & (w),...,&(w) in [0,1] is
defined as Fy(t,w) = n~1 3 1L [joq(&i(w)). Assume the &, are inde-
pendent and have a common distribution function F over [0, 1], and
consider the random function defined by

(14.8) Y (w) = Vn(Fa(t,w) - F(t)).

This describes the empirical process.

Theorem 14.3. If £1,&3,. .. are independent and have a common
distribution function F over [0,1], and if (14.8) defines Y™, then Y™ =
Y, where Y is the Gaussian random element of D specified by EY; =0
and E[Y:Y;] = F(s)(1 — F(t)) for s <t.

That such a random function Y exists will be part of the proof.

PROOF. We first prove the theorem under the assumption that
F(t) = t, in which case Y is the Brownian bridge W° (extended from
C to D). Let U be the number among &,...,&, that lie in {0,¢].
For 0 =ty <t < --- <t =1, the U} — U{_| have the multinomial
distribution with parameters t;—t;—_1, and it follows by the central limit
theorem for multinomial trials that the finite-dimensional distributions
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of the Y™ converge weakly to those of W°. By Theorem 13.5, it suffices
to prove that

(149)  E[|Yy — YY) - V%) < 6(t — t1)(t2 — ) < 6(t2 — 1)’

for t1 <t <ty

Letpy =t —t;,po=tp—tandps =1—p; —pg; for 1 <i < m,
let a; be 1 — p; or —p; as &; lies in (¢;,¢] or not, and let 3; be 1 — po
or —ps as & lies in (t,t2] or not. Then the first inequality in (14.9) is
equivalent to

(14.10 £[(Ya) (28)] < onorpe
i=1

i=1

Since Ea; = EB; = 0, considerations of symmetry show that the left
side of (14.10) is

nE[ad B3] + n(n — 1)E[aF]E[BF] + 2n(n — 1)E[c151]Elazfy]-

And now (14.10) follows from

E[afB7] = p1(1 — p1)°p3 + papi(l — p2)? + papip3 < 3pipa,
E[e?]E[63] = p1(1 = p1)p2(1 — p2) < p1p2,
E[a181]E[aaf2] = pip < p1pa.

That proves the theorem for the uniform case. The quantile func-
tion ¢(s) = inf[t:s < F(t)] satisfies ¢(s) < t if and only if s < F(¢).
If 1, is uniformly distributed over [0, 1], then ¢(n,) has distribution
function F, and so we can use the representation &, = ¢(n,), where
the 7, are independent and uniformly distributed.

If Gn(-,w) is the empirical distribution for 7;(w),...,n(w) and
ZMw) = /n|[Gr(t,w) —t], then Z™ = W*° by the case already treated.
But Fp(t,w) = Gp(F(t),w), so that Y™ as defined by (14.8) satisfies
Y w) = Z5y(w). Define ¢:D — D by (yz)(t) = z(F(t)). If 2,
converges to z in the Skorohod topology and z € C, then the conver-
gence is uniform, so that ¢z, converges to ®¥x uniformly and hence
in the Skorohod topology. From the mapping theorem and the fact
that Z™ = W°, it follows that Y" = ¢(Z") = (W°); since ¥(W°) is
Gaussian and has the means and covariances specified for Y, the proof
is complete. ad
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For an example, apply the mapping theorem:

x/ﬁsgp |Fu(t,w) — F(t)| = sup Y (w)| = sup Wl

If F is continuous, the limiting varable here has the same distribution
as sup, |W;|—namely that given by (9.40). If F(t) = ¢, we can also
apply (9.39) through (9.43).

Random Change of Time

If S,,/o+/n is approximately normal for large n, and if v is a random
index that is large with high probability, then perhaps S,/cv/n or
Sy/o+/v will be approximately normal. Since S,/o\/n = o i X"
is defined by (14.1), this leads to the question of what happens to a
random function if the time scale is subjected to a random change, a
question best considered first in a general context.

Let Dy consist of those elements ¢ of D that are nondecreasing and
satisfy 0 < ¢(t) < 1 for all . Such a ¢ represents a transformation of
the time interval [0, 1]. We topologize Dy by relativizing the Skorohod
topology of D. Since Dy € D, as is easily shown, the o-field Dy of
Borel sets in Dy consists of the subsets of Dy that lie in D [M10]. For
z € D and ¢ € Dy, the composition z o @, with value z(¢(t)) at ¢, is
clearly an element of D. Define 9: D x Dy — D by

(14.11) ¥(z,6) =z 04

then [M16] v is measurable D x Dy/D.

Let X be a random element of D and let & be a random element
of Dy. We assume X and @ have the same domain, so that (X, ®) is a
random element of D x Dy with the product topology [M6]. If X o &
has value X (w) o ®(w) at w—that is, if X 0® = (X, ®)—then X o ® is
the random element of D that results from subjecting X to the time-
change represented by ®. Suppose that, in addition to X and ®, we
have, for each n, random elements X™ and ®"—of D and D¢—having
a common domain (which may vary with n).

Lemma. If (X", ®") = (X, ®) and P[X € C] =1, then X"o®" =
Xod.

PROOF. This will follow by the mapping theorem if we show that
1 (defined by (14.11)) is continuous at (z,¢) for z € C. Suppose that
zn, — ¢ and ¢, — ¢ in the Skorohod topology, and choose A, € A in
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such a way that ||\, — I|| — 0 and ||¢n — ¢As|| — 0. Then, since z lies
in C,
[Tndnt — 2PAnt| < [Zndnt — TPnt| + |zdpt — TPARE]
< |zn — 2|l + wz(l|¢n — #Anl]) — O. a
Return now to a consideration of sums S, = & + --- + &,. Let v, be

positive-integer-valued random variables defined on the same space as
the &,. Define X™ by (14.1), and define Y™ by

1
(14.12) Y (w) = ————=Sun () (@) = X" (w).

0/ n(w)
Theorem 14.4. If
(14.13) — =0,

where 8 is a positive constant and the a, are constants going to infinity,
then X™ = W implies Y™ = W.

PROOF. There is no loss in generality in assuming that 0 < § < 1
(this can be arranged by passing to new constants a,) and that the a,
are integers. Define

_ [tm(w)/an fry(w)/a, <1
14.14 P (w) = " " n n ’
( ) t(@) { to otherwise.
Since
(14.15) sup [®7 — t4) 5’ n_g ‘=> 0,

t Qn

the Skorohod distance from ®" to the element ¢(t) = 6t of Dy goes to
0 in probability. Because of the assumptions X" = W and a,, — oo
it follows by Theorem 3.9 that (X%, ®") = (W, ¢) and hence by the
lemma above that X% o ®" = W o ¢. If
1
Ri(w) = msm(w)tj (w),
then X% o ®" and R"™ have the same value at w if v,(w)/a, < 1,

the probability of which goes to 1 by (14.13) and the fact that 6 < 1.
Therefore, R* = W o ¢. Now

1 1 a
sup | Z5REw) = Y |=| 75 = [ [ sup [RE ) = 0
and hence Y™ = 8~'/2(W o ¢). Since this limit has the same distribu-
tionas W, Y" = W. a
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Of course, Y™ = W implies S,, /0,/V, = N, as well as an arc sine
law and limit theorems for maxima and so on. Since the hypothesis
requires only (14.13) and X™ = W, it applies to various dependent
sequences {£,}.

If the limit in (14.13) is not constant, we need more specific as-
sumptions about the £,. Again define Y™ by (14.12).

Theorem 14.5. Suppose £1,&2, ... are independent and identically
distributed with mean 0 and variance o. If

(14.16) ’ g \=> 0,
an

where 8 is a positive random variable and the a, are constants going
to infinity, then Y™ = W.

PROOF. Assume first that there is a constant K such that 0 < 6§ <
K with probability 1. We may adjust the a, so that they are integers
and K < 1.

If we define ®" by (14.14), and if ® is the random element of Dy
defined by ®; = 6t, then (d is the Skorohod distance) d(®",®) = 0.
From this and (14.16), it follows that the distance in Do x R! between
(®",v,/n) and (®,6) goes to 0 in probability, and it follows by the
corollary to Theorem 3.1 that

(14.17) (", vn/an) = (@, 6).

Define X™ by (14.3), where p, — oo and pn, = o(n). As before, we
have (14.4) and(14.6)—and hence X% = W—and (14.7) holds for E
in the field Fy of cylinders. And now, by (14.17) and Theorem 3.10,

(X%, ", vy /an) = (W, ®°,6°)

in the sense of the product topology on D x (Do x R!), where 6° is
independent of W and ®; = 6°t. By (14.4),

(Xan’ an Vn/an) = (W$ Qov 90)-
The mapping that carries the point (z,¢,a) to a~/2(z o ¢) is
continuous at that point if x € C, ¢ € Dy, and a > 0. By the mapping

theorem, therefore,

(Un/an) Y2 (X% 0 ") = (6°)"Y2(W 0 @°).
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Since 6° and W are independent, (§°)~Y/2(W o &°) has the same dis-
triubtion as W. Moreover, (vp/an)~2(X% o ®°) coincides with Y™
if up/an < 1, the probability of which goes to 1 because K < 1. Thus
Y™ = W if 8 is bounded.

Suppose # is not bounded. For positive u, define 8, = 6 and
Vyun = vy if 8 < u, and define 8, = u and vy, = apu if § > u. Then,
for each u, |vyn/an — 0y} = 0 as n — oo, and by the case already
treated, if .

Y w) = Ws[uu,n(w)tj (w),
then Y%" =, W. Since P[Y*" # Y"] < P[# > u], it follows by
Theorem 3.2 that Y = W. O

Renewal Theory

These ideas can be used to derive a functional central limit theorem
connected with renewal theory. Let 71,72, ... be positive random vari-
ables and define

k
(14.18) vy = max [k: Zm <t, t>0;
i=1
take vy = 0 if t < ;. If 9 is the length of time between the occurrences
of the (k — 1)st and kth events in a series, then v; is the number of
occurrences up to time ¢.
We assume the existence of positive constants y and o such that,
if
1 [nt]
X w)=——%= (w) —
#(w) s ;(m(w) 1),

then X" = W. This will be true if, as in the usual renewal setting,
the n, are independent and identically distributed with mean x and
variance o2. Define Z" by
vnt(w) — nt/p
ZMw) = L L
t ( ) 0'[14_3/2\/5

Theorem 14.6. If X" = W, then Z" = W.

PROOF. We assume in the proof that > 1, since this is only a
mater of scale. We first show that

(14.19) sup

0<v<Ly

u
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The hypothesis X" = W implies
1 t)
(14.20) sup - ‘ Zm — ut ‘=>s 0,
i=1

0<t<s S

since replacing s~ by s~1/2 would give convergence in distribution.
By the definition (14.18), v, > ¢ implies let:Jl 7; < v. Therefore,

implies

(14.21) sup
0<t<u(p=l+e) ' 5

Similary, if € < p~1, then

implies

Lt]

(14.22) sup Zm — ut ‘2 LUE.
O0<t<u(p—1-¢) ' ;47

By (14.20), the probabilities of (14.21) and (14.22) go to 0 as u — oo,
which proves (14.19).

Put
n _ Jun(w)/n if vn(w)/n <1,
®f (w) = {t/ I otherwise.

By (14.19), 8" = ¢, where ¢(t) = t/u, so that, by the lemma (p. 151)
again, X" o ®" = Wo ¢. Let

Vin(w)

Yiw) = ﬁ—; > (mlw) — w);

i=1

Y™ = X"0®" if v, /n < 1, the probability of which goes to 1 by (14.19)
and the assumption y > 1. Therefore, Y™ = W o ¢.
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By the definition (14.18),

nt — Uvnt <Ym 4 Mng+1
t — =

Tovw <o

From max;<n |7i|/v/n = 0 it follows that sup,<; |ny,.+1]/0v/n = 0,
which in turn implies that, if

v <

nt — Wnt

oyn

then R" = W o ¢. Therefore, u!/2R* = W (recall that ¢(t) = t/u),
from which Z™ = W follows because of the symmetry of W. a

Rp =

Problems

14.1. Let
1 1
e =Ty +Inza, 6= 50y 6a(t) = i z—n-1120) + 5Tz

Show that ¢, — ¢ (in the Skorohod topology) but that zo ¢, #4 zo¢. Relate
this to the lemma in this section.

14.2. Under the hypotheses of the Lindeberg-Lévy theorem, there are limiting dis-
tributions for

(@) n™¥23 70 ISk,
(1423) ¢ (b) n 2 Y0, SE,
(€) n Y ming,<p<n Sk, 0< B <1

Construct the relevant mappings from D to R' and prove that they are mea-
surable and continuous on a set of W-measure 1. For the forms of the limiting
distributions, see Donsker 18] for (a) and (b) and Mark [47] for (c).

14.3. Let £, be the Rademacher functions on the unit interval, and let P be Lebesgue
measure, so that Theorem 14.1 applies. Show that the requirement in Theo-
rem 14.2 that Py be dominated by P is essential: The therorem fails if Py is
a point mass or (more interesting) if Po is Cantor measure.

SECTION 15. UNIFORM TOPOLOGIES*

In this section we use the weak-convergence theory for the ball o-field
(Section 6) to prove two results in empirical-process theory.
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The Uniform Metric on D[0,1]

Let d be the Skorohod metric on D and let © be the uniform metric
there:

(15.1) u(zr,y) = [z -yl = sup [z(t) — y(®)!.

Clearly u is finer than d; and in fact, since u(I[s1, {[,1)) = 1 for s # ¢,
the u-topology is not separable. If D is the o-field of d-Borel sets, and
if Dy is the class of finite-dimensional sets as defined above Theorem
12.5, then, by that theorem, D = o(Dy); and since D is d-separable,
D coincides with the d-ball o-field Dy.

Let Uy and U be the ball and Borel o-fields for the uniform metric
u. The five classes of sets are related by

(152) D():D:O'(Df):L{oCU,

where the inclusion is strict. We have already noted the first two
equalities. For the third equality, observe first that the closed u-ball
By(z,€)” is by right-continuity the intersection over rational r of the
Dy-sets [y: z(r) —e < y(r) < z2(r) +¢|, so that Uy C 0(Dy). The reverse
inclusion will follow if we prove for each ¢ and « that

(15.3) [z:mi(z) = z(t) > o] = Un Bu(zp,n)”

for an appropriate {z,} depending on ¢t and a. If t < 1, take z, =
a+(n+n~H] [t,t+n-1)- 1t is easy to show that the right side is contained
in the left side. Suppose on the other hand that z(t) > « and choose n
so that z(s) > a+n~! for s € [t,t +n~!) and [z(s)| < n— || for all s;
that |z(s) — xn(s)| < n for all s then follows by separate consideration
of the cases where s does and does not lie in [t,t + n7L). If ¢t = 1,
take T, = a+ (n+n~1)Ij; and use a similar argument. Hence (15.3),
which proves the right-hand equality in (15.2).

Let B be the class of ordinary Borel sets in [0,1] and define ¢ :
[0,1] = D by ¢(t) = Ij;,3)- For each s and a, o Hz:z(s) < af lies
in B, and since the finite-dimensional sets [z:z(s) < a] generate D,
¢ is measurable B/D. But ¢ is not measurable B/U, because the set
A =y Bul6(t), %) is u-open for each H, while ¢~ A = H need not
lie in B. This proves that the inclusion in (15.2) is strict.

Consider next the empirical process, the random function Y de-
fined by (14.8) for random variables £; on a probability space (2, F, P).
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Now Y™ is a random element of D with the Skorohod metric d, because
it is measurable F/D. But Y" is not a random element of D with the
uniform metric v (is not measurable F/U), as follows by essentially
the same argument that proves the inclusion relation in (15.2) to be
strict. By Theorem 14.3, Y™ = Y, and so, if P, is the distribution on
D of Y™ and P is the distribution on D of Y, then P, = P holds in
the sense of d:

(15.4) P,= P red.

Since these measures are defined on Uy, one can ask whether there is
weak® convergence in the sense of Section 6:

(15.5) P, =°P reu.

But here Theorem 6.6 applies. Since (15.2) holds, and since d-
convergence to a point of the separable set C of continuous functions
implies u-convergence, it is enough to ask whether C supports P, which
is true if the distribution function F' common to the &; is continuous.
For in that case, j(Y") = 1/4/n (see (12.8)), and Theorem 13.4 implies
that PC = P[Y € C] = 1. Therefore, (15.4) and (15.5) both hold. As
explained in Section 6, (15.5) contains more information than (15.4)
does.

A Theorem of Dudley’s

Let (T,h) be a compact metric space and let 7 be the Borel o-field
for T. Take M = M(T) to be the space of all bounded, real, T-
measurable functions on T, with the metric u defined (on M now) by
(15.1). Note that, for T = [0,1], M is much larger than D[0,1]. In
Theorem 15.2 below, h will be the Hausdorff metric [M17] on the space
T of closed, convex sets in the unit square. But for now, (7, h) can be
any compact space. Let C' = C(T') be the space of continuous functions
on T'. Since an element of C is measurable 7 and is bounded because
of compactness, C is a closed subset of M. And C is separable: For
each integer q, decompose T into finitely many 7-sets Ay of diameter
less than 1/q. Consider the class of functions that, for some g, have a
constant, rational value over each Ag; it is countable, and it is dense
in C because the continuous functions are uniformly continuous.

Let Mg and M be the ball o-field and Borel o-field for (M, u). We
can define the modulus of continuity for elements of M in the usual
way:

(15.6) wz(6) = w(z,8) = sup |z(s) — z(t)|.
h{s,t)<é
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It is easy enough to see that w(-,§) is u-continuous and hence M-
measurable, but conceivably it is not always Mo-measurable.f On the
other hand, || - || is obviously Mg-measurable.

Let P, be probability measures on (M, My), and let P} be the
corresponding outer measures (on the class of all subsets of M).

Theorem 15.1. Suppose that for every 7 there exist an a and an
ng such that
(15.7) P,z [z]| = a] < n, n > ng.
Suppose further that for every € and n there exist a 6 and an ngy such
that
(15.8) PXz:wg(6) > €] < 7, n > ng.
Then {P,} is tight, and C supports the limit of every weak®ly conver-
gent subsequence.

This, of course, looks like Theorem 7.3. The outer measure in
(15.8) covers the possibility that the set in question does not belong to
the o-field My on which the P, are defined. In order to prove Theorem
15.1, we need a generalization of the Arzela-Ascoli theorem.

Lemma. A set A in M is relatively compact if

(15.9) sup ||z|| < oo
z€A
and
(15.10) lim sup wz(6) = 0.
§—0 zeA

In Theorem 7.2, it was sufficient to control |z(0)| (see (7.3)), but
(15.9) is needed here; consider T' = {a,b} and A = [z:z(a) = 0]. It is
a consequence of (15.10) that A~ is in fact contained in C.

PROOF. Since T is compact by assumption, it contains a countable,
dense subset Tp. Given a sequence {z,} in A, first use (15.9) to replace
it by a subsequence along which z(t) converges to a limit for each ¢ in
Ty. Given €, choose 6 so that w,(6) < € for all z in A, and choose in Tj
a finite 6-net {¢1,...,t;} for T. Finally, choose ng so that m,n > ng
implies that |z, (i) — zn(t;)| < € for each i. For each s in T, there is
an i such that h(s,t;) < 6 and hence |zp(s) — z,(t;)| < € for all n. But
then, m,n > ng implies [£m(s) — zn(s)| < 3e. Thus {z,} is uniformly
fundamental and hence converges uniformly to a continuous function
onT. a

! Whether this can in fact happen seems to be unknown.
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PRrROOF OF THEOREM 15.1. We must show that, for each ¢, M
contains a compact set K with the property that, for each positive ~,
P,K" > 1—¢ for all large enough n. Given the e, first choose an a and
an ng such that @ > 1 and

(15.11) Pz ||z]| = a] £ -26— for n > ny.

Then choose a sequence {a;} such that 0 < a;4+1 < o; and a sequence
{no(4)} of positive integers such that ng < ng(i) and

(15.12) Py [:z: we () > 211] < 2i for n > ny(7).
And now define

(15.13) 8 = a;i-l 9‘3—'

(a>1) and

(15.14) K = [z 2l < a5 wa(6) < o, i 21]

This, a compact subset of C because of the lemma, is our K.

Let B and B; be the sets in (15.11) and (15.12). Given +, choose
m so that 1/2™~! < 4 and take G = B° N[\, BS and npy =
maxXi<m no(i). By (15.11) and (15.12), the inner measure (P,)« satisfies
(Pp)«(Gm) 21— € for n > np,. If we prove that

(15.15) Gm C K7,

then P, K" > (Pp)«(Gm) > 1 — € will hold for n > n,,, which will
complete the proof. (In the application below, Theorem 15.2, we have
P,K < P,C =0, and so we definitely need the K7, not just K.)
Fix an z that lies in G,,. Then z satisfies
“:L‘” S a, wm(ai) S 1/2’ fOI'i S m.
To prove (15.15), we must find a 2z such that
(15.16) z€ K, |z = z|| < 7.

If h(s,t) > aj, then |2(s) — z(t)| < 2a < 2ah(s,t)/a; = h(s,t)/26;.
And if h(s,t) < o; and i < m, then |z(s) — z(¢)| < 1/2'. Therefore, for
all s and ¢,

1
(15.17) j2(s) - o()] < 5 [1 v
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Choose a finite set T}, in T with the properties that (i) h(s,t) > ém,
for distinct s and t in T, and (ii) for each s in T we have h(s, t) < é, for
some t in T,. (If we choose points one by one to satisfy (i), we must,
by compactness, end with a finite set satisfying (ii).) If s and ¢ are
distinct points of Tp,, then, since h(s,t) > ém, (15.17) for i = m gives
|z(s) — z(t)| < h(s,t)/2™8,,, which of course also holds if s = ¢. This is
a Lipschitz condition for the function z restricted to Tp,, and [M9] the
restricted function can be extended to a function z that is defined on
all of T, has the same bound, and satisfies the same Lipschitz condition
for all sand ¢ in T

(15.18) Izl <a,  [2(s) - 2(8)] <

This is our 2.

Since ||z|| € a, z € K will follow if we show that w,(6;) < 3/2¢
for all ¢. If i > m and h(s t) < 6i, then by (15.18) and the fact that
2t6; is decreasing, |z(s) — z(t)] < h(s,t)/2™ém < h(s,t)/2'6; < 1/2%
Now suppose that i < m and h(s,t) < 6;. Choose points s, and t,, in
Ty such that h(s,sm) < 6m and h(t,ty) < 6n. Since h(s, sm) < 6m,
(15.18) gives |z(s)—z(sm)| < h(s,8m)/2™6m < 1/2™ < 1/2¢. Similarly,
|2(t) — 2(tm)] < 1/2*. And since h(Sm,tm) < 6 +26m < 36; < a; and 2z
agrees with x on Thy,, |2(sm) —2(tm)| = |2(sm)—2(tm)| < we(a;) < 1/2%
And now the triangle inequality gives |z(s)—z(t)| < 3/2¢, and so z does
lie in K.

For the other condition in (15.16), it will be enough to show that
|z(s) — z(s)| < 2/2™ for all s. Choose from Ty, an s, such that
h(s,sm) < 0m. From xz(spy) = z(sp) it follows that |z(s) — 2(s)| <
|z(s) — z(sm)| +|2(sm) ~ 2(8)|. Since x € Gy, and h(s, 5m) < 6y < o,
we have [z(s) — 2(sm)| < wg(am) < 1/2™. And from (15.18) it follows
that |2(sm) — 2(s)| < h(sm,s)/2™6y < 1/2™.

It remains to show that, if P,, =° P, then PC = 1. Since C is
closed and separable, it lies in My (Lemma 1, Section 6). Each of
the compact sets K constructed above is contained in C, and since
P,KY > 1— 4 for large n, P((C")~) > P((K")™) 2> limsup,, P,K"” >
1—¢ Let y— 0 and thene — 0: PC =1. |

Empirical Processes Indexed by Convex Sets

Let T be the space of closed, convex subsets of Q = [0,1]%, and let h be
the Hausdorff metric [M17} on T: (T, h) is a compact metric space. Let
T, M, C, Mgy, and M be the specializations to this case of the spaces
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and classes of sets defined above. Define the projection my,.....: M — RF
in the usual way: m,..4,(z) = (z(t1),...,2(tx)). And let M; be the
class of finite-dimensional sets, those of the form Wa.l..tkH for H € R*.
Note that (M, u) is not separable.

First, m; is measurable Mg/R!. To prove this, it is enough to
verify (15.3) (same symbols in a new context), where now z, = o +
(n+n~1)I. Since {t} is h-closed and hence lies in 7, z, € M. That
the right side of (15.3) is contained in the left is again easy. If z(t) > o,
choose n so that z(t) > a+n~! and |z(s)| < n — |a| for all s; to show
that |z(s) — zn(s)| < n for all s, consider separately the cases s = ¢
and s # t. Since each 7 is Mg-measurable,

(15.19) o(My) C Mg C M.

Let M’ be the set of y in M that are continuous from above in the
sense that, if ¢, | t in the set-theoretic sense, then y(t,) — y(t). There
is [M18] a countable set Tp in T such that, for each ¢t € T, there exists
a sequence {t,} in Tp for which ¢, | ¢. From this it follows that

(15.20) M' N By(z,r)” = (| (M’ N [y:]y(t) - 2(8)| < 7).
teTo

Suppose that (2, F,P) is a probability space and Z:Q — M; let
Z(t,w) = m(Z(w)). Call Z a random element of (M, M) if it is
measurable F/Mg—Dbecause M is not separable, My, not M, is the
relevant o-field here. If Z is a random element of (M, M), then, by
(15.19), each Z(t, -) is a random variable (measurable F/R!). Sup-
pose, on the other hand, that Z(t, -) is a random variable for each ¢
and that Z(-,w) lies in M’ for each w. Then, by (15.20),

[w: Z(-,w) € By(z,7)7) = [w: Z(-,w) € M' N By(z,7)7]
= mteTo[w:x(t) —-r < Z(t,w) < z(t) + 7],

and therefore Z is a random element of (M, Mp).

Suppose that &;,&s,... are independent two-dimensional random
vectors on (2, F, P), each uniformly distributed over Q. Suppose that
&i(w) € Q for each 7 and w, and define p,(w) = pn(-,w) by

n

(15.21) () = = S L(EW)), teT.

i=1
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Of course, p,(t,w) is well defined for arbitrary subsets ¢ of @, and if
it is restricted to the o-field of ordinary Borel subsets of @, it is a
probability measure. But we restrict it further to the class T'. Since
pn( - ,w) is the restriction of a probability measure, it lies in M’, and
since each p,(t, ) is a random variable, p, is a random element of
(M, Mp). And if X is Lebesgue measure on the Borel subsets of @,
then

(15.22) X™Mt,w) = vVolun(t,w) — A1), teT

defines another random element of (M, My).

Theorem 15.2. There is a random element X of (M, Mg) such
that X™ =° X; and X € C with probability 1.

Of course, X™ =° X means that the corresponding distributions
on My satisfy P, =° P.

PRrROOF. By the multinomial central limit theorem, the random
vector ((X™(t1),...,X™(tx)) has asymptotically the centered normal
distribution with covariances A(t; Nt;) — A(¢;)A(t;). Suppose we can
verify the hypotheses of Theorem 15.1. It will follow by Theorems
6.5 and 15.1 that every subsequence of {P,} contains a further subse-
quence that converges weak®ly to a limit supported by C. We showed
above that 7y is measurable Mg/R!, and it is obviously u-continuous.
Therefore, each 7y, 4, is measurable Mo/Rk and wu-continuous. If
Py, =5¢ P, then it follows by Theorem 6.4 that Py, ;" , = Pr; !,
and hence that P7rt—1.1..tk is the normal distribution specified above.

Since C C¢ M’ (t, |t implies h(t,,t) — 0 [M17]), (15.20) holds if
M’ is replaced by C. Therefore, CNBy(z,r)” € 0(M;NC) and hence
MoNC C a(MsNC): MyNC is a 7-system which generates MoNC'. It
follows that, if P and @ are two probability measures on (M, My), and
if PC=QC =1and P7r,.'_1_1_,t’c = Qﬂ-a'l“tk for all #1,...,tg, then P = QQ.
This means that there is only one limit for the weak®ly convergent
subsequences—the one having the normal distributions specified above
as its finite-dimensional distributions. Since this will complete the
proof, it is enough to verify the hypotheses of Theorem 15.1.

Assume for the moment that (15.8) holds, and consider the 6 and
ng corresponding to an € of 1, say. Let ¢;,...,%; be a é-net. Since
the finite-dimensional distributions converge, there is an a such that
Plmax;<k | X7}| > a] < n for all n. But then P[||X™|| > a + 1] < 27 for
n > ng, and (15.7) follows. It is therefore enough to verify (15.8).
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Preliminaries: Let A™(s,t) = |X™(s) — X™(t)|. Since (&) — It(&;)
has variance at most A(sAt), Bernstein’s inequality [M20] gives (z > 0)

2

[_2(/\(sAt) + x/ﬁ)]'

Let T}, be the 27™-net T(2™™) constructed in [M18]; the number Ny,
of points (sets) in T,y satisfies

(15.23) P[A"(s,t) > z] < 2exp

(15.24) log Ny, < AV27mlog 2™ < Bm2™/?

for constants A and B. For each t in T, let ¢/, and t/, be the sets in
[M18(32)]:

(15.25) b CEC L, Atw —tn) <27™,  h(t,th) <2™™,

for each m, the t;, and t}, are functions of t. There are Ny, pairs ¢/,
tr.. Fix a 0 in the range 1 < 6 < 1, and define a function m = m(n)
by m = [(26log2)~!logn|. Then

(15.26) 20m < /n < 20(m+1) % <f<1.

The next step is to show that (¢, is a function of #)
(15.27) P! [m: sup |z(t") — z(t)] > e] —n 0
teT
for each e. We have

A1) = Valun(th — £) = At — )| < Vapa(t — t) + _;/_j
vn 2./n

< Vpn(tm — t) + om S At tr) + —m
and the last term goes to 0 by (15.26). Let C, be the maximum of
A™(tp, tyy,) for t ranging over T'. Since there are only Ny, pairs (¢,,,t7 ),
it follows by (15.23) through (15.26) that

e2

2(2-m 4 ¢/20m)

P[Cr > €] < 2exp [Bm2m/2 - ] -y, 0.

This implies (15.27).
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Because of (15.27), (15.8) will follow if we prove that

(15.28) lim lim supP[ max A"(s” tm) > e] = 0,
B n h(s,t)<6

where the supremum has become a maximum (and there are no mea-

surability problems) because T, is finite. We prove (15.28) by the

method of chaining. We take § = 27*, where k will be specified later.

Suppose that m > k, and consider the chain of transitions

Sm = Smo1 = Sk = g Dt D b = Dt — b

To bound the increment in (15.28), we add the increments across the
links of the chain:

(15.29) Smotm) Y AT,
k<z<m
+An(s t;c, Z An t:,’t1+1
k<i<m
Define
— Y Do = AP (¢!

Fn(é) h(I.Isl,?))ééA (sm7tm)7 ni rt%aj,x (tz’tl—l)’
Epp= max A™(sy,ty)
nk h(sit,) <ok (Sk )

Note that Fy(6) = Fn(27%) = E, m(n)- By (15.29),

n
(1530) Fn(é) < 2 Z Dni + Enka
i=k+1

and we can treat the terms on the right separately.

The number of possible pairs (t],t)_,) in Dy; exceeds N;, because
for each 7 in T; there are several ¢t in T for which 7 = ¢/, and these
different t's can give different values for ¢t/ ;. But the numbser of these

pairs is certainly bounded by N2. By (15.25), A(t/At!_;) < A(t/At) +
AtAt! ) < 2762 If § < m, then \/n > 2%, and (15.23) and (15.24)
imply

4

o 1
(15.31)  P[Dp; 2 i7%] 5Nf-2exp[—2(2_(i_2) +i—2/2”i)]

< 2exp[—b,2%] for i < m,
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where b; is a positive constant independent of i.

If h(s,t) < 27, then [M17(30)], A(sAt) < 45-27% and hence, by
(15.25), A(s?Aty) < 47-27F. Suppose that k < m and use (15.23) and
(15.24) again:

62
204727k + e/20k)]
< 2exp[—b2e2%%] fork < m,

(15.32) P[En. > €] <NZ- 2exp[

where by is independent of k¥ and e. Given €, choose k large enough
that 3 ;5 i~2 < €. Since (15.31) and (15.32) both hold if k < i < m,
it follows by (15.30) that

m
P[Fn(27%) > 3¢ < Z 2 exp[—b12%"] + 2 exp[—b2e2%F).
i=k+1

Increase the sum here by requiring only i > k. By further increasing
k, we can ensure that the right side is less than 7. Therefore, for each
¢ and 7, there is a k, such that, if § = 27%, then P[F,,(6) > 3¢] < n for
n large enough that m > k. This proves (15.28). 0

If the index set T in Theorem 15.2 is replaced by the smaller set
consisting of the rectangles [0,u] x [0,v] for 0 < u,v < 1, the theo-
rem then has to do with the distribution of two-dimensional empirical
distribution functions: The methods touched on in this section have
implications for empirical-process theory.

SECTION 16. THE SPACE D]0,c0)

Here we extend the Skorohod theory to the space Do, = D[0,00) of
cadlag functions on [0, 00), a space more natural than D = D[0,1]

for certain problems. This theory is needed in Chapter 4 but not in
Chapter 5.

Definitions

In addition to D, consider for each t > 0 the space D, = D[0,¢]
of cadlag functions on [0,t]. All the definitions for D; have obvious
analogues for Dy: ||z|l; = sup,<; |(s)], A¢, A5, @8, di. And all the
theorems carry over from D; to D; in an obvious way. If z is an
element of D, or if z is an element of D, and ¢t < u, then z can also
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be regarded as an element of D; by resticting its domain of definition.
This new cadlag function will be denoted by the same symbol; it will
always be clear what domain is intended.

One might try to define Skorohod convergence z, — z in Dy, by
requiring that dg(z,,z) —n 0 for each finite, positive ¢ (z, and z re-
stricted to [0,t], of course). But in a natural theory, zn = I[g1_1/n]
will converge to x = Ijg) in Deo, while dj(zn,z) = 1. The problem
here is that z is discontinuous at 1, and the definition must accommo-
date discontinuities.

Lemma 1. Let z, and x be elements of D,. If d5(zp,z) —pn O
and m < u, and if T is continuous at m, then d3,(zn,z) —n 0.

PROOF. We can (Theorem 12.1) work with the metrics d,, and d,,.
By hypothesis, there are elements A, of A, such that ||A, — I||, —5 0
and ||z, — zAn|lu —n 0. Given ¢, choose 6 so that |t — m| < 26 implies
|z(t) — z(m)] < €/2. Now choose ng so that, if n > ng and t < u,
then |Apt — t| < 6 and |z,(t) — z(Mt)| < €/2. Then, if n > ng and
|t — m| < 6, we have |Apt — m| < |Apt —t| + |t — m| < 26 and hence
|zn(t) — z(m)| < |zn(t) — z(Ant)| + |2(Ant) — z(m)| < €. Thus

(16.1) sup |z(t)—z(m)|<e, sup |zp(t)—z(m)| <€, for n > ny.
[t—m|<6 [t—m|<é

If (i) Anm < m, let p, = m—n~1Lif (ii) Aym > m, let p, = A} (m~
n~1); and if (iii) A\ym = m, let p, = m. In case (i), [p, —m| =n"1;in
case (i), |pn —m| < A1 (m—n"1) - (m—n"1)|+n~!; and in case (iii),
pn = m. Therefore, p, — m. Since |A\ypn —m| < |Aapn —pp|+|pn —m|,
we also have App, — m. Define u, € Ay, so that pst = Ayt on [0, py]
and ppm = m; and interpolate linearly on [p,,m]. Since p,m = m
and pyp is linear over [p,,m|, we have |unt — t| < |Anpn — pm| there,
and therefore, p,t — t uniformly on [0,m]. Increase the ng of (16.1)
so that p, > m—6 and \yp, > m—6 forn > ng. If £ < p,, then
|zn(t) — z(pnt)| = [2n(t) — 2(Ant)| < ||Zn — zAn|lu. On the other hand,
ifpp, <t<mandn>mng, thenm>t>p, >m—6 and m > pnt >
UnPn = Appn > m — &, and therefore, by (16.1), |z,(t) — z(unt)| <
|zn(t) — z(m)| + |2(m) — z(pat)] < 2¢. Thus |zp(t) — z(pnt)] — 0
uniformly on [0, m]. m]

The metric on Dy, will be defined in terms of the metrics df,(z, y)
for integral m,! but before restricting  and y to [0, m], we transform

t In what follows, m will be an integer, although the m in Lemma 1 can be
arbitrary.
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them in such a way that they are continuous at m. Define
1 ift<m-1,
(16.2) gm(t)z{m—t ifm-1<t<m,
0 ift > m.
For z € Dy, let 2™ be the element of D, defined by
(16.3) z™(t) = gm(t)z(t), t20.

And now take

oo

(16.4) doo(z,y) = ) 2™ Adp (@™, y™).

m=1

If d3 (x,y) = 0, then d},(z,y) = 0 and ™ = y™ for all m, and this
implies z = y. The other properties being easy to establish, d3, is a
metric on Dyo; it defines the Skorohod topology there. If we replace
dy, by dp in (16.4), we have a metric do equivalent to d2,.

Properties of the Metric
Let A be the set of continuous, increasing maps of [0, co) onto itself.

Theorem 16.1. There is convergence d3,(zn,z) — 0 in Dy if
and only if there ezxist elements A\, of A such that

(16.5) sup |Apt —t| — 0
t<oo

and, for each m,

(16.6) sup |zn(Ant) — z(t)| — 0.
t<m

PROOF. Suppose that d3,(2n, z) and deo(zr, ) go to 0. Then there
exist elements AT of A,, such that

en =11 = Allm V 12527 — 2™ [lm —n 0

for each m. Choose I, so that n > I, implies € < 1/m. Arrange
that I, < lpm41, and for I, < n < g1, let my, = m. Since I, <n <
lm.+1, we have m, —, oo and €?» < 1/m,,. Define

o [t £t < m,
Tt A (my,) —my it > my,.
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Then | Ayt —t| < 1/my, for t > m, as well as for ¢t < my,, and therefore,
sup, [Ant — t| £ 1/my —n 0. Hence (16.5). Fix c. If n is large enough,
then ¢ < mp—1, and 5o ||zpAn—2||c = ||z ATn —2™n ||, < 1 /My —y, O,
which is equivalent to (16.6).

Now suppose that (16.5) and (16.6) hold. Fix m. First,

(16.7) o (Ant) = gm(Ant)zn(Ant) —n gm(t)z(t) = 2™ (t)

holds uniformly on [0, m]. Define p,, and py, as in the proof of Lemma 1.
As before, punt — t uniformly on [0,m]. For t < py, |™(t)—z™ (unt)| =
|z™(t) — z*(Ant)|, and this goes to 0 uniformly by (16.7). For the case
pn < t < m, first note that |z™(u)| < gm(u)||z||m for all v > 0 and
hence

(16.8) |2™(t) — 25" (knt)] < gm(E)|Zllm + gm{pnt)||Znllm-

By (16.5), for large n we have A,(2m) > m and hence ||zp|m <
|ZnAnl2m; and ||znAnll2m —n ||z]l2m by (16.6). This means that ||zn||m
is bounded (m is fixed). Given ¢, choose ng so that n > ng implies that
pn and p,p, both lie in (m — €, m], an interval on which gy, is bounded
by €. If n > ng and p, <t < m, then t and p,t both lie in (m — €, m)|,
and it follows by (16.8) that |z™(t) — 2™ (unt)| < €(||zl|m + ||Znllm)-
Since ||Zn||m is bounded, this implies that [z () —z5*(tnt)| —r 0 holds
uniformly on [p,,m] as well as on [0, pp]. Therefore, dp, (27, 2™) —, 0
for each m, and hence do(zn, z) and dS (zn,x) go to 0. O

A second characterization of convergence in Dyg:

Theorem 16.2. There is convergence d3 (zn,z) — 0 in Do if
and only if d3(zn,z) — 0 for each continuity point t of x.

This theorem almost brings us back to that first, unworkable defi-
nition of convergence in Dy,.

ProoF. If d3(zn,z) — 0, then df, (27, z™) —, 0 for each m.
Given a continuity point ¢ of z, fix an integer m for which t < m — 1.
By Lemma 1 (with ¢ and m in the roles of m and u) and the fact that
y and y™ agree on [0,¢], df(zn, z) = df (™, 2™) —, 0.

To prove the reverse implication, choose continuity points t,, of x
in such a way that t,, T co. The argument now follows the first part of
the proof of Theorem 16.1. Choose elements A7 of At in such a way
that

en = A0 = Iliem V lzn Ay’ — 2lt,, —n O
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for each m. As before, define integers m, in such a way that m, — oo
and €™ < 1/my,, and this time define A, € A by

g [Nt St
n t it >ty

Then |Apt — t| < 1/my, for all ¢, and if ¢ < ty,, then ||zpdy — e =
|Zzn AT — 2|, < 1/mp —p 0. This implies that (16.5) and (16.6) hold,
which in turn implies that d3 (zn,z) — 0. m]

Separability and Completeness

For £ € Do, define ¥,z as ™ restricted to [0,m]. Then, since
A2 (YmZn, Ymx) = dy(z', ™), ¥m is a continuous map of Dy, into
D,,. In the product space II = D; x Ds X ---, the metric p(a, ) =
o1 27™(1 A di,(am, Bm)) defines the product topology, that of co-
ordinatewise convergence [M6]. Now define ¥: Dy, — II by ¢z =
(Y12, Yoz, .. .):

Ym:Doo — Dy, %1 Do — 1L

Then d2 (z,y) = p(¥z,¢y): ¢ is an isometry of Dy, into II.
Lemma 2. The image 9Dy s closed in II.

PROOF. Suppose that z, € Dy and « € II, and p(¥z,,a) —, 0;
then d3,(z7, am) —n 0 for each m. We must find an « in Dy such
that a = yyx—that is, am = Y,z for each m.

Let T be the dense set of ¢ such that, for every m > t, au, is
continuous at . Since d5,(z7', am) —n 0, t € TN[0, m] implies z™(t) =
gm(t)zn(t) —n am(t). This means that, for every t in T, the limit
z(t) = lim, 2, (t) exists (consider an m > t + 1, so that g,(t) = 1).
Now gm(t)z(t) = am(t) on TN [0, m]. It follows that z(t) = ax(t) on
T N[0, m — 1], so that = can be extended to a cadlag function on each
[0, m — 1] and then to a cadlag function on [0,00). And now, by right
continuity, gm(t)z(t) = am(t) on [0,m], or Yz = 2™ = ay,. a

Theorem 16.3. The space Do, is separable and complete.

PROOF. Since II is separable and complete [M6], so are the closed
subspace YDy and its isometric copy Deo. 0

Compactness

Theorem 16.4. A set A is relatively compact in Do, if and only
if, for each m, Yy, A is relatively compact in Dy,.
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PRrOOF. If A is relatively compact, then A~ is compact and hence
[M5] the continuous image 1m A~ is also compact. But then, 1, A, as
a subset of ¢, A™, is relatively compact.

Conversely, if each ¢, A is relatively compact, then each (¢, A)~ is
compact, and therefore [M6] B = (1 4)~ x (¢2A4)” x --- and (Lemma
2) E = 9Dy, N B are both compact in II. But z € A implies Y,z €
(YmA)~ for each m, so that Yz € B. Hence A C E, which implies
that 1A is totally bounded and so is its isometric image A. a

For an explicit analytical characterization of relative compactness,
analogous to the Arzela-Ascoli theorem, we need to adapt the w'(z, §)
of (12.6) to Dy For an z in Dy, (or an z in Dy, restricted to [0, m]),
define

/ —_ . .
(16.9) wy,(z,8) = inf max w(z, [ti—1,ti)),

where the infimum extends over all decompositions [¢;—1,%;),1 < i < v,
of [0,m ) such that t; —t;_; > 6 for 1 <4 < v. Note that the definition
does not require t, — t,—1 > 6: Although 1 plays a special role in the
theory of D;, the integers m should play no special role in the theory
of Deo.

The exact analogue of w'(z,6) is (16.9), but with the infimum
extending only over the decompositions satisfying ¢; — t;,_1 > 6 for
i = v as well as for i < v. Call this w,,(z, §). By an obvious extension
of Theorem 12.3, a set B in D,, is relatively compact if and only if
supzep |1z]lm < oo and limgssup,ep w(z,6) = 0. Suppose that A C
Dy, and transform the two conditions by giving ¥, A the role of B.
By Theorem 16.4, A is relatively compact if and only if, for every m
(recall that Yz = z™),

(16.10) sup |2™||lm < 00
z€EA
and
(16.11) lim sup @, (z™, ) = 0.
6—0z€A

The next step is to show that (16.10) and (16.11) are together
equivalent to the condition that, for every m,

(16.12) sup ||z||lm < o0
z€A
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and

(16.13) lim sup w,,(z,6) = 0.
§—0z€A

The equivalence of (16.10) and (16.12) (for all m) follows easily because
2™ lm < |zllm < |2™||m+1. Suppose (16.12) and (16.13) both hold,
and let K, be the supremum in (16.12). If z € A and § < 1, then
we have |[t™(t)| < K6 for m — § <t < m. Given ¢, choose § so that
Kb < €/4 and the supremum in (16.13) is less than ¢/2. If z € A
and m — § lies in the interval [t;_1,t;) of the corresponding partition,
replace the intervals [t;—1,%;) for ¢ > j by the single interval {t;_1,m).
This new partition shows that @, (z,§) < €. Hence (16.11).

That (16.11) implies (16.13) is clear because wi,(z,6) < D (z, 6):
An infimum increases if its range is reduced.

This gives us the following criterion.

Theorem 16.5. A set A in Do, is relatively compact if and only
if (16.12) and (16.13) hold for all m.

Finite-Dimensional Sets

Let D,, and Dy be the Borel o-fields in Dy, and D, for the metrics
dS, and d2,. And let my,..4,: Do — R* (t; > 0) and Tty Dm — RF
(0 £ t; < m) be the natural projections. We know from Theorem 12.5
that each 7" is measurable D,,/R!; and v, is measurable Doy /Dy,
because it is continuous. But m; = 77"y, for ¢ < m — 1, and therefore
each 7 is measurable Doy /R' and each m, .+, is measurable Do, /RE.
Finally, the argument following (12.37) shows that g is everywhere
continuous and that, for ¢ > 0, m; is continuous at z if and only if z is
continuous at ¢.

Suppose that T C [0,00). Define ofm:t € T) in the usual way,
and let p[r;:t € T] be the m-system of sets of the form =, ', H for
k>1,t €T, and H € R*—the finite-dimensional Do,-sets based on
time-points lying in T

Theorem 16.6. (i) The projection my is continuous, and fort > 0,
m 18 continuous at x if and only if T is continuous at t.
(ii) Each m; is measurable Do /R*; each Ttyt, 05 measurable Do/ RE.
(ili) If T is dense in [0,00), then o[m:t € T| = Dy and p[m:t € T} is
a separating class.
PROOF. Only (iii) needs proof. If we show that

(16.14) Do C o[m:t € T,
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then there is actually equality, since each m; is measurable Do, /R!.
And (16.14) will imply that the 7-system p[mi:t € T generates Do
and hence is a separating class. The finite case of (16.14) is Theorem
12.5(iii), which applies to T, = (TN [0,m]) U {m}:

(16.15) Dy =o[n":t € Ty).

The problem is to derive (16.14) from (16.15).
If t < m, then

(16.16) Y (7™ H) = [z: 7" (Ymz) € H] = [z: gm(t)mez € H).

If t = m, then g, (t) = 0, and this set is D or @) according as 0 € H or
0 ¢ H—an element of o[m;: t € T in either case. If t < m, then (16.16)
is [x: mx € (gm(t)) "1 H], and this, too, lies in o[m;: t € T] (if H € RY).
Therefore, if A= (7/*)"'H and t € Ty, then ¥,;'! A € o[m:t € T]. By
(16.15), the sets A of this form generate Dy,, and it follows that v, is
measurable o[m:t € T|/Dp,.

Now d2,( -, @) is measurable Dy, /R! for each a in Dy, and so (com-
position) d2,(¥m(-), @) is measurable o[my:t € T|/R!, asis d°(-,y) =
3271 A dS(¥m( - ), ¥m(y))). This means that o[m:t € T] contains
the balls and hence (separability) contains Deu. ]

Weak Convergence
Let P, and P be probability measures on (Do, Doo ).

Lemma 3. A necessary and sufficient condition for P, = P (on
Do) is that Ppip,t =4 Pyl (on Dy,) for every m.

PROOF. Since ¥, is continuous, the necessity follows by the map-
ping theorem.

For the sufficiency, we also need the isometry 1 of D into II; since
1 maps Dy, onto ¥ Dy, there is the inverse isometry &:

Do 25 Dy, Do 5 TI, Dy < 9D

Consider now the Borel o-field P for II with the product topology
[M6]. Define the (continuous) projection (x:II — Dy X --- x Dy by
Ck(a) = (ay,...,ax), and let P; be the class of sets (; 'H for k > 1
and H € D; x -+ X Di. The argument in Example 2.4 shows that Py
is a convergence-determining class: Given a ball B(a,€) in II, take &
so that 27% < €/2 and argue as before (use Theorem 2.4) with the sets
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A, = B € I: d§(ai, B;) < m,i < k] for 0 < < €/2. And now argue as
in Example 2.6: 8¢y H = (;'0H for H € D; x -+ X Dy, and hence,
for probability measures Qp and @ on II, Qn(; S Q¢ ! for every k
implies @ = Q.

We need one further map. For v € D, let pp(v) = (e1,...,0x)
be the point of Dy X .-+ x Dy for which a;(t) = gi(t)y(t) on [0,4],
1=1,...,k

1= D1 X o+ X Dy, Dk D1 X+ X Dy,

The map py, is continuous: Suppose that v, — v in Dy; then g; - v, —
gi -y in D, and this is also true if the functions are restricted to [0, 4]
because g; - 7 is continuous at ¢ (use Lemma 1).

The hypothesis now is that Pn@bk_ =n Pwk_ (on Dk) for each k,
and by the mapping theorem this implies that Pnzpk p,c = Pwk 1 _1
(on Dy x -+ x Dy). Since pix = (k3 we have Pyyp~1( ! = Pyl pk
(on D) for each k. It follows by the argument given above that
Pyp~t = P! (on IT).

Extend the isometry { defined above to a map n on II by giving
it some fixed value (in D) outside the closed set ¥ Dy. Then 7 is
continuous when restricted to ¥ Dy, and since 9Dy, supports Py~?
and the P11, it follows by Example 2.10 that (1 is the identity on

Do) Py =Py~ 7t = Py~ In~l = P a

As in the case of D[0, 1], define Tp as the set of ¢t for which m; is
continuous outside a set of P-measure 0. As in Section 13, ¢t € Tp if
and only if PJ; = 0 where J; is the set of z that are disconinuous at t.
And as before, Tp contains 0, and its complement is at most countable.
For z in Dq, let 7,z be the restriction of z to [0,%].

We must prove that r; is measurable Dy, /D;. Define rfx as the ele-
ment of D; having the value z((¢—1)t/k) on [(i—1)t/k,it/k),1 < i < k,
and the value z(t) at ¢. Since the ;) are measurable Do /R!, it fol-
lows as in the proof of Theorem 12.5(iii) that r¥ is measurable Do, /D;.
By Lemma 3 of Section 12, d;(rfz,riz) < tk~! v wi(z, tk™1) — 0 for
each z in Dy,. Therefore [M10], r; is measurable.

Theorem 16.7 A necessary and sufficient condition for P, = P
is that Ppry HES Pr; ! for every t in Tp.

PrROOF. Given a t in Tp, fix an integer m exceeding t + 1; if
d3.(zn,z) — 0, then d, (z,,z) — 0, and if z is continuous at t, then
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it follows by Lemma 1 that d(rizp,r:2) — 0. In other words, the set
of points at which r; is continuous contains J{, and if P, = P and
t € Tp, then the mapping theorem gives P,r; o Pr; L

For the reverse implication, it is enough, by Lemma 3, to show that
P! = Py, Choose t so that t € Tp and t > m. Let 7y, be the
continuous mapping from D,, to D, defined by

= {0 5

Since tm = Ty, the mapping theorem gives Pyl = (Pory D7l =
(Pry )t = Pygt. o
Tightness

Here is the analogue of Theorem 13.2; it follows from Theorem 16.5 by
the analogous argument.

Theorem 16.8. The sequence {P,} is tight if and only if these
two conditions hold:
(i) For each m,

(16.17) lim limsup P,[z: ||z|lm > a] = 0.
n

a—00
{il) For each m and ¢,

(16.18) lim lim sup P, [z: w},(z,8) > €] = 0.
8 n

And there is the corresponding corollary. Let

(16.19) Jm(z) = sup |=(t) — z(t-)|.

Corollary. Either of the following two conditions can be substi-
tuted for (i) in Theorem 16.8:
(') For each t in a set T that is dense in [0, 00),

(16.20) lim limsup P,[z: |z(t)| > a] = 0.

a—o0 n

(i") The relation (16.20) holds for t = 0, and for each m,
(16.21) lim limsup P,[z: jm(z) > a] = 0.

a—00 n
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PROOF. The proof is almost the same as that for the corollary
to Theorem 13.2. Assume (ii) and (i’). Choose points ¢; such that
O=tog<ti<- - <ty=m,t;—t;_1 > 6for1 <i<wv—1 (perhaps not
for i = v), and wylti—1,t:) < wi,(z,6) +1 for 1 < i < v. Choose from
T points s; such that 0 = sp < 81 <--- < sy =m and 55 —8j-1 <
for 1 < j < k. Let m(z) = maxo<j<k |2(s;)|. If t, — ty—1 > 6, then
lzllm < m(z) + wi,(z,6) + 1, just as before. If t, — t,_1 < § (and
8 < 1, so that t,—; > m—1), then ||z||m-1 < m(z) +w),(z,8) +1. The
old argument now gives (16.17), but with ||z||,, replaced by ||z|m-1,
which is just as good.

In the proof that (ii) and (i”) imply (i), we have (v —1)§ < m
instead of v6 < 1. But then, v < mé 1 +1, and the old argument goes
through. O

Aldous’s Tightness Criterion

Let X™ be random elements of D,,. We need probabilistic conditions
under which the (distributions of the) X™ are tight. First, (16.17)
translates into

(16.22) lim limsup P[||X™||m > a] =0,

a—0o0 n
which must hold for each m. There is a useful stopping-time condition
that implies (16.18).

A stopping time for the process X" is a nonnegative random vari-
able 7 with the property that, for each ¢ > 0, the event [r < ¢] lies
in the o-field o[XT:s < t]. A stopping time also satisfies [r = t] €
o|X?:s < t]. All our stopping times will be discrete in the sense that
they have finite range. Consider two conditions.

Condition 1°. For each €, n, m, there erist a 6 and an ng such
that, if 6 < 6p and n 2> ng, and if T is a discrete X™-stopping time
satisfying T < m, then

(16.23) P X7y — X7 > d <.

Condition 2°. For each €, n, m, there erist a 6 and an ng such
that, if n > ng and 11 and T are X" -stopping times satisfying 0 <
71 < 19 < m, then

(16.24) PIX7, - Xnl>e -1 <6 <.
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Note that, if (16.24) holds for a value of §, then it holds for all
smaller ones.

Theorem 16.9. Conditions 1° and 2° are equivalent.

PROOF. Since 7 + ¢ is a stopping time, 2° implies 1°. For the
converse, suppose that 7 < m and choose 6y so that § < 28y (note the
factor 2) and n > ng together imply (16.23). Fix an n > ng and a
6 < bo, and let (enlarge the probability space for X™) @ be a random
variable independent of F* = ¢[X7:s > 0] and uniformly distributed
over J = [0,26]. For the moment, fix an z in Dy and points ¢; and ¢,
satisfying 0 < ¢; < t5. Let p be the uniform distribution over J, and
let I =[0,6], M; =[s € J:|z(ti +s) — z(t;i)| < €], and d = t3 — t;.
Suppose that

(16.25) th—1t1 <6
and
3
(16.26) w(M;) =P[8 € M;] > 7 fori=1andi=2.

If u(MaNI) < %, then u(Mp) < 3, a contradiction. Hence u(MaNI) >
1,and (0 < d < 8) p((Mz+d)NJ) > p((MaNI)+d) = p(MaNI) > 1.
Thus p(My) +u((Ma+d)NJ) > 1, which implies u(M;N (M3 +d)) > 0.
There is therefore an s such that s € M; and s — d € Ms, from which
follows

(16.27) lz(t1) — 2(t2)] < 2e.

Thus (16.25) and (16.26) together imply (16.27). To put it another
way, if (16.25) holds but (16.27) does not, then either P[§ € M{] > 1
or P[6 € Mg] > §. Therefore,

PIX7, — X5l > 2¢, 2 — 71 < 6]
2 2
1
<> P[PUXZ.o — XEI 2 llF"] > 4] <4)PUXE,6 - X2I 2 )
i=1

i=1

Since 0 < 8 < 26 < 26y, and since 8 and F" are independent, it
follows by (16.23) that the final term here is at most 87. Therefore, 1°
implies 2°. a
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This is Aldous’s theorem:

Theorem 16.10. If (16.22) and Condition 1° hold, then {X™} is
tight.

ProoF. By Theorem 16.8, it is enough to prove that

(16.28) lim lim sup P[w;,(X",8) > €] = 0.
) n

Let Aj be the set of nonnegative dyadic rationals j/2F of order k.
Define random variables 7, 7, ... by 70 = 0 and

7' =minft € AprL, <t <m, |XP - X7 [ 2],

with 7 = m if there is no such ¢. The 7' depend on €, m, and & as
well as on i and n, although the notation does not show this. It is easy
to prove by induction that the 7]* are all stopping times.|

Because of Theorem 16.9, we can assume that Condition 2° holds.
For given ¢, 17, m, choose §' and ng so that

PUXZ — X% |26, 1 =10y < 8] <7
for i > 1 and n > ng. Since 77* < m implies that | X7 — X7, 1| > €, we
have
(16.29) Plrf<m, =11, <8 <n, i>1,n>ne

Now choose an integer g such that g6’ > 2m. There is also a § such
that (increase ng if necessary) P[r!* <m, 7 =71, < 6] < n/qfori > 1
and n > ng. But then

q
(16.30) P(U[T,-" <m, -1 < 6]) <n, n2=no
i=1

Although the 7* depend on k, (16.29) and (16.30) hold for all k simul-
taneously.

By (16.29),
E[r' — ilqlry <m] 2 P[P -1ty 2 6’!7’;’ < mj

> 81—~ n/Plry <mj),

t Thisis easy because the 7] are discrete; proofs of this kind are more complicated
in the continuous case.
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and therefore,
q
m > E[rP|r <m] = E[rf — 777 <m] > ¢6'(1 — n/P[r" < m]).
i=1

Since g&’ > 2m by the choice of g, this leads to P[r} < m] < 2n. By
this and (16.30),

q
(16.31) P([T;‘ <m]U U[T[’ <m, -1, < 5]) < 3n,
i=1
for k>1,n>ng.

Let Ank be the complement of the set in (16.31). On this set, let
v be the first index for which 7]} = m. Fix an n beyond ng. There are
points t¥ (the 7") such that 0 =tf < .- <t:i =mand tF -tk > 6
for 1 < ¢ < v (but not necessarily for ¢ = v). And | X} — X?| < e if s
and t lie in the same [t¥ ;,t¥) as well as in Ag. If A, = limsupy, Ak,
then PA, > 1 - 3n, and on A, there is a sequence of values of k along
which v is constant (v < ¢) and, for each i < v, tf converges to some
t;, But then,0 =ty < --- < t, =m, t; —ti_y > 6 for i < v, and
by right continuity, | X7 — X7| < € if s and ¢ lie in the same [t;_1,;).
It follows that w;,(X™,8) < € on a set of probability at least 1 — 3n.
Hence (16.28). |

From the corollary to Theorem 16.8 follows this one:

Corollary. If, for each m, the sequences {XJ} and {jm(X™)} are
tight on the line, and if Condition 1° holds, then {X™} is tight.

Finally, Condition 1° can be restated in a sequential form: If 7,
are discrete X"-stopping times with a common upper bound, and if §,
are constants converging to 0, then

(16.32) " s, — XD =, 0.
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CHAPTER 4

DEPENDENT VARIABLES

SECTION 17. MORE ON PRIME DIVISORS *
Introduction

Section 4 treats, among other things, the asymptotic distribution of
the largest prime divisors of a random integer.! Here we study the
total number of prime divisors of a random integer and the number of
them in a given range, and we show that the limit is normal in some
cases and Poisson in others. And we prove the associated functional
limit theorems.

On the o-field of all subsets of = {1,2,...}, let P, be the prob-
ability measure corresponding to a mass of 1/n at m for 1 < m < n,
so that P,A is the proportion among the first n integers that lie in
A. And let E, denote the corresponding expected value. For each
integer a,

(17.1) 1.1 < Pp[m:a|m] = 1 LEJ < E :

a n nla a
the probability that a divides m is approximately 1/a for large n. By
the fundamental theorem of arithmetic, distinct primes p and ¢ indi-
vidually divide m if and only if their product does, and this, together
with (17.1), leads to the approximate equation

(17.2) Pn[m: plm, g|m] = Py[m:p|m] - Py[m: q|m],
the three probabilities having the approximate values 1/pg, 1/p, and

1/q. The events “divisible by p” and “divisible by ¢” are therefore
approximately independent, and similarly for three or more distinct

t The theory of Section 4 is not required here; it is used only in passing, for
comparison.

180
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primes, and this means that probability theory can be brought to bear
on problems of multiplicative arithmetic.

Let 6p(m) be 1 or 0 according as p divides m or not. By (17.2),
the 6, behave approximately like independent random variables. Now
the sum

(17.3) > b(m)

Un<p<Un

is the number of prime divisors p of m lying in the range u, < p < v,.
There are many theorems about sums of stictly independent random
variables, and many of these can be carried over to the arithmetic case.

A General Limit Theorem

Replace (17.3) by the more general sum

(17.4) falm) =) fa(®)8p(m), 1<m<n.
p<n

Consider independent random variables &, (on some probability space),
one for each prime p, that take the values 1 and 0 with probabilities

1 and 1 — p~!. The properties of the sum S, = Y p<n fn(P)ép can
serve as a guide to those of f,,. Define -

(1) =S B _gs,) 02 =3 2092 (1- ) = Vaslsi

p<n p<n

Assume that 02 > 0, at least for large n.

If m is drawn at random from {1,2,...,n}, then f, becomes a
random variable governed by P,. Write f, = & to indicate that this
random variable converges in distribution to £.

Theorem 17.1. Suppose there exist positive constants o, such
that

(17.6) 3 P o, Z | f(@)| = o(n%),

an<p<n " p<an

max | fa(p)| = O(0),
pPx0On

where the second relation holds for each positve €. If

e I COICED)EY:

ag ag
n npSn
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and the distribution of & is determined by its moments, then

arg) BB S (o) (6-3))=e

n n

The proof depends on the method of moments. Consider first an
application.

Ezample 17.1. Suppose that f,(p) = 1, so that f,(m) is the total
number of prime divisors of m. (Even though the function f, is the
same for all n in this case, the probability mechanism changes with n,
and so it is clearer to preserve it in the notation.) All that is needed
from number theory is the fact that there exists a constant c such thatf

1
(17.9) Z— = loglogz + c +o(1) = loglogz + O(1).
p<z

From this it follows that the p, and o, of (17.5) are each loglogn +
O(1). If a, = n!/18l8" then the first sum in (17.6) is logloglogn +
O(1), and the second is I_anj = o(n®): (17.6) is satisfied. Since o, — 00

and the random variables &, — 1/p are uniformly bounded, it follows

by the Lindeberg (or the Liapounov) central limit theorem that (17.7)

holds with N in the role of £&. Therefore, Theorem 17.1 gives the

striking result of Erdos and Kac:

Z( > p<n 6p — loglogn o N
\/Iog logn D Vioglogn

Dividing through by +/loglogn leads to the weak law of large numbers
of Hardy and Ramanujan:

1
(17.11) > G=1.
loglogn =

(17.10)

)=>N

a

PROOF OF THEOREM 17.1. We can assume that o, = 1 (pass
from fn(p) to fn(p)/on). Let

gn‘— :E: f% p, n - EE: fﬁ Ep) Vp = :E: fh —-EFT

p<an p<an p<lan

! Hardy & Wright (37), Theorem 427, or [PM.240].
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By the first condition in (17.6),

Gl -ml s 5 1[5 s 3 B,

an<p<n an<p<n p
ltn — vn| < Z M—M.
an<p<n p
Therefore, (17.8) is equivalent to
(17.12) gn = vn = &,

and similarly, (17.7) is equivalent to
(17.13) T, — vp = €.

It is therefore enough to show that (17.13) implies (17.12).
For each positive integer r,

r I} | "
(17.14) E[T] =) ﬁz fat(p1) - o (Pu)ELG; - - 5]
u=1 ) u

by the multinomial theorem, where 3’ extends over those u-tuples
T1,...,Ty of positive integers adding to r and 3" extends over the u-
tuples p1,...,py of primes satisfying p1 < -+ < py < an. And E,[g]]
is the same thing with

1

P1Pu

E[f;} o 5‘;] =E[&p, -+ &p) =

replaced by

1 n
Bt 852} = Enlt 8] = ||
u

Since these two expected values differ by at most 1/n, |E[T}|—E,[gl]| <
"_I(Zpga,. |fa(p))". Two binomial expansions, together with the sec-

ond condition in (17.6), now give

(17.15) [EL(Tx - v)'] — Enl(ga - )]
T n k T_
s;(k>%(p§n|fn(p)l) ol
= (T 1@l +nl) < (7 3 1)) =0

psa" PSan
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(Notice that the first condition in (17.6) requires large values for the
an, while the second requires small ones.)

By (17.13), if E[(T» — vn)"] is bounded in n for even r, then (see
(3.18)) E[(T, — vn)"] — E[€7] holds for all r. It will follow by (17.15)
that Ep[(gn — vn)"] — E[¢"] holds for all 7, which, by the method of
moments [PM.388], will in turn imply (17.12). If 5, = & — p~!, then

(17.16) E[(T — )] = E[( > f"(p)"")r]

p<Llan

—ZZ e IZ"  fnt (pu)Elmp; -]

u=1

Since the 7, are independent and have mean 0, we can require in S
that each r; exceed 1. If 3, is the maximum on the right in (17.6), then
Bn < B for some B, and if we take 8 > 1, then | f,(p)np|™ < 8" f2(p)n2
for r; > 2. Therefore, the inner sum on the right in (17.16) has modulus
at most

S EB 2] EB et ] < 67 ( Y FER2)

p<on

Now 1 =02 > > p<am f2(p)E[n2], and it follows by (17.16) that

T
r ! 7!
|E[(Tn —w)"]| < ;Z mﬁr < 00.

Thus |E[(T» — v»)"}| is indeed bounded for each r. a

This argument uses from number theory only the fundamental the-
orem of arithmetic. The applications of Theorem 17.1 require further
number theory—(17.9), for example.

Ezample 17.2. To prove the functional version of (17.10), we need
a slight generalization of the argument leading to it. Suppose that
SUpy p |fn(p)| < 0o and o, — oo. Then the central limit theorem
applies to Sy just as before. Take o, = n 1/o% Then the first sum in

(17.6) is log a2 + O(1) = o(0y); the second sum is O(n/7%), which is
o(n®) because o, — oco. Therefore, (17.6) holds, and we can conclude
that

(17.17) == Z(fn (5 - —)) = N. 0

p<n
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An example where the limit is Poisson:

Ezample17.3. Suppose that f, counts the prime divisors between
un and vy

(17.18) fo®) = L (@), fa(m)= D &(m).

Un <p<vn

Let ¢, = ¢(\) have the Poisson distribution with mean A. If

1
(17.19) Z 1—7 = A, vy =0(nf), up— oo,

Un <PSUn
where the second condition holds for each positive €, then the f,
in (17.18) satisfies f, = (). To prove this, first note that, since
maxy, <p<v, 1/p — 0 by the third condition in (17.19), it follows by
a standard limit theorem for the Poisson case [PM.302] that S, =
Zun <p<un &0 = COr And since p, and o2 go to ), it follows further
that (Sp — pn)/on = 1 = ({x — A)/VX. Apply Theorem 17.1 with
O, = Vp; the first and third conditions in (17.6) are obviously satisfied,
and the second condition in (17.19) implies the second one in (17.6).
Therefore, (f, — n)/on = 7, which in turn implies f, = ().

Let u, = €*** and v, = €'», where 0 < s < t. If ¢, — oo and
cn/logn — 0, then (17.19) holds for A = logt — log s (use the middle
member of (17.9)), and we obtain > [6,(m):sc, < logp < tcp] =
((logt—log s). To compare this Poisson case with the Poisson-Dirichlet
case (Section 4), take ¢, = loglogn:

log p
. : < — )
(17.20) S :[ap(m) 5 < ogloen S t] = ((logt — log s)

This magnifies what goes on just to the right of 0 in Theorem 4.5. O

The Brownian Motion Limit
Suppose as in Example 17.1 that f,(p) = 1. For 1 < m < n, define an
element X™(m) of D[0,1] by

(17.21) XP(m) = —0—\/1_;[_%—” > coortn (Bo(m) = }))

The reason for the range in the sum is this: Define a new fn(p) as 1 if
p < €'°8°™ and 0 otherwise; then the corresponding p,, and o2 of (17.5)
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are both tloglogn + O(1) by (17.9). The variance of X}* under P, is
therefore approximately ¢, the variance of W;.

Theorem 17.2. For the X™ of (17.21), X" = W.

PRroOF. It follows immediately from (17.10) that X7 = N. Sup-
pose that 0 < s < ¢t < 1, and apply Example 17.2 to

a ifp< elog’ n,
fap) =9 b ifelos’n < p < elog'n
0 otherwise.

Then the o of (17.5) is (a?s + b%(¢t — s)) loglogn + O(1), and (17.17)
gives

aX® +b(XP — X™) = (a%s + b2(t — 5))/2N.
Since the limit here has the same distribution as aWy + b(W; — W), it
follows by the Cramér-Wold argument that (X7, X — X?) converges

in distribution to (W,, Wy — W,). An extension shows that all the
finite-dimensional distributions of X™ converge weakly to those of W.

Define Y™ by (17.21) but with p further constrained by p < n'/4
in the sum. Then

Palll X" Y™ 2 <Pu[3 . (6+ %)z ey/loglogn| — 0

by Markov’s inequality (first order) and (17.9). Therefore, it is enough
to prove Y™ = W, and since the finite-dimensional distributions of Y
also converge to those of W, it is enough to show that {¥Y"} is tight.

Let r and s be positive integers, let U and V be disjoint sets of
primes, and consider the four sums

Su=) vl V=D b =32 b =3 b

We have (see (17.14))

B[Sy SV] = ZZZ rileeory '81' -8 'Z”pl

u=1v=1

*Duql

where Y~ extends over the u-tuples {r;} adding to r and the v-tuples
{s;} adding to s, and )" extends over the {p;} C U and {g;} c V
satisfying p1 < -+ < py and q1 < - < gy. And Ey[ff;f$] is the same
thing with the inner summand replaced by n=!|[n/p; - pugi - qu].
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Therefore, |E[ST;S5] — Enlf5fi]l < n~YU|"|V|%, where |U| and |V|
denote cardinality. This also holds if r = 0 or s = 0, and the proof is
simpler. Let a = ZpGU pland b= quv ¢~ !. By a double binomial
expansion,

(17.22) |E[(Sy - a)"(Sy — b)S] = Ex[(fu —a)"(fv = b)%)|

Z Z ( ) (j) U e | V|7b3~7

1-03 0

2r+s
=(Ul+a)([Vi+b)° <

— UV,

Take r = s =2 and W = UU V. Since we have E[(Sy — a)?] =
Zpeup‘l(l —~p~!) < a and similarly for Sy, it follows by (17.22) that

(use zy < (z + y)? and Schwarz’s inequality)
Ealfy — (v = 2] < (a+ ) + (W
16 2 1\ 2
<[+ T () 1w )

If @ < B < n'/* and W is contained in the set of primes in the range
a < p< g, then

Pullfv —al Alfv — b 2 Al
1 16 N2 17 142
= A [1 T n (Za<p5ﬁp)2] (ZaSpSﬂ 5) = F(Za@Sﬂ 5) '

Suppose that o < r < 8 < n!/4, and let U and V consist of the
primes in the ranges o < p < r and r < p < 3, respectively. The
preceding inequality gives

G Z G- (T )

a<p<pg

P"[ a<p<

Suppose now that A > 4, so that A/4 exceeds the maximum absolute
value of the summands é, — p~!. Apply Theorem 10.1 and then (10.6):

w2 e| T (-3 s (5 1)
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Let s2 = 2 p<z p~!. Change the definition of Y™: Normalize by
sn rather than y/loglogn. It is enough to prove tightness for the new
random functions Y. By (17.23), there is a constant K’, such that, if
a < B < n* and n is large enough that es, > 4, then

1 32 2,2
(17.24) P, [arg% ) (6,, _ l) ’2 esn] < 54(—2 - i;—) .

<8l L D et \s2 s

As 7 increases from 0 to n, s2 increases in jumps from 0 to s%, and
no jump exceeds 1. Therefore, for a given 6, if n is large enough
that s2 < 6, then there exist ap,...,q, such that, for ¢; = sai /82,
O=ty<t1 <+ <ty=1and § < t; —t;_; < 26 for each i < v. By
(17.24) and (7.11),

v
KI
Palw(Y",6) > 3¢) < Z Pn[ sup |YJ'— YR e] < 5—426

i=1 1;—1<8<t;

for large n. This proves tightness. ]

We can clarify the number-theoretic meaning of this theorem by
transforming (17.21). First, P,[m:loglogm < (1 — €)loglogn] — 0 by
(17.9). Therefore, if P, governs the choice of m,

log logm

17.2
( 5) loglogn

n

Let v, = me p~!; this is essentially s2, but we now regard it as an
approximate mean rather than variance. Define ®,(:,m) by

(17.26) ®,(0,m) =0; Dn(1,m)=1;

o, ( Y m) _ loglogp
Yms1' loglogn’

— b

and interpolate linearly between these points. It follows by (17.25) and
two more applications of (17.9) that

sup |®n(t,m)—t| =0,
0<t<1

and therefore, if I is the identity function on [0,1], then &, = I in
the sense of D[0,1]). By Theorem 3.9, (X", ®,) = (W, ), and by the
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lemma to Theorem 14.4, X" o0 ®, = Wol =W. But X" o ®,, is the
random function Z” defined by

(17.27) ?(m)z__\/rgllm 3 (5p(m)—%).

DYp/Ym+1 <t

Thus Z™ = W. We could also divide by +/loglog m—the result is the
same.

The random function Z" can be described this way: If t = v,/vm41,
then

(17.28) Zp(m) = ﬁ 3(6,0m) — g7 1);
q<p

and if p’ is the next prime after p, then Z"(m) is constant on the

interval [Yp/¥m+1, % /¥Ym+1], which has length proportional to p~!.

Suppose an idiot-savant successively checks the primes up to m in order to see
which ones divide m, the amount of time he devotes to p being proportional to
1/p—he calculates with ever-increasing fury. Call p “advantageous” with respect to
m if Zq <p 84(m) > ~yp; this means that, with respect to divisibility by the primes
preceding p, m is “more composite” or “less prime-like” than the average integer. If
¢’ is the product of the prime divisors of m that precede p, then p divides m if and
only if it divides m/q’, and the latter is easier to check than the former. The savant
knows all this. If p is advantageous, then ¢’ is likely to be large, which simplifies
the computational task and hence irritates the idiot (computation being his life).
The proportion 7,(m) of time he spends on advantageous (and to him vexatious)
primes is the Lebesgue measure of the set of ¢ in [0, 1] for which Z*(m) > 0, and
in the limit this follows the arc sine law (9.27). Since the corresponding density is
U-shaped, 1. is more likely to be near 0 or 1 than to be near the middle of [0, 1].
For example, for about 20% of the integers under n (n large), 7 > .9, for about
20%, T, < .1, and for only about 6% do we have .45 < 1, < .55.

Let ap(m) be the highest power of p that divides m. If we redefine Z™ by
substituting a,(m) for 6,(m) in (17.27), then Z" = W still holds. Indeed, if
Bp(m) = ap(m) — 8,(m), then P,[B, > k] = n™}np™*~1] < p™*~', and hence
EnlBp) < Y opeyp ¥t = (p(p — 1))7*. It follows that En[3, Bp] is bounded, and
therefore, by Markov’s inequality, Zp Bp/loglogn =, 0: The new Z™ does converge
in distribution to W.

We can now imagine that the idiot-savant finds for each successive p its ex-
act power in the prime factorization of m. Now he can quit after he has encoun-
tered the largest prime divisor pi(m) of m. By Theorem 4.5, log p1(m)/logm =
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xn{m) =>n X, where x has the density di(xz;1) as defined by (4.16). It follows that
loglogpi(m)/loglogm = 1 4+ log xn(m)/loglogm =, 1. Therefore, if the idiot
quits after encountering pi(m), he saves (to his satisfaction) very little time.

The skewing of the distribution of 7, toward the ends of [0, 1], as described
above, is even more pronounced if our idiot-savant spends the same amount of time
on each p: Let As be the set of z in D[0, 1] that are nonzero and have constant
sign over [1 — §,1]. For each € there is a 6 such that P[W € 4N C] > 1 — € (see
(9.28)). And by Theorem 2.1(iv) and the fact that A3 N C = As N C, it follows
that liminf, P,[Z™ € As] > P[W € A§] = PIW € AsNC| > 1 — ¢. The points of
discontinuity of Z"(m) are the ratios vp/¥m+1 = loglogp/loglog m, and the great
majority of these lie to the right of 1 — 8. In fact, if #(x) is the number of primes
up to z, then the proportion of the discontinuity points less than 1 — § is about
w(exp(log'~4 m))/m(m), and this goes to 0 in probability because n(z) is of the
order x/logz. Therefore, under the new regime for our idiot-savant, the limiting
distribution of 7, has mass } at 0 and mass ; at 1.

The Poisson-Process Limit

There is a functional limit theorem corresponding to (17.20). First,
transform the ratio there by taking its logarithm. If

un = expexp(s + logloglogn), v, = expexp(t+ logloglogn),
then

(17.29) Z[ép(m): s < loglogp — logloglogn < {]
= Y &m)=nl(t—s).

Un<p<vn

For each prime divisor p of m, place a point at log log p — log log log n.
If P,, governs the choice of m, this gives a point process on (—o00, 00).
Let X7*(m) be the number of points in (0,¢] for ¢ > 0 and minus the
number in (¢,0] for £ < 0. Then XJ*(m)— X7(m) is the sum in (17.29).

Now consider a Poisson process on (00, 00) with a constant intensity
of 1, and let X; be the number of points in (0,¢] or minus the number
in (t,0] ast > 0 or t < 0. Then X has independent increments, and
X — X, has the Poisson distribution with mean ¢ — s. Thus (17.29)
can be written as X* — X7 = X; — X,.

We can extend this in the usual way by the Cramér-Wold method.
Suppose that r < s < ¢, define r, = expexp(r — logloglogn), and
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define u,, and v, as before. Now define

Z fp? Srlrf = Z fp)

Th<p<Un Un<ptn
m)= Y &(m), fim)= D &m
T <p<ltn Un <p<vn

By the analysis above, S;, and f] converge in distribution to X, — X,
and S and f}/ converge in distribution to X; — X,. By independence,
Theorem 2.8(ii}, and the mapping theorem, S, = aS,, + S} = a(X, —
X)+b6Xe—Xs) =€ U fa=af), +bf), N =logs—logr, and X' =
logt — log s, then the u, and o2 of (17.5) satisfy pu, — pu = aX' + b)’
and 02 — 0% = a?)N + b2)\". But now, (S, — pn)/on = (£ — p)/a,
and it follows by Theorem 17.1 that (fn, — pn)/on = (£ — )/o. But
then it follows further that f, = £. This means that af), + bf! =
(X -X )+b(Xt X;) for all a and b, and therefore, (X7 — X, X[ —
X" = (fi, fl) = (Xs — Xy, Xt — Xs). The argument extends: The
finlte dimensional distributions of the process X™ converge to those of
X.
The sample paths of X™ and X are elements of the space D(—o0, 00)
of cadlag functions over (—oo,00). If we restrict X™ and X to [s,1],
then, by Theorem 12.6, there is convergence in distribution in the sense
of the space D[s, t]. It is possible to adapt the reasoning of Section 16
to the space D(—o0,00). Replace the g, of (16.2) by the function
that is 1 on [-~m + 1,m — 1] and 0 outside [-m, m], and is linear on
[-m,—m + 1] and [m — 1,m]. Define z™(t) by (16.3), but for all ¢ on
the line, and define a metric on D(—o00,00) by (16.4), where now d3,
is the metric for the Skorohod topology on D[—m,m]. One can derive
for D(—o0, o) the analogues of Theorems 16.1 through 16.7. If r ;z is
the restriction of z to [s, ], then, as observed above, the distributions
P, and P of X™ and X satisfy Pnrs_,,:1 = Pr;t1 for all s and ¢, and by
the analogue of Theorem 16.7, P, = P:

Theorem 17.3. We have X" = X in the sense of the space
D(—00,).

For negative [nonnegative] i, let [; be the successive X-points
(points where X jumps) preceding [following] 0: --- < B_2 < -1 <
0 < fo < B < -+ (with probability 1, 0 is not an X-point). It is a
standard property of the Poisson process that the interarrival intervals
B; — Bi-1 have the exponential density ¢;(z) = e™* for i # 0, while
Bo — B-1 has density ¢2(z) = (¢1 * ¢1)(z) = ze ™.
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Thus the interarrival intervals have mean 1, except for the one that
covers 0, which has mean 2: A long interval has a better chance of
covering 0 than a short one has. In fact, for every fixed ¢, the interval
that covers it has density ¢ and mean 2. This seems paradoxical,
because an arbitrary interval can be made to cover ¢t simply by shifting
t the right amount. But this is like trying to place your bet after
the roulette wheel has come to rest, which casino operators vigorously
discourage.

For negative [nonnegative] i, let p;(m) be the prime divisors of m
preceding [following] logn: -+ < p_a(m) < p-1(m) < logn < po(m) <
pi(m) < --- (p = logn is impossible because e is transcendental).
Then the X"-points corresponding to the 8; are the points g'(m) =
log log pi(m)—log loglogn. Let D, be the set of functions in D(—o00, 00)
that are nondecreasing, take integers as values, and have jumps of
exactly 1 at the points of discontinuity. The corresponding set for
D[0,1] is described after (12.38).

Suppose that z,, and z lie in D, and that z,, — z in the topology of
D(—00,00). Assume that s < 0 < ¢ and that z is continuous at s and
t. Then z has a finite number M of jumps in [s,t], and it is not hard
to show (see the discussion following the proof of Theorem 12.6) that,
for large n, x, has exactly M jumps in [s,t] and that the positions of
these jumps converge to the positions of the jumps in z. Since X™ and
X have their values in D, it follows by Example 3.1 and the mapping
theorem that (87,...,08%) = (By,..., ) for all u and v. Therefore,
log log p;(m) — loglog p;—1(m) =, Bi — Bi—1, and from this it follows
that log p;(m)/ log pi—1(m) =, exp(B; — B;~1) and (for y > 1)

-1 e
(17.30)  lim Pofm: pim) > pt_; (m)] = {z_l(l +logy) o p o
Also, E[exp(8; — Bi—1)] = oo (for i = 0 as well as for i # 0), and since
pi—pi—1 > logpi/ log p;_1, Theorem 3.4 implies that E,[p; —p;—1] — oo.

Because of (17.25), Ap, = logloglogm — logloglogn =, 0 if
P, governs the choice of m. The points corresponding to the pro-
cess X" are the loglogp — logloglogn. If instead we use the points
loglog p — logloglog m, we have a different process Y™. Since this is
just a matter of translating the time scale by the amount A,,,, the dis-
tance in D(—o00,00) between X™ and Y goes to 0 in probability, and
therefore, by Theorem 3.1, Y™ = X. For example, (17.30) also holds
if we redefine the p;(m) so that --- < p_a(m) < p_1(m) < logm <
po(m) <pi(m) <---.
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SECTION 18. MARTINGALES

This section makes use of the basic facts of ergodic theory and discrete-
time martingale theory. Here is a statistical example to which the limit
theory of the section applies.

Ezample18.1. Let {p,(1,...} be a stationary Markov chain with
finite state space. Suppose the transition and stationary probabilities
p(i,7;6) and p(i;9) are positive and depend on a parameter 6 ranging
over an open interval. Define (assume the derivatives exist)

_ P 8).
p(C0;6)

d
& = 20 log p(¢k—1,<k; 0)

d
log p(o36)

EO:E@

! i
_Pp (Ck—l»gk,a), k> 1
p((k—la Cka 0)

The log-likelihood of the observation (p, ...,y is Ln(6) = log p(¢o; ) +
> h—1logp(Ce-1,¢k; 8), and its derivative is L (6) = > p_o&. It is
easy to verify that E[¢] = 0 and E[¢||o, - . ., Ck—1] = 0, from which it
follows that {£,} is a martingale difference and (equivalently) {L/,(8)}
is a martingale.

Large-sample theory for Markov chains starts with a central limit
theorem: If 6 is the true value of the parameter, then n~1/2L! (6) =
o(8)N, where 0%(8) = E[¢?]. But {£1,&,...} is stationary (not so
if & is included) and ergodic, and it follows by Theorem 18.3 that
n~123°%_ & = E[¢2]N. And because of the norming factor n=1/2,
this still holds if we include &y in the sum, which gives the required
limit theorem. These arguments can be made to cover chains of higher
order as well as more general processes. a

Triangular Arrays

Suppose we have a triangular array of random variables. For each
n, €n1,&n2, ... is a martingale difference with respect to the o-fields
FU,FL, ... Enk is Fp-measurable, and E[¢n||Ff_;] = 0. There may
be a different probability space for each n. Suppose that the &, have
second moments, and put o2, = E[¢2,||FP_,]. If the martingale is
originally defined only for 1 < k <y, take & = 0 and F! = F! for
k > r,. Assume that Y po; &ui and Y po; 02, converge with probabil-
ity 1. The development begins with the following theorem [PM.476).

Theorem 18.1. Assume that

o0
(18.1) D ok = o
k=1
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where o is a nonnegative constant,fand that

o0
(18.2) > EléiT{ulzd] = 0
k=0

for each €. Then ) oo, &nk = oN.

We turn now to the corresponding functional limit theorem. The
&nr are still a martingale difference, and the notation is the same as
before.

Theorem 18.2. Assume that
(18.3) Y ok =t

k<nt

for every t and that
(18.4) > ElEkTauzq] —n 0

k<nt
for every t and €. If XT' =3 ;i énk, then X™ = W in the sense of
DJ0, 00).

A simple way to construct a Brownian motion W on [0, 00) is to
take a Brownian bridge W° on [0,1] and define W; = (1 + )W),

for t € [0,00).

PROOF. Suppose that s < ¢, and define 7, as aény for k < [ns]
and as bénx for [ns| < k < [nt]. By (18.3), Y\ cn EMZLIFE_,] =
a®s +b?(t — s); therefore, Theorem 18.1 applies to {1}, and it follows
that aX? + b(X] — X7') = aW, + b(W; — W;). By the Cramér-Wold
argument, the two-dimensional distributions converge, and the same is
true for higher dimensions.

For tightness, we use the corollary to Theorem 16.10. Since 6121k <
e + f?zkI[IEnklZf]’ (18.4) implies that Emaxk<nm £2,] —n O for each m.
Therefore, {jm(X™)} is tight on the line for each m, and of course
{X{} is tight.

To verify Condition 1° of the theorem, we use the sequential ver-
sion, (16.32). Assume then that 7, are discrete X™-stopping times
bounded by m and that 6, — 0. We must show that

(18.5) X 5 — X =0,

t The theorem is stated [PM.476] for o > 0, but the proof there covers the case
o =0 as well.
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If A} is the event where [n7,| < k < |n(r, +6,)], and if (up = Lazp&nk,
then the difference in (18.5) is 3, (k. For large n, 6, < 1, and in that
case (1, < m) A} # 0 implies £ < n(m + 1), and we can take the last
sum as ZkSn(m +1) $nk- Now apply Theorem 18.1 for the case where
0% =0in (18.1): (18.5) will follow if we prove, first, that the ¢,z form
a martingale difference with respect to the F* and, second, that

(18.6) Y ElGlFT] =0
k<n(m+1)

and

(18.7) Y. ElGlicuizdl =n 0
k<n(m+1)

Since |(nk| < |nkl, (18.7) is a consequence of (18.4).

If 7 is the largest point in the (finite) range of 7, for which r <
k/n, then [[n1,| < k] = [n7 < k] = [m < 7] € o[X™:s < 7] C
f[‘nr | C Fi_y. Since 1, + 6, is another discrete X™-stopping time,
[[n(7 +6n)) > K] also lies in F;_;, and hence A} € F ;. From this it
follows that E[Cnukl| F5_,] = LapE[énk |l F7_,] = 0, and so {¢nk} is indeed
a martingale difference, as required.

Only (18.6) remains to be proved. For each integer g, let

> sl

k<ni/q

=N

gm+1 l:
=1

By (18.3), PB} —, 1 for each q. For large n, 6, < 1/q, and then
Tn + 0n < Tn + 1/¢ < m + 1, which implies that

Y. ElHIFR] = Y Igpod

k<n(m+1) k<n(m+1)
In(mn+1/q)] (n(t+1/q)]
< Z nk < sup Z
k=|nTp]+1 ESM e |nt) 41

Given ¢, choose j so that (j—1)/g < t < j/q. Ift < m, then j < gm+1,
and so, on the set B,
) .
[n(t+1/q)] \ [n(i+1)/q] P J +1 -1 2 4
Ok < Z Onk < T - _q_ +-=-
k=[nt|+1 k=|n{j-1)/q| ¢

Since PBy' —, 1 for each g, (18.6) follows. O
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Ergodic Martingale Differences

Now consider the stationary case. Let

(188) "'76—1a€0351--~

be a doubly infinite sequence of random variables. It is a martingale
difference if &, is F,-measurable and E[¢,||F,-1] = 0, where F,, =
alék:k < nl.

Theorem 18.3. Let (18.8) be a stationary, ergodic martingale
difference for which E[¢2] = o2 is positive and finite. If we take X' =
> k<ne Ek/0V/n, then X™ = W in the sense of D[0,00).

PROOF. Represent {£,} as the coordinate variables on the space
R*% of doubly infinite sequences [M22] and put o2 = E[¢2]|Fp_1].
Then [M22] {02} is stationary and ergodic.

Now we use Theorem 18.2. Let &g = &/ov/n, Ff* = Fi, and
ol = E[E2,||FF ] = 0}/0*n. By stationarity,

1
Y. EleTiguizd) = ntlE[ =&, 1500m) — 0.
1<k<nt
Hence (18.4). By the ergodic theorem,
1
Z Gik:ﬁ Z O'g=>t.
1<k<nt 1<k<nt

Hence (18.3). a

Theorem 18.3 also holds if (18.8) is replaced by a one-sided se-
quence (£1,8a,...) for which E[£,]|€1,...,&n-1] = 0: Represent the
process on Rt [M22).

SECTION 19. ERGODIC PROCESSES

The Basic Theorem

Consider a stationary, ergodic process

(191) "'16-1’60’51"-'-
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Represent the process on the space of doubly infinite sequences [M22],
use || - || to denote the L2 norm, let T be the shift, and put

(19.2) Fn =0k <nl, Gn =0l k > nl.

Theorem 19.1. Assume that (19.1) is stationary and ergodic, that
the &, have finite second moments, and that

(19.3) >l Rl < 0.
n=1

Then

(19.4) Eéa] =0,

and the series

(19.5) o = E[ed] +2) _ E[€oén]

n=1

converges absolutely. If o > 0 and
n
(19.6) Sp = Zﬁka Xy = S]_'ntj /U\/ﬁ’
k=1

then X™ = W in the sense of D[0,00).

That (19.4) holds is usually obvious a priori. The condition (19.3)
can be replaced by

(19.7) 3" lIEl&olIGnlll < oo
n=1

This is simply a matter of reversing time: T7! is ergodic if T is,
S r_1 & has the same distribution as >_§_; £_, and (19.7) is the same
thing as 332, [E[¢-nlIGolll < oo.

If we start with a one-sided sequence (£o,&1, .. .) that is stationary
and ergodic and satisfies (19.7), we can construct the two-sided version
[M22] and still conclude that X" = W.

The proof uses Theorem 18.3, on martingale differences. Before
proceeding to the proof itself, consider two special cases that explain
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the idea behind it. The first idea is to consider ny = & — E[& || Fr—1]-
Now E[ng||Fik-1] = 0—{n.} is a martingale difference—and M, =
> %1 will be approximately normally distributed by the theory of
the preceding section. On the other hand, the difference S, — M, is
> %=1 Elékl| Fr-1], and there is no a priori reason why this sum should
be small (unless, for example, {£,} is a martingale difference to start
with). But now suppose that the &, are 1-dependent.t If we redefine

Nk as
(19.8) Nk = &k + E[Ek+1l|Fr) — E[&k|| Fr-1],

then, since E[E[{xs1||Fk]llFk-1] = Elk+1llFr—1] = 0, {nn} is again
a martingale difference. This time, S, = My + Y 1_; (E[6e+1]|Fe] —
E[ék||Fk-1]), and the last sum telescopes to E[fn41[|Fn] — E[€1]|Fo],
which is small compared with S, and M,, (we use a norming factor of
the order \/n). If {£,} is 2-dependent, the same argument works for

(19.9) nk = &+ E(& 1| Ful +El€rs2l Fi] — E[€k | Fr-1] — El€k 1 | Fror]-

The assumption (19.3) makes it possible to replace the “correction”
terms in (19.8) and (19.9) by infinite series.

PROOF OF THE THEOREM. First [M22(40)],
(19.10) E[&illFe]T™ = E[&itnll Fran)-

By Schwarz’s inequality, we have |E[£é&,]| < Elléol - |E[&nllF0)]] <
éoll - IE[&x]IF0]]l, and it follows by (19.3) that the series (19.5) con-
verges absolutely. If pr = E[{o€], then, by stationarity, E[S?] =
npo +2 Y 421 (n — k)pg. From

1 o0 2n—l o0

2 2

o” — —E[S;] S2§|pkl+;2;kz:lpkl
= 1= =%

it now follows that
(19.11) %E[Sﬁ] — g2,

Thus o > 0.} Since |E[éo]| = |E[¢n]| = |E[E[&]|Fo]]| < ElE[&|1Fo]|] <
IE[€x[IFo]ll by Lyapounov’s inequality, (19.4) follows by (19.3).

t The §n are m-dependent if (¢, .. ., &) and (€x4n, .. ., £;) are independent when-
ever n > m. An independent process is 0-dependent.

tifo= 0, then, by Chebyshev’s inequality, Sn//n = 0.
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By Lyapounov’s inequality again, together with (19.3),

1912)  E[3 Bl Al] < 3 Ikl Al < oo
=1 i=1

Define

(19.13) Ok = ) ElEkyall Fal-

Because of (19.12), the series here converges with probability 1. Now
define g = &k +0k — O0k—1 ((19.8) and (19.9) are special cases). Because
of (19.12) again, the partial sums of the series in (19.13) are domi-
nated by an integrable random variable, and so the sum can be inter-
changed with E[- || Fx_1]: E[0k||Fk—1] = D_i2; El€k+illFk—1]. Therefore,
E[nk]| Fx—1] =0, and {n,} is a martingale difference.

To apply the results of the preceding section, we must show that
the §n have finite second moments. If 3; = E[§]|Fq], then E[62] <

2 BN - 18] < 552, 181 - 18], and this is finite by (19.3).
Therefore, 72 = E[n2] is finite, and it is a consequence of Theorem 18.3
that n=1/2M,, = n~1/2 ko1t = TN. But M, = S, + 6, — 6, and
since ||0n|| = ||60|| is finite, |n~Y/2(M, — S,)|| — 0. This means in the
first place that n~1/2S, = TN, and in the second place, that 7 = ¢
because of (19.11) and the fact that the martingale property implies
|ln=Y/2M,||? = 72. Therefore, Sp/o/n = N.

In most of the preceding sections, we have proved weak convergence
by verifying tightness and the convergence of the finite-dimensional
distributions. But here we can prove it directly by comparing X" with
the random function Y™ defined by Y;* = M|, /0+/n, and we need
only tighten the preceding argument and use the full force of Theorem
18.3. By Theorem 16.7, it is enough to show that, for each m,

(19.14) Y™ = X"|jm = sup Y - X7 = ax |0k — fo| = 0
t<m

\/_ k<
Since E[6] < oo, we have 3, P[62/n > €] = 3" P[62 > ne] < oo, and
hence, by the Borel-Cantelli lemma, 62 /n — 0 with probability 1. But

2 2

1 0% 0%
— max 62 < (max —) \% (sup )
n k<mn k<ng n k>ng k

and (19.14) follows from this. O
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Ezample 19.1. Suppose that (19.1) is m-dependent. If E[¢,] = 0,
then ||E[éx||F0]|| = 0 for n > m, and so (19.3) holds. If &, = ¢ — (n+1,
where the (, are independent with mean 0 and variance 1, then {&,}
is 1-dependent. In this case, E[¢2] = 2, but the ¢? of (19.5) is 0. O

Ezample 19.2. Define an autoregressive process as a sum &, =
%08 Cn—i, where |8] < 1 and the {; are independent and iden-
tically distributed with mean 0 and variance 1. The o-field Fp is
generated by the & for k¥ < 0 and hence also by the (; for ¥ < 0.
Since (;...(n are independent of Fq, E[n|Fo] = Y52, °¢n—i and
|E[én | Fo]lI> = 62 /(1 — B%). Therefore, (19.3) holds, and since {&,} is
ergodic [PM.495], Theorem 19.1 applies. O

Uniform Mixing

Consider three measures of dependence between the o-fields F; and
G4n of (19.2) (€ € Fi, means £ is Fy-measurable):

(19.15) on = sup{|[P(ANB) — PA-PB|: A € Fi, B € Giynl,

(19.16)  pn = sup[|E[n]|:€ € F, E[€] = 0, |I€]| < 1,
N € Gk4n, En] =0, [Inl| < 1],

(19.17)  n = sup[|P(B|A) — PB|: A € Fi, PA> 0, B € Giinl.

These are independent of k if {&,} is stationary. The idea is that,
if one or another of these quantities is small, then F; and Gy, are
“almost” independent. If lim, ay, = 0, the sequence {&,} is defined to
be a-mixing, and the notions of p-mixing and p-mixing are defined in
the same way.

The three measures of the rate of mixing are related by the in-
equalities [M23(46)]

(19.18) an < pn < 28,

Theorem 19.2. Assume that (19.1) is stationary, that E[§,] = 0
and the &, have second moments, and that

(19.19) Zn pn < 00.

Then the conclusions of Theorem 19.1 follow.

Proor. First [M23(48)], ||E[ér]|Fo]l| < prl|&o]l- Therefore, (19.19)
implies (19.3). We need only prove ergodicity, and for this it suffices
[M22] to show that the shift satisfies P(ANT"B) — PA - PB for
cylinders A and B. But since a, < pp, from A € F; and B € g; it
follows that [P(ANT™"B) — PA-PB| < &j—isn < pj—itn — 0. O
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Ezample 19.8. Let {(,} be a stationary Markov chain with finite
state space, and let &, = f({,), where f is a real function over the
states. Let pl(ﬁ,) be the nth-order transition probabilities and let p, be
the stationary probabilities. Suppose that the chain is irreducible and

aperiodic, so that the p, are all positive and [PM.131]

o)
uy —1'§K0", o<1
Pv

(19.20)

for all u, v, n. Then for cylinders A = [(k—; = u;, 0 < i <[] and
B = [Ck4n+i = v, 0 < i < m], we have

(19.21) |P(ANB) - PA-PB| < K6"-PA-PB.

For fixed A, the class of B satisfying (19.21) is a A-system, and for
fixed B, the class of A satisfying (19.21) is also a A-system. Since the
class of cylinders A and the class of cylinders B are 7-systems, (19.21)
holds for A € o[(;, ¢ < k] and B € o[(;, 7 > k + n]. Since these last
o-fields are larger than Fi, and Giyn, we have ¢, < K6™ And now
(19.19) follows by (19.18), so that Theorem 19.2 applies. O

Functions of Mixing Processes

Let f be a measurable mapping from the space of doubly infinite se-
quences of real numbers to the real line: f(...,z_1,7o,71,...) € R%.
Let ...n—1,m0,m ... be a function of the process (19.1), in the sense
that

(19.22) M= f( . Enet,Enbngr...), n=0,%£1,£2,...,

where &, occupies the 0th place in the argument of f. (Although the 7,
are real, the &, could now take values in a general measurable space.)

Let fr be a measurable map from the space of left-infinite sequences
to R: f(...,z_1,70) € Rl. Put

(19.23) Men = Je(- -1 &nvk—1, €ntk)-

We want to show that {n,} satisfies the conclusions of Theorem 19.1
if {¢,} is p-mixing and there exist functions fi for which

(19.24) > limo — mroll < o0.
k
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Theorem 19.3. Suppose that (19.1) is stationary and _,, pn < 00.
Suppose the 1y, of (19.22) have mean 0 and finite variance and that
the Nin of (19.23) have second moments and satisfy (19.24). Then
ey T=1,70,M1, - - - Satisfies the conclusions of Theorem 19.1.

The 7, of (19.22) involves all the & and hence extends its influence
into the future of the 7n-process. But 7, does not involve the &; for
i > n + k, and hence its influence on the future is muted. But (19.24)
controls the influence of 1, itself by ensuring that it is near 7y, for
large k. There is an alternative version of the theorem: Reverse time

and replace (19.23) by men = fe(§n—k) én—k+1,---)-

PROOF. If n has a second moment and o-fields M and N satisfy
M C N, then it follows by Jensen’s inequality that ||E[p||M]||?> =

E[(E[EIAMIMI)? < EE(ERINDIM]] = IIE[n[V]|?. Therefore,
(19.25) IEMIMII < (ERINMN, IERIMIN < [inl,

where the second inequality follows from the first.

Denote the kth term in (19.24) by B%. Since 7k, as defined by
(19.23), is F-measurable, it follows by (19.25) that ||k — E[nol| F&]|| =
|IE[mk0 — 10/l Fk]ll < Bk. Therefore, |lno — Efnol|F¢]|| < 28x. This means
that if we take

(19.26) Men = E[n | Frik),

then (19.24) still holds.! For each k, {n,} is stationary. Suppose that
0 < k < n. We have

IEMoliGalll < |IElmol|Gn] — ElnkollGnlll + IIElmkollGnlll

By a second application of (19.25), the first term on the right is at
most ||70 — 7ko||. Since E[nkg] = E[no] = 0 by the new definition (19.26)
of o, the second term on the right is at most [M23(48)] pn—k||7xolls
and by a third application of (19.25), ||nko|| < ||mo]|. This brings us to
IE[mollGalll < lio—7koll+en-&limoll. Take k = [n/2]. From (19.24) and
the assumption ), p, < oo it now follows that 3, ||E[no]|Gn]| < oo.
A final application of (19.25): If H, = (9, Np+1,. - .), then Hy C
Gn, and hence [|E[no[|Hn]|| < [|E[nol|Gn]|l. Therefore, 3, ||Elno||Ma]|| <
oo. Since {¢n} is ergodic (being p-mixing), {n,} is also ergodic and
hence satisfies the hypotheses of Theorem 19.1 (see (19.7)). O

t The point is that this new 7, is F,,r-measurable, not that it has the specific
form (19.23) (although it does in fact have this form: see PM.186, Problem 13.3 and
the note).
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Ezample 19.4. Suppose that the &, are independent and identi-
cally distributed with mean 0 and variance 1 and define

[o.¢]

M = E @i&ntis
i=—00

where we assume that 5, a? < oo. If for (19.23) we take

k

Ten = Gibntis
i=—00
then the requirement (19.24) becomes
oo 00 \ 1/2
Z( Z ai) < 00. a
k=1 i=k+1

For the one-sided version of Theorem 19.3, suppose that &;1,&s, ...
is stationary and define

(1927) M = f(€n7 En+1, . ')
and
(19.28) M = fr(&ns -+ s €ntk)-

Take Fp, = o(&1,...,&n) and G, = 0(én,&n+1, - - -), and modify (19.15),
(19.16), and (19.17) by inserting to the left of each supremum another
supremum extending over positive k. Again assume that ) pp <
00, the n, have mean 0 and finite variance, and the 7, have second
moments; and assume that ) _; |71 —nk1]| < oo. Then ny, 7y, ... satisfies
the conclusions of Theorem 19.3.

Ezample 19.5. Let P be Lebesgue measure on the unit interval,
and let & (z),&2(z), . . . be the digits of the dyadic expansion of z. This
is a stationary, independent process under P, and hence it is ergodic.
A random variable 7, of the form (19.27) can be regarded as a function
nn(z) = f(T™ 'z), where f is a function on the unit interval and T
is the transformation Tz = 2z(mod 1). Suppose that f is square-
integrable and that 3, Bx < oo, where 82 = fol(f(z) — fu(z))?dz
and each f) depends on z only through the first k digits of its dyadic
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expansion. It then follows by Theorem 19.3 (one-sided version) that,
if p= fol f(z)dz, then

1/~ i
(19.29) %(; F(T 1) - ,un)=>oN

for the appropriate asymptotic variance o2. And there is the corre-

sponding functional limit theorem. If there exist such functions f; at
all, they may be taken to be

i/2" i—1 i
)

(1930)  filz) =2* /(

f(s)ds forz e (
i-1)/2k

since then fi(.£1, ... &) = E[m||Fk)-

If f = Iy and fi is defined by (19.30), then G < 27%, so that
(19.29) holds (p = t). If t is a dyadic rational, then f = f; for some k;
but if ¢ is not dyadic, then f(z) involves the entire expansion of z.

If f is continuous and fy is defined by (19.30), then 8 < w;"c(2’k),
where wy is the modulus of continuity. Therefore, (19.29) holds if
YL ws(27F) < 0o, a condition which follows if f satisfies a uniform
Hélder condition of some positive order: |f(x) — f(z')] < K|z — z'|°,
6 > 0. For example, we can take f(z) = z. In this last case, {n,}
is not @-mixing (or even a-mixing) at all—to know Tz is to know
TrHz, T 25 .. exactly. . o
Diophantine Approximation

Suppose that ) consists of the irrationals in [0,1], F consists of the
linear Borel sets contained in 2, and P is Gauss’s measure:

1 dx
19.31 PA=— .
(19:31) A log2/A1+x’ AeF

Let T be the continued-fraction transformation: Tz = z~! — [z7!].
And let agx(z) be the kth partial quotient in the continued-fraction
expansion of z, so that

(19.32) T 'z = lan(z) + Yana(z) + -

(ay,aq,...) will play the role of the (£1,€s,...) in Theorem 19.3.
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We need several facts about continued fractions [PM.319-324]. The
nth convergent to z is

(19.33) Jar(@) + -+ Yan(@) = z;ng;

where the fraction is in lowest terms, and

1 pn(z) 1
19.34 <) z— ]< .
1934) @@ 0@ 1 @ | @@
Further,
pn(z) 4
- <
(19.35) ' logz —log 2 5 |< oo,
and
n
(19.36) ’ Zlog T 1z + log gn(z) ‘< 10.
k=1
Finally,
1 1 _logz 72
(19.37) 1og2/0 T2 %= T2loga’
The basic fact [M24] is that {a,} is p-mixing, where
(19.38) on < KO, 6<1.

Since Y, ¢'/? < 00, we have 3, pn < 00, as required in Theorem 19.3.
Let np(z) = —log T" 'z — pu, where p = 72/12log 2; this in effect has
the form (19.27) (5,- = @;). And take

Mikn (2 —log [_‘ an(z) + -+ 1 an4k(T) ] -

Then, by (19.35), Yok lm — nkall < oo. If X™ is the random element of
D[0,1] defined by
1 Lnt)
(19.39) XP=—=>"m
oVnig

for the appropriate a f then X" = W.

By (19.36), Zk —o Mk — (log gn —np), is bounded, from which it fol-
lows that (logg, — nu)/oy/n = N. This leads to theorems connected
with Diophantine approximation. A fraction p/q is a best approxima-
tion to x if it minimizes the form |¢’ - z — p/| over fractions p’/q’ with
denominators ¢’ not exceeding q. The successive best approximations
to z aret just the convergents p,(2)/gn (), and so the value of the form

t Which is positive; see Remark 5 on p. 482 of Gordin’s paper [32].
! See, for example, Khinchine [42] or Rockett & Sziisz [58).
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for the nth in the series of best approximations is

dn(x) = |gn(z) - = — pr(z)].
Since | — log dn () — log gn4+1(z)| < log2 by (19.34), we arrive at
2

1 nmw
— (= " N.
(19.40) a\/ﬁ( log dy,(z) 5 10g2) =

There is the corresponding functional limit theorem. If we define
Z" by

7‘.2

then Z"® = W in the sense of D[0,1]. By (19.40), k! logdy = —p,
so that the discrepency di(z) has normal order e~k#. Call the kth best
approximation pi(z)/qx(z) “superior” if

di(z) < e—k'/rz/12 log 2

and “inferior” otherwise. If 7,(x) is the fraction of superior ones among
the convergents

pi(z)  pala)

q(@) " gn(z)’

then, by (9.28),
(19.42) Plr < u] — %arcsin Vu, O<u<l.

It is possible to prove Theorem 14.2 for X™ and Z" as defined by
(19.39) and (19.41). To prove that X™ = W still holds if P (defined by
(19.22)) is replaced by a probability measure Py absolutely continuous
with respect to it, define X™ by (14.3) with #; in place of &. If E lies
in Fi, then

IP(X" € A|NE) — P[X" € A]-PE| < ¢p,_k —n 0,

and so (14.7) holds just as before. Since H = | J, Fi is a field and each
[X™ € A] lies in o(H), we have [M21] Po[X™ € A] » W(A). The rest
of the proof is the same as that for Theorem 14.2. And Z" is treated
the same way. It follows, for example, that the P in (19.42) can be
taken to be Lebesgue measure instead of Gauss’s measure.
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CHAPTER 5.

OTHER MODES OF CONVERGENCE

SECTION 20. CONVERGENCE IN PROBABILITY
There are four major modes of convergence for random variables:

1°: Convergence in distribution.

2°: Convergence in probability.

3°: Convergence with probability 1 (or almost-sure convergence).
4°: Convergence in L.

Neither of 3° and 4° implies the other, but each implies 2°, and
2° implies 1°. Each of these concepts extends to random elements of
other metric spaces; 4° for the space C would be E[|| X™ — Y™||!] — 0,
where X™ and Y are random functions defined on the same probability
space. And the relations between the four carry over as well. That 2°
implies 1°, for example, is the corollary to Theorem 3.1.

Donsker’s theorem and most of the other results of the preceding
chapters concern convergence in distribution. Instances of convergence
in distribution, even for random variables, often cannot be strength-
ened as they stand to convergence in probability.! But sometimes, if
nn, = € cannot be replaced by convergence in probability, it is possible
to prove (on a new probability space) that n, — {&, = 0, where each
&, has the distribution of €. In this section and in the next, Donsker’s
theorem will be strengthened in this way. And Strassen’s theorem of
Section 22 concerns the convergence with probability 1, in C, of the
random paths (8.5) with new norming constants; it is a greatly gener-
alized version of the law of the iterated logarithm.

In connection with the law of large numbers, 2° is called the “weak”
law, and 3° is called the “strong” law. For convergence of random
functions, the terminology in the literature is sometimes confusing.
A theorem of type 1° concerns “weak convergence” as defined at the

t Problem 3.8.

207
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beginning of this book, the invidious “weak” being an inheritance from
functional analysis. A theorem of type 2° for random functions is often,
for contrast, called “strong,” a term best reserved for theorems of type
3°. Probably the simplest way out is to use the phrases in 1° through
4°, either as they stand or converted into adjectives.

As explained at the end of Section 8, the term “invariance principle”
(IP) was first applied to Donsker’s theorem (and its earlier forms) to
indicate that various limit distributions are invariant under changes in
the distribution common to the summands §; (provided the mean and
variance do not change). But now “invariance principle” has become a
catchall phrase applied to a large miscellany of approximation theorems
in probability; there are IPs in distribution, IPs in probability, almost-
sure IPs, and L2-IPs.

Section 22 depends on Theorem 20.1 but not on anything else in
Sections 20 and 21.

A Convergence-in-Probability Version of Donsker’s Theorem

Let &,£s,... be independent and identically distributed random vari-
ables on (Q, F,P); suppose they have mean 0 and variance 1. Let
Sk =Y ,<k &> and let X™ be the random polygonal function (8.5) (for
o=1) X7, = Si/+v/n, and X™ is linear between the points i/n, i < n.
According to Donsker’s theorem, X™ = W in the sense of C' = C[0, 1].
By Skorohod’s representation theorem—Theorem 6.7—there exist on
some (new) common probability space random elements X™ and W of
C such that L(X") = L(X™), L(W) = L(W), and X" (w) = W(w) for
each w. But in this construction, the relations between the various X"
are not carried over to the X™: L£(X", X™) has no connection with
L(X™ X™), for example.

Here we use an entirely different construction, also due to Skorohod.
Let (€, F,P’) be a space on which is defined a standard Brownian
motion [B(t):0 < t < oo]: The increments are independent, the paths
are continuous, and B(t) is normally distributed with mean 0 and
variance t. (We reserve W for Brownian motion as a random element
of C[0,1]). This is Skorohod’s theorem [PM.519):

Theorem 20.1. On (V,F',P’) there exists a nondecreasing se-
quence 19 = 0,71, 72, ... of random variables such that the differences
Cn = B(1y) — B(7n-1) are independent and have the distribution com-
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mon to the &, (above) and the differences 7, — Th—1 are independent
and identically distributed with mean 1.1

Let Ty = Y ,<x ¢ = B(m), and define a random element Y of
C by linear interpolation between the values i’/‘n = T;//n at the
points i/n. Then the system {(;, Tk, Y™} on ' is an exact probabilistic
replica of the system {&;, Sk, X"} on Q. Define B™(t) = B(nt)//n for
0 <t <1 Then B" is a random element of C, and it has there the
same distribution as W (check the means and variances). Let || - || be

the supremum norm on C: ||z — y|| = sup, [z(t) — y(¢).

Theorem 20.2. With these definitions and assumptions, we have

(20.1) Y™ - B"| = 0.

Since L(B") = L(W) and L(Y™) = L(X™), it follows by the corol-
lary to Theorem 3.1 that (20.1) implies Donsker’s theorem: X" = W.
No weak-convergence theory is required for the statement and proof of
Theorem 20.2 itself.

PROOF. Define a random element Z™ of C by linear interpolation
n

between the values Z), = B"(i/n) at the i/n. A summary of the

notation:

X" i’}n =n"1/28;, = n~1/2 Zhgi &n (on ),
(20.2) ¢ Y™: Y}, =n"2T =025, (o= n"12B(n) (on ),
Zr: Zy, = B™(i/n) = n~Y2B(i) (on ).
These random functions are linear on the subintervals [(i — 1)/n,i/n].
We prove (20.1) in two steps:

(20.3) |B® - Z"|| =0
and
(20.4) |Y"™ - Z™|| = 0.

First [M25(58)],

(20.5) P'[sup,<; |B(s)| > o] < 4e™/2 o >0

t If the &; had variance o2, the 7, — Th—1 would have mean o2.
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Since Z™(-) is B™(-) made linear between the i/n, ||B" — Z"|| is at
most the maximum over i < n of the supremum over t < 1/n of
2|B™(t + i/n) — B™(i/n)| . Since the increments of Brownian motion
are stationary, (20.5) gives

(20.6) P'[||B"~Z"|| > €] < nP'[2 SUPt<1/n |B™(t)| > €]
= nP'[supye; |B(s)] > en'/?/2] < 4ne=<"/% 0.

Hence (20.3).
Becaue of the polygonal form of Y and Z",

(20.7) |Y" — 27| = n~V? maxi<n | B(r) — B(i)|
= max;<y |B"(7i/n) — B"(i/n)|.

Since the differences 7; — 7;,_1 are independent and identically dis-
tributed with mean 1, it follows by the strong law of large numbers
that 7;/i —; 1 with P’-probability 1. This means that 7;/n is near i/n
(i large), and we can use path continuity to show that B™(;/n) is near
B™(i/n).

Let € be given. If we define B™(t) as B(nt)/+/n for all t > 0 (rather
than for 0 < t < 1 only), then it is another standard Brownian motion,
and so its paths are uniformly continuous over [0,2]. Therefore, there
is a 6 small enough that

(20.8) P'sup,<y,jt~s)<s |B"(t) — B™(s)| 2 ] <e.

This holds for every n. Since 7;/i —; 1 with probability 1, there is an
m such that

(20.9) P’[ max

m<i<n

___’>6]<P'[sup ——1|>6]<e

i>m

Fix the pair §, m. If |B"(t) — B"(s)| < e for s <1 and |t — s| < §, and
if |ri/n —i/n| < 6 for m < i < n, then |[B*(r;/n) — B™(i/n)| < € for
m < i < n. Therefore, by (20.8) and (20.9),

(2) -5 (2) <2

This holds for all n. But obviously there is an ng such that

(20.10) P'[ max

m<i<n

(20.11) P’ [max Bn(%) B"( ) \> e] <e, n > ng.

i<m

And now (20.4) follows from (20.7), (20.10), and (20.11). a
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SECTION 21. APPROXIMATION BY INDEPENDENT
NORMAL SEQUENCES

The approximation theorem is this:

Theorem 21.1. Let {£;} be an independent, identically distributed
sequence of random variables on (2, F,P), and assume that E[§;] = 0
and E[¢2] = 1. Suppose there is on (Q, F,P) a random variable U that
is independent of {&;} and is uniformly distrubuted over [0,1]. Then
there exists on (0, F,P) a sequence {n;} of standard normal random
variables such that

(21.1) =5 0.

Zigk& - Zigkm

For an example, take the probability space to be the unit square
with Lebesgue measure, and define U{wy,w2) = we and &;(wy,ws) =
ri(wy), where the r; are the Rademacher functions. Like Theorem 20.2,
this theorem implies that of Donsker.

It is impossible to strengthen convergence in probability to con-
vergence with probability 1 in (21.1),f although this is possible if the
norming factor \/n is replaced by v/nloglogn (see (22.25) in the next
section). The sequences {£;} and {7;} cannot be independent of one
another, since this would contradict the central limit theorem theorem
for {& —n;}.

We give two proofs of this theorem, and each of them requires some
preliminary definitions and results. Let S and T be metric spaces with
Borel o-fields S and 7. Call S and T Borel isomorphic, and write
S ~ T, if there is a one-to-one map ¢ of S onto T such that ¢ is
measurable S/7 and ¢~ ! is measurable 7/S. We need the following
isomorphism relations:

1
Wok=28

(21.2) R' ~(0,1) ~ [0,1] ~ [0,1]® ~ R*.

The first one is easy: There are many continuous, increasing maps

¢ of R onto (0,1). For the second, let z, be points of (0,) that
increase to %, let y, be points of (3,1) that decrease to %, let ¢ map
21 = 0, Tny1 — Zn, Y1 — 1, Yny1 — Yn, and take ¢ to be the identity
elsewhere.

For the third isomorphism, we construct a map ¢: I* — I, where

I ={0,1]. Associate with each point of I a unique binary expansion:

t Major [45].



212 OTHER MODES OF CONVERGENCE

Take 0 = .00--- and 1 = .11 -, and use the nonterminating expansion
(say) for points of (0,1). Let N' = {1,2,...}, take f to be some one-
to-one map of NV onto N x N, and let ¢ = f~!. For y € I write
y = any2-+- and for z = (z1,72g,...) € I® write z; = .Ti1Ti0 - - .
Define a one-to-one map ¢ of I* onto I by requiring of ¥ = p(z) that
Yk = Zj) for all k: Intertwine the expansions of the coordinates of
 to arrive at the expansion of ¢(z). Then ¢~ !(y) = z if and only if
Tij = Yg(ij) for all 4,5. Let T be the Borel o-field in I. If J is the set
of points of I whose expansions start with the digits dy,...,dn,, then
¢~1J is the set of = such that Tfk) = dy for 1 < k < m, a set that lies
in Z°°. Since these sets J generate Z, ¢ is measurable Z°°/Z. On the
other hand, if J; is the set of points of I whose expansions start with
the digits di1,. .., dim,, then @(Jy X -+ X Jy X I x - - ) consists of those
y such that yy;;) = djj for 1 <i <land 1 < j < my;. This set lies in
7, and it follows that ¢! is measurable 7/Z°.

To construct the final isomorphism, take an isomorphism from I
onto R! and apply it to each coordinate of the points in I,

In the following lemma, R, S, and T can be any metric spaces that
are Borel isomorphic to [0,1]. In fact, every uncountable, separable,
complete metric space is Borel isomorphic to [0, 1], but we have proved
this result—and need it—only for the spaces in (21.2). In Lemma 2
below, p is a random element on (2, F,P) with values in R. In both
lemmas, o, 7, and u are random elements on the same (Q, F, P), with
values in S, T, [0, 1], respectively, v is a probability measure on S x T
with marginal measure p on S, and £(o) = w:

pER, oc€8 wel01], p()=v(-xT), Llo)=p, T€T.

Lemma 1. Assume that S and T are Borel isomorphic to [0,1],
that L(o) = u, that u is uniformly distributed over [0,1], and that o
and u are independent. Then there is on (Q,F,P) a random element
T, a function of (o,u), such that L(o,7) =v.

Lemma 2. Assume that R, S, T are Borel isomorphic to [0,1],
that L(0) = p, that u is uniformly distributed over [0, 1], and that p, o,
and u are independent. Then there is on (Q, F,P) a random element
7, a function of (o,u), such that L(o,7) = v and p is independent of
(o,7).

T Parthasarathy [48], p. 14.
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PrRooOFs. We prove the second lemma first. Assume the result
holds in the special case R =S =T = [0,1] = I, and let ¢g, ps, ©r
be isomorphisms of R, S, T onto I. Let pgr(s,t) = (ps(s), pr(t)),
so that g7 is an isomorphism of S x T onto I x I; take v/ = ycpg},
uo= ,ugogl, ¢ = pgrp, and o' = pgo. Then L(¢') = p' (the first
marginal of /), and p/, 0/, u are independent. By the special case,
there is a random element 7' of I, a function of (¢/,u), such that
L(c",7') = v/ and p' is independent of (0’,u). If T = 77/, then T is a
function of (o, u), £(o,7) = v and p' is independent of (o, u). The point
is that isomorphic spaces are measure-theoretically indistinguishable,
and the lemma has to do with measure theory only (no topology).

In the special case, there is for v a conditional probability dis-
tribution over the second component of I x I given the first. That
is, there exists a function p(s,B), defined for s € I and B € I,
such that, for fixed s, p(s, -) is a probability measure on Z, and for
A,B € T, p(-,B) is T-measurable and v(A x B) = [, p(s, B)u(ds).
Define a distribution function F(s, -) by F(s,z) = p(s, [0, 2]), and let
#(s, +) be the corresponding inverse, or quantile function: ¢(s,t) =
inf[z:t < F(s,2)], so that ¢(s,t) < z if and only if ¢t < F(s,z2).
Then [(s,t): ¢(s,t) < 2] = ), ([s:7 < F(s,2)] x [r,1]), where the in-
tersection extends over rational r. Thus ¢ is measurable Z x Z, and
7(w): = ¢(o(w),u(w)) is a random variable. If A is Lebesgue measure
on I, then A[t: (s, t) < z] = A[t:t < F(s,2)] = F(s,z) = p(s,[0,2]),
and it follows that A\[t: #(s,t) € B] = p(s, B) for B € I. Since L(o) = p
and L(u) = ), and since o and u are independent, L(o,u) = p X A.
Therefore,

y(Ax B) = /A p(s, B)u(ds) = /A At: 6(s, ) € Blu(ds)

= (u X A)[(s,t):s € A, ¢(s,t) € B]
=Plo € A,¢(0,u) € B|]=Ploc € A,7 € B|:

(0, 7) has distribtion v.

In Lemma 2, p is assumed independent of (o, u), and so it is inde-
pendent of (o, ¢(o,u)) = (0, 7) as well.

For the proof of Lemma 1, simply remove from the preceding ar-
gument all reference to R and p (or introduce a dummy space R and
take p = r for some r in R). O

FIRST PROOF OF THEOREM 21.1. The first proof depends on
Theorem 20.2. Changing the notation there, write £ for {; and 7] for
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B(z) B(i — 1); these are defined on the space . Then L({{}) =
L{&}): 2ic; & = B(r;), and the 7; are independent standard normal
variables. And by (20.4), (21.1) holds if we replace &; and 7; (variables
on ) by & and ] (variables on Q0').
But we can use Lemma 1 to pull everything back to §). Take
S =T = R® and v = L({¢[},{n}}), the first marginal of which is
L{€}) = L({&}). Take o = {&} on (Q,F,P), and use U in the
role of u. By the lemma, there is on (Q,F,P) a 7 = {n;} such that

L{&}, {mi}) = L({&},{n}}). And this {n;} is exactly the sequence we
want. o

This first proof depends on Theorem 20.1. Our second proof is
intricate but has the advantage that it avoids the Skorohod represen-
tation theorem.

SECOND PROOF OF THEOREM 21.1. Suppose € given. Define

(21.3) te=1+eH], g =teer -ty
Next define

_ . -1/2 ,
(21.4) Xy, =n, Ztmgk“ &

Let S; = Zisj &;. By the central limit theorem, there is a jo(€) such
that

(21.5) m(L(GTY2S;), L(N)) < €8, 5> jole),

where 7 is the Prohorov distance. And since ny — o0, it follows that
m(L(Xi), L(N)) < €8 for k exceeding some ko(¢). By Theorem 6.9,
there exists a probability measure v, on R' x R! that has first and
second marginal measures £(Xy) and L(N), respectively, and satisfies

(21.6) vel(s,t): |s — t| > €%] < €6, k > ko(e).

It is possible [PM.265] to define independent random variables
Up, U1, Uy, ..., each uniformly distributed over [0, 1] and each a func-
tion of U, so that, by the hypothesis of the theorem, {U;} is inde-
pendent of {£;} and hence of {X;}. The next step is to construct on

! Which does not extend in a simple way to vector-valued processes, for example;
see Monrad & Philipp [46].
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(2, F,P) an independent sequence Y1,Y3,... of standard normal vari-
ables, each independent of Up, such that

(21.7) PIXr — Yi| > ¥] < €, k> ko(e).

First apply Lemma 1 for S =T = R, o =X;,u="U;, and v = 1.
Since X; and U; are independent, there is a random variable 7 =
Y1, a function of (X;,U;), such that £(X;,Y1) = v1. Since L(Y1)
is the second marginal of v;, namely £(N), Y] is a standard normal
variable. Since Y; is a function of (X1,U;) and hence of ({&;},U1), it
is independent of Uy.

Suppose that Y7,..., Y have been defined: They are independent,
standard normal variables, Y; is a function of (X;, U;), and £(X;,Y;) =
v; (i < k). Apply Lemma 2 for R = R¥, § = T = R}, p =
("1,...,Y), 0 = X1, u = Ugy1, and v = v44;. Since p is a function
of (X1,...,Xk,U1,...,Ux), the three random elements p, o, u are in-
dependent. Therefore, there is a random variable 7 = Yj41, a function
of (Xk+1, Uk+1), such that L(Xky1,Yes1) = vk, and (Y1,...,Y) and
(Xk+1, Ye+1) are independent. Again Yj,; is a standard normal vari-
able: £(Yj41) is L(N), the second marginal of vg4;. And Yi4, being a
function of ({&;}, Ux+1), is independent of Up. This gives the sequence
we want: (21.7) holds because of (21.6).

Next, let (3,(2, ... be an independent sequence of standard normal
variables on some (new) probability space and set

12 .
(21.8) Wk - nk Etk<i5tk+1 Cl

Apply Lemma 1 again, this time with S =T = R®, ¢ = (Y1,Y2,...),
u = Uy, and v = L({Wy},{(:}). Since o and u are independent, there
exists (on the original (2, F,P)) a random element 7 = (n1,7s2,...) of
R such that £({Y%},{n:i}) = v. This means in the first place that
the 7; (like the (;) are independent standard normal variables, and in
the second place that the joint law of {Y%} and {n;} is the same as the
joint law of {W} and {(;}. But then (21.8) implies that

o —1/2 ,
(219) Y= N Ztk<11§tk+1 i

holds with probability 1 on (Q2, F,P).
To sum up: We have constructed independent standard normal
variables m; such that the Yj given by (21.9) satisfy (21.7). Write
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Sj =36 and Tj = > i<j Mi- To prove (21.1) is to prove that there
exists an absolute constant K with the property that for each € there
is an ng(e) such that

(21.10) Pln~1/2 max;j<n |Sj — Tj| > €] < K, n > no(e).

The following argument does prove (21.10), but it leaves a major
problem: The sequence {n;} we have constructed depends on € it-
self. Nonetheless, we proceed to prove (21.10), leaving to the end the
resolution of this problem.

Define M, s, m (functions of n and ¢) by

(21.11) tm1<n<ty, s=[€?], m=M-s.

By the definitions (21.3), for large n we have n > tpr/4, and so it

is enough to find an upper estimate for P{max;<, |S; — Tj| > 7et}v/,2 .

Define

An =%§"}:|SJ‘7 Bn :‘?%?‘:u—j)(v Cn=m1£ka»<XM£r<1?i}:|Stk+’i_Stk|,

Dy = Dax, max | Teeti — Tt |-
Then
max 1S — T3l < An+ Bn + tﬁ%nlsj - Ty
<24, +2B, +t"1;123f7_<fn 1(Sj = Stw) ~ (Tj — Tt

<24, +2B,+Ch+ Dy +mr<nlgg(M|(Stk - Stm) - (Ttk - Ttm)l

And for m < k < M, each term in this last maximum is at most
M-1

i nl1 / ?|X; —Y;|. Therefore, it will be enough to bound the terms in

(21.12) Plmax;<nlS; — Ty > Tetyf]

< Plmaxjy, |S;] = ety)’] + Plmax;j<s, |Tj| 2 eth?
+ PlmaxXm<i<p MaXicn, |St,4i — St | > ft}v/f
1/2

+ P[maxm5k<M maXi<n, thk-H' - Ttkl 2> €ty

1/2
+P [Zm5k<M nk/ | Xk — Ykl > et}f]
=I+II+III+IV+V.
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We estimate the terms separately. In several places we use the fact
that |z] > z/2 if z > 2. We can use Kolmogorov’s inequality on the
first two terms. By (21.3) and (21.11),

(21.13) I < 7%t} Var[S,,.] < 2¢7%(1 +€*)~°

1 1
< 2¢72 exp(—ée"slog(l +e€ )) < 272 exp(—ze_l) < Kie,

where K is a constant large enough that the last inequality holds for
0 < € < 1. This and the same argument for T}  give

(21.14) I < Kje, II < Kie.
By Etemadi’s inequality [M19],
(2115) MI<) cieny PImAXi<ny [Stes — Sty 2 etll?
< 32 ek BEX P{|Si| > et1/2/3].

The number of summands here is M — m = s < €% To estimate
III, consider separately the terms for i < n/2 and i > nl/2 By
Chebyshev’s inequality, the terms for i < nl/? contribute to III at

most (use (21.11))
(21.16) 3- e—*"(et}\f/s)—znl/2 =27t 02 < 27 Tn 2 < ¢,

where the last inequality holds for n sufficiently large.
If k < M and ¢ < ng, then ¢ < npr = tpr4+1 — tar and hence

ity —t 1+ )Ml (14 )M 41 2

LIPS e Sk P i U ) Y S
tym tym (1+¢€) (1+et)M
Since M goes to infinity along with n, i/tpr < 4€* for large n. But

also, for large n, i > nl/? implies that ¢ exceeds the ko(e) of (21.7),
and (if €” < 1/12) it follows that [M25(55)]

[|Sz| S _Etl/‘Z] _ P[ _1/2|S| > _E(tM) ] [ —1/2|Si‘ > i]
<plms -] splmiz ] oo
) + €8 < Kyef,

1
= 26""(“’2(1%)2
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where K> is a constant large enough that the last inequality holds for
0 < € < 1. Since the number of summands in (21.15) is at most e~°,
the terms for i > n.,, contribute to III at most 3¢ 3Kye® = 3Kae.
Therefore

(21.17) III < € + 3Kye.

And IV satisfies the same inequality.
To estimate V, note that, by Schwarz’s inequality,

2 V20— V2 < 250
Zmﬁk(M Tk = (ZMSk<M le) (M n) < tM € .

It follows by (21.7) that
1/2 N 7/2 1/2
(21.18) V< P[ng«M nCX =Yl 22y ]

< Zmgk<M P[IXy — Y| 2 €2 < (M —m)ef <e.

Putting the five estimates into (21.12) leads to (21.10) with K =
2K; + 6K, + 3. We must still find a single sequence {r;} that works
for every e—satisfies (21.10) for every value of .

There exists a (new and eventually irrelevant) probability space on
which are defined random variables 51-(17 ), i,p>1l,and U ?) p> 1, such
that all are independent of one another, each 51(” ) is distributed like the
original &;, and each U® is uniformly distributed over [0,1]. Let S,(cp ) =
Dick 51-(” ). The argument leading to (21.10) shows that for each p there
exists on this probability space an independent sequence (n&p ) , nép ), )
of standard normal variables, a function of (U (p),dp ),fép ), ...), such

that, if T,Ep ) = di<k ni(p ), then there is an no(p) such that

(21.19)  Plmaxkcn [n~Y28P) — n~127®)| > 2-7) < 2P,
for n > no(p).

By the construction, the sets {{,-(p ),nz(p )i = 1,2,...} for different val-

ues of p are independent of one another (but S,(cp ) and T,Ep ) are not
independent).

Put r(v) = 3 <, n0(p), and define

(21200 &=¢2 ., wi=nP ., forrp)<i<r(p+1).
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Then {£/} is an independent sequence of random variables, each having
the distribution of the original &;, and {n}} is an independent sequence
of standard normal variables. Define S} =5, & and T, = >, . ;.
Given €, choose pg so that 2770 < e. And choose n* large enough that

21.21 Pln~1/2 MaXg<, S, — T >¢ <e for n>n*
<r{po) IVk k

Suppose that n > n* V r(pg), and choose v so that r(v) < n <
r(v+1). Write

b, _|,,—1/2 1 b, _ i
Va‘_’ n Z (51 771) ’ M an;lzai(bv
a<i<h
If kK < r(pp), then
ka < Ms(po)‘

If r(q) < k < r(g+1) and g > pg, then

k r{po) r(p+1) k 7(po) r(p+1)
VE<V™ 4 Y0 Vi Vg S Mg+ Y0 MG+ MY,
po<p<q Po<p<g
And now, since 7(v) < n < r(v + 1) (which, together with n > r(po),

implies v > pp),
M <M+ S MIEEY 4

r(v)*
Po<p<v
By (21.20), if r(p) < k < r(p + 1), then
ko _ 1/2/ o) _ m(p)
My = l<rl?ar)%p In=2(S; 7).
Put all this together:

Mg = max|n” V28 - TH| < max |n~Y3(S; - T)|

i<r(po)
+ _max n~Y2(g® _ 7P
+max ln‘lfz(sf”) ~T) =4+ Y B,+C.
B po<p<v

By (21.21), P[A > €] < e. If pg < p < v, then n > r(v) > no(p + 1),
and hence, by (21.19), P[B, > 277] < 27P. And n > r(v) > no(v),
so that, by (21.19) again, P[C > 277] < 27", It follows that P[M§ >
2¢) <€+ <p<n 2P < 26

Thus {n}} stands in the desired relation to {{;}. What we want,
however, is a sequence {n;} on the original (2, 7, P) that stands in this
relation to the original sequence {£;}. But now we can apply Lemma
1 again, just as in the first proof of the theorem. a
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SECTION 22. STRASSEN’S THEOREM
The Theorem

Let £1,&, ... be an independent and identically distributed sequence of
random variables on (£, F, P); suppose the &; have mean 0 and variance
1. Let S = Y ¢, & (So = 0), and let X™ be the random element on
0, with values in C = C[0, 1], defined by

(220)  XPW) = TSt (@) + (0t = L) i ()

for 0 < t < 1. This is the random function (8.5) of Donsker’s theorem,
but with a very different norming constant. (We consider (22.1) only
for n > 3, so that the square root is well defined.) Strassen’s theorem
has to do not with the asymptotic distribution of X™ (the approximate
behavior of X™(w) for fixed large n and w varying over ), but with
the properties of the entire sequence

(22.2) (X3(w), X4(w),...)

for each individual w in a set of probability 1.

Consider elements z of C that are absolutely continuous in the
sense of having a derivative 2’ outside a set of Lebesgue measure 0, a
derivative that is integrable and in fact integrates back to x, so that
z(t) — z(0) = fot z'(s)ds for 0 < t < 1. Let K be the set of absolutely
continuous functions z in C for which z(0) = 0 and the associated z’
satisfies

(22.3) /0 o)< 1.

Lemma 1. The set K is compact.

ProoF. If z € K and s < t, then by Schwarz’s inequality,

@4 =) -2 < [ W)

1/2

< [(t-s) / t(m'(u))%u] <Vi—s.

It follows by the Arzela-Ascoli theorem that K is relatively compact.
But K is also closed: Suppose that points =, of K converge to a point
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z of C. Then there exists [PM. 246] a sequence {n;} of integers and a
functlon z’ on [0, 1] such that fo 5))%ds < 1 and fo n,(8)z(s) ds —;
fo z(s)ds for all square-lntegrable z on [0,1]. (This is the weak
compactness of the unit ball in L2.) But then we have z(t) — z(0) =
lim; (Zn, (t) — 2n; (0)) = lim; [} 2, (s)ds = [} z'(s) ds. 0

It is not hard to see that K is convex as well as compact. But
since the set is nowhere dense (Example 1.3), it bears no resemblence
to0, say, a closed disk in the plane—it is more like a closed line-segment
in the plane. Strassen’s theorem:

Theorem 22.1. With probability 1, the sequence (22.2) is rela-
tively compact and the set of its limit points coincides with K.

In this section, to say that a property holds with probability 1
means that, if E is the set of w having the property, then there is an
F-set F such that F C E and PF = 1. If (Q,F,P) is complete, it
follows that £ € F and PE = 1. Theorem 22.1 implies the ordinary
law of the iterated logarithm, and this and other consequences are
discussed at the end of the section.

Preliminaries on Brownian Motion

To simplify the notation, write

(22.5) L, = +v/2nloglogn.

Let [B(t):t > 0] be a standard Brownian motion on some (2, F,P),
define a random element B™ of C by

(22.6) Bl(w)=L7'Bu(w), 0<t<l,
and consider the sequence
(22.7) (B3(w), B¥(w),...).

Before proving Theorem 22.1 for the X™, we prove the analogous result
for the B™.

Theorem 22.2. With probability 1, the sequence (22.7) is rela-
tively compact and the set of its limit points coincides with K.

For w in a set of probability 1, the path B(:,w) is nowhere differ-
entiable [PM.505], and for no such w can B™(w) lie in K; the reason
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why subsequences of (22.7) can approach the points of K is that K is
nowhere dense.

PROOF. The proof is in two parts. In the first we show that, with
probability 1, (22.7) is relatively compact and all its limit points lie in
K. In the second part we show that each point of K is such a limit
point.

First part. It is enough to show that, with probability 1, for each
(rational) € we have B™(w) € K* for all sufficiently large n. For then
there is probability 1 that dist(B™(w), K) — 0, and there are points
yn(w) of K such that ||B"(w) — yn(w)|| — 0, which implies that (22.7),
like {yn(w)}, is relatively compact and all its limit points lie in K.

Given ¢, fix a large positive integer m and a real number r just
greater than 1, each to be specified later. We have

(22.8) P[B" ¢ K| < P[mi(B"(%) _ B"(i — 1))2 > r2]
=1

m

+P[B" ¢ K, mi(B"(%) - B"(i;l))2 <r?|=I+1L
i=1

Let x2, have the x?-distribution with m degrees of freedom. Since
vm(B™(i/m) — B*((i — 1)/m)) has variance nL, % = 1/(2loglogn),

(22.9) I=P[x3, > 2rtloglogn)]

1 /°°
2m/2p(m/2) 2r2loglogn
1 2 (m/2)—1_—r2loglogn
T(m/2) (r“loglogn) e

as n — oo (I'Hopital).

Let Z" be the random function obtained by linear interpolation
between its values Z"(i/m) = B"(i/m) at the points i/m, 0 < i <
m. The paths of Z" are absolutely continuous, and the derivative is
(Z™)'(t) = m(B™(i/m) — B*((i — 1)/m)) for t in ((i — 1)/m,i/m). The
second condition in I is exactly the requirement that fol ((Z™Y(t))%dt <
r2, which implies 12" € K. Therefore,

I<P[r'Z"e K, B"¢ K|<Pr'Z" K, |r™'2" - B"|| > €.

Now ||r=1Z" — B*|| < ||r~1Z™ — Z"|| + || 2™ — B"||, and the first term
on the right, (r — 1){r~12Z"||, is by (22.4) at most r — 1 if r~12Z" € K.
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Choose r close enough to 1 that 7 — 1 < €¢/2. Then
II < P[||Z™ — B"|| > €/2].
Since

12" — B"| = max sup |Z"(t) - B"(t)|

1<i<m =l L
m —='~m

and the suprema here all have the same distribution, it follows by the
definition of Z™ that

(22.10)  II < mPlsupi<cy/m [27(t) — B™(t)| > €/2]
= mP[sup;</m |mtB"(1/m) — B™(t)| > €/2].

If t < 1/m, then |mtB"(1/m) — B"(t)| < |B™(1/m)| + |B™(t)|, and so
SUp;<1/m [MEB™(1/m) — B™(t)| < 2sup,<y/m | B" ().
And now, by(22.10) and [M25(58)],
(22.11) 11 < mP{supyey/m [ B > €/4]
= mP[sups<pn/m |B(s)} > €Ln/4] < 4me=(€*m/16) loglogn

The r of (22.8) has already been chosen so that 0 < r — 1 < €/2.
Choose m large enough and then choose ¢ close enough to 1 that

(22.12) em/16>1, l<c<r?, c¢<em/l6.
By (22.8), (22.9), and (22.11), we have, for all sufficiently large n,
(22.13) P[B" ¢ K| < 5me~cloglogn,

Take ng = |c*|. Then ny > ¢*~! for large k, and

- 5m

PIB™ ¢ K¢| < 5 —cloglog ck—1 —

(BT g K] < Sme = Dloga
and therefore Y, P[B™ ¢ K€ < oco. By the Borel-Cantelli lemma,
there is probability 1 that B™ € K¢ for all large enough k. This is
what we want to prove, but we must also account for n’s not of the
form n;. To do this, we must control the size of
(22.14) My= max |B™ - B".

ng_1<n<ng
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Since

|B™ — B™|| < sup Ly} | B(ngu) — B(nu)| +sup |L;} — Lg'| - | B(nu)],
u<l1 u<l

we can control M} by separately controlling

(22.15) Ap=L;! max sup|B(nit/n) — B(t)|
ng_1<n<ny t<ck

and

(22.16) By= max |L;!—L;' sup|B(t)|.

ng—1<n<ng t<ck

For large k, ng_; > cf72, so that np_; < n < ny implies ¢ <
nit/n < ngt/ng_1 < c*t. Thus

Ap < Ly} sup |B(s) — B(t)| < Ay V A,

tSc"’
t<s<e?t
where
A, = I3} sup |B(s) - B(1)| < 2L/ sup |B()
t<1 8<c?
t<a<c?
and

#=L,! max sup |B(s)— B(t)|

l<z<k ci-lgtget
t<s<c?t

<2L;!' max sup |B(s)— B(c .
1<i<k ci-1<s<ci+

Now ny > c*~! for large k, and then [M25(58)]

P[4, > ¢ < P[sup |B(s)| > eLck_l/Q]

8<c?
< 4exp[——L (o 1:] < 4exp[—€—ck 3}.
8c2C 4

Therefore, Y, P[4}, > €] < co. Also, for large k [M25(57)],

k
Pl 2 <Y P sup |B(s)— B[ 2 eLck_l/z}

i=1 Ci—lsssci+2

{3~ 1) €2L3k_1 ]

k
< S ¢\ —
- ; Vor €L exp[ 8ck—1(c? — 1))
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Since Y% | ¢-1/2 = (ck/2 — 1) /(c!/2 - 1), we have
_e
4(c? - 1)

where a is a constant. Now ¢ was chosen to satisfy (22.12); if we
move it closer to 1, then the factor in front of the iterated logarithm
in (22.17) will exceed 1, in which case, >, P[4} > €] < co. Therefore,
Yok PlAk 2> €] < o0,

The maximum preceding the supremum in (22.16) is at most

B 3 _ _1 [loglogck=2 _ _
Ap:= Lckl"?-_Lc‘cl = Lckl_z (1_c : W = Lckl—Z(l_c lok)’

where 6 — 1. Therefore [M25(58)],
(22.18) P[Bi > €] < P[sup [B(t)| = €/A]
t<ck

22.17 P[AY > €] < aexp|— loglog *~1|,
k

2 2

€ €
< = 1= _—_
= 4exp[ 2ckAz] 4exp[ c2(1—c16)?

log log ck_z] .
By moving c still closer to 1, we can arrange that €2/c?(1 — ¢ 1)? >
a > 1. Then, for large k, the factor in front of the iterated logarithm
in (22.18) will exceed a, so that ), P[Bx > €] < oc.

Since we have controlled Ay and By, the My of (22.14) satisfies
>k PIMi < €] < oo for each €, and there is probability 1 that M — 0.
As we already know, there is probability 1 that B™ € K¢ for all large
k, and hence B™ € K2 for all large n. This completes the first part of
the proof.

Second part. Suppose that, for each z in K, there is probability 1
that some subsequence of (22.7) converges to z, or

(22.19) limninf | B*(w) — z|| = 0.

There is a countable, dense subset D of K, and it follows that, for w
in a set of probability 1, (22.19) holds for every z in D. Fix such an w.
For y in K and e arbitrary, there is an z in D such that ||y — z|]| < e.
Since (22.19) holds, for infinitely many n we have ||B™(w) — z|| < €
and hence || B™(w) — y|| < 2¢. For each y in K, this holds for every e,
and so a subsequence of (22.7) converges to y. It is therefore enough
to deal with (22.19) for a single = in K, and we can even assume that

(22.20) /l(a:'(u))Qdu <1,
0
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since the z with this property are dense in K.
Fix such an = and let € be given. First choose m and then choose
6 so that

(22.21) me2>1, 1/m<e z(l/m)<e, mb<eg

the third condition is possible because z(0) = 0. Let A, = A,(z,m, )
be the w-set where

) |(57(2) -2 (50)- () +(5) <o

for 2<i<m;

note that ¢ starts at 2 rather than 1. Write

di = |z(i/z) — z((i — 1)/m)|, Lpm = +/2mloglogn.

Since the distribution of N is symmetric about 0, it follows by the
definition (22.6) of B™ that

Pa, > [T Pldi < L71N <di +34].

By (22.4), (z(t) — z(s))? < (t — s) [1('(u))?du; apply this with
s = (i—1)/m and t = i/m, add, and use (22.20): m}Y 1 d? <

fo r'(u))?du < 1. By reducing § still further, we can arrange that

[ E( )c]l, + 6)? < 1. If n is large enough that 6L, > V2r, then
M25(56

Pldi < Ly1.N < d; + 6] > exp[—L2 ,(d; + 6)*/2]
= exp[-m(d; + 6)%loglogn),

and it follows that

PA, > exp[-m >
n p| ; (di + 6)%loglog n] > exp[— loglogn] = Togn’
Let ny = m*. If F(s,t) is the o-field generated by the differences
B(v) — B(u) for s < u < v < t, then A, € F(n/m,n), and 4,, €
F(mF=1,mF). Therefore the A,, are independent. (If we had started
i at 1 instead of at 2 in the definition of A,, then A, would lie in
F(0,m*), and we could not have drawn the conclusion that the Ap,
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were independent.) Since PA, > 1/logn, Y, PA,, = oo, and by the
Borel-Cantelli lemma, there is probability 1 that infinitely many of the
Ay, occur. For large n we have [M25(55)]

P[|B™(1/m)| > €] = P[|N| > €Lnm) < 2(logn)~™<.

Since me? > 1 by (22.21), 3_, P[|B™(1/m)| > €] < o0, and hence, with
probability 1, |B™(1/m)| < € for all large k.

We have now shown that, if (22.21) holds, then there is probability
1 that (22.22) and |B™(1/m)| < € both hold for infinitely many values
of n. Since |z(1/m)|] < € by (22.21), it follows for such an n that
|B™(1/m)—z(1/m)| < 2¢. But now, this and (22.22) imply (B™(0) = 0)

(22.23) |B™(i/m) — z(i/m)| <mé+2, 0<i<m.

We know from the first part of the proof that, with probability
1 and for large n, |B® — y|| < € for some y € K, so that, by (22.4)
for y, |B™(t) — B™((i — 1)/m)| < 2¢ + \/1/m < 3¢ for (1 — 1)/m <
t < i/m. Again by (22.4), |z(t) — z((i — 1)/m)| < /1/m < € for
(i—1)/m <t < i/m. We conclude from (22.21) and (22.23) that
| B® — z|| £ mé + 6e < Te. |

Proof of Strassen’s Theorem

We are now in a position to complete the proof of Strassen’s theorem;
the argument remaining is similar to that for Theorem 20.2. We start
with the sequence {£,} on (Q,F,P). It is independent, and the &,
all have the same distribution, with mean 0 and variance 1. Now
consider the Brownian motion [B(t):¢ > 0] and the stopping times 7,
of Theorem 20.1. They are defined on a new space (', F',P’). Of
course, Theorem 22.2 applies to this Brownian motion. Define random
variables (; and T} as for Theorem 20.2, and define random elements
X", Y™ and Z" of C by linear interpolation between these values at
the points i/n:

X™ im = LlSi=L;! Yon<ién (onQ),
(2224) (Y™ Y7 =L'Ti= L' e G = L' B(mi) (oY),

zm Zy, = B"(i/n) = L71B(i) (on€Y).

This is the same as (20.2), except for the new norming constant, and
X™ coincides with the random function of (22.1). Since the &; have the
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same joint distribution as the ;, the X™ will satisfy Theorem 22.1 on
Q if the Y™ satisfy the same theorem on §¥'. The B" are now defined
on §¥ rather than on §, but they do satisfy Theorem 22.2.

Suppose we can prove that

(22.25) Y™ = B =0

holds with P’-probability 1. By Theorem 22.2, there is P’-probability
1 that (B3, B*...) is relatively compact and the set of its limit points
is K. But then the sequence (Y3,Y*,...) will have the same property
by (22.25), which will complete the proof.

We prove (22.25) in two steps:

(22.26) |B™ - Z"|| — 0
and
(22.27) |y -2"|—0

hold with P’-probability 1. For large n we have [M25(58))

P'lI|B™ — Z"|| > €] < nP'[sup,c, |B(s)| > €Ln/2]
< 4nexp[—€2L2 /8] = o(1/n?).

Now (22.26) follows by the Borel-Cantelli lemma.
As for (22.27), ||[Y™ — Z"|| = L;!max;<, |B(r;) — B(i)| by the
definitions, and so it is enough to prove that

(22.28) LY B(m) = B(n)] = 0

with P’-probability 1. Let ¢ be given. By the strong law of large
numbers (recall that the 7, — 7,—1 are independent and identically
distributed with mean 1), there is an ng such that, with probability
exceeding 1 — ¢, we have |1, — n| < ne for n > ng, in which case
| B(T) — B(n)| < sup|B(t) — B(n)|, where the supremum extends over
(1—¢€)n <t <(1+¢€)n. Define n', a function of n, by n’ = [(1 + €)n].
For large n, (1 — €)n/n’ > 1 — 2¢, and this implies

|B(ta) —B(n)| <2 sup |B(t) - B(n)|
(1—e)n<t<n’

<2 sup |B(sn')— B(n')|.
1-2e<8<1
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For large n we have L,//L, < 2, and then

(22.29) L;'|B(m) - B(n)| <4 sup L7 }'|B(sn') — B(n')]
1-2e<s<1

=4 sup |B™(s)-B"(1)|.
1-2e<s<1
With probability exceeding 1 — ¢, (22.29) holds for all large enough
n. By Theorem 22.2, there is probability exceeding 1 — 2¢ that both
(22.29) and B™ € K¢ hold for large n. But then, by (22.4), we have
|B" (s) — B¥(1)] < 2+ V2 for 1 — 2¢ < s < 1. Therefore, with
probability exceeding 1 — 2e,

L;"|B(rs) — B(n)| < 4(2¢ + v2¢)

for all sufficiently large values of n. This shows that (22.28) holds with
probability 1 and completes the proof of Theorem 22.1. O

Applications
The applications use this result:

Lemma 2. If ¢ is a continuous map from C to R!, then, for w in
a set of probability 1, the sequence

(22.30) (X3 (W), (X w)), - )

1s relatively compact and the set of its limit points coincides with the
closed interval ¢(K).

PRrROOF. If z and y are points of C, then the function f(t) =
é((1 — t)x + ty) on [0,1] is continuous and assumes the values ¢(z)
and ¢(y) at the endpoints and hence must assume all values between
the two. Since K is convex, ¢(K) is a closed interval. It is easy to see
that, if (22.2) is relatively compact and the set of its limit points is K,
then (22.30) is also relatively compact and the set of its limit points is
¢(K). The result follows by Theorem 22.1. O

Ezample 22.1 Take ¢(z) = z(1). By (22.4), |[z(1)| < 1 forz € K,

and since ¢(z) is +1 and —1 for z(¢) = t and z(t) = —t, we have
#(K) =[-1,+1]. And
(22.31) P(X™) = (2nloglogn)~V/2S,.

By the lemma, the limit points of the sequence defined by (22.31)
exactly fill out the interval [—1,+1]. This is the Hartman-Wintner
theorem. O
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Ezample 22.2 If ¢(x) = sup, z(t), then ¢(K) = [0,1], and

(22.32) d(X™) = (2nloglog n)~'/2 max S;.

The limit points exactly fill out [0, 1]. m

Ezample 22 3 Let f have bounded derivative on [0,1] and take
fo t)dt. If F(t) = ft s)ds and z € K, then par-
tlal 1ntegrat10n gives ¢(z) = fo F(t)x'(t) dt. This is an inner product
(F,z') in L?[0,1], and under the constraint ||z'||3 = fol(m'(t))2dt <1,
it is maximal for ' = F/||F||2 and the maximum is m = ||Fl; =
[y F2(t) dt]/2. Therefore, ¢(K) = [-m,m].
We can approximate ¢(X") = fol XPf(t)dt by

(22.33) U, = (2n%loglogn)~1/? Z f(i/n)S;.
i=1

To see this, note first that
n i/n
6(X™) — U < 3 / IXPA(E) — L3 f(3/n) S dt.
i—1 (i-1)/n

If A bounds |f| and B bounds |f’|, then the integrand is bounded by
A|XP — L;1Si| + Bn1L;1|S;|, and we have

n n
[6(X™) = Un| < AL7'n 'Y |&| + BL'n ™) 1S/l

i=1 i=1

By the strong law of large numbers, this goes to 0 with probability 1.
Therefore, the limit points of {Up} fill out [—m,m].

If f(t) = c, then m = |¢|/V3. If f(t) = t*, a > 1, then m =
((a+2)(a +3/2))71/2, o

Ezample 22.4. Because of Example 22.1, it is interesting to inves-
tigate the frequency of the integers i for which L 18; exceeds a fixed
c¢. Define random variables v; by

(22.34) 7,.={1 if 5, > c(2i loglog)!/2,
0 otherwise.
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For 0 < ¢ < 1, there is probability 1 that

(22.35) limnsup % ,z:;% =1- exp(—él(c—l2 - 1))

The proof of this falls into two distinct parts. Define

(22.36) ve(x): = At: z(t) > eV, s*(c):= :ZII; ve(z),

where ) is Lebesgue measure and ¢ is restricted to [0, 1]. We show first
that

(22.37) s*(c) = 1 —exp(—4(c2 - 1))

and second that

. 1 o .
(22.38) llmnsup = > vi=s"c)

i=1

with probability 1.

To prove (22.37), we show first that the supremum s*(c) is achieved.
Suppose that z,;,; — z (in the sense of C) and consider the inequalities
Mt:zm(t) > evt] < At z(t) > evi—k™1 < Alt: z(t) > cv/t] +¢. Given
€, choose k so that the second inequality holds; for large m, the first
holds as well, which proves upper semicontinuity: limsup,, ve(zm) <
ve(z). Now choose {zp,} in K so that v.(zn,) converges to s*(c), and
by passing to subsequence, arrange that x,, — zg. Then zg € K, and
by upper semicontinuity, zo is a maximal point of K: It achieves the
supremum s*(c). It will turn out that there is only one of them, but
for now let xg be any maximal point.

If s <t and z € K, it follows by Jensen’s inequality that

(22.39) / (@ ()2 > D =26

s t—s
and there is equality if and only if z is linear over [s,t]. If z(t) > cv/t
and t > 0, then (22.39) gives fg(m'(u))zdu > (z(t))?/t > 2. Therefore,
since the integral goes to 0 with ¢, we must have z(t) < cv/f in some
interval (0, sg). This is true of each z in K, and it implies v.(z) > 0.
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If zo is maximal and 5% = fol(mf)(u))Qdu < 1, then z; = B8tz
lies in K and v.(z1) exceeds v (o) (since the latter must be positive).
Therefore, every maximal z satisfies

1
(22.40) /0 (zh(u))3du = 1.

Next, the set A = [t:zo(t) > cv/%] is empty: If 1 € A, then there
is an @ > ¢ and a t' such that zo(t') = a and z¢(t) > a on (¢,1].
Redefine g so that zo(t) = a on [t/,1]. This leaves v,(z¢) unchanged
but decreases fol(m()(t))th by (22.39), which contradicts (22.40). It
follows that, if A # 0, then there are points ¢; and ¢; such that 0 <
t1 < ta < 1, zo(t1) = cv/t1, To(te) = cv/T2, and zo(t) > cv/t on (1, 12).
Since p(t) = ¢Vt is strictly concave, zo cannot be linear over [t,to]. If
each point of (¢1,t2) can be enclosed in an open interval on which zg is
linear, then by compactness, z¢ is linear over [t; + €,t2 — €] for each €
and hence is linear over [t1,t;]. Therefore, there is a ¢y in (¢;,2) that
is contained in no open interval over which zg is linear. There is some
7 small enough that the line segment L connecting (o — 7, zo(to — 1))
to (to + n,zo(to + n)) lies above the graph of p. Redefine zo over
[to—n, to+n)] so that its graph coincides with L there. This leaves v,(zg)
unchanged, and again we have a contradiction of (22.40). Therefore,
A is indeed empty.

We know that zo(t) < cv/? for all ¢, and zo(t) < cv/t on (0, so).
Take so to be the infimum of those positive ¢ for which zo(t) = cv/2,
with so = 1 if there are no such t. Then zo(t) = tc/\/s, on [0, so],
for if zo is not linear there, then (22.39) (strict inequality) for z = xo,
s = 0, t = so contradicts (22.40) once again. We prove below that
zo(t) = ¢/t on [sg, 1], so that

(22.41) zo(t) = { ZC\Z V50 22 { ;)0 810]].’

Let us assume this and complete the proof of (22.37). If (22.41) holds
for the maximizing g, then, by (22.40), 2 + fslo(c/2\/f)2dt =1, and
this gives sp = sp(c), where so(c):= exp(—4(1 — ¢=2)). This proves
(22.37), as well as the fact that 0 < sp < 1.

To prove (22.41), we must eliminate two possibilities. First, sup-
pose there exist s; and sy such that so < 83 < 89 <1, zo(s1) = ¢/31,

xo(s2) = ¢/52, and z9(t) < cv/t on (s1,s2). Let § = 33 — s; and define
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a continuous yo by

(22.42)
tc/vso+6 on|0,s0+ 6],
yo(t) = § cv/so + 8 + zo(t — 6) — zo(sg) on [sp + 8, s2],
cVsg + 6 + xo(s1) — zo(s0) + zo(t) — zo(s2) on{s2,1].
If t is a point of [so, s1] and zo(t) > cv/t, then ¢t+6 is point of [so+6, s2]
and yo(t + 6) > cv/t + 8 (algebra); if t is a point of [sg, 1], then yo(t) >
zo(t) (algebra). Therefore, vc(yo) > ve(zo) and yo is a maximal point.

An easy computation, together with the facts that yj(t) = z4(t —6) on
[s0 + 6, s2] and yp(t) = zg(t) on [sg, 1], shows that

80 so+4
/ (ah(8))?dt = / (o () 2dt = 2,
0 0
81 82 1 1
/3 " (ap(e) e = / CORE / (rhlt) %t = / (wh(t)e
Therefore, by (22.39),

/l(y:’(t))th - /Sz(xb(t))%lt <1 levmoem)?
0 s

§2 — 81

which contradicts (22.40) and rules out the first possibility.

The second possibility is that there exists an s; such that so <
s1 < 1, zo(t) = cV/t on [sg,s1], and zo(t) < ¢/t on (s1,1]. Redefine
zo by taking zo(t) = c¢,/s1 on [s1,1]. Since zp is still maximal, (22.40)
gives so = s;exp(—4(c™2 —1)). But from s; < 1 follows s; — sp <
1—exp(—4(c=2—1)). Since this last quantity is acheived by (22.41), the
redefined zg cannot be maximal, which rules out the second possibility.

This completes the proof of (22.37). It remains to prove (22.38).
Suppose we can show that, for 0 < ¢’ < ¢ < ¢ < 1, there is probability
1 that

1 n
22.43 lim sup = < s*(c
( ) £ Pn ;% < s*(c)
and

1 n
(22.44) limnsup - Z»yi > s*(c").

i=3
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This will be enough, since (22.37) shows that s*(c) is continuous and
decreasing.
To prove (22.43), first restrict the range of summation to

(22.45) © [an]+1<i<n,

where 0 < a < 1. Since this decreases the average! by at most «a, if
we can show that (22.43) holds for the new average, then (22.43) itself
will follow: Let o decrease to 0 through the rationals. Fix the a and
take e small enough that ¢(1 — €) — 2¢/v/a > ¢. Suppose that i is in
the range (22.45), that ¢t € I = [(i — 1)/n,i/n], and that n is large
enough that (loglog an/loglogn)/2 > 1 — e. Then v; = 1 implies
(22.46) n=Ly'Si > c(1 - €)/i/n > c(1 - €)Vi.
With probability 1, for large n there is an z, in K for which || X" —
Tn|| < €, and then (22.46) implies z,(i/n) > c(1 — €)v/t — ¢, which in
turn implies z,(2) > (1 — €)v/% — 2¢ for n large enough that 1/1/n < €
(use (22.4)). And finally, (22.45) and t € I further imply z,(t) >
(c(1 — €) — 2¢/\/a)\/t > ¢v/t. To sum up, there is probability 1 that,
for n large and ¢ in the range (22.45), v; = 1 implies that z,(¢) > v/t
on I7'. This means that the average in (22.43) for the new range (22.45)
is at most A[t: z,(¢) > ¢/v/#], which proves the original (22.43).

As for (22.44), we can restrict the sum by

(22.47) lan] —1<i<n,

since this only decreases the average. Take zy to be the maximal point
of K for ¢”, and take a less than sg(c”) as defined after (22.41). Then

Atra <t <1, 2o(t) > Vi) = At zo(t) > "VE| = s*().

Now i';n > cy/i/n implies S; > ¢v/i/nL, > cL; and hence v; = 1.
With probability 1, there are infinitely many n such that, for i in the
range (22.47), || X™ — 20|l < (¢ — ¢)v/a/2 < (" — ¢)4/i/n. Suppose

that, for such an n and i, we have z(t) > ¢’v/t for some ¢t in Ty
Then

X;}n > 110(7—7:) - (C” - C)\/% > C”\/Z - (C” - C)\/% 2 c\/gv

! These are not quite averages, since the number of summands is less than n.
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and hence v; = 1. Since [a, 1] is covered by the I7,; for i in the range
(22.47), it follows that n~! :’;lan |—17 is at least

At <t <1, zo(t) > Vi)

This proves (22.44).

As Strassen points out, .99999 < s*(1/2) < .999999. Therefore, for
¢ = 1/2 there is probability 1 that n™! 3", . ~; exceeds .99999 infinitely
often but exceeds .999999 only finitely often. O
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APPENDIX M

METRIC SPACES

We review here a few properties of metric spaces, taking as known the
very first definitions and facts.

M1. Some Notation. We denote the space on which the metric is
defined by S and the metric itself by p(z,y); the metric space proper
is the pair (5, p). For subsets A of S, denote the closure by A~, the
interior by A°, and the boundary by 0A = A~ — A°. The distance from
z to A is p(z, A) = inf[p(z,y):y € A]; from p(z, A) < p(z,y) + p(y, 4)
it follows that p( -, A) is uniformly continuous. Denote by B(z,r) the
open r-ball [y: p(z,y) < r]; “ball” will mean “open ball,” and closed
balls will be denoted B(z,r)~. The e-neighborhood of a set A is the
open set A = [z: p(z, A) < €.

M2. Comparing Metrics. Suppose p and p’ are two metrics on the
same space S. To say that the p’-topology is larger than the p-topology
is to say that the corresponding classes O and O’ of open sets stand in
the relation

(1) Oco.

This holds if and only if for every z and r, there is an r’ such that
B'(z,r") C B(z,r), and so in this case the p'-topology is also said to be
finer than the p-topology. (The term stronger is sometimes confusing.)
Regard the identity map i on S as a map from (S, o) to (S, p). Then
i is continuous if and only if G € O implies G = i"1G € (’—that is,
if and only if (1) holds. But also, i is continuous in this sense if and
only if
p'(zn,z) = 0 implies p(zn,z) — 0.

This is another way of saying that the p’-topology is finer than the
p-topology. The metric p is discrete if p(z,y) = 1 for x # y; this gives
to S the finest (largest) topology possible.

236
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Two metrics and the corresponding topologies are equivalent if each
is finer than the other: (S,p) and (S, p') are homeomorphic. If p' is
finer than p, then the two may be equivalent; in other words, “finer”
does not mean “strictly finer.”

Ma3. Separability. The space S is separable if it contains a countable,
dense subset. A base for S is a class of open sets with the property
that each open set is a union of sets in the class. An open cover of A
is a class of open sets whose union contains A.

Theorem. These three conditions are equivalent:

(i) S s separable.
(ii) S has a countable base.
(iii) Each open cover of each subset of S has a countable subcover.

PROOF. Proof that (i) — (ii). Let D be countable and dense, and
take V to be the class of balls B(d,r) for d in D and r rational. Let
G be open; to prove that V is a base, we must show that, if G; is the
union of those elements of V that are contained in G, then G = G;.
Clearly, G; C G, and to prove G C G it is enough to find, for a given
z in G, a d in D and a rational r such that z € B(d,r) C G. But
if z € G, then B(z,e) C G for some positive €. Since D is dense,
there is a d in D such that p(z,d) < €/2. Take a rational r satisfying
p(z,d) <r <e€/2: z € B(d,r) C B(x,e).

Proof that (ii) — (iii). Let {V1,V,,...} be a countable base, and
suppose that {G,} is an open cover of A (« ranges over an arbitrary
index set). For each Vj, for which there exists a G, satisfying Vi, C G,
let G, be some one of these G containing it. Then A C |J, Ga,.

Proof that (iii) — (i). For each n, [B(z,n"!):z € S] is an open
cover of S. If (iii) holds, there is a countable subcover [B(znk,n " !): k =
1,2,...]. The countable set [znx:n,k =1,2,...] is dense in S. a

A subset M of S is separable if there is a countable set D that
is dense in M (M C D~). Although D need not be a subset of M,
this can easily be arranged: Suppose that {dy} is dense in M, and
take Ty, to be a point common to B(dy,n~!) and M, if there is one.
Given an z in M and a positive € > 0 choose n and then dj so that
p(z,dr) < n~! < €/2. Since B(dy,n"!) contains the point z of M, it
contains gy, and p(z, k) < €. The zk, therefore form a countable,
dense subset of M.

Theorem. Suppose the subset M of S is separable.
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(i) There is a countable class A of open sets with the property that,
ifc € GNM and G is open, thenx € AC A~ C G for some A in A.
(ii) Every open cover of M has a countable subcover.

PROOF. Proof of (i). Let D be a countable, dense subset of M
and take A to consist of the balls B(d,r) for d in D and r rational.
If z € GN M and G is open, choose € so that B(z,¢) C G, then
choose d in D so that p(z,d) < €/2, and finally, choose a rational r
so that p(z,d) < r < €/2. It follows that z € B(d,r) C B(d,r)” C
B(z,e) C G.

Proof of (ii). Let A = {A1, Ag,...} be the class of part (i). Given
an open cover {G,} of M, choose for each Ay a Gq, containing it (if
there is one). Then M C |J Ga,- 0

These arguments are essentially those of the preceding proof. Part
(ii) is the Lindeldf property.

Separability is a topological property: If p and p' are equivalent
metrics, then M is p-separable if and only if it is p’-separable.

M4. Completeness. A sequence {z,} is fundamental, or has the
Cauchy property, if

sup p(zi,z;) —n 0.

1,j2Nn
A set M is complete if every fundamental sequence in M has a limit
lying in M. A complete set is obviously closed. Usually, the question
is whether S itself is complete. A fundamental sequence converges if it
contains a convergent subsequence, which provides a convenient way
of checking completeness.

Completeness is not a topological property: S = {1, 00) is complete
under the usual metric (p'(z,y) = |z —y|) but not under the equivalent
metric p(z,y) = |z~ — y~!| (or, to put it another way, [1,00) and
(0,1} are homeomorphic, although the first is complete and the second
is not). A metric space (S, p) is topologically complete if, as in this
example, there is a metric equivalent to p under which it is complete.

Given a metric p on S, define

(2) b(z,y) = 1A p(z,y).

Since ¢(t) = 1 At is nondecreasing and satisfies ¢(s +t) < ¢(s) + ¢(t)
for s,t > 0, b is a metric; it is clearly equivalent to p. Further, since
¢(t) < tfort > 0and ¢(t) = t for 0 < t < 1, a sequence is b
fundamental if and only if it is p-fundamental; this means that S is p-

complete if and only if it is b-complete. The metric b has the advantage
that it is bounded: b(z,y) < 1.
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M5. Compactness. The set A is by definition compact if each open
cover of A has a finite subcover. An e-net for A is a set of points
{zx} with the property that for each x in A there is an z; such that
p(z,zr) < € A is totally bounded if for each positive € it has a finite
e-net (the points of which are not required to lie in A).

Theorem. These three conditions are equivalent:
(i) A™ is compact.
(i) Each sequence in A has a convergent subsequence (the limit of
which necessarily lies in A™).
(iii) A is totally bounded and A~ is complete.

PROOF. It is easy to see that (ii) holds if and only if each sequence
in A~ has a subsequence converging to a point in A~ and that A is
totally bounded if and only if A~ is. Therefore, we may assume in the
proof that A = A~ is closed.

The proof is clearer if we put three more properties between (i)
and (ii):

(i1) Each countable open cover of A has a finite subcover.
(i) If A C U, Gn, where the Gy, are open and G; C Gy C - -+, then

A C G, for some n.

(is) If AD Fy D F2 D -+, where the F, are closed and nonempty, then

N, Frn is nonempty.

We first prove that (i), (iz), (i3), (ii), (iil) are all equivalent.

Proof that (i;) < (iz). Obviously (i;) implies (ip). As for the
converse, if {Gn} covers A, simply replace G, by U<, G-

Proof that (i2) < (i3). First, (i2) says that ANG, T A implies that
ANG, = A for some n. And (i3) says that AN F,, | § implies that
ANF, =0 for some n (here the F, need not be contained in A). If
F, = G¢, the two statements say the same thing.

Proof that (i3) < (ii). Assume that (i3) holds. If {z,} is a sequence
in A, take By, = {Zn,Zn+1,--.} and F, = B . Each F,, is nonempty,
and hence, if (i3) holds, ), F,, contains some z. Since « is in the closure
of By, there is an i, such that i, > n and p(z,z;,) < n™!; choose the
in inductively so that ¢; < ¢ < ---. Then lim, p(z, z;,) = 0: (ii) holds.
On the other hand, if F;, are decreasing, nonempty closed sets and (ii)
holds, take z,, € F}, and let x be the limit of some subsequence; clearly,
z € (), Fn: (i3) holds.

Proof that (ii)—(iii). If A is not totally bounded, then there exists
a poitive € and an infinite sequence {z,} in A such that p(z,,, z,) > €
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for m # n. But then {z,} contains no convergent subsequence, and
so (ii) must imply total boundedness. And (ii) implies completeness,
because, if {z,} is fundamental and has a subsequence converging to
x, then the entire sequence converges to x.

Proof that (iii)—(ii). Use the the diagonal method [PM.538]. If
A is totally bounded, it can for each n be covered by finitely many

open balls Bpy, ..., Bu, of radius n~!. Given a sequence {zn} in
A, first choose an increasing sequence of integers m;,mi2, ... in such
a way that Zm,,,Zm;,,... all lie in the same By, which is possible
because there are only finitely many of these balls. Then choose a
sequence may,ma2, ..., a subsequence of mji, mi2,..., in such a way
that Zm,,, Tmy,, - - - all lie in the same Boy. Continue. If r; = my;, then
TrpsTrayrs--- all lie in the same By It follows that z,,,z,,... is

fundamental and hence by completeness converges to some point of A.

Thus (i;) through (iii) are equivalent. Since obviously (i) implies
(i1), we can complete the proof by showing that (i) and (iii) together
imply (i). But if A is totally bounded, then it is clearly separable, and
it follows by the Lindelof property that an arbitrary open cover of A
has a countable subcover. And now it follows by (i) that there is a
further subcover that is finite. a

Compactness is a topological property, as follows by condition (ii)
of the theorem. A set A is bounded if its diameter sup[p(z,y): z,y € A]
is finite. The closure of a totally bounded set is obviously bounded in
this sense; the converse is false, since, for example, the closed balls in C
(Example 1.3) are not compact. On the other hand, a set in Euclidean
k-space is totally bounded if and only if it is bounded, and so here the
bounded sets are exacly the ones with compact closure.

A set A is relatively compact if A~ is compact. This is equiva-
lent to the condition that every sequence in A contains a convergent
subsequence, the limit of which may not lie in A.

A useful fact: The continuous image of a compact set is compact.
For suppose that f : S — S’ is continuous and A is compact in S. If
{f(zn)} is a sequence in f(A), choose {n;} so that {z,,} converges to
a point z of A. By continuity, {f(zn,)} converges to the point f(zx) of
f(A).

MS6. Products of Metric Spaces. Suppose that (S;,p;),i=1,2,...,
are metric spaces and consider the infinite Cartesian product § =
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S1 X Sy x -+-. It is clear that

(3) p(z,y) = D271 A pilwi 9:))

1=1

is a metric, the metric of coordinatewise convergence.

If each S; is separable, then S is separable. For suppose that D;
is a countable set dense in S;, and consider the countable set D in S
consisting of the points of the form

(4) T= (1, Ty Thp1> Thy2r-- )

where k > 1, z; is a variable point of D; for ¢ < k, and 7 is some fixed
point of S; for i > k. Given an € and a point y of S, choose k so that
Yivk 27% < € and then choose points z; of the D; so that p;(y;,z;) < e.
With this choice, the point (4) satisfies p(y,z) < 2e.

If each S; is complete, then S is complete. Suppose that z" =
(z%,23,...) are points of S forming a fundamental sequence. Then
each sequence :cil, :v?, ...is fundamental in S; and hence p;(z?, ;) —n 0
for some z; in S;. By the M-test, p(z",z) — 0.

If A; is compact in S;, then Ay x Az x -+ is compact in S. (This
is a special case of Tihonov’s theorem.) Given a sequence of points
z" = (z},7},...) in A, consider for each i the sequence z},z2,... in
A;. Since A; is compact, there is a sequence ny,ng, ... of integers such
that z* — ; for some z; in A;. But by the diagonal method, the
sequence {ny} can be chosen so that z;* — z; holds for all i at the

same time. And then, 2™ —y (x1,29,...).

M7. Baire Category. A set A is densein Bif BC A~. And A
is everywhere dense (or simply dense) if S = A~, which is true if and
only if A is dense in every open ball B. And A is defined to be nowhere
dense if there is no open ball B in which it is dense. The Cantor set is
nowhere dense in the unit interval, for example, but a nowhere-dense
set can be entirely ordinary: A line is nowhere dense in the plane.

To say that A is nowhere dense is to say that, for every open ball
B, A fails to be dense in B, which in turn is to say that B contains an
x such that, for some ¢, the ball B(z, €) fails to meet A: B(x,€) C A°.
But since B is open, B(z,€) C B for small enough e:

(5) B(z,e) C BN A°.
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Thus A is nowhere dense if and only if every open ball B contains a ball
B(z, €) satisfying (5). This condition is usually taken as the definition,
although the words “nowhere dense” then lose their direct meaning.
By making e smaller, we can strengthen (5) to B(z,e)” C BN A®. The
Baire category theorem:

Theorem. If S is complete, then it cannot be represented as a
countable union of nowhere dense sets.

PROOF. Suppose that each of Aj, Ay, ... is nowhere dense. There
is in S an x; such that B(xy,€1)” C SN A§ for some €;. And B(x,€1)
contains an zz such that B(zg,e2)” C B(zy,€e1) N A§ for some ;.
Continue. The €, can be chosen in sequence so that €, < 27", and
then, since p(Tn,Tn+1) < 27", the sequence {z,} is fundamental and
hence has a limit z. For each k, z lies in B(zk,€;)” and hence lies
outside Ag: S =, Ak is impossible. 0

A set is defined to be of the first category if it can be represented as
a countable union of nowhere-dense sets; otherwise it is of the second
category. According to Baire’s theorem, the space itself must be of the
second category if it is complete.

MS8. Upper Semicontinuity. A function f is upper semicontinuous
at z if for each e there is a § such that p(z,y) < é implies f(y) <
f(x) + €. 1t is easy to see that f is everywhere upper semicontinuous
if and only if, for each real a, [z: f(z) < a] is an open set. Dini’s
theorem:

Theorem. If f,(z) | O for each x, and if each f, is everywhere up-
per semicontinuous, then the convergence is uniform on each compact
set.

PROOF. For each ¢, the open sets G, = [z: fo(z) < €] cover S. If
K is compact, then K C G, for some n, and uniformity follows. O

MS9. Lipschitz Functions. A function satisfying a Lipschitz condi-
tion on a subset A of S can be extended to the entire space.

Theorem. Supose that f is a function on A that satisfies |f(z) —
fw) < Kp(z,y) for z and y in A. There is an extension g of f to S
that satisfies the same condition: |g(z) — g(y)| £ Kp(z,y) for z and y

in S. If f satisfies |f| < a on A, then g can be taken to satisfy |g| < a
on S.
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PROOF. Fix an arbitrary point z of A. If y € A, then for all z € S,

fly) + Kp(z,y) = f(2) + Kp(z,y) + (f(y) — f(2)))
> f(2) + Kp(z,y) — Kp(y,2) > f(2) — Kp(x, 2).

Therefore, the function g(z) = infyc4(f(y) + Kp(z,y)) is well defined
on S. If z and y lie in A, then f(y) + Kp(z,y) > f(z), with equality
for y = z: g(z) = f(z) for z in A.

Let z and z’ be points of S. Given ¢, choose y in A4 so that g(z) >
f(y) + Kp(z,y) — €. Then

9(z') — g9(z) < fly) + Kp(z',y) = [f(y) + Kp(z,y) — €]
= K(p(z',y)) - p(z,y)) + € < Kp(z', z) +¢,

and so g(z') — g(x) < Kp(z',z). Interchange z’ and z to get the
Lipschitz condition for g.
If a bounds |f| on A, truncate g above at a and below at —a. O

M10. Topology and Measurability. The Borel o-field S for (S, p)
is the one generated by the open sets. Let (', p’) be a second metric
space, with Borel o-field 8. If h:S — S’ is continuous, then it is
measurable S/S’ (in the sense that A’ € &’ implies A € §). To prove
this, it is enough [PM.182] to show that =!G’ € S if G’ is an open
set in S'; but of course h~1G’ is open. In particular, a continuous real
function on S is S-measurable.

Let (2, F) be a measurable space, and let hy, and h be maps from
Q to S. If each hy, is measurable F/S, and if lim, hpx = hx for every
z, then h is also measurable F/S. In fact, h™'F C liminf, h;1F¢ C
h~1F2¢, Intersect over positive, rational e: If F is closed, then h™1F =
N liminf,, h; 1 F€, which lies in F.

The set Dy, of points at which h is not continuous lies in S. This is
true even if h is not measurable S/S’. To prove it, let A.s be the set of
z in § for which there exist points y and z in § satisfying p(z,y) < 6,
p(z,z) < 6, and p'(hy,hz) > €. Then A is open, and Dy, € S because
Dy, =, N Aes (€ and & ranging over the positive rationals).

Subspaces. A subset Sp of S is a metric space in its own right. If
O and Oy are the classes of open sets in § and Sy, then Oy = O N Sy
=[G N Sp: G € O)), and it follows [PM.159] that the Borel o-field in
S() is

(6) Sg =S N Sg.
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If Sp lies in S, (6) becomes
(7) So=[A:AC Sy, A€S].

Product Spaces. Let S’ and S” be metric spaces with metrics p’
and p” and Borel o-fields 8’ and 8", and consider the product space
T = S x S”. The product topology in T may be specified by various
metrics, for example,

(8) t((z',2"), (v, ¥") = V'@, v") + [ (", y")]?
and
(9) t((2,2"), W' ") = P, y) v o' (2" ).

Under either of these metrics there is convergence (z),, z)) — (z’,z")
in T if and only if 2}, — z’ in S’ and z], — «” in S”. Under the metric
(9) we have, in an obvious notation,

(10) Bt((.'El,.’L'”),T) = Bpl(CB/,’l") X Bpll(fl?”,’l‘),

which is convenient.

Consider the projections 7/ : T — 8" and n” : T — §” defined
by 7'(z',2") = 2’ and 7"(z’,xz") = z"; each is continuous. If Tp is
countable and dense in T, then 7’1y and n" Ty are countable and dense
in §’ and §”. On the other hand, if Sy and Sj are countable and dense
in $” and S”, then S§ x S§ is countable and dense in T'. Therefore: T
is separable if and only if S’ and S” are both separable.

Let 7 be the Borel o-field in T. Consider also the product o-field
S’ x §”"—the one generated by the measurable rectangles, the sets A’ x
A" for A’ € 8’ and A" € §". Now this rectangle is (7') "t A'N(x") 1 A",
since the two projections are continuous, they are measurable 7 /S’
and T /S”, respectively, and it follows that the rectangle lies in 7.
Therefore, 8’ x §” C T. On the other hand, if T is separable, then
each open set in T is a countable union of the sets (10) and hence lies
in 8 x 8. It follows that

(11) S'x8"=T,

if T is separable.?

! Without separability, (11) may fail: If S’ = S” is discrete and has power
exceeding that of the coninuum, then the diagonal [(z,y):z = y] lies in 7 but not
in 8’ x S”. See Problem 2 on p. 261 of Halmos {36].
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ANALYSIS

M11l. The Gamma and Beta Functions. The gamma function is
defined by

(12) [a) = /oo 2 le %dx
0

for positive a. Integration by parts shows that I'(a) = (a — 1)['(a — 1)
for a > 1, from which it follows that I'(m) = (m — 1)! for positive
integers m.

The gamma-a distribution (with unit scale parameter) has density

_ 1 a—1_-zx
over (0,00). A calculation with the Laplace transform shows that
go and gg convolve to g,4s, from which it follows that g,45(1) =

Jo 9a(v)g5(1 — ) dy, or
' I'(a)I'(5)
14 / @11 — )Pty = =202
(14) Y (1-y)" dy T(at 3]
The left side here defines the beta function; the beta-(a, 3) distribution
has over (0,1) the density y*~1(1 — )~ II'(a + ) /T(a)T(B).
M12. Dirichlet’s Formula. Let D;, be the R¥-set defined by the in-
equalities ¢1,...,tx > 0 and ZLI t; < 1. Dirichlet’s integral formula is

(15) Df(t1+ )t t‘gk‘ldtl---dtk
k

I'(a
= t)t*~dt,
I’(041+ +Olk / 7o

where a = a; + ... + o, and the o; are positive. To prove it, fix
t3,...,tg, wWrite @ = t3+ -+t (@ = 0if k = 2), and consider the
integral

a;—1y02—-1
t1,t2>0 f(tl + t2 + a‘)tl t2 dtldtQ
t1+ta<l—a
By (14), the change of variables t; = (1 — s1)s9, tz = s159 (with

Jacobian sp) reduces this to

//0<sl<1 F(sa+a)(1 — s1)* s32 31t~ g dsy

0<sp<l—a

— F(C\KI)F(QQ) /1_a a1 +az—1
= T(or & a2) Jo f(s2+a)sy dss.
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And now (15) follows by induction.

M13. The Dirichlet Distribution. The random vector X =
(X1,...,Xx) has the Dirichlet distribution with (positive) parameters

oy, .o if Xpg=1-— Zk le and (X1,...,Xk_1) has density

Dloa+- -+ k) -1 oxoi-1 _

16 Tl R T (L =ty = = )R

( ) P( ) F(ak) ( 1)

on the set where tq,...,t;_1 are positive and add to at most 1. By

(14) and (15), (16) does integrate to 1. A change of variables shows
that, if @; = a;, then the distribution of X remains the same if X;
and X; are interchanged. If the a; are all the same, then X has the
symmetric Dirichlet distribution; in this case, the distribution of X is
invariant under all permutations of the components.

M14. Scheffé’s Theorem. Suppose that y;, are nonnegative, that
S myE =5, ym (finite) for all n, and that y3, —n ym for all m.
Then, by the series form of Scheffé’s theorem [PM.215],

(17) Z lyzz - ym' —n 0.
m
If f is a bounded and continuous real function, then
(18) > unfR) =n > ymf (ym).
m . m
For, if M bounds f, then
| v ) = S o) |
m
< Z |Ym = yml| - 1 f (ym)| + Zymlf(ym) — fym)|
< MZ [ym — Ym| + Zymlf Ym) = f(ym)l.
m m

To the first sum on the right apply (17) and to the second apply the
bounded convergence theorem.

M15. Measurability of Some Mappings. Let 7 be the class of
Borel subsets of T' = [0, 1]. For each ¢, the projection m; from C to R}
(Example 1.3) is measurable C. Since the mapping

(19) (z,t) = z(t)
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from C x T to R! is continuous in the product topology, and since
C x T is the o-field of Borel sets for this topology (see (11)), (19) is
measurable C x 7/R!.

For z € C, let h(z) be the Lebesgue measure of the set of ¢ in T for
which z(t) > 0. We want to prove that h is measurable C, and we can
derive this from a more general result. If v is the indicator of (0, 00),
then

1
(20) h(z) = /0 o(z(t)) dt.

It will be enough to prove that, if v is Borel measurable, bounded,
and continuous except on a set of Lebegue measure 0, then (20) is
measurable C; we prove at the same time that it is continuous except
on a set of Wiener measure 0.

Since v(z(t)) is a bounded, Borel measurable function of ¢, (20)
is well defined. And since (19) is measurable C x 7, the mapping
¥ : C x T — R defined by v(x,t) = v(z(t)) is also measurable. Since
1 is bounded, h{z) = fol Y(z,t) dt is measurable C as a function of x
[PM.233].

If D, is the set of discontinuities of v, then, by assumption, AD, =
0, where X is Lebesgue measure. Let E be the set of (z,t) for which
z(t) € D,. If W is Wiener measure, then W(z: (z,t) € E] =0, and it
follows by Fubini’s theorem applied to the measure W x A on C x T that
At: (z,t) € E] =0 for x ¢ A, where A is a C-set satisfying WA = 0.
Suppose that z, — z in the topology of C. If x & A, then z(¢) &€ D, for
almost all ¢ and hence, since zn(t) — z(t) for all ¢, v(za(t)) — v(z(t))
for almost all ¢. It follows by the bounded convergence theorem that

1 1
(21) /Ov(zn(t))dt—v/o v(z(t)) dt.

Thus h is continuous except at points forming a set of W-measure 0.

The argument goes through if W is replaced by a P with the prop-
erty that Pm, ! is absolutely continuous with respect to Lebesgue mea-
sure for almost all . This is true of W°.

Except in two places, this argument also goes through word for
word if C is replaced by D. First, if z, — z in the topology of D, then
zn(t) — z(t) for all but countably many ¢ (rather than for all t), which
is still enough for (21). Second, the proof that (19) is measurable—
in this case, that it is measurable D x 7 /R!—requires modification.
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Figure 3 Figure 4

Figure 5 Figure 6
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Define (see the proof in Section 12 that 7, is measurable) h.(z,t) as
e ! [T z(s)ds for t < } and as € ~1ff z(s)ds for t > 1. Then h,
is continuous on D x T, and since h,,-1(xz,t) —,, z(t) for all z and ¢,
measurability follows.

One more function on C remains to be analyzed, namely, the supre-
mum h(z) of those t in [0,1] for which z(t) = 0. Since [z: h(z) < a]
is open, A is measurable. If h is discontinuous at z, then A(t) must
keep to one side of 0 in (h(z),1) and keep to the same side of 0 in
(h(x) — €,h(z)) for some e. That h is continuous except on a set of
Wiener measure 0 will therefore follow if we show that, for each g,
the supremum and infimum of W over [tg, 1] have continuous distri-
butions. Since Wy — W}, for ¢ ranging over [tg,1] is distributed as a
Wiener path with a linearly transformed time scale, —W3, +sup,;>,, Wt
has a continuous distribution (see (8.20)). This last random variable
and W, are independent, and hence their sum also has a continuous
distribution. The infimum is treated the same way.

M16. More Measurability. In Section 14 we defined the mapping
1¥: D x Dg — D by ¥(z,¢) = z0¢ (see (14.11)), and we are to prove it
measurable D x Dy/D. Since the finite-dimensional sets in D generate
D, it is enough to prove that, for each ¢, the mapping

(22) (z,0) — m(z 0 @) = z(4(t))

is measurable D x Dg. If ¢ (t) = [ke(t)]/k, then ¢ (t) | &(t) for each
t. Hence the mapping

(23) (z,¢) — z(¢k(t))

converges pointwise to (22), and it is enough to prove this latter map-
ping measurable D x Dy. Now [(z, ¢): z(¢r(t)) < @] is the union of

(24) [(z,¢):6(t) = 0] N [(z, ¢): 2(0) < o]

with the sets

i—1 _
(25) [(z,¢).T<¢(t)< ] [(a: é): ( )<a] i=1,....k
If H € RY, then [¢ € Do:¢(t) € H] = Don w7 H lies in Dy, and
therefore [(z,¢):¢(t) € H] € D x Dy. Similarly, [(z,¢):z(t) € H] €
D x Dp. Thus the sets (24) and (25) all lie in D x Dy, which proves
the measurability of (23).

?“'I
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CONVEXITY

We treat here a few facts about planar convex sets needed for Section
15. We assume the basic theory (support lines, convex hulls, and
so on), and the treatment is somewhat informal.! Every convex set
considered is assumed to be compact. Denote Euclidean distance by
d(z,y) = |z — y|, and write A% = (A)” = [z:d(z, 4) < €.

The Hausdorff distance between two compact sets is

(26) h(A,B) = (sup inf |z — y]) v (sup inf |z — y])
rcAyeB yEB €A

Equivalently, h(A, B) is the infimum of those € for which
(27) Ac B*Y, BcCA*-

Let T be the space of (compact) convex subsets of the unit square
Q = [0,1]%. For the theory of Section 15, we must show that T is h-
totally bounded, and in fact we need to estimate the size of the smallest
e-net.

M17. Preliminaries on Convexity. We first show that T is h-
complete, which, once it has been shown to be h-totally bounded, will
imply that T is h-compact. Suppose that {C,} is h-fundamental, and
define C as the closed set {);2,,(U;2; Cj)~; note that, since the union
decreases with ¢, the intersection is the same for all n. Suppose we
have h(Cp,C;) < € for i > n. Then |J;2; C; C Cf for i > n, and hence
C c (U;2;Cj)~ € Cf*. On the other hand, if z € Cp, then the disc
B(z,€) meets C; for each ¢ > n, and therefore B(z,e)™ N ( ;’;i C;)~
is, for i > n, a decreasing sequence of nonempty, closed sets; it follows
that the intersection B(z,e)” N2, (Uj2; C;)~ = B(z,€)" NC is also
nonempty. This means that x € C*¢, and hence C, C C*¢. Thus
h(Cp,C) < €, which shows that h(C,,C) — 0.

It remains to show that the closed set C is convex. Choose €,
so that h(Cn,C) < €, — 0. Suppose that z and y lie in C and
consider a convex combination z = pz + gy. There are points z, and
yn of Cp such that |z — z,| < €, and |y — yn| < €, and of course
Zn = PTp + qYn — 2. Also, 2z, lies in C, and hence lies within ¢, of a

t Eggleston [25], for example, has a detailed account of the general theory. He
defines the Hausdorff distance as a sum rather than a maximum (which gives an
equivalent metric), and he gives it no name.
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point 2/, of C. This means that z;, also converges to z, which proves
that z lies in C. Therefore, the limit set C is convex, and T is indeed
complete.

We also need this fact: Suppose that C € Cr41 C C, for all n.
Then: C, | C if and only if h(C,C,) | 0. Suppose first that C, | C
but h(Cp,C) > €. There is then an z, in Cp for which d(z,,C) > e.
Pass to a subsequence along which z, converges to some z. Then
d(z,C) > €, hence ¢ ¢ C, hence x ¢ Cy, for some ng, and hence
d(z,Cp,) > 0. But z, € Cp, for n > ng, and so z, cannot converge
to z, a contradiction. Suppose on the other hand that h(C,C,) — 0.
Of course, C,, | A for some A, and C C A C C,, C C*¢ for large n; let
€el0: A=C.

We next prove that

+e _ [U(BC)e +me? if C° # 0,
(28) ACT —AC = { 2(C)e + me?  if C° = 0.
where A denotes two-dimensional Legesgue measure and ! denotes arc
length. The case C° = 0 is easy, since then C is a closed line segment,
0C = C, and A\(C) = 0. We show in the course of the proof that 9C
is rectifiable.

Suppose first that C is a convex polygon. On each side S; of C,
construct a rectangle R; of height €, as shown in Figure 1. Between
R; and R;; lies a fan-shaped region Fj, a sector of a disc of radius e.
If v; is the angle at the apex, then },v; = 27, and so ), AF; = el
And of course Y; AR; = [(0C)e. Hence (28) for the polygona! case.

Next, take D to be a polygon inscribed in the general C, and apply
(28) for € = 1: (D) < AD*! — AD < AC*1. Thus l(8D) is bounded,
and 8D is indeed rectifiable. And if C C @, then C*! C [-1,2]?,
which gives

(29) 8C)<9  if CcCQ.

(It is intuitively clear that, in fact, {(0C) < 4.)

Before proving the general case of (28), we show that A(9C) = 0.
If C° = 0, this is easy. In the opposite case, translate C' so that the
origin is an interior point. The sets a(AC) are disjoint, and A(a(9C)) =
a’\(8C), which is impossible if A(8C) > 0.

To prove (28) for the general C with nonempty interior, note first
that each point of C is the limit of points in C°: Given u in C, choose
z7 and zy in C° in such a way that u, 21, z9 are not colinear and hence
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are the vertices of a triangle V contained in C; but obviously, V° C C°
and hence u € 9V°. Now choose inscribed polygons Cp in such a
way that Cy, T A, where C° C A C C. Then [(0C,) T 1(8C) (by the
definition of arc length), and AC, 1 AA = AC (since A(0C) = 0). Also,
Clec Cri, c C*e If z € C°, then |z — y| < € for some y € C°. But
then y € C,, for some n, so that d(z,C,) < € and z € C;7¢: C* C C.
Thus C;'¢ 1 B, where C¢ C B C C™¢, and so ACf¢ 1 AB = AC*¢
(since A(ACT¢) = 0). Hence (28).
A further inequality:

(30) A(C1AC,) < 45h(Ch, C)) for C1,C; €Q.

Suppose that ~(Cy, C2) < h. Then CoNC§ C Cf"—Cy and C1NC§ C
Ci* — Cy, and so, by (28), A(C1AC) < 2(1(8Ch) + 1(8C2))h + 2mh2.
And now (29) gives A(C1AC3) < 36k + 2wh2. Since h(Cy,Cs) < V2,
letting h tend to h(C1,C3) gives (30).

A boundary point of a convex set is regular if through it there runs
only one support line for the set (it is not a “corner” of the boundary).
Another fact we need is that, if C is convex, then every boundary point
z of the larger convex set CT¢ is regular. Indeed, there is a unique point
y of C such that |t~y| = ¢, and B(y, €)™ C C*¢; since any line through
z that supports C ¢ must also support B(y, €)”, there can be only one
of them. Since h(C,C*¢) = ¢, it follows that every convex set can
be approximated arbirarily closely in the Hausdorff metric by a larger
convex set whose boundary points are all regular and whose interior is
nonempty. (Although the boundary of the approximating set has no
corners, it may contain straight-line segments.)

M18. The Size of e-Nets. The basic estimate:

Theorem. There is a constant A such that, for 0 < € < 1, there
erists in T an e-net T'(€) consisting of N(e) convexr polygons, where

(31) log N(e) < A\/glog %
Further, for each C in T, there is a C' in T(¢) such that C C C’ and
h(C,C") < € (approzimation from above).

It is possible to remove the logarithmic factor on the right in (31),!
but the proof of the stronger inequality is both more complicated and

t Dudley [21], p. 62.
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less intuitive. We prove only the inequality (31) as it stands, since this
suffices for the application in Section 15.

PROOF. Let r be a positive integer, later to be taken of the order
\/1_/2. Assume that r > 8. We want to approximate an element C' of
T by a convex polygon with a limited number of sides, and we proceed
by constructing a sequence of approximations C1,Cy,.... These sets
may not be contained in @ and hence may not be elements of T', but
we can remedy this at the end by intersecting the last approximation
with Q. First, we take C1 to be a convex set that has only regular
boundary points, has nonempty interior, and satisfies C C C; and
h(C,C1) < 1/r%, as we know we can.

For z on 8C4, let L{z) be the (unique) support line through =z,
and let v(z) be the unit vector that starts at z, is normal to L(z),
and is directed away from C). If p(z) is the endpoint of v(z) after
it has been translated to the origin, then p(-) maps 9C; continuously
onto the unit circle (it may not be one-to-one, since 8C; may have
flat places). For 0 < j < r, let w; be a point of OC; such that p(w;)
has polar coordinates 1 and 27j/r. Since C; may not be contained
in Q, (29) is not available as it stands. But C; C [—1,2]?, hence
Ci! c [-2,3]%, and the argument leading to (29) gives [(8C;) < 25.
Therefore, there are points on dC1, at most 25r of them, such that
the distance along 9C) from one to the next is at most 1/r. Merge
this set with set of the w;. This gives points zg, z1,...,Z;-1, ordered
clockwise (say) around 9C1, such that, first, |z;—z;+| < 1/r (i+1=0
for i = k—1), second, the angle 6; between the support lines L(z;) and
L(x;41) satisfies 0 < 0; < 27 /r, and third, k < 26r. Now L(z;) is the
boundary of two closed half-planes; let H(x;) be the one containing
Ci. Then C; = f;ol H(x;) is a convex polygon which contains C;.

Suppose at first that all the angles 8; are positive, which implies
that Cy has exactly k sides. Consider successive points z; and i1,
and let y; be the point where the two lines L(xz;) and L(z;+1) intersect
(Figure 2). If o; and ; are the angles at the vertices z; and z;¢; of
the triangle z;y;z;+1, and if z; is the foot of the perpendicular from y;
to the opposite side, then o; + 3; = 6;. From r > 8 follows 8; < 27 /r <
/4 and therefore,’ |y; — z| = |z; — ziltanay < |z; — 41| tanf; <
(1/7)tan(2mw/r) < 4 /r2. This implies that each point of the segment
from x; to y; is within distance 16/r2 of a point on 8C;. The same
argument applies to the segment from z; to the corresponding point

t1fo <t < m/4, then cost > 1/v/2, and so tant < t/cost < 2¢.
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yi—1 on the other side. The segment from y;_ to y; is one of the k sides
of C5, and each of its points is within 16/ r? of 8Cy. Since C) C Co, it
follows that h(C1,C3) < 16/72.

If a 6; is 0, join the sides lying on L(z;) and L(z;41) (lines which
coincide in this case) into one longer side. If we do this for each i such
that 8; = 0, we see that Cy now has 26r or fewer noncollinear sides
(k < 26r), and the angle between each side and the next is at most
27 /r.

There are infinitely many possibilities for the polygon Cs, because
there is no restriction on the vertices. The next step is to replace
the vertices of Co by elements of the lattice £, of points of the form
(i/r2,7/r?) (i and j integers), which will lead to a convex polygon C3
for which there are only finitely many possibilities.

Consider a vertex y; joining adjacent sides S; and S;+; of Cy (Figure
3). We want to move y; to a nearby element of £,. Extend S; and
Si+1 past y; to get rays R; and R; from y;; let A; be the open region
bounded by R; and R]. ‘Since r > 4, so that 27/r < 7/2, the angle
between R; and R is obtuse. It is clear that, for p > 1/r?, any disc
of radius p contains a point of £, in its interior. Consider the disc of
radius p that is tangent to the rays R; and R;. Since the angle at y; is
obtuse, |y; —a| < p=|b—al, and so |y; — b| < 2p. Take p = 4/3r%: A;
contains a point ¥/ that lies in £, and satisfies |y; — y!| < 4/r2.

Let C3 be the convex hull of the points y}. (Some of the y; may
be interior to C3.) Since y; lies in the open set A;, a ray (Figure 4)
starting from y; and passing through y; will enter the interior of C;
and will eventually pass between a pair y; and y; +1 (or through one of
them). This means that y; lies in the triangle with vertices y;, }, and
¥;+1 and hence lies in the convex hull C3. And since this is true for
each vertex of the polygon Cs, it is a subset of C3. Finally, since each
y;- is within 4/r? of a point of Cy, we arrive at h(Cy, C3) < 4/r2.

The successive Haudorff distances from C to C; to Ca to Cj are less
than 1/r2, 16/r%, and 4/r?, and therefore, h(C,C3) < 21/r2. And the
sets are successively larger. How many of these convex polygons Cj are
there? Although C3 may extend beyond @, it is certainly contained in
[~1,2]% The number of points of £, in this larger square is less than
9(r? + 1)? and hence less than 36r*. Since each of the 26r or fewer
vertices of C3 is one of these points, the number of polygons Cj is at

most
26r [36r% 36
M, = < < 4267
r E . ( . ) _26T(26r) < 267(3677)

=1 2
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(The first inequality holds if 267 is less than half of 36r, which only
requires r > 1.) Clearly, log M, < Brlogr for a constant B.

If C4y = @ N Cs, then C4 is a convex polygon containing C; then
h(C,Cy) < 21/7?, and M, bounds the number of these special elements
of T. Given an ¢, take r an integer such that r > /21/e¢ > r—1. Then
21/r? < ¢, and if € is small enough, then r > 8 (a condition used in
the construction). Since r < 24/21/e, (31) follows. O

Suppose that C is in T, and choose a polygon C/ in T'(¢) in such a
way that C C C! and h(C,C!) < €. Now let C, = [z:d(z, (C/)¢) > €.
Then C! is convex and closed. And we can show that C; C C, that
is, that £ ¢ C implies d(z, (C/)°) < €. Since this inequality certainly
holds if z ¢ C/, assume that z € C' — C. If y is the point of C nearest
to z (Figure 5), then C is supported by the line through y that is
perpendicular to the segment from y to . Extend this segment until
it meets AC! at the point z. Then y is the point of C nearest to z,
and since h(C, C/) < €, we have |y — z| < ¢, and hence d(z, (C?)¢) < e.
Therefore, C, C C C C/.

A simple argument shows that A(CY —C!) < 1(dC/)e < 9¢: On each
side of the convex polygon C! construct a rectangle that has height ¢
and overlaps C! (Figure 6). The extra factor of 9 can be eliminated by
starting over with €/9 in place of € and noting that replacing € by €/9 in
(31) gives a function of the same order. (It is not true that h(C!, C")
is always small: Take C to be an isosceles triangle with angle € at the
apex.)

To sum up: If C is an element of T, there are an element C! of
T(€) and a companion convez set C,, such that

(32) ClcCcccCl, ANC'-Ch<e  RCCY<e

Since C! is completely determined by C/, it follows that the number of
possible pairs (CL,C”) is N(e).

Let Ty be the countable class of finite intersections of sets contained
in J,T(1/n). If Cp = Ny {l/k’ then C,, € Ty and h(C,Cp) — 0,
and since C C Cp41 C Cy, it follows that C), | C.

tIn marking examination papers, Egorov (of Egorov’s theorem) used to take off
a point if a student ended up with 2¢ instead of e.
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PROBABILITY

M19. Etemadi’s Inequality. If Si,...,S, are sums of independent
random variables, then

> < .
P[rgglskl > 30] < Smax P[|Sk| 2 ]

To prove this, consider the sets By where |S;| > 3a but |S;| < 3a for
j < k. Since the By are disjoint,

[maxISkl > 3a] <P(ISal 2 a] + Y P(Be N [IS4] < al)

k<n
P[ISal = o] + ) - P(Bx N [|Sn — Sk| > 20])
k<n
=P[|Sa| 2 o] + > _ PBy - P[|S, — Sk| > 20]
k<n

c<n
< P[ISa] > o] + max(P(|Sa| > o] + P[|Sk| > o)

< 3r’£1§t;< P[ISk| > a].

M20. Bernstein’s Inequality. Suppose that n,...,7, are indepen-
dent random variables, each with mean 0 and variance o2, and each
bounded by 1. Let § = n + -+ 4+ 7ny; it has mean 0 and variance
s%2 = no?. Then

5172
vl

This is a version of Bernstein’s inequality.
To prove (33), suppose that 0 < ¢t < 1 and put G(t) = 1/(1 ~ t).
Then, since ] < 771-2 for r > 2,

(33) P[[ 71_7;5 |Z :c} < 2exp[— for z > 0.

o242 o242
! G( ) < exp[—ét—G(t)}.

E[etﬂz]—1+ZtE ]<1

By independence,
242

E [ets] < exp [S—Zt—G(t)] ,
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and therefore, for positive y,

t2g?
P[S > y] = P[e!® > e¥] < e WE["] < exp[TG(t) - ty].

We want to bound the probability on the left, and the method will be
clear if at first we operate as though G(t) were constant: G(t) = G.
This makes it easy to minimize the right side over . The minimum is
at

_ ¥
(34) t - S2G’
and substitution gives
2
Y
>yl < — .
(35) P[S>y] < exp[ 232G]

Although this argument is incorrect, a modification of it leads a
good bound. Replace the G in (34) by 1/(1 — t) and solve for ¢: ¢t =
y/(s®+y). Since this ¢ is between 0 and 1, (35) does hold if we replace
the G there by 1/(1 —t) = (52 +y)/s%

2

PS>y < exp[—z(sTijy—)]-

Replace y by z/n and use s2 = no?; the resulting inequality, together
with the symmetric inequality on the other side, gives (33).

M21. Rényi Mixing. Events A, A,y,... in (2, F,P) are mizing in
the sense of Rénys if

(36) P(An N E) — aP(E)

for every E in F. In this case, P(A,) — a. Suppose that Fy is a field
in F, and let 71 = o(Fp): Fo C F1 C F.

Theorem. Suppose that (36) holds for every E in Fy and that
An € F for alln. Then

(37) /ngdP—>a/gdP

holds if g is F-measurable and P-integrable; in particular, (36) holds
for all E in F. And if P dominates Py, a second probability measure
on F, then

(38) Po(An) — a.
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PROOF. The class of F-sets F satisfying (36) is a A-system (use the
M-test) which contains the field Fy and therefore [PM.42] contains F7.
It follows that (37) holds if g is the indicator of an Fi-set and hence
if it is a simple, Fi-measurable function. If g is Fi-measurable and
P-integrable, choose simple, Fj-measurable functions g that satisfy
lgk| < lg| and gp — g. Now

‘/A gdP—a/gdP ‘S‘/A gde—a/gde‘+(1+|a|)E[‘g—gk|].

Let n — oo and then let k — oo: (37) follows by the dominated
convergence theorem.

Now suppose that g is F-measurable and P-integrable and use con-
ditional expected values. Since A, € F; and E[g||F] satisfies (37), it
follows that

[ adp=[ ElFiap—a [EglFip=a [ gap
Ap An

(37) again holds. To prove (38), take g = dPo/dP. 0

M22. The Shift Operator. Let Rt be the space of doubly infinite
sequences T = {...,&_1(z),&o0(x),&1(x), .. .) of real numbers; the £, are
the coordinate variables. Take RJ* to be the field of finite-dimensional
sets (cylinders), and let RT>® = o(RJ™). Let T be the (left) shift
operator, defined by the equation &,(Tz) = €,+1(x). If 8 is a function
on R*%, define T as the function with value 6(T'z) at x; for example,
€T = &nt1-

Define R*°, R*, and R§° as in Example 1.2: z = (£} (x), &(z),...).
Let T” be the shift operator here: &,(T"z) =&, ,(z) for n > 1.

Any stochastic process ...7n-1,70,71,... can be realized on the
space (RT°°,R*%), in the sense that, by Kolmogorov’s existence the-
orem, there is a probability measure P, on Rt under which the
coordinate process {£,} has the same finite-dimensional distributions
as {nn}. Since all convergence-in-distributions results depend only on
the finite-dimensional distributions, {n,} and {£,} are equivalent for
our purposes. Now {7} is stationary if and only if T preserves P, on
R+, PnT‘1 = P,. And by definition, {n,} is ergodic if T is ergodic
under P,. Similarly, a one-sided process (1,72, ...) can be realized on
(R, R*, Py) for the appropriate Py; the original process is stationary
if and only if T' preserves P;, and is by definition ergodic if 7" is ergodic
under P;,.
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But if (71,79, ...) is stationary, it can also be represented on the
space (RT®, R+, P,) if, under Py, (£&,,...,&,) has the distribution of
(M. sMtv—u) for all u and v. Thus a stationary one-sided process
can be extended to a stationary two-sided process with the same finite-
dimensional distributions. And T, 7", and the two processes are all
ergodic or none is. This is because ergodicity depends only on the
finite-dimensional distributions: For example, if T is ergodic under P,
then it follows by the ergodic theorem and the bounded convergence
theorem that

(39) % zn: P(ANT*B) — P(A)P(B)
k=1

for all A and B in Rt®. Conversely, this implies ergodicity: If A = B
is invariant, then PA is 0 or 1. And (39) holds in general if it holds for
A and B in Rg‘x’: Given A and B in RT™ and an €, choose sets A,
and B, in R{™ in such a way that P(AAA,) < € and P(BAB,) < ¢,
and prove (39) by approximation.

If E[¢all&1,. .. €n-1] = 0, so that (£1,&2,...) is a stationary mar-
tingale difference, then the two-sided extension satisfies the condidtion
Elénllén—k;---,&n—1] = 0 for each k > 1, and it follows by a standard
convergence theorem [PM.470] that E[£,]]...,&—2,€n-1] = 0.

If F is a o-field in R*™, let T~1F be the o-field of sets T-1A for
A € F. Suppose that P is preserved by T. If # (measurable R*t*) is
integrable and A € F, then, by change of variable,

/ E[0T||T"1.7-']dP=/ 9TdP=/9dP=/ E[6]F] dP
T-1A T-14 A A
=/ E[6]|F]T dP,
T-14
and therefore,
(40) E[8||F]T = E[oT| T~ F).

If 7o = o[é:k < n], then T1F, = Fpy1, and if the coordinate
variables &; are integrable, then (40) gives

(41) E[&llFn)T = E[&it1]| Fata].
In particular,

(42) Elol|F-1]T™ = E[én | Fn-1].
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For any 6, {#T™:n =0, +1,...} is a stationary stochastic process, and
[PM.495) if T is ergodic, so is this new process. Thus {E[¢n||Frn-1]}
and {E[£2]|Fn-1]} (for £2 integrable) are ergodic processes.

M23. Uniform Mixing. Let || - || stand for the L? norm, and write
£ € A if £ is A-measurable. There are three standard measures of
dependence between o-fields A and B:

(43) oA, B) =sup[|P(ANB)-PA-PBl:Ac A, Be B,
(44) p(A, B) = sup[|E[én]|: € A, E€ =0, ||€]l <1,

n€B, En=0, [n]| <1],
(45) @(A, B) = sup[|P(B|A) —PB: A€ A, PA> 0, B e B
These measures are successively stronger; specifically,

(46) a(A,B) < p(A,B) < 2v ¢(A, B).

To prove the left-hand inequality, simply take £ = I4 — PA and n =
Ig — PB.

The right-hand inequality in (46) is harder to prove. It is enough
to consider simple random variables £ = Zi uily, and n = Zj vl B;
where {A;} and {B;} are finite decompositions of  into A-sets and
B-sets, respectively. By Schwarz’s inequality

Elenll =| 3 w24, [Pl/ﬁAi Zvjw(leAi)] |

< leI{3Pa, i

Hence it is enough to prove that

(47) Z PA;

(BjlAi)

BJIAZ) < 2%p(A, B)E[n?).

For each ¢, Schwarz’s inequality gives (we assume E€ = En = 0)

Zij(BjM Zu, (Bj|A;) — PBj)
J

< {vaIP(BjIAi) -P5|} /2{2 P(B;14:) — ”le}l/2
J J
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Since

S PA: Y WIP(B;|A:) — PB;| < 2|,
i J
(47) will follow if we show that

>_IP(Bjl4) = PB)| < 20(A, B)

holds for each i. If C; [C]] is the union of those Bj; for which the
difference P(B;|A;) — PB; is positive [nonpositive], then C;" and C;°
lie in B, and therefore,

3" IP(Bjl4i) — PBy| = [P(C}T|4i) — PCT] + [PC; = P(C | A)))]

< 2p(A, B).

This proves the right-hand inequality in (46). (It is easy to strengthen
the inequality between the first and third members of (46) to a (A4, B) <
©(A,B).)

Finally, if n is B-measurable and has a second moment, then

(48) IE[II.4] — El)Il < p(A, B)|ln — E[n]l

We may assume that E[] = 0. By the definition (44), |E[n||A]n]| <
p(A,B)||[E[n||A]|l - lInl|. But the left side here is |E[E[n||A]77||.A]]| =
|E[(E[n||A])2]| = ||[E[n|l-A]||?, from which (48) now follows.

M24. The Gauss-Kuzmin-Lévy Theorem. The theorem is this:

Theorem. Suppose that fo has two continuous derivatives on [0, 1]
and that fo(0) =0 and fo(1) = 1. Define fi, fo,... by the recursion

w  aew-Sl()-a(E)

Jj=1

Then, forn >0 and 0 <t <1,

(50) Fal®) = gy + 000
and
(51) fult) = 20BLEY oy,

log 2
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where [6,()| V [62(8)| < K6°, K >0,0< 6 < 1.1

This can be used for a simple proof of the uniform mixing condition
(19.38). Let

(52) A=(riai(z) =i, 1 <i < k|,

and define fn(t) as the conditional probability P([z: T**"z < ¢]|A),
where P is Gauss’s measure (19.22). Since

[2: TFHz < t] =

s

|
—

[z:# < Thng < 1.],
p J+t J

it follows by countable additivity that the f, satisfy (49). Let o(t)
[8(t)] be the smaller [larger] of ar+- -+ oy and Y1+ - -+ 1ox + ¢
Then, since z = Ya;(z) + - - - + Yag(x) + Thz, AN [z: T*z < 1] is the
set of irrationals in [a(t), 8(t)]. Therefore,

_ log(1 + A(t)) — log(1 + a(t))

fol) log2 PA !

and fq satisfies the conditions of the Gauss-Kuzmin-Lévy theorem.

Since T**+" 1z = Yagyn(z) + Yagsny1(z) + -+, it follows by the
uniqueness of the partial quotients in an expansion that the general
element of the o-field Gxyp = o(ak4n, Gk4n+1,-..) has the form B =
[z:T**"~1z € H] for H € R!. Therefore, by (50),

P(B|A) = /H F () dt=PH + 51,

where |6,_1] < K6"~1. But PH = PB by stationarity, and it follows
that

(53) IP(ANB) — PA-PB| < K6"'PA

holds if A has the form (52) and B € Fi,,. The class of sets A sat-
isfying (53) is closed under the formation of countable disjoint unions,
and each element of Hyx = o(ay,...,ax) is such a union of sets (52).
Therefore, (53) holds for A € Hy and B € Gk, which proves (19.38).

t See Rockett & Sziisz [58], p. 152 for the proof. They do not give (50) (which
obviously implies (51)) as part of the statement of the theorem, but it follows from
their method of proof.
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M25. Normal Tails. For z > 0,

/oo e’“z/zdu < /oo y_e_uz/zdu - 16_12/2
. —J. z z '

Therefore, for z > 0,

11 2
P[N > z| < —e %2,
(54) [N>z]< NS
Also, for x > 0,
(55) PIN > z] < e™**/2,

This obviously follows from (54) if z > 1/v/27. In the opposite case,
we have P[N > z] < % < e /4m < e~ /2,

For an inequality in the opposite direction, assume that 0 < z < y.
Since the normal density exceeds e ¥*/2/y/27 on (z,y), we have

(56) Pz < N<y]2 y\/—;_xe_yz/?
™

If [B(s):0 < s < t] is a Brownian motion and o > 0, then, by
symmetry and the reflection principle (see (8.20)),

Plsup,s, |B(s)] > a] = 2Plsup,< B(s) > o] = 4P[N > o/ V]

Combine this with (54) to get

4 1 _,
(57) P[SuPsgt |B(s)| =2 o] < 7—2_71'05/\/?6 2/2t, a > 0.

Combine it with (55) to get

(58) Plsup,<; |B(s)| > a] < 4™/ o >0.
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SOME NOTES ON THE PROBLEMS

1.11. Given € and a compact K, cover K by finitely many balls
B(z;,7i), i < k, for which z; € K, r; < €/2, and B(z;,7;)” is compact;
take G = |J; B(zi,m:) and K1 = G~. Choose § so that § < €/2 and
p(K,G° > 6. Then K C K® C K1 C K. If f(z) = (1- p(z,K)/6)",
then Ix < f < Ik, , and hence the uniformly continuous f has compact
support. If Pf = Qf, then PK < Pf = Qf < QK1 < QK°*. Tt follows
that PK < QK and (symmetry) PK = QK.

1.17. Suppose that L is locally compact and dense in the open
ball B, and arrange that B~ N L is compact; choose points z, of B so
that p(zm,zn) > € > 0 for m # n, then choose points y, of B~ N L so
that p(yn,zn) < €/3, and conclude that B~ N L is not compact.

1.18. Take T = (0,1]. Let X be a Hamel basis for [1,00) that
contains 1 [PM.198], and take U to consist of the reciprocals of the
elements of X\{1}. Consider the elements of Cy(T") defined by z,(t) =
sin(2r/ut) for u € U. Choose o and § so that 0 < a/27 < §/2r <
1/4. Then, for each distinct » and v in U, there is (Hardy & Wright
[36], Theorem 443) a t in T such that ({1/ut}, {1/vt}) € (0,a/27) x
(B/27, %), where the brackets denote fractional part. But then we have
|zy(t) —zy(t)] = sinf—sina > 0. The ||z, — z,|| are therefore bounded
away from 0.

2.8. If {z,} contains a subsequence converging to z, then P = é,
is easy to prove. Suppose on the other hand that {z,} contains no con-
vergent subsequence. Then, for each k, {z,} contains no subsequence
converging to zj, hence there is an ry such that z,, ¢ B(xk, ) for in-
finitely many n, and hence P(B(zy,rk)) < liminf, 8, (B(zk, 7)) = 0.
But if F' consists of the z; and G = F¢, then F is closed (no sequence
in F converges) and G is open, so that PG < liminf, 6, G = 0. But
now S = GU|J, B(zk,Tt), a countable union of sets of P-measure 0.

2.9. Let Fp be the field (Problem 2.5) of P-continuity sets. If F’
is closed, then F* | F and F¢ € Fp for all but countably many €. The

264
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field Fp therefore generates S, and [PM.169] for each A in S and each
¢, P(AAB) < ¢ for some B € Fp. But P(B~ — B) = 0: For each
A in S and each ¢, P(AAF) < € for some closed F. If P|f| < oo,
there is, for given €, a simple h; = ZletiIAi (t; # 0) such that
P|f — h1| < e. Choose closed sets F; such that P(A;AF;) < ¢/|ti|k
and set hy = Zle tilp,; then P|f — hy| < 2e. Now choose é so that
PF; < PF} < PF; + ¢/|t|k for each i. Let gi(z) = (1 — p(z, Fi)/6)*
and g = 3 tigi. Show that P|f — g| < 3e.

3.8. It would follow that (Szn — Sp)/v7 = V282/v2n — Sp/ /1
converges in distribution to N and in probability to (v/2 — 1)n. But
then 7 and (v/2 — 1)n would have the same distribution as N, which is
impossible.

4.2. Assume that X" = X (on A). To show that (X7, X}) =
(X1, X2), define pij(z,y) as zy/(1 — z) if z # 1; if = 1, take it to be
lor0asj=1i+1 ornot. Let J consist of the pairs of distinct positive
integers and let Ji consist of the (i, j) in J for which i, j < k. Suppose
that f is bounded and continuous on R?. By Theorem 3.5, it will be
enough to show that

1) AXPXD) = Zinj(X{L,X;’)f(X{’,X;‘)
= Zinj(Xian)f(Xi’Xj) = f(XT, X2).

That this holds if J is replaced by Jj is clear. From ) p;; (X7, XJ") =
Y-y pii(Xi, X;) = 1, it follows that EJE pi (X7, X7) :‘»ng pii (Xi, X5).
Therefore, for given € and 7, there exist k and ng such that n > ng im-
plies P[ZJE pij (X!, X}) > €] < n. Now use the fact that f is bounded
to derive (1).

4.3. Let G and II have the GEM and Poisson-Dirichlet distri-
butions, so that pG =4 II. In the argument leading to Theorem
4.4, we showed that ¢Z™ = G and concluded by Theorem 4.1 that
pZ™ = poZ™ = pG =4 II. But now (see the preceding problem)
opZ™ = oll and opZ™ =4 0Z™ = G, so that oll =5 G. And
oG =400l =4 0ll =4 G.

5.12. (a) The class of Borel sets in @ has the power of the con-
tinuum [PM.36]. (d) If f is bounded and uniformly continuous, then

1
Py f — Pof| < /0 |F (@) — F(2,9)] dy < wp(|zn — 2]) — 0,

where wy is the modulus of continuity.
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6.4. Consider the functions p'(z, -).

6.5. It is easy to show that P, — P (weak*) implies P, =° B,.
Suppose now that P, =° P and that f is bounded and continuous
(and hence S-measurable). If we can, for given 7, construct a bounded,
continuous, Sp-measurable g such that f < g and Pg < Pf + n, then
P, — P (weak*) will follow without difficulty. Assume that 0 < f < 1,
and choose points ¢; such that 0 =g < - <t =1, t; — t;—1 < 7,
and P[f = ti] =0 If E = [ti—l S f S ti], then f S Zz tiIFi and
Y. tiPF; < Pf +n. Choose € so that ), t;,P(Ff) < > . t;PF; + .
Define g; by (6.1) with F; in place of F' (M supports P), and take g =
>, tigi. Then f < g and Py < Yo, tP(((F)° N M) = Y tiP(Ff) <
Y. tiPFi+n < Pf+2n.

7.2. See Dudley [23], p. 40.

8.1. Show that every locally compact subset of Co=[z € C:z(0) =
0] is nowhere dense and that each ball in Cj has positive Wiener mea-
sure.
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BIBLIOGRAPHICAL NOTES

Since this second edition is more a textbook than a research mono-
graph, I think few historical notes are needed. In [6] (the first edition
of this book) there are some notes of this kind; for more extensive ac-
counts of the history, see Dudley [23], Ethier & Kurtz [26], Hall & Heyde
[35], Jacod & Shiryaev [39], and Pollard [53].

Books devoted pimarily to weak convergence are Davidson [15]
(for students of economics), Ethier & Kurtz [26], Jacod & Shiryaev [39],
Parthasarathy [48], Pollard [53], Shorack & Wellner [60], and van der
Waart & Wellner [65]. Books partly devoted to weak convergence are
Dudley [23], Durrett [24], Hall & Heyde [35], Karatzas & Shreve [40],
and Strook & Varadhan [63].

Section 4. Vervaat [66], p. 90, shows that (4.13) has (4.14) as its
Laplace transform and connects it with limit theory for record values.
Griffiths {33], p. 145, gives the joint moments for the density (4.15);
this generalizes (4.17). For a different approach to Theorem 4.4, see Ar-
ratia, Barbour, & Tavaré [4]. For the case of cycle lengths (6 = 1), the
result is due to Shepp & Lloyd [59]. Theorem 4.5 was proved in [8]; the
proof given here is that of Donnelly & Grimmet [17]. For the proof of
Theorem 4.5 itself, the argument in [8] is the most straightforward, but
the Donnelly-Grimmet approach is better because it puts the result in
a very general and interesting context; see Arratia, Barbour, & Tavaré
[3] and [4], and also Arratia [2]. For more on computation, see Griffiths
[33] and [34]. The arguments at the end of Section 4 are laborious but
require only calculus.

Section 5. Prohorov’s fundamental paper is {56]. The proof of
Theorem 5.1 given here is from [7]; for a similar construction on locally
compact spaces, see Halmos [36], p. 231. The construction in Problem
5.12 is due to Léger; see Choquet [13]. In this connection, see also
Preiss [55].

Section 6. “Weak®ly” can be pronounced “weak-circly.”

267
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Section 7. The second proof of Theorem 7.5 is due to Wichura [67].

Section 10. The maximal inequalities of this section are from [6].
The proofs here, much easier than those in [6], are due to Michael
Wichura. See Bickel & Wichura [5] for extensions to multidimensional
time.

Section 11. Theorem 11.1 is from a manuscript version of [6]; it
was cut to keep the book short. For generalizations, see Gonzales
Villalobos [30]. For a different approach to functional limit theorems
for lacunary series, see Philipp & Stout [52].

Section 12. Skorohod’s basic paper is [61].

Section 14. The proofs here all follow the same pattern: We prove
weak convergence of the finite-dimensional distributions and then ver-
ify tightness. Some patterns of proof circumvent the tightness issue.
An application of Theorem 12.6, for example, requires no consideration
of tightness, since that is effectively built into its hypothesis; see the
proof of Theorem 17.3. Theorem 19.4 of [6] is another example. For a
systematic treatment of this approach, see Ethier & Kurtz [26].

Section 15. Theorem 15.1 is from Dudley [20] and Theorem 15.2
from Bolthausen [11]. The proof in [11] uses the theory of analytic

sets, but as the proof here shows, this is unnecessary. The theorem on
the size of e-nets [M18] is due to Dudley [21].

Section 16. The development is based on Lindvall [43] and Aldous
[1].

Section 17. Theorem 17.2 is another result cut from [6] for reasons
of space. For a different approach to these problems, see Philipp [49].
De Koninck and Galambos [16] have a result related to Theorem 17.3;
they prove convergence of the finite-dimensional distributions but do
not formulate a functional limit theorem.

Section 18. For statistical applications of martingale limit theo-
rems, see Hall & Heyde [35].

Section 19. In [6], thirty pages (Sections 20 and 21) were necessary
to cover what is achieved very simply and efficiently in this section by
the use of Gordin’s method of approximating stationary processes by
martingales; see Gordin [31]. Although convergence to diffusions was
briefly treated in [6] (see the comments on Section 14 above), it has
become a subject of its own, and I omit any account of it here. See
Ethier & Kurtz [26] for a systematic treatment; a good place to start
is Durrett [24]. I have cut Section 22 of [6], on empirical distribution
functions for dependent random variables.
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Section 20. For a survey of various kinds of invariance principles,
see Philipp [51]. Theorem 20.2 can be found in Breiman [12], p. 279,
and in Freedman (29|, p. 83.

Section 21. The second proof of Theorem 21.1 was shown to me
by Walter Philipp; it is based on [50].

Section 22. The proof is from Strassen [62] and (on several points)
Freedman [29].
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Greek symbols are alphabetized by their representation in roman letters (phi for
¢, and so on). A reference [PM.n] is to page n of Probability and Measure, third
edition.
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Aldous, 270

Aldous’s tightness criterion, 176
a-mixing, 201

Arc sine law, 100
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Borel set, 7 Dirichlet distribution, 246

Borel o-field, 7 formula, 245
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Breiman, 271 Distribution function, 25
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Donnelly & Grimmett, 269
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Freedman, 271
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