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Chapter 1

Introduction et notations

The aim of these lectures at MITACS-PIMS-UBC Summer School in Risk Man-
agement and Risk Sharing is to discuss risk controlled approaches for the pricing
and hedging of financial risks.
We will start with the classical dual approach for financial markets, which al-
lows to rewrite super-hedging problems in terms of optimal control problems in
standard form. Based on this, we shall then consider hedging and pricing prob-
lems under utility or risk minimization criteria. This approach will turn out
to be powerful whenever linear (or essentially linear) problems are considered,
but not adapted to more general settings with non-linear dynamics (e.g. large
investor models, high frequency trading with market impact features, mixed
finance/insurance issues).
In the second part of this lecture, we will develop on a new approach for risk
control problems based on a stochastic target formulation. We will see how
flexible this approach is and how it allows to characterize very easily super-
hedging prices in term of suitable Hamilton-Jacobi-Bellman type partial differ-
ential equations (PDEs). We will then see how quantile hedging and expected
loss pricing problems can be embeded into this framework, for a very large
class of financial models. We shall finally consider a simple example of optimal
book liquidation in which the control is a continuous non-decreasing process, as
an illustration of possible practical developments in optimal trading under risk
constraint.
These lectures are organized in small chapters, each of them being focused on a
particular aspect.
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1 Notations

We first make precise some notations that will be used in all these notes.

In all these lectures notes, we shall consider a probability space (Ω,F ,P) sup-
porting a d-dimensional standard Brownian motion W . In the following, F =
(Ft)0≤t≤T will denote the completed right-continuous filtration generated by W .
Here, T > 0 is a finite time horizon. If nothing else is specified, we shall assume
that FT = F .
Given a sub-algebra G ⊂ F and a set A ⊂ Rd, we write L0(A,G) for the set of A-
valued G-measurable random variables. We similarly write Lp(A,Q,G), Q ∼ P
and p ∈ (0,∞], to denote random variables in L0(A,G) with finite p-moment
under Q, or essentially bounded if p = ∞. When A or G are clearly given by
the context, we shall omit them.
For p ≥ 0, we write Lpb(Q,G) to denote the collection of element G ∈ Lp(Q,G)
such that G ≥ −c Q-a.s. for some c > 0.
The set predictable processes ψ with values in Rd satisfying EQ[

∫ T
0 |ψs|

2ds] <∞
is denoted by L2

P(Q), or simply L2
P if Q = P.

If nothing else is specified E denote the expectation operator under P. Other-
wise, we write EQ if we want to consider the expectation operator under Q 6= P.
In the following, inequality between random variables have to be understood in
the P− a.s. sense.
We denote by xi the i-th component of a vector x ∈ Rd, which will always
be viewed as a column vector, with transposed vector x′. We write | · | for
the Euclydean norm, and Md denotes the set of d-dimensional square matrices.
We denote by Sd the subset of elements of Md that are symmetric. For a
subset O of Rd, we denote by cl(O) its closure, by int(O) its interior, by ∂O
its boundary, and by dist(x,O) the Euclidean distance from x to O with the
convention dist(x, ∅) = ∞. We denote by Br(x) the open ball of radius r > 0
centered at x ∈ Rd. If B = [s, t] × O for s ≤ t and O ⊂ Rd, we write ∂pB :=
([s, t)× ∂O) ∪ ({t} × cl(O)) for its parabolic boundary.
Given a smooth function ϕ : (t, x) ∈ R+ × Rd 7→ ϕ(t, x) ∈ R, we denote by ∂tϕ
its derivative with respect to its first variable, and by Dϕ and D2ϕ its Jacobian
and Hessian matrix with respect to the second one. For ϕ : (t, x1, . . . , xk) ∈
R+ × Rkd 7→ ϕ(t, x) ∈ R, we write D(xi,xj)ϕ and D2

(xi,xj)
ϕ the Jacobian and

Hessian matrix associated to the couple (xi, xj).
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2 Financial market and wealth process

In order to fix ideas and notations, we describe here the typical financial model
we have in mind, also more general one will be considered later on.

As usual the financial market will consists in two types of assets. The first one
is a risk free asset B, often called cash-account, whose dynamics is given by

Bt = 1 +
∫ t

0
Bsrsds = e

R t
0 rsds , t ≥ 0 ,

where r is a predictable real valued process satisfying∫ t

0
|rs|ds <∞ for all t ≥ 0 . (1)

For ease of notation, we also introduce the associated stochastic discount factor
β:

βt := 1/Bt = e−
R t
0 rsds , t ≥ 0 .

Risky assets (bonds, stocks, derivatives, etc...) are modeled via a d-dimensional
process X = (X1, . . . , Xd) satisfying

Xt = X0 +
∫ t

0
µsds+

∫ t

0
σsdWs

where (µ, σ) is a predictable process with valued in Rd×Md that is bounded on
[0, T ] P− a.s. Each component Xi of X denotes a given risky asset.
A financial strategy is described by an element of the set A of d-dimensional
predictable processes φ satisfying∫ t

0
|φ′s|2ds <∞ for all t ≤ T . (2)

Each component φit denotes the number of units of asset Xi in the portfolio at
time t.
To an initial wealth y ∈ R and a strategy φ ∈ A, we associate the portfolio
process Y y,φ defined as

Y y,φ
t := y +

∫ t

0
φ′sdXs +

∫ t

0
(Y y,φ
s − φ′sXs)rsds , t ≤ T . (3)

In the following, we say that a strategy φ is admissible, and we write φ ∈ Ab, if
there exists a constant c > 0 such that

Y y,φ
t ≥ −cBt for all t ≤ T . (4)
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This condition means that the financial agent has a finite “credit line”, i.e. his
wealth can not go too negative. Note that the constant c may depend on the
chosen strategy and is not universal. Moreover, since Y y,φ = yB + Y φ, see (3),
the set Ab does not depend on the initial endowment y.

For later use observe that Ỹ y,φ := βY y,φ solves

Ỹ y,φ
t := y +

∫ t

0
φ′sdX̃s and satisfies Ỹ y,φ

t ≥ −c for all t ≥ 0

for some c > 0, where X̃ := βX is given by

X̃t = X0 +
∫ t

0
(µ̃s − rsX̃s)ds+ σ̃sdWs

with µ̃ := βµ and σ̃ := βσ. Here, Ỹ y,φ and X̃ can be interpreted as the
discounted values of the wealth and financial assets processes.

Remark 1 When dealing with PDE-oriented approaches, we shall specialize to
models of the form (for instance) r = ρ(X), µ = µ(X) and σ = σ(X) where ρ, µ
and σ will be considered as deterministic functions. In this case, we shall write
(Xt,x(s))s for (Xs)s to insist on the fact that X takes values x at time t. We will
similarly write (Y φ

t,x,y(s))s for (Y φ
s )s. More general cases where µ and σ depend

on φ will also be considered. In such a situation, we shall write (Xφ
t,x(s))s to

insist on the dependence of X with respect to the strategy φ.

Remark 2 Additional constraints will be imposed later on strategies. This will
allow us to consider more general models where some of the components of X
will no more be considered as tradable assets but as non-tradable factors (e.g.
stochastic volatility in Markovian models).

3 Hedging problem and hedging criteria

The pricing and hedging problem is the following. We are given a random claim
G ∈ L0(R,FT ) that will impact the wealth of an investor at time T . This can
be the payoff of a financial derivative that has been sold at time 0, or any risk
related to already engaged positions.
The question is: what is the amount of money required today in order to be
able to construct a financial strategy which will allow to reduce this risk in an
appropriate way ?
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Many approaches can be considered depending on the market and the risk tol-
erance of the investor.
The first approach consists in trying to make the risk completely disappear.
This is the philosophy of the super-hedging point of view: evaluate the risk at
its super-hedging price

p(G) := inf
{
y ∈ R : ∃ φ ∈ Ab s.t. Y y,φ

T ≥ G
}
.

Then, starting from y = p(G), or y > p(G) if the infimum above is not achieved,
one can follows a strategy φ such that Y y,φ

T ≥ G, i.e. the risk is completely
covered.
This approach is the most conservative. However, it has two important draw-
backs:
1. The associated strategy may not be easy to implement in practice. For
instance, it can lead to very large and too quickly varying financial positions.
This is typically the case for digital or barrier options for which it can explode
near the maturity or the barrier, see e.g. [7] and [20].
2. The computed value may be too large and therefore non-reasonable, see e.g.
[10] for an example of stochastic volatility model in which the super-hedging
price of a call is just the spot value of the underlying.

In order to answer the first criticism, one can add portfolio constraints in the
model, and compute the corresponding super-hedging price under these con-
straints.

As for the second criticism, we need to relax the P − a.s. super-hedging crite-
ria. One way to do this, consists in allowing to miss the hedge with a given
probability, i.e. compute the so-called quantile hedging price, see [13]:

inf
{
y ≥ −c : ∃ φ ∈ Ab s.t. P

[
Y y,φ
T ≥ G

]
≥ p
}

for some p ∈ [0, 1) and c ∈ R+. Here, the constant c is added as a minimum
requirement in order to avoid degenerate results.
Another way consists in allowing to miss the hedge with a level of risk, see [14],
which leads to problems of the form:

inf
{
y ≥ −c : ∃ φ ∈ Ab s.t. E

[
`(Y y,φ

T −G)
]
≥ l
}

for some l ∈ Image(`) and c ∈ R+. Here, ` is typically a convex non-decreasing
function viewed as a loss function. The map (y, φ) 7→ −E

[
`(Y y,φ

T −G)
]

has to
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be interpreted as a measure of the risk induced by starting with y and following
the policy φ.

4 Duality versus stochastic targets

The above problems have been considered in the literature under the angle of
the so-called dual approach. It is based on the relation between super-hedgeable
claims and probability measures that turn discounted price processes into (local)
martingales. This approach allows to appeal to the convex analysis machinery
which turns out to be very powerful.
The main drawback of this approach is that it does not allow to consider models
where the wealth dynamics in non-linear or in which the financial strategy may
have an impact on the price process of financial assets.
We shall see in these lectures how the recent theory of stochastic targets can
handle in a direct way such situations.
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Part A.

Dual approach to risk based

pricing and hedging
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Chapter 2

Dual formulation for

super-hedging and martingale

representation

This first part is dedicated to the so-called dual approach.

1 The complete market case

We first consider the so-called complete market case where any risk can be
covered.

This corresponds to the situation where σ is invertible with bounded inverse on
[0, T ] P− a.s. and the risk premium λ defined by

λ := σ̃−1(µ̃− rX̃) = σ−1(µ− rX)

satisfies1

H := E
(
−
∫ ·

0
λ′sdWs

)
is a martingale. (1)

so that Q ∼ P defined by

dQ/dP = HT

is the unique element of the set M of P-equivalent probability measures such
that X̃ is a martingale.

1This notation means that H solves Ht = 1−
R t

0
Hsλ

′
sdWs , t ≤ T .
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We then define the Q-Brownian motion WQ by

WQ
t = Wt +

∫ t

0
λsds ,

recall Girsanov’s Theorem, so that

X̃t = X0 +
∫ t

0
σ̃sdW

Q
s

and therefore

Ỹ y,φ
t = y +

∫ t

0
φ′sσ̃sdW

Q
s

Remark 1 For φ ∈ A, Ỹ y,φ is a Q-local martingale, i.e. there exists a se-
quence of stopping times (τn)n≥1 such that τn ↑ ∞ P − a.s. and (Ỹ y,φ

·∧τn) is a
Q-martingale for each n ≥ 1. Since, for φ ∈ Ab, Ỹ y,φ is also bounded from
below, a straightforward application of Fatou’s Lemma shows that it is indeed
a Q-supermatingale.

Under the condition (1), any random variable G such that βTG ∈ L1
b(Q,FT )

can be written as the time T value of a wealth process. This is a consequence
of the martingale representation theorem.

Theorem 1 Given G ∈ L0 such that G ∈ L1(Q,FT ) there exists a predictable
process ψ satisfying

∫ T
0 |ψs|

2ds <∞ such that

EQ[G | Ft] = EQ[G] +
∫ t

0
ψ′sdW

Q
s .

If G ∈ L2(Q), then ψ ∈ L2
P(Q).

Otherwise stated, the Q-martingale (EQ[G | Ft])t≤T can be represented in terms
of a stochastic integral with respect to WQ.

Corollary 1 Fix G ∈ L0 such that βTG ∈ L1
b(Q,FT ). Then,

p(G) = EQ[βTG]

and there exists φ ∈ Ab such that

V
p(G),φ
T = G .

If G ∈ L2(Q), then ψ ∈ L2
P(Q).
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Proof. For y > p(G), there exists φ ∈ Ab such that Y y,φ
T ≥ G. Since Ỹ y,φ

is a Q-supermatingale, by Remark 1, this implies that y ≥ EQ[βTG]. On the
other hand, it follows from Theorem 1 that there exists a predictable process ψ
satisfying

∫ T
0 |ψs|

2ds <∞ such that

p(G) +
∫ t

0
ψ′sdW

Q
s = EQ[βTG | Ft] .

By taking φ defined as ψ′ := φ′σ̃, we obtain

Ỹ
p(G),φ
T = βTG ,

where φ satisfies
∫ T

0 |φs|
2ds <∞, note that σ̃−1 is bounded on [0, T ] P-a.s., and

Ỹ p(G),φ = EQ[βTG | F·] ≥ −c for some c > 0. 2

2 Incomplete markets and portfolio constraints

In order to take into account the incompleteness of the market and possible
portfolio constraints, we shall restrict from now on to admissible strategies φ ∈
Ab such that φ ∈ K dt × dP-a.e., where K is a given convex set of Rd. We
denote by AK the set of such elements.

Example 1 Here are some relevant examples:
1. Short selling constraints: K = [0,∞)d.
2. “Asset” 1 can not be traded, no constraint on the others: K = {0} × Rd−1.

3. Bounded positions in any asset: K =
d∏
i=1

[−mi,Mi] for some mi,Mi ≥ 0.

2.1 The general dual formulation

The aim of this section is to extend the formulation of Corollary 1 to the super-
hedging price under constraint:

pK(G) := inf{y ∈ R : ∃ φ ∈ AK s.t. Y y,φ
T ≥ G} .

In order to do this, we first need to characterize the set K in term of the support
function

ζ ∈ Rd 7→ δK(ζ) := sup
η∈K

η′ζ.
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Proposition 1
η ∈ K ⇐⇒ inf

|ζ|=1
δK(ζ)− ζ ′η ≥ 0 .

Proof. The implication ⇒ follows from the definition. Conversely, if η̄ /∈ K,
which is convex and closed, then the Hahn-Banach separation theorem, see [19],
implies that there exists ζ ∈ Rd such that supη∈K η′ζ < η̄′ζ. This implies that
δK(ζ)− η̄′ζ < 0, where ζ can always be chosen such that |ζ| = 1 by an obvious
normalization. 2

In the following, we let Ub denote the set of Rd-valued predictable processes such
that, for some constant c > 0, sups≤T (|νs| + |δK(νs)|) ≤ c P − a.s. For ν ∈ Ub,
we define Qν ∼ P by

dQν/dP := Hν
T

where

Hν := E
(
−
∫ ·

0
(λνs)′dWs

)
with λν := σ−1(µ− rX)− σ̃−1ν .

We also define

Zν :=
∫ ·

0
δK(νs)ds and the Qν Brownian motion W ν := W +

∫ ·
0
λνsds .

Observe that, for ν ∈ AK ,

d(Ỹ y,φ
t − Zνt ) =

(
φ′tνt − δK(νt)

)
dt+ φ′tσ̃tdW

ν
t .

In particular, it follows from Proposition 1 that Ỹ y,φ − Zν is a Qν-local super-
martingale for any φ ∈ AK . Note that, for some c > 0, Ỹ y,φ − Zν ≥ −c − cT .
Hence, this Qν-local supermartingale is bounded from below and is therefore a
Q-super-martingale. This leads to the following first result:

Proposition 2 Fix G ∈ L0 such that βTG ∈ L0
b(FT ). Then,

pK(G) = inf{y ∈ R : φ ∈ AK s.t. Y y,φ
T ≥ G} ≥ sup

ν∈U
EQν [βTG− ZνT ] .

We shall now show that equality actually holds.

Theorem 2 Fix G ∈ L0 such that βTG ∈ L0
b(FT ). Then,

pK(G) = sup
ν∈Ub

EQν [βTG− ZνT ] .

Moreover, if pK(G) <∞, then there exists φ ∈ AK such that Y pK(G),φ
T ≥ G.
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We split the proof of the above result in various Lemma.
Let us now define P as the cadlag adapted process satisfying2

Pt := esssup
ν∈U

Jνt where Jνt := EQν [βTG− (ZνT − Zνt ) | Ft] , t ≤ T

Note that the existence of a cadlad process satisfying the above property is not
obvious. Here, this follows from arguments developed in [16] and we omit the
details.
The key argument for proving Theorem 2 consists in showing that P is a super-
matingale under any Qν , ν ∈ Ub, see Proposition 4 below.
We first show that the family {Jνt , ν ∈ Ub} is directed upward in the following
sense.

Definition 1 We say that a family of random variables E is directed upward is
for any ζ1, ζ2 ∈ E, there exists ζ3 ∈ E such that ζ3 ≥ max{ζ1, ζ2}.

Proposition 3 For each t, the family {Jνt , ν ∈ Ub} is directed upward.

Proof. Fix ν1, ν2 ∈ Ub, and set ν3 = ν11[0,t) + 1[t,T ]

(
ν11A + ν21Ac

)
, where

A := {Jν1

t ≥ Jν
2

t }. Clearly, Jν
3

t = max{Jν1

t , Jν
2

t }. Moreover, if c > 0 is such
that sups≤T (|νis| + |δK(νis)|) ≤ c P − a.s. for i = 1, 2, then the same inequality
holds for i = 3. Hence, ν3 ∈ Ub. 2

In order to prove Proposition 4, we now use the following well-know property
of directed upward families, see e.g. [18].

Lemma 1 If E is a family directed upward. Then there exists a sequence
(ζn)n≥1 ⊂ E such that esssup E = lim

n→∞
↑ ζn.

We can now prove the supermartingale property.

Proposition 4 For all ν ∈ Ub, P − Zν is a Qν-supermartingale.
2We recall that esssup E , for a family E of random variables, is the smallest random variables

which dominates all elements of E , in the a.s. sense.
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Proof. Fix t ≥ s and ν ∈ Ub. Let (νn)n≥1 be such that Jν
n

t ↑ Pt as n→∞, see
Lemma 1 and Proposition 3. For ν ∈ Ub, set ν̄n := ν1[0,t) + νn1[t,T ]. Then,

EQν [Pt − Zνt | Fs] = EQν
[

lim
n→∞

↑ EQνn [βTG− (ZνnT − Z
νn
t ) | Ft]− Zνt | Fs

]
= lim

n→∞
↑ EQν

[
EQνn [βTG− (ZνnT − Z

νn
t ) | Ft]− Zνt | Fs

]
= lim

n→∞
↑ EQν̄n [βTG− (Z ν̄nT − Z

ν̄n
s ) | Fs

]
− Zνs

≤ Ps − Zνs .

2

Proposition 5 For each ν ∈ Ub, there exists a Qν-martingale Mν and a non-
decreasing process Aν such that Aν0 = 0 and P − Zν = Mν −Aν .

Proof. This follows from the Doob-Meyer decomposition together with the
previous proposition. 2

In order to conclude the proof, we now apply the martingale representation to
M0 to obtain some predictable process ψ satisfying

∫ T
0 |ψs|

2ds <∞ such that

Pt = Pt − Z0
t = P0 +

∫ t

0
ψ′sdW

0
s −A0

t .

By taking φ such that φ′σ̃ = ψ′, we obtain

Pt = Ỹ P0,φ
t −A0

t = ess sup
ν∈Ub

EQν [βTG− (ZνT − Zνt ) | Ft] ≥ EQ[βTG | Ft] , t ≤ T,

which implies that φ ∈ Ab and that Y P0,φ
T ≥ G, since A0 ≥ 0. To conclude the

proof, it remains to shows that φ ∈ K dt × dP-a.e. To see this, recall that P
can also be decomposed as P − Zν = Mν −Aν . In particular, we must have

P − Zν = P0 +
∫ ·

0
ψ′sdW

0
s −A0 − Zν

= P0 +
∫ ·

0
ψ′sdW

ν
s +

∫ ·
0

(ψ′sσ̃
−1
s νs − δK(νs))ds−A0

= P0 +
∫ ·

0
ψ′sdW

ν
s +

∫ ·
0

(φ′sνs − δK(νs))ds−A0

so that Aν = A0 −
∫ ·

0(φ′sνs − δK(νs)ds which is therefore non-decreasing. It
follows that ∫ ·

0
(φ′sνs − δK(νs))ds ≤ A0

T
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for all ν ∈ Ub. By replacing ν by nν and by sending n → ∞, we deduce from
the above inequality that ∫ ·

0
(φ′sνs − δK(νs))ds ≤ 0 .

Let us now define ν̄ as ν̄ := arg min|ζ|=1(δK(ζ)−φ′ζ). Taking ν := ν̄1{δK(ν̄)−φ′sν̄<0}

in the last inequality, shows that φ ∈ K dt× dP-a.e, recall Proposition 1. 2

2.2 Examples

We conclude this section with three examples of applications. The first one
corresponds to a Brownian model with portfolio constraints, the second one to
a Black-Scholes model with constraints on the amount of money invested in the
asset, the last one to a stochastic volatility model.

Example 2 (Brownian model with portfolio constraint) Let us consider
the case d = 1 where X = X1 has the dynamics

Xt = X0 + µt+ σWt t ≤ T ,

and r = 0. We want to hedge an option of payoff g(XT ) paid at time T under
the constraints K = [−m,M ] with M,m ≥ 0. We shall assume here that g is
non-decreasing.
In this case, δK(ζ) = ζ+M + ζ−m so that dom(δK) = R. Let us define the
function ĝ by ĝ(x) := supu∈R (g(x+ u)− (u+M + u−m)). Then, it follows from
Theorem 2 that:

pK(G) = sup
ν∈Ub

EQν
[
g(XT )−

∫ T

0
(ν+
s M + ν−s m)

]
= sup

ν∈Ub
EQν

[
g

(
X0 +

∫ T

0
νsds+ σW ν

T

)
−
∫ T

0
δK(νs)ds

]
≤ sup

ν∈Ub
EQν [ĝ (X0 + σW ν

T )]

where we used the fact that g(x) = g(x+ u− u) ≤ ĝ(x− u) + δK(u). It follows
that

pK(G) ≤ EQ
[
ĝ
(
X0 + σWQ

T

)]
.
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We now observe that, by a formal identification of the law of WQ under Q and
W ν under Qν ,

pK(G) = sup
ν∈Ub

EQ
[
g

(
X0 +

∫ T

0
νsds+ σWQ

T

)
−
∫ T

0
δK(νs)ds

]
,

see [20] for a rigorous argument. Moreover, any bounded Ft-measurable random
variable, with t < T , can be written in the form

∫ T
0 νsds with ν ∈ Ub. Indeed,

give ξ ∈ L0(Ft), one has
∫ T

0 (ξ/(T − t))1s≥tds = ξ. Given ξ ∈ L∞(FT ), one can
then approximate it by the sequence E

[
ξ | FT (1−1/n)

]
n≥1

. It follows that, for g
continuous and bounded from below,

pK(G) ≥ sup
ξ∈L∞(R+,FT )

EQ
[
g
(
X0 + σWQ

T + ξ
)
− ξ+M

]
.

Here, we restrict to non-negative random variable because g is non-decreasing
and it should therefore be optimal to restrict to ν ≥ 0 or equivalently ξ ≥ 0.
Now, we clearly have

sup
ξ∈L∞(R+,FT )

EQ
[
g
(
X0 + σWQ

T + ξ
)
− ξ+M

]
= EQ

[
sup
ζ∈R+

(
g
(
X0 + σWQ

T + ζ
)
− ζM

)]
.

This shows that

pK(G) = EQ
[
ĝ
(
X0 + σWQ

T

)]
,

i.e., the price under constraint for the option g is the usual unconstrained price
in the Brownian model of the face-lifted payoff ĝ.

Example 3 (Black-Scholes model with portfolio constraint)
Let us now consider the Black-Scholes model where X is given by

dXt/Xt = µdt+ σdWt

and r = 0 for simplicity. In this example, we impose the constraint

ψ := φX ∈ K dt× dP−a.e.

i.e. the amount invested in the risky asset belongs to K. Let ÂK denote the set
of processes φ ∈ Ab such that the above constraint is satisfied.
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We shall see how we can reduce the problem of super-hedging a claim g(XT ) to
the problem discussed in the previous example.

To do this, first observe that

Y y,φ
t = y +

∫ t

0
φsdXs = y +

∫ t

0
ψsdXs/Xs = y +

∫ t

0
ψsµds+

∫ t

0
ψsσdWs

where ψ := φX, so that

Y y,φ
t = y +

∫ t

0
ψsdX̄s

with
X̄t := µt+ σWt .

It follows that, at least for g bounded from below,

p̂K(g(XT )) := inf
{
y : ∃ φ ∈ ÂK s.t. Y y,φ

T ≥ g(XT )
}

= inf
{
y : ∃ ψ ∈ AK s.t. y +

∫ T

0
ψsdX̄s ≥ ḡ(X̄T )

}
where ḡ(x) := g(X0e

x−(σ2/2)T ).
Letting p̄K be defined as pK but for the model where the stock price is given by
X̄, the above arguments show that

p̂K(g(XT )) = p̄K(ḡ(X̄T )) .

In view of the previous example, one can then obtain an explicit formulation for
p̂K(g(XT )).

Example 4 (Stochastic volatility) In this example, we take d = 2 and let
(X1, X2) be the solution of

X1
t = X1

0 +
∫ t

0
X1
s rds+

∫ t

0
X1
sσ(X2

s )dW 1
s

X2
t = X2

0 + γ1W
1
t + γ2W

2
t

where γ1, γ2 > 0, σ ≥ ε for some ε > 0 and σ is bounded. We impose the
constraint K := R × {0}, i.e. X2 can not be traded. This corresponds to the
simplest stochastic volatility model, in which X2 should be considered as a factor
driving the volatility of X1, and not as an asset.
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In this case, we have δK(ζ) = 0 is ζ1 = 0 and δK(ζ) =∞ otherwise. It follows
that

pK(g(X1
T )) = sup

λ∈Λ
EQλ [βT g(X1

T )
]

where Λ denotes the set of real valued predictable processes λ satisfying sups≤T |λs| ≤
c for some c > 0, and Qλ is defined by

dQλ

dP
= e−

1
2

R T
0 (γ−1

2 λs)2ds+
R T
0 γ−1

2 λsdW 2
s ,

which, up to the boundedness imposed on λ, corresponds to the family of all
martingale measures for X1.
We shall come back to this example in Chapter 4 below.
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Chapter 3

The pricing equation I: the

complete market case

In this chapter, we restrict to the Markovian setting where X is given as the
solution of an SDE of the form

Xt,x(s) = x+
∫ s

t
rt,x(u)Xt,x(u)du+

∫ s

t
σ(Xt,x(u))dWQ

u , (1)

for a risk free interest rate of the form

rt,x = ρ(Xt,x)

where ρ, µ and σ are assumed to be Lipschitz continuous, and ρ is such that ρ−

is bounded and x 7→ ρ(x)x is Lipschitz continuous.

For ease of notations, we shall only consider the case whereX can take any values
in Rd, also in most financial models we should typically restrict to (0,∞)d. The
arguments being the same in this last case.

The aim of this section is to provide a PDE formulation for the price function
of an option of payoff g(Xt,x(T )) paid at time T , depending on the initial time
t and the initial value of X at this time.

In the following, g will be assumed to be continuous with linear growth and
uniformly bounded from below.
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1 Problem extension and dynamic programming

Motivated by Section 1 of Chapter 2, we now introduce the pricing function
associated to the complete market case:

(t, x) ∈ [0, T ]× Rd 7→ v(t, x) := EQ[βt,x(T )g(Xt,x(T ))]

where
βt,x := e−

R ·
t ρ(Xt,x(s))ds .

The key assertion for deriving a PDE associated to v is the following dynamic

programming equation which relates the time t value of the price to its time θ
value, for any stopping time θ bigger than t. In the following, we shall denote
by T[t,τ ] the collection of stopping times taking values in [t, T ].

Proposition 6 For all θ ∈ T[t,T ], we have

v(t, x) = EQ [βt,x(θ)v(θ,Xt,x(θ))] . (2)

Proof. By the flow property of X and the usual tower property, we have

v(t, x) = EQ
[
βt,x(θ)EQ [βθ,Xt,x(θ)(T )g(Xθ,Xt,x(θ)(T )) | Fθ

]]
.

It then follows from the strong Markov property of X defined by (1) that

v(θ,Xt,x(θ)) = EQ [βθ,Xt,x(θ)(T )g(Xθ,Xt,x(θ)(T )) | (θ,Xt,x(θ))
]

= EQ [βθ,Xt,x(θ)(T )g(Xθ,Xt,x(θ)(T )) | Fθ
]
,

hence the required result. 2

2 Feynman Kac representation in the smooth case

Using the above proposition, we can now show that, whenever it is smooth
enough, v solves the PDE

LQv = ρv (3)

on [0, T )×Rd with the boundary condition v(T, ·) = g. Here, LQ is the Dynkin
operator associated to X under Q:

LQϕ(t, x) := ∂tϕ(t, x) + ρ(x)x′Dϕ(t, x) +
1
2

Tr
[
σσ′(x)D2ϕ(t, x)

]
.
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2.1 Derivation

Theorem 1 (Feynman-Kac) Assume that v is continuous on [0, T ] × Rd and
v ∈ C1,2([0, T ) × Rd). Then, v is a solution on [0, T ) × Rd of (3) and satisfies
the boundary condition limt↗T,z→x v(t, z) = g(x) on Rd.

Proof. The boundary condition is a consequence of the continuity assumption
on v. It remains to show that v solves (3). We now fix (t, x) ∈ [0, T )×Rd. Let θ
be the first time when (s,Xt,x(s))s≥t exits a given bounded open neighborhood
of (t, x). Set θh = θ ∧ (t + h) for h > 0 small. Using Proposition 6 and Itô’s
Lemma, we deduce that

0 = E

[
1
h

∫ θh

t
βt,x(s)

(
LQv(s,Xt,x(s))− (ρv)(s,Xt,x(s))

)
ds

]
. (4)

Now, we observe that s 7→ Xt,x(s) is P− a.s. continuous, so that |Xt,x(s ∧ (t+
h))− x| → 0 P− a.s. as h→ 0 for each s ≥ t. Moreover, θ > 0 P− a.s. so that
(θh − t)/h → 1 P − a.s. Using the mean value theorem and the continuity of
LQv − ρv, we then deduce that

1
h

∫ θh

t
βt,x(s)

(
LQv(s,Xt,x(s))− (ρv)(s,Xt,x(s))

)
ds

→ (LQv − ρv)(t, x) P− a.s.

as h → 0. The required result is then obtained by applying the dominated
convergence theorem to pass to the limit in (4), observe that (s,Xt,x(s))s≥t is
bounded on [t, θ] by definition of θ. 2

2.2 Comparison and uniqueness

In order to show that Theorem 1 provides a full characterization of v, it remains
to show that v is the unique solution of (3) within a suitable class of functions.
This is a consequence of the following comparison result.

Theorem 2 (Comparison principle) Assume that U and V are continuous on
[0, T ]× Rd and C1,2 on [0, T )× Rd. Assume further that, on [0, T )× Rd,

LQU ≤ ρU and LQV ≥ ρV (5)

and that U(T, ·) ≥ V (T, ·) on Rd. Finally assume that U and V have polynomial
growth. Then, U ≥ V on [0, T ]× Rd.
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Proof. By possibly replacing U and V by Ũ(t, x) := eκtU(t, x) and Ṽ (t, x) :=
eκtV (t, x) for a large κ, we can assume that ρ ≥ η on Rd for some η > 0.
Indeed, Ũ and Ṽ would satisfy (5) with ρU and ρV replaced by (ρ + κ)Ũ
and (ρ + κ)Ṽ , where ρ− is bounded. Assume now that, for some (t0, x0) ∈
[0, T ] × Rd, we have U(t0, x0) < V (t0, x0). We shall show that this leads to
a contradiction. Fix ε > 0, κ > 0 and p an integer greater that 1 such that
lim sup|x|→∞ supt≤T (|U(t, x)|+ |V (t, x)|)/(1 + |x|p) = 0. Then, there is (t̂, x̂) ∈
[0, T ]× Rd such that, for ε small enough,

0 < V (t̂, x̂)− U(t̂, x̂)− φ(t̂, x̂) = max
(t,x)∈[0,T ]×Rd

(V (t, x)− U(t, x)− φ(t, x)) ,

where

φ(t, x) := εe−κt(1 + |x|2p) .

Since U ≥ V on {T} × Rd, we must have t̂ < T . Moreover, the one and second
order conditions of optimality imply

∂tV (t̂, x̂) ≤ (∂tU + ∂tφ)(t̂, x̂) , DV (t̂, x̂) = (DU +Dφ)(t̂, x̂)

and

D2V (t̂, x̂) ≤ (D2U +D2φ)(t̂, x̂)

in the sense of matrices. Combined with (5), this leads to

ρ(V − U)(t̂, x̂) ≤ LQ(V − U)(t̂, x̂)

≤ ∂tφ(t̂, x̂) + ρ(x̂)x̂′Dφ(t̂, x̂) + Tr
[
σσ′(x̂)D2φ(t̂, x̂)

]
≤ LQφ(t̂, x̂) .

Since x 7→ ρ(x)x and x 7→ σ(x) have linear growth, we can choose κ > 0
sufficiently large so that

LQφ = −κφ+ ρx′Dφ+ Tr
[
σσ′D2φ

]
< 0 on [0, T ]× Rd .

This contradicts (V − U)(t̂, x̂) > 0 since ρ ≥ η > 0. 2

Corollary 2 Assume that v is C1,2([0, T )×Rd)∩C0([0, T ]×Rd), then it is the
unique C1,2([0, T )×Rd)∩C0([0, T ]×Rd) solution of (3) satisfying v(T, ·) = g in
the class of solutions with polynomial growth. If g is bounded from below and Lip-
schitz continuous, then there exists φ ∈ Ab such that Y v(0,X0),φ

T = g(X0,X0(T ))
and φ = Dv(·, X0,X0) on [0, T ).
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Proof. Since g has linear growth and ρ is bounded, we deduce from stan-
dard estimates that v has linear growth too. The first result then follows from
Theorems 1 and 2. Moreover, an application of Itô’s Lemma implies that:

v(0, X0) +
∫ T

0
β0(t)Dv(t,X0(t))σ(X0(t))dWQ

t = β0(T )v(T,X0(T ))

= β0(T )g(X0(T ))

where X0 := X0,X0 and β0 := β0,X0 , which is equivalent to Y y0,φ
T = g(X0(T ))

with φ = Dv(·, X0) on [0, T ) and y0 := v(0, X0). Since g is bounded from below
and ρ− is bounded, we have β0(T )g(X0(T )) bounded from below. Moreover, the
fact that g and all the parameters are Lipschitz continuous implies, by standard
estimates, that v is Lipschitz continuous in x, uniformly in time. This implies
that Dv is bounded so that Ỹ y0,φ is a martingale such that Ỹ y0,φ(T ) is bounded
from below. Hence, it is bounded from below on the time interval [0, T ]. 2

2.3 Verification theorem

In practice, the regularity assumptions of the above theorem are very difficult to
check and we have to rely on a weaker definition of solutions, like viscosity solu-
tions (see e.g. [8] and below), or to use a verification theorem which essentially
consists in showing that, if a smooth solution of (3) exists, then it coincides with
v.

Theorem 3 (Verification) Assume that there exists a C1,2([0, T )×Rd) solution
ϕ to (3) with polynomial growth such that

lim
t↗T,z→x

ϕ(t, z) = g(x) on Rd . (6)

Then, v = ϕ.

Proof. Given n ≥ 1, set

θn := inf{s ≥ t : |Xt,x(s)| ≥ n} .

Note that Xt,x is bounded on [t, θn ∧ T ]. By Itô’s Lemma and the fact that ϕ
solves (3), we obtain

ϕ(t, x) = EQ [βt,x(θn ∧ T )ϕ(θn ∧ T,Xt,x(θn ∧ T ))] (7)
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for each n. Now, observe that θn → ∞ as n → ∞. In view of (6), this implies
that

βt,x(θn ∧ T )ϕ(θn ∧ T,Xt,x(θn ∧ T )) −→ βt,x(T )g(Xt,x(T )) P− a.s.

Moreover, standard estimates, based on the fact that v has polynomial growth,
that ρ is bounded from below, and on the Lipschitz continuity of the coefficients,
imply that the sequence (βt,x(θn ∧ T )ϕ(θn ∧ T,Xt,x(θn ∧ T )))n≥1 is uniformly
integrable. We then deduce that ϕ = v by sending n→∞ in (7) and using the
dominated convergence theorem. 2

3 Feynman Kac representation in the viscosity sense

Except when σ satisfies the following type of uniform ellipticity condition

∃ c > 0 s.t. ξ′σσ′ξ ≥ c|ξ|2 for all ξ ∈ Rd, (8)

it is difficult to show (and in general not true) that v is C1,2. Still, it can be
shown to solve (3) in a weak sense: the viscosity sense. In the subsections
below, we explain this notion and show that v is the unique viscosity solution of
(3) satisfying v(T−, ·) = g, in the class of continuous functions with polynomial
growth. We refer to [8] for a general overview of the theory of viscosity solutions.

3.1 Viscosity solutions: definition and main properties

Let F be an operator from [0, T ]×Rd×R×R×Rd×Sd into R, where Sd denotes
the set of d-dimensional symmetric matrices. In this section, we will be mostly
interested by the case

F (t, x, u, q, p, A) = ρ(x)u− q − ρ(x)x′p− 1
2

Tr
[
σσ′(x)A

]
, (9)

so that v solves (3) means

F (t, x, v(t, x), ∂tv(t, x), Dv(t, x), D2v(t, x)) = 0 . (10)

We say that F is elliptique if it is non increasing with respect to A ∈ Sd. This
is clearly the case for F defined as in (9). In the following, F will always be
assumed to be elliptic.
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Let us assume for a moment that v is smooth. Let ϕ be C1,2 and (t̂, x̂) be a
(global) minimum point of v − ϕ. After possibly adding a constant to ϕ, one
can always assume that (v−ϕ)(t̂, x̂) = 0. In this case, the first and second order
optimality conditions imply

(∂tv,Dv)(t̂, x̂) = (∂tϕ,Dϕ)(t̂, x̂) and D2v(t̂, x̂) ≥ D2ϕ(t̂, x̂) .

Since F is elliptic and v ≥ ϕ on the domain with equality at (t̂, x̂), we deduce
that

F (t̂, x̂, ϕ(t̂, x̂), ∂tϕ(t̂, x̂), Dϕ(t̂, x̂), D2ϕ(t̂, x̂)) ≥ 0

whenever
F (t̂, x̂, v(t̂, x̂), ∂tv(t̂, x̂), Dv(t̂, x̂), D2v(t̂, x̂)) = 0 .

Conversely, if (t̂, x̂) is a (global) maximum point of v − ϕ then

F (t̂, x̂, ϕ(t̂, x̂), ∂tϕ(t̂, x̂), Dϕ(t̂, x̂), D2ϕ(t̂, x̂)) ≤ 0 .

This leads to the following notion of viscosity solution.

Definition 2 Let F be an elliptic operator as defined above. We say that a l.s.c.
(resp. u.s.c) function U is a supersolution (resp. subsolution) of (10) on [0, T )×
Rd if for all ϕ ∈ C1,2 and (t̂, x̂) ∈ [0, T )×Rd such that 0 = min[0,T ]×Rd(U−ϕ) =
(U − ϕ)(t̂, x̂) (resp. 0 = max[0,T ]×Rd(U − ϕ) = (U − ϕ)(t̂, x̂)), we have:

F (t̂, x̂, ϕ(t̂, x̂), ∂tϕ(t̂, x̂), Dϕ(t̂, x̂), D2ϕ(t̂, x̂)) ≥ 0 (11)

( resp. ≤ 0) .

We shall say that a locally bounded function is a discontinuous viscosity solution
of F = 0 if U∗ and U∗ are respectively super- and subsolution, where, for
(t, x) ∈ [0, T ]× Rd,

U∗(t, x) = lim inf
(s,y)∈[0,T )×Rd→(t,x)

U(s, y) and U∗(t, x) = lim sup
(s,y)∈[0,T )×Rd→(t,x)

U(s, y) .

If U is continuous, we simply say that it is a viscosity solution.

Note that a smooth solution U is also a viscosity solution, as any point achieves
a min (or max) of U − U .
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Remark 2 If (t̂, x̂) ∈ [0, T )×Rd achieves a minimum of U −ϕ then it achieves
a strict minimum of U − ϕ̄ where ϕ̄(t, x) = ϕ(t, x)−|x− x̂|4−|t− t̂|2. Moreover,
if ϕ̄ satisfies (11) at (t̂, x̂) then ϕ satisfies the same equation. It is therefore
clear that the notion of minimum can be replaced by that of strict minimum.
Similarly, we can replace the notion of maximum by the one of strict maximum
in the definition of subsolutions.

3.2 Viscosity property

We can now characterize v as a continuous viscosity solution of (3). The conti-
nuity of v follows from standard estimates and we omit the proof.

Theorem 4 The value function v is continuous on [0, T ]×Rd and is a viscosity
solution on [0, T )× Rd of (3).

Proof. We only prove the supersolution property of v. The proof of the subsolu-
tion property is symmetric. Let ϕ ∈ C1,2 be such that 0 = min[0,T ]×Rd(v−ϕ) =
(v − ϕ)(t̂, x̂) for some (t̂, x̂) ∈ [0, T )× Rd. We proceed by contradiction, i.e. we
assume that

ρϕ(t̂, x̂)− LQϕ(t̂, x̂) < 0

and show that this contradicts (2). Indeed, if the above inequality holds at
(t̂, x̂), then

ρϕ(t, x)− LQϕ(t, x) ≤ 0

on a neighborhood of (t̂, x̂) of the form B := Br(t̂) × Br(x̂), r ∈ (t̂, T − t̂). By
Remark 2, we can then assume that there exists η > 0 such that

v ≥ ϕ+ η on ∂pB

where ∂pB is the parabolic boundary of B, i.e. (Br(t̂) × ∂Br(x̂)) ∪ ({t̂ + r} ×
clBr(x̂)).
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Let θ be the first exit time of (t,Xt̂,x̂(t))t≥t̂ from B. By Itô’s Lemma applied to
ϕ and the above inequalities, we then obtain

v(t̂, x̂) = ϕ(t̂, x̂) = E
[
βt̂,x̂(θ)ϕ(θ,Xt̂,x̂(θ))

]
− E

[∫ θ

t̂
βt̂,x̂(s)

(
LQϕ(s,Xt̂,x̂(s))− ρϕ(s,Xt̂,x̂(s))

)
ds

]
≤ E

[
βt̂,x̂(θ)

(
v(θ,Xt̂,x̂(θ))− η

)]
< E

[
βt̂,x̂(θ)v(θ,Xt̂,x̂(θ))

]
,

a contradiction to (2). 2

3.3 Uniqueness

An equivalent definition of viscosity solutions

In order to complete the characterization of v, it remains to show that it is
the unique solution of (3) satisfying the boundary condition v(T, ·) = g. For
this purpose, we need an alternative definition of viscosity solutions in terms of
super- et subjets.

Note first that, if U is l.s.c., ϕ ∈ C1,2 and (t̂, x̂) ∈ [0, T ) × Rd is such that
0 = min[0,T ]×Rd(U − ϕ) = (U − ϕ)(t̂, x̂), then a second order Taylor expansion
implies

U(t, x) ≥ U(t̂, x̂) + ϕ(t, x)− ϕ(t̂, x̂)

= U(t̂, x̂) + ∂tϕ(t̂, x̂)(t− t̂)

+ (x− x̂)′Dϕ(t̂, x̂) +
1
2

(x− x̂)′D2ϕ(t̂, x̂)(x− x̂) + o(|t− t̂|+ |x− x̂|2) .

This naturally leads to the notion of subjet defined as the set P−U(t̂, x̂) of
points (q, p, A) ∈ R× Rd × Sd satisfying

U(t, x) ≥ U(t̂, x̂) + q(t− t̂) + (x− x̂)′p+
1
2

(x− x̂)′A(x− x̂) + o(|t− t̂|+ |x− x̂|2) .

We define similarly the superjet P+U(t̂, x̂) as the collection of points (q, p, A) ∈
R× Rd × Sd such that

U(t, x) ≤ U(t̂, x̂) + q(t− t̂) + (x− x̂)′p+
1
2

(x− x̂)′A(x− x̂) + o(|t− t̂|+ |x− x̂|2) .

For technical reasons related to Ishii’s Lemma, see below, we will also need to
consider the “limit” super- and subjets. More precisely, we define P̄+U(t̂, x̂)

29



as the set of points (q, p, A) ∈ R × Rd × Sd for which there exists a sequence
(tn, xn, qn, pn, An)n of [0, T ]× Rd × R× Rd × Sd such that (tn, xn, qn, pn, An) ∈
P+U(tn, xn) satisfying (tn, xn, U(tn, xn), qn, pn, An) → (t̂, x̂, U(t̂, x̂), q, p, A).
The set P̄−U(t̂, x̂) is defined similarly.

We can now state the alternative definition of viscosity solutions.

Lemma 2 Assume that F is continuous. A l.s.c. (resp. u.s.c.) function U is
a supersolution (resp. subsolution) of (10) on [0, T ) × Rd if and only if for all
(t̂, x̂) ∈ [0, T )× Rd and all (q̂, p̂, Â) ∈ P̄−U(t̂, x̂) (resp. P̄+U(t̂, x̂) )

F (t̂, x̂, U(t̂, x̂), q̂, p̂, Â) ≥ 0 ( resp. ≤ 0) . (12)

Proof. We only consider the supersolution property. It is clear that the def-
inition of the lemma implies the Definition 2. Indeed, if (t̂, x̂) ∈ [0, T ] × Rd ×
R× Rd × Sd is a minimum of U − ϕ then (∂tϕ,Dϕ,D2ϕ)(t̂, x̂) ∈ P̄−U(t̂, x̂). It
follows that

F (t̂, x̂, U(t̂, x̂), q̂, p̂, Â) ≥ 0

with (q̂, p̂, Â) = (∂tϕ,Dϕ,D2ϕ)(t̂, x̂). Since U ≥ ϕ and F is elliptic, this implies
the required result.
We now prove the converse implication. Fix (t̂, x̂) ∈ [0, T )× Rd and (q̂, p̂, Â) ∈
P̄−U(t̂, x̂). It is clear that, if (q̂, p̂, Â) ∈ P−U(t̂, x̂), then we can find ϕ locally
C1,2 such that (q̂, p̂, Â) = (∂tϕ,Dϕ,D2ϕ)(t̂, x̂), ϕ = U at (t̂, x̂) and U ≥ ϕ (see
e.g. [12] page 225 for an example of construction). We then have

F (t̂, x̂, U(t̂, x̂), q̂, p̂, Â) ≥ 0 .

2

Ishii’s Lemma and Comparison Theorem

The last ingredient to prove a comparison theorem is the so-called Ishii’s Lemma.

Lemma 3 (Ishii’s Lemma) Let U (resp. V ) be a l.s.c. supersolution (resp.
u.s.c. subsolution) of (10) on [0, T ) × Rd. Assume that F is continuous and
satisfies

F (t, x, u, q, p, A) = F (t, x, u, 0, p, A)− q
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for all (t, x, u, q, p, A). Let φ ∈ C1,2,2([0, T ] × Rd × Rd) and (t̂, x̂, ŷ) ∈ [0, T ) ×
Rd × Rd be such that

W (t, x, y) := V (t, x)− U(t, y)− φ(t, x, y) ≤W (t̂, x̂, ŷ)

∀ (t, x, y) ∈ [0, T )× Rd × Rd .

Then, for all η > 0, there is (q1, p1, A1) ∈ P̄+V (t̂, x̂) and (q2, p2, A2) ∈ P̄−U(t̂, ŷ)
such that

q1 − q2 = ∂tφ(t̂, x̂, ŷ) , (p1, p2) = (Dxφ,−Dyφ)(t̂, x̂, ŷ)

and (
A1 0
0 −A2

)
≤ D(x,y)φ(t̂, x̂, ŷ) + η

(
D(x,y)φ(t̂, x̂, ŷ)

)2
.

Proof. The proof is technical and long, we refer to [8] for details. 2

We now prove the expected comparison theorem also called maximum principle.

Theorem 5 (Comparison) Let U (resp. V ) be a l.s.c. supersolution (resp.
u.s.c. subsolution) with polynomial growth of (3) on [0, T ) × Rd. If U ≥ V on
{T} × Rd, then U ≥ V on [0, T ]× Rd.

Proof. We can assume without loss of generality that ρ > 0 (otherwise
we replace U and V by Ũ(t, x) := eκtU(t, x) and Ṽ (t, x) := eκtV (t, x) for κ
large enough). Assume now that there is some point (t0, x0) ∈ [0, T ] × Rd

such that U(t0, x0) < V (t0, x0). We shall prove that it leads to a contra-
diction. Let ε > 0, κ > 0 and p be an integer greater than 1 such that
lim sup|x|→∞ supt≤T (|U(t, x)| + |V (t, x)|)/(1 + |x|p) = 0. Then there exists
(t̂, x̂) ∈ [0, T ]× Rd such that

0 < V (t̂, x̂)− U(t̂, x̂)− φ(t̂, x̂, x̂) = max
(t,x)∈[0,T ]×Rd

(V (t, x)− U(t, x)− φ(t, x, x)) ,

where

φ(t, x, y) := εe−κt(1 + |x|2p + |y|2p)

and ε is chosen small enough. Since U ≥ V on {T} ×Rd, it is clear that t̂ < T .
For all n ≥ 1, we can also find (tn, xn, yn) ∈ [0, T ]× Rd × Rd such that

0 < Γn(tn, xn, yn) = max
(t,x,y)∈[0,T ]×Rd×Rd

Γn(t, x, y) (13)
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where

Γn(t, x, y) := V (t, x)− U(t, y)− φ(t, x, y)− n|x− y|2

− (|t− t̂|2 + |x− x̂|4) .

It is easily checked that, after possibly passing to a subsequence,

(tn, xn, yn,Γn(tn, xn, yn))→ (t̂, x̂, x̂,Γ0(t̂, x̂, x̂)) and n|xn − yn|2 → 0 . (14)

Moreover, Ishii’s Lemma implies that for all η > 0, we can find (qn1 , p
n
1 , A

n
1 ) ∈

P̄+V (tn, xn) and (qn2 , p
n
2 , A

n
2 ) ∈ P̄−U(tn, yn) such that

qn1 − qn2 = ∂tϕn(tn, xn, yn) , (p1, p2) = (Dxϕn,−Dyϕn)(tn, xn, yn)

and(
An1 0
0 −An2

)
≤ D2

(x,y)ϕn(tn, xn, yn) + η
(
D2

(x,y)ϕn(tn, xn, yn)
)2

.

where

ϕn(t, x, y) := φ(t, x, y) + n|x− y|2 + |t− t̂|2 + |x− x̂|4 .

In order to obtain the required contradiction, it now suffices to appeal to Lemma
2 and to argue as in the proof of Theorem 2. Using (14), we obtain that for all
η > 0

ρ(V − U)(t̂, x̂) ≤ εn + ηCn + LQφ(t̂, x̂, x̂)

where εn → 0 is independent of η and Cn does neither depend of η. By sending
η → 0, we deduce that

ρ(V − U)(t̂, x̂) ≤ εn + LQφ(t̂, x̂, x̂) .

For κ > 0 big enough so that the second term in the right-hand side is strictly
negative and n large enough, we get ρ(V − U)(t̂, x̂) ≤ 0. This contradicts the
fact that (V − U)(t̂, x̂) > 0 since ρ is assumed to be (strictly) positive. 2

Corollary 3 The value function v is continuous and is the unique viscosity
solution on [0, T )×Rd of (3) satisfying lims↑T, y→x v(s, y) = g(x) in the class of
discontinuous viscosity solutions with polynomial growth.
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Chapter 4

The pricing equation II: the

incomplete market case

In this section, we provide the pricing equation under portfolio constraints as
studied in Section 2 of Chapter 2.

We keep the notations and assumptions on the coefficients of Chapter 3 except
that we now assume that ρ is bounded.
We define the value function:

(t, x) 7→ v(t, x) := sup
ν∈Ub

J(t, x; ν)

where

J(t, x; ν) := EQνt,x
[
βt,x(T )g(Xt,x(T ))−

∫ T

t
βt,x(s)δK(νs)ds

]
and

dQν
t,x

dP
= Eνt,x(T )

with

Eνt,x(s) = e−
1
2

R s
t |λ

ν
t,x(u)|2du−

R s
t λ

ν
t,x(u)dWu

λνt,x := σ(Xt,x)−1(µ(Xt,x)− ρ(Xt,x)Xt,x − ν) .

Since ρ is bounded, we have that βt,x and β−1
t,x are bounded. By replacing ν ∈ Ub

by βt,xν ∈ Ub and vice-versa, we deduce from Section 2 of Chapter 2 that

pK(G) = v(0, X0) .
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Remark 3 One easily checks that J(·; ν) is l.s.c. for each ν ∈ Ub. It follows
that v is l.s.c. as well.

1 Dynamic programming principle

The key result for the derivation of a PDE associated to v is the so-called
dynamic programming principle. In the following, we denote by T t[t,T ] the set of
elements of T[t,T ] that are independent on Ft.

Theorem 1 Fix (t, x) ∈ [0, T ) × Rd and let {θν , ν ∈ Ub} ⊂ T t[t,T ] be such that
Xt,x is essentially bounded on [t, θν ] for each ν ∈ Ub. Then,

v(t, x) = sup
ν∈Ub

EQνt,x
[
βt,x(θν)v(θν , Xt,x(θν)−

∫ θν

t
βt,x(s)δK(νs)ds

]
.

Proof. For ease of notations, we omit, if not necessary, the dependence of
θ with respect to ν. Let v̄(t, x) denote the right-hand side term in the above
equation. We first show that v(t, x) ≤ v̄(t, x). To see this, observe that

J(t, x; ν) = EQνt,x
[
βt,x(θ)EQνt,x

[
βθ,ζ(T )g(Xθ,ζ(T ))−

∫ T

θ
βθ,ζ(s)δK(νs)ds | Fθ

]
−
∫ θ

t
βt,x(s)δK(νs)ds

]
where ζ := Xt,x(θ). We now observe that

EQνt,x
[
βθ,ζ(T )g(Xθ,ζ(T ))−

∫ T

θ
βθ,ζ(s)δK(νs)ds | Fθ

]
= EQνθ,ζ

[
βθ,ζ(T )g(Xθ,ζ(T ))−

∫ T

θ
βθ,ζ(s)δK(νs)ds | Fθ

]
≤ v(θ, ζ)

Hence, the fact that v ≤ v̄.
We now prove the converse inequality. To this purpose, given k ≥ 1, we denote
by Ubk the set of elements ν ∈ Ub such that sups≤T (|νs|+ |δK(νs)|) ≤ k P− a.s.
and set vk(s, y) := supν∈Ubk J(s, y; ν). Note that vk ↑ v as k → ∞. Then, for
fixed k ≥ 1, one easily checks that J(·; ν) and vk are locally uniformly continuous
in (t, x), uniformly in ν ∈ Ubk.
Let U tbk denotes the set of elements of Ubk that are independent of Ft. Then, one
easily checks, by using the fact that X solves a Brownian SDE, that vk(t, x) =
supν∈Utbk J(t, x; ν), see [5].
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Fix ε > 0. For (s, y) ∈ [0, T ]× Rd, we can find νs,y ∈ Usbk such that

J(s, y; νs,y) ≥ v(s, y)− ε . (1)

Let A ⊂ Rd be a compact set such that Xt,x takes values in A on [t, θν ] for
each ν ∈ Ub. It follows from the local uniform continuity of J and vk that there
exists η > 0 and a finite collection of points (ti, xi)i≤I ∈ [0, T ] × A such that
∪i≤I [ti − η, ti]×Bη(xi) ⊃ A.

|J(·; νti,xi)− J(ti, xi; νti,xi) + |v − v(ti, xi)| ≤ ε on [ti − η, ti]×Bη(xi) . (2)

Combining (1) and (2) leads to

J(·; νti,xi) ≥ v − 3ε on [ti − η, ti]×Bη(xi) ⊃ Ai , (3)

where the Ai can be constructed in such a way that they form a partition of A.
Given ν ∈ Ubk, we now define

ν̄ := ν1[0,θ) + 1[θ,T ]

∑
i≤I

νti,xi1(θ,Xt,x(θ)∈Ai

Then, using the fact that νs,y is independent of Fs, for all (s, y) ∈ [0, T ] × Rd,
we obtain

J(t, x; ν̄) = EQνt,x
[
βt,x(θ)EQν̄t,x

[
βθ,ζ(T )g(Xθ,ζ(T ))−

∫ T

θ
βθ,ζ(s)δK(ν̄s)ds | Fθ

]
−
∫ θ

t
βt,x(s)δK(νs)ds

]

= EQνt,x

βt,x(θ)

∑
i≤I

J(θ, ζ; νti,xi)1(θ,ζ)∈Ai

− ∫ θ

t
βt,x(s)δK(νs)ds


so that, by (3),

vk(t, x) ≥ J(t, x; ν̄)

≥ EQνt,x
[
βt,x(θ)vk(θ, ζ)−

∫ θ

t
βt,x(s)δK(νs)ds

]
− 3εEQνt,x [βt,x(θ)] .

Sending ε→ 0 and using the arbitrariness of ν, then shows that

vk(t, x) ≥ sup
ν∈Ubk

EQνt,x
[
βt,x(θ)vk(θ, ζ)−

∫ θ

t
βt,x(s)δK(νs)ds

]
.

The result then follows by sending k → ∞ and by using the monotone conver-
gence theorem. 2
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Remark 4 In the above proof, we used the approximation vk in order to reduce
to the case where the value function is u.s.c. A more direct approach, based
on test functions, could also be adopted, see [5]. In particular, it would allow
to provide a weak version of the dynamic programming principle of Theorem 1
even if v was not known to be measurable a-priori. It would then take the form:

v(t, x) ≤ sup
ν∈Ub

EQνt,x
[
βt,x(θν)v∗(θν , Xt,x(θν)−

∫ θν

t
βt,x(s)δK(νs)ds

]
,

and

v(t, x) ≥ sup
ν∈Ub

EQνt,x
[
βt,x(θν)v∗(θν , Xt,x(θν)−

∫ θν

t
βt,x(s)δK(νs)ds

]
,

for all family of stopping times {θν , ν ∈ Ub} ⊂ T t[t,T ] such that Xt,x is essentially
bounded on [t, θν ], for each ν ∈ Ub.
In the above assertion, v∗ could be replaced by v if it is known to be measurable,
in particular if it is l.s.c. Hence, for v = v∗, it coincides with the formulation of
Theorem 1.
In view of the arguments below, the later formulation would already be enough
to provide a PDE characterization for v∗ and v∗.

2 Hamilton-Jacobi-Bellman pricing equation

In this section, we use the dynamic programming principle of Theorem 1 to
show that v is a (discontinuous) viscosity solution of

min
{
ρv − LQv , min

|ζ|=1
δK(ζ)− ζ ′Dv

}
= 0 on [0, T )× Rd , (4)

and provide a suitable boundary condition at t = T , which is related to the
face-lifting phenomenon observed in Section 2 of Chapter 2.

2.1 PDE characterization in the domain

We first discuss the supersolution property.

Proposition 7 The function v is a viscosity supersolution of (4).
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Proof. Fix ν = u for some u ∈ Rd such that δK(u) <∞. Then, it follows from
Theorem 1 that

v(t, x) ≥ EQνt,x

[
βt,x(θh)v(θh, Xt,x(θh))−

∫ θh

t
βt,x(s)δK(u)ds

]

= E

[
Eνt,x(θh)

(
βt,x(θh)v(θh, Xt,x(θh))−

∫ θh

t
βt,x(s)δK(u)ds

)]
,

where θh := inf{s ≥ t : |Xt,x(s)− x|+ |Eνt,x(s)− 1| ≥ 1} ∧ (t+ h). Let ϕ be a
smooth function such that (t, x) achieves a minimum of v−ϕ, recall Remark 3.
We can always assume that (v − ϕ)(t, x) = 0. Thus,

ϕ(t, x) ≥ E

[
Eνt,x(θh)

(
βt,x(θh)ϕ(θh, Xt,x(θh))−

∫ θh

t
βt,x(s)δK(u)ds

)]
.

By following the same arguments as in the proof Theorem 1 and using the
arbitrariness of u, we deduce that ϕ satisfies:

(ρϕ− LQϕ)(t, x) + δK(u)− u′Dϕ(t, x) ≥ 0 .

Since u is abritrary and the set {u ∈ Rd : δK(u) <∞} is a cone which contains
0, this proves the required result. 2

Proposition 8 The function v∗ is a viscosity subsolution of (4).

Proof. Let ϕ be a smooth function such that (t, x) achieves a strict local
maximum of v∗ − ϕ. We can always assume that (v − ϕ)(t, x) = 0. We argue
by contradiction and assume that

min
{
ρϕ− LQϕ , min

|ζ|=1
δK(ζ)− ζ ′Dϕ

}
(t, x) > 0 .

Then,

min
{
ρϕ− LQϕ , min

|ζ|=1
δK(ζ)− ζ ′Dϕ

}
> 0 on Bη(t, x) (5)

for some η > 0 small enough. Let (tn, xn)n be a sequence in Bη(t, x) that
converges to (t, x) and such that v(tn, xn) → v∗(t, x). Let θn be the first exit
time of Bη(t, x) by (s,Xtn,xn(s))s≥tn . Fix ν ∈ Ub. Using Itô’s Lemma and (5),
we then deduce that

ϕ(tn, xn) ≥ EQνtn,xn

[
βtn,xn(θn)ϕ(θn, Xtn,xn(θn))−

∫ θn

tn

βtn,xn(s)δK(νs)ds
]
.
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Moreover, since (t, x) achieves a strict local maximum of v∗−ϕ, we have v−ϕ ≤
v∗ − ϕ ≤ −ξ on ∂pBη(t, x) for some ξ > 0. Hence,

ϕ(tn, xn) ≥ EQνtn,xn

[
βtn,xn(θn)v(θn, Xtn,xn(θn))−

∫ θn

tn

βtn,xn(s)δK(νs)ds
]

+ξEQνtn,xn [βtn,xn(θn)] .

Since ρ is bounded, one easily checks that EQνtn,xn [βtn,xn(θn)] ≥ c for some c > 0,
for all n and ν ∈ Ub. We then obtain

v(tn, xn) ≥ EQνtn,xn

[
βtn,xn(θn)v(θn, Xtn,xn(θn))−

∫ θn

tn

βtn,xn(s)δK(νs)ds
]

+ξc+ v(tn, xn)− ϕ(tn, xn) .

Since v(tn, xn)−ϕ(tn, xn)→ 0 as n→∞, we obtain a contradiction to Theorem
1 for n large enough. 2

2.2 Boundary condition at t = T

In order to complete the characterization of v, it remains to provide a terminal
condition. We shall show below that

v(T−, ·) = ĝ

where ĝ is defined as in Chapter 2:

ĝ(x) := sup
ζ∈Rd

g(x+ ζ)− δK(ζ) .

We split the proof in two separate propositions.

Proposition 9 For all x ∈ Rd, v(T, x) ≥ ĝ(x).

Proof. Let (tn, xn)n≥1 be a sequence such that (tn, xn)→ (T, x) and v(tn, xn)→
v(T, x). By the definition of v, we have

v(tn, xn) ≥ EQνntn,xn

[
βn(T )g (Xn(T ))−

∫ T

tn

βn(s)δK (νns ) ds
]

where (βn, Xn) := (βtn,xn , Xtn,xn) and νns := 1
T−tnu, for some u ∈ dom (δK).

Now observe that δK(λu) = λδK(u) for every λ > 0, so that∫ T

tn

βn(s)δK (νns ) ds = δK(u)
1

T − tn

∫ T

tn

βn(s)ds −→
n→∞

δK(u) P− a.s.
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since ρ is bounded. Hence, using the fact that ρ is bounded again and a domi-
nated convergence argument, we obtain

v(T, x) = lim
n→∞

v (tn, xn)

≥ lim inf
n→∞

EQνntn,xn [βn(T )g (Xn(T ))]− δK(u).

To conclude the proof, it remains show that En := EQνntn,xn [βn(T )g (Xn(T ))]→
g(x+ u), and use the arbitrariness of u ∈ dom(δK).
To see this, first observe that

Xn = u
· − tn
T − tn

+ xn +
∫ ·
tn

ρ (Xn(s))Xn(s)ds+
∫ ·
tn

σ (Xn(s)) dW νn

s ,

so that
En = E [βn(T )g (Zn(T ))] ,

where Zn satisfies

Zn = u
· − tn
T − tn

+ xn +
∫ ·
tn

ρ (Zn(s))Zn(s)ds+
∫ ·
tn

σ (Zn(s)) dWs.

Clearly, the sequence (Zn(T ))n≥1 is bounded in L2 and converges to x+u P−a.s.
Since g is continuous with linear growth, the dominated convergence theorem
implies

lim
n→∞

En = g(x+ u).

2

Proposition 10 Assume that ĝ is upper-semicontinuous with linear growth.
Assume further that σ is bounded. Then, for all x ∈ Rd, v∗(T, x) ≤ ĝ(x).

Proof. Let (tn, xn)n be a sequence which converges to (T, x0) and such that
v(tn, xn)→ v∗(T, x0). Set (βn, Xn) = (βtn,xn , Xtn,xn). By definition of v, there
is some νn ∈ Ub such that

v(tn, xn) ≤ EQνn
[
βn(T )g(Xn(T ))−

∫ T

tn

βn(s)δK(νns )ds
]

+ n−1 .

Since dom(δK) is a convex cone and δK is 1-homogeneous, we have

βn(T )g(Xn(T )) ≤ βn(T )ĝ
(
Xn(T )−

∫ T

tn

βn(T )−1βn(s)νns ds
)

+
∫ T

tn

βn(s)δK(νns )ds .
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This implies that

v(tn, xn) ≤ EQνn
[
βn(T )ĝ

(
Xn(T )−

∫ T

tn

βn(T )−1βn(s)νns ds
)]

+ n−1 .

In view of the above inequalities and the definition of (tn, xn), it remains to
show that

lim sup
n→∞

EQνn
[
βn(T )ĝ

(
Xn(T )−

∫ T

tn

βn(T )−1βn(s)νns ds
)]

≤ ĝ(T, x0) .(6)

From now on, we assume that ĝ is uniformly Lipschitz continuous. We shall
explain at the end of the proof how to handle cases where it is not true. If ĝ is
L-Lipschitz, then∣∣∣∣βn(T )ĝ

(
Xn(T )−

∫ T

tn

βn(T )−1βn(s)νns ds
)
− βn(T )ĝ(x0)

∣∣∣∣
≤ L

∣∣∣∣βn(T )Xn(T )−
∫ T

tn

βn(s)νns ds− βn(T )x0

∣∣∣∣
= L

∣∣∣∣∫ T

tn

βn(s)σ(Xn(s))dW νn

s + xn − βn(T )x0

∣∣∣∣
where, since σ and ρ are bounded,

EQνn
[∣∣∣∣∫ T

tn

βn(s)σ(Xn(s))dW νn

s

∣∣∣∣] ≤ C(T − tn)
1
2

for some C > 0 independent of n. This proves the required result for ĝ Lipschitz.
In the case, we ĝ is not Lipschitz, then we construct, for each ε > 0, a Lipschitz
function Ψε such that |ĝ(x0)−Ψε(x0)| ≤ ε and Ψε ≥ ĝ. It follows that, for each
ε, we can find some finite Lε > 0 such that

lim sup
n→∞

EQνn
[
βn(T )ĝ

(
Xn(T )−

∫ T

tn

βn(T )−1βn(s)νns ds
)]

≤ lim sup
n→∞

EQνn
[
βn(T )Ψε

(
Xn(T )−

∫ T

tn

βn(T )−1βn(s)νns ds
)]

≤ Ψε(x0) + lim sup
n→∞

Lε C
(
|xn − x0|+ (T − tn)1/2

)
= Ψε(x0) ≤ ĝ(x0) + ε

and the proof is concluded by sending ε to 0.
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We conclude this proof by constructing the sequence of functions (Ψε)ε>0. For
x ∈ Rd, we define

Gk(x) = sup
z∈Rd

[ĝ(z)− k|z − x|] , k ≥ 1 .

Recall that g has linear growth. Clearly, Gk ≥ ĝ and Gk is k-Lipschitz.
Moreover, taking k large enough, it follows from the linear growth and upper-
semicontinuity assumptions on ĝ that, for all x ∈ Rd, the maximum is attained
in the above definition by some xk(x). In particular,

Gk(x) = ĝ(xk(x))− k|xk(x)− x| ≥ ĝ(x) .

Using the linear growth of ĝ again, we deduce that xk(x) → x as k → ∞ after
possibly passing to a subsequence. Since ĝ is upper-semicontinuous, this also
implies that

ĝ(x0) ≥ lim sup
k→∞

ĝ(xk(x0)) ≥ lim sup
k→∞

Gk(x0) ≥ ĝ(x0) .

We can then choose kε such that |Gkε(x0)− ĝ(x0)| ≤ ε and set Ψε := Gkε . 2

3 Example: non-hedgeable stochastic volatilty

As an example of application, let us come back to the model of Example 4 of
Chapter 2. Note here that the volatility of X1 is given by X1σ(X2) which is
not bounded. However, the above argument holds. Moreover, X1 takes values
in (0,∞) but it does not change anything in the above proofs.
In this case, the price function v is therefore a (discontinuous) viscosity solution
on [0, T )× (0,∞)× R of

min
{
rϕ− LQϕ , min

|ζ|=1
δK(ζ)− ζ ′Dϕ

}
(t, x) = 0 (7)

where

LQϕ = ∂tϕ+ rx1∂x1ϕ+
1
2
[
(x1σ(x2))2∂2

x1x1ϕ+ γ2∂2
x2x2ϕ+ 2x1σ(x2)γ1∂

2
x1x2ϕ

]
with γ2 := γ2

1 + γ2
2 . Moreover, it satisfies v∗(T, x1, x2) = v∗(T, x1, x2) = ĝ(x1).

Since δK(ζ) = 0 is ζ1 = 0 and δK(ζ) =∞ is ζ1 6= 0, we deduce that

v∗(T, x1, x2) = v∗(T, x1, x2) = ĝ(x1) = g(x)
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and, using the right-hand side term in (7), that v is a supersolution of ∂x2ϕ = 0
and −∂x2ϕ = 0 on [0, T )×(0,∞)×R. As for smooth functions, this implies that
v does not depend on x2. We therefore now simply write v(t, x1). As for smooth
function again, this also implies that v is a supersolution on [0, T )× (0,∞) of

inf
x2
Hx2 = 0 (8)

where
Hx2ϕ := rϕ− ∂tϕ− rx1∂x1ϕ−

1
2

(x1σ(x2))2∂2
x1x1ϕ ,

i.e.

rϕ− ∂tϕ− rx1∂x1ϕ−
1
2

(x1)2
[
σ21∂2

x1x1ϕ<0 + σ̄21∂2
x1x1ϕ≥0

]
∂2
x1x1ϕ = 0 , (9)

where σ̄ := supx2 σ(x2) and σ := infx2 σ(x2). This is the so-called Black-Scholes-
Barenblatt equation.

When σ̄ < ∞, σ is continuous and g is continuous with linear growth, it is
possible to show that this equation admits a comparison principle in the class
of functions with linear growth. In particular, if there exists a smooth solution,
say ϕ, satisfying ϕ(T−, ·) = g, then v ≥ ϕ. But on the other hand, (9) and the
previous boundary condition imply that

ϕ(0, X1
0 ) +

∫ T

0
βsDϕ(s,X1

s )dX1
s = βTϕ(T,X1

T ) +
∫ T

0
βsHX2

s
ϕ(s,X1

s )ds

≥ βTϕ(T,X1
T )

= βT g(X1
T ) ,

where X := X0,X0 and β = β0,X0 . This shows that v = ϕ.

In the limiting case where σ̄ = ∞, then (8) implies that v is concave in x1. If
moreover, σ = 0 and r = 0, then it should be non-increasing in time. This
implies that v ≥ ḡ, where ḡ denotes the concave envelope of g. On the other
hand, it is clear that, starting with ḡ(X0) allows to find a super-hedging strategy,
which is actually of buy-and-hold type. Hence, v = ḡ. Note that ḡ(x1) = x1

for g(x1) = [x1 − κ]+ ! The same holds for r 6= 0 up to passing to discounted
quantities.
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Chapter 5

Approximate hedging and risk

control

In this section, we discuss two approximate hedging technics that were discussed
in [13] and [14]. We shall restrict here to the case of complete markets without
constraints, because it is essentially the only case where explicit formulations
can be obtained by standard convex duality technics, and it already provides the
general form of the solution. Extensions to incomplete markets are considered in
the above mentioned papers. More general models will be discussed in Chapter
7, in a Markovian setting.

1 Quantile hedging

We first discuss the case of a trader who wants to hedge a random payoff G ∈
L0(R+) \ {0} from an initial wealth y > 0. However, because for instance the
hedging price p(G) = EQ [βTG] is too high (which can be due to the fact that
it was face-lifted in order to avoid explosion of the hedging strategy near the
maturity, see Section 2 of Chapter 1), his initial wealth is strictly less than p(G).

1.1 Minimizing the probability of missing the hedge

The first criteria we discuss here is the so-called quantile hedging criteria.
Namely, we try to find the optimal solution to the problem

inf
φ∈A+(y)

P
[
G > Y y,φ

T

]
for some 0 < y < p(G), (1)
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where A+(y) is the restriction of Ab to strategies leading to non-negative wealth
processes.

As shown in [13], this problem can be reduced to a standard test problem in
mathematical statistics, which can then be solved by using the Neyman and
Pearson’s Lemma which we recall below.
To see this, we first note that the problem (1) can be reduced as follows.

Proposition 11 The following holds:

sup
φ∈A+(y)

P
[
Y y,φ
T ≥ G

]
= sup

{
E [ϕ] , ϕ ∈ L0({0, 1}) s.t. EQ[βTGϕ] ≤ y

}
. (2)

Proof. Let us first fix φ ∈ A+(y). Then, ϕ := 1
Y y,φT ≥G satisfies P

[
Y y,φ
T ≥ G

]
=

E[ϕ] and Gϕ ≤ Y y,φ
T so that EQ[βTGϕ] ≤ EQ[βTY

y,φ
T ] ≤ y, see Chapter 2.

This shows that the left-hand side term in (2) is smaller than the right-hand
side term. Conversely, if ϕ ∈ L0({0, 1}) is such that EQ[βTGϕ] ≤ y, then it
follows from Chapter 2 that there exists φ ∈ Ab(y) such that Y y,φ

T ≥ Gϕ. Since
Gϕ ≥ 0, the super-martingale Y y,φ remains non-negative so that φ ∈ A+(y).
Moreover, Y y,φ

T ≥ G on {ϕ = 1}. Since ϕ ∈ L0({0, 1}), this implies that
P
[
Y y,φ
T ≥ G

]
≥ E [ϕ]. 2

We next observe that the right-hand side problem in (2) can be interpreted as
a statistical test problem:

sup
{

E [ϕ] , ϕ ∈ L0([0, 1]) s.t. EQG [ϕ] ≤ y/p(G)
}
, (3)

where QG is defined by
dQG

dP
:=

dQ
dP

βTG

EQ[βTG]
,

except that we look for a solution of the above test problem in L0({0, 1}).

The solution to this problem is given by Neyman and Pearson’s Lemma which
we now state.

Lemma 4 (Neyman and Pearson) Let P0 and P1 be two probability measures
that are absolutely continuous with respect to P. Given α ∈]0, 1[, the solution to
the problem

sup
{

EP1 [ξ] : ξ ∈ L0([0, 1]), EP0 [ξ] ≤ α
}
,
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is given by any random variable of the form

ξ̂ := 1 dP1
dP >â

dP0
dP

+ γ̂1 dP1
dP =â

dP0
dP

where
â := inf

{
a > 0 : P0

[
dP1

dP
> a

dP0

dP

]
≤ y
}

and γ̂ ∈ [0, 1] is such that EP0

[
ξ̂
]

= α.

Remark 5 In the above Lemma, ξ has to be interpreted has a random test of
Hyp0 : P0 against Hyp1 : P1. If the state of nature ω is such that ξ(ω) = p, then
one accepts Hyp0 with probability 1 − p. The quantity EP0 [ξ] corresponds to
the probability to reject Hyp0 while Hyp0 is true (this is the risk of first kind),
and EP1 [ξ] corresponds to the probability to reject Hyp0 while Hyp0 is indeed
false (this is called the power of the test).The test ξ̂ is called UMP (uniformly
most powerful) of size α.

Applying the above lemma to the problem (3) leads to an optimal solution ϕ̂ of
the following form:

Theorem 1 Assume that

ĉ := inf
{
c > 0 : EQ

[
βTG1 dP

dQ>c
dQG
dQ

]
≤ y
}

is such that
EQ
[
βTG1 dP

dQ>ĉ
dQG
dQ

]
= y .

Then, the optimal solution to the problem (1) is given by the strategy φ̂ ∈ A+(y)
satisfying

Y y,φ̂
T = Gϕ̂

where

ϕ̂ = 1 dP
dQ>ĉ

dQG
dQ

.

In most applications, ĉ > 0 is such that EQ
[
βTG1 dP

dQ>c
dQG
dQ

]
= y, recall that

y < p(G) = EQ[βTG], so that the optimal strategy φ̂ satisfies

Y y,φ̂
T = G1Â
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for Â := {dP/dQ > ĉ dQG/dQ}. It means that the optimal solution consists in
hedging a digital type option which pays G on Â and 0 otherwise.
Such a behavior is certainly not nice in practice since it may lead, as in general
for discontinuous payoffs, to an explosion of the number of assets to have in the
portfolio near to the maturity.
Note that, right from the beginning, one could criticize the criteria which is only
concerned with the probability of not missing the hedge but does not take into
account of the sizes of the potential losses.

In the case where ĉ > 0 only satisfies EQ
[
βTG1 dP

dQ>c
dQG
dQ

]
< y, the above The-

orem does not apply. However, the same reasoning can still be applied for the
optimal success ratio problem

sup
φ∈A+(y)

E

[
Y y,φ
T

G
∧ 1

]
for some 0 < y < p(G), (4)

with the convention z/0 =∞ for z ∈ R.

Theorem 2 The optimal solution to the problem (4) is given by the strategy
φ̂ ∈ A+(y) satisfying

Y y,φ̂
T = Gϕ̂

where

ϕ̂ = 1 dP
dQ>ĉ

dQG
dQ

+ γ̂1 dP
dQ =ĉ

dQG
dQ

with
ĉ := inf

{
c > 0 : EQ

[
βTG1 dP

dQ>c
dQG
dQ

]
≤ y
}

and where γ̂ ∈ [0, 1] is such that EQ [βTGϕ̂] = y.

Note that, when γ̂ = 0, then it coincides with the solution of the quantile
hedging problem.

1.2 Quantile hedging price

The quantile hedging price of the payoff G is the minimal initial wealth that
allows to hedge the option with a given probability of success, namely

p(G;α) := inf
{
y ≥ 0 : ∃ φ ∈ A+(y) s.t. P[Y y,φ

T ≥ G] ≥ α
}
, for α ∈ [0, 1] .
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Clearly, p(G; 1) = p(G) and p(G; 0) = 0. For α ∈ (0, 1), it can be computed
thanks to the results of the previous section. Indeed, given 0 < y < p(G), one
can find α(y) ∈ (0, 1) such that

α(y) = sup
φ∈A+(y)

P
[
Y y,φ
T ≥ G

]
.

Then, by definition,

p(G;α) = inf {y ≥ 0 : α(y) ≥ α} .

We shall see in Chapter 7 how the quantile hedging price can be directly re-
lated to a PDE, without having to invert the value function of an optimization
problem, as suggested here.

2 Hedging under expected loss constraints

2.1 Minimizing the expected shortfall

In order to better take into account the amount of possible losses, we now
consider a risk control criteria of the form `((G−V x,φ

T )+), i.e. we try to minimize

inf
φ∈A+(y)

E
[
`((G− Y y,φ

T )+)
]

for some 0 < y < p(G) , (5)

where, as above, A+(y) is the restriction of Ab to strategies leading to non-
negative wealth processes. Here, the loss function ` is C1 strictly convex, in-
creasing and defined on R+, `(0) = 0, and such that ∇`(+∞) =∞, ∇`(0+) = 0.
We note I := (∇`)−1, the inverse of the derivative of `. As above, we assume
that G ∈ L0(R+) \ {0}

Theorem 3 There exists a solution φ̂ ∈ A+(y) to the problem (5). It satisfies

Y y,φ̂
T = ϕ̂(ĉ)G

where, for c > 0,

ϕ̂(c) := 1G>0

(
1− I(cβTdQ/dP)

G
∧ 1
)
,

and ĉ > 0 is the unique positive solution of

EQ [βT ϕ̂(c)G] = y .
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Proof. 1. First of all, one can observe that

E
[
`((G− Y y,φ

T )+)
]

= E
[
`(G(1− ϕφ))

]
where ϕφ := [(Y y,φ

T /G) ∧ 1]1G>0 satisfies EQ [βTϕφG] ≤ y. Conversely, if ϕ ∈
L0([0, 1]) satisfies the above constraint, then ϕG can be reached by a financial
portfolio starting from y whose discounted value is a Q-martingale and therefore
remains non negative, since G ≥ 0, see Section 1 in Chapter 2. The above
problem is thus equivalent to

inf
ϕ∈L0([0,1])

E [`((1− ϕ)G)] under the constraint EQ [βTϕG] ≤ y. (6)

2. We now check that existence holds in the above problem by using the following
technical lemma which we state without proof.

Lemma 5 (Komlos Lemma) Let (ζn)n be a sequence of random variables
that are uniformly bounded in L1(P). Then, there exists a sequence (ζ̄n)n and a
random variable ζ̄ in L1(P) such that ζ̄n → ζ̄ P− a.s. and

ζ̄n ∈ conv (ζk, k ≥ n) P− a.s.

for all n ≥ 1, where conv denotes the convex envelope.

Since ϕ 7→ E [`(G(1− ϕ))] is convex, one deduces from the preceding Lemma
that there exists a minimizing sequence (ϕn)n which converges P− a.s. to some
ϕ̂ in L0([0, 1]). One concludes by using Fatou’s Lemma and the fact that ` ≥ 0.

3. We now check that ϕ̂ has the form given in the Theorem. Given ϕ ∈ L0([0, 1])
and ε ∈ [0, 1], let us set

ϕε := εϕ+ (1− ε)ϕ̂

and
Fϕ(ε) := E [`((1− ϕε)G)] .

Recall that ` is convex so that its derivative is non-decreasing. Using a monotone
convergence argument, one then easily checks that the right-derivative ∇Fϕ(0+)
of Fϕ at 0 exists and satisfies

∇Fϕ(0+) = E [∇`((1− ϕ̂)G)(ϕ̂− ϕ)G] .

48



Since Fϕ is convex, because ` is convex, ϕ̂ should satisfy the first order optimality
condition ∇Fϕ(0+) ≥ 0 for any ϕ ∈ L0([0, 1]). This amounts to say that ϕ̂
satisfies

EQϕ̂ [ϕ̂] ≥ EQϕ̂ [ϕ] (7)

for any ϕ ∈ L0([0, 1]) such that, recall (6),

EQG [ϕ] ≤ y

p(G)
=: α (8)

where Qϕ̂ and QG are the probability measures associated to the densities

dQϕ̂

dP
= ∇`((1− ϕ̂)G)G/E [∇`((1− ϕ̂)G)G]

dQG

dP
=

dQ
dP

βTG/EQ [βTG] .

As in the previous section, this can be interpreted as a random test: test
the hypothesis Qϕ̂ against QG with a level α. It then follows from Neyman
and Pearson’s Lemma, see above, that the optimal test ϕ̂ takes the value 0 if
dQϕ̂/dP < c dQG/dP and the value 1 if dQϕ̂/dP > c dQG/dP, for a given posi-
tive constant c which depends on the size of the test. First note that one should
have ϕ̂ < 1 on {G > 0} since ∇`(0) = 0 and therefore dQϕ̂/dP = 0 < dQG/dP
when ϕ̂ = 1 and G > 0. This implies that dQϕ̂/dQG ≤ c on {G > 0}. On
{G = 0}, one has dQϕ̂/dP = dQG/dP = 0, and we set ϕ̂ = 1, see step 3 below.
This leads to the definition of ϕ̂ given in the Theorem.
3. In order to justify that we can take ϕ̂ = 1 on {G = 0}, it suffices to check that
ĉ > 0 is such that EQG [ϕ̂(ĉ)] = y/p(G). To see this recall that ∇` is increasing,
continuous and satisfies ∇`(+∞) =∞ as well as ∇`(0+) = 0, by assumption. It
follows that I is increasing, continuous and satisfies∇I(+∞) =∞, ∇I(0+) = 0.
This implies that ϕ̂((0,∞)) = [0,1G>0) P − a.s. and that c ∈ (0,∞) 7→ ϕ̂(c) is
P− a.s. continuous. Using the monotone convergence theorem, we then deduce
that c ∈ (0,∞) 7→ k(c) := EQ[βTGϕ̂(c)] is continuous and satisfies k((0,∞)) ⊃
(0,EQ[βTG1G>0]) = (0, p(G)). The uniqueness of ĉ follows from the fact that I
is strictly increasing and that y/p(G) < 1 so that P [I(ĉβTdQ/dP) < G] > 0. 2

2.2 Expected shortfall price

As for the quantile hedging approach, one can define an expected shortfall price:

inf
{
y ≥ 0 : ∃ φ ∈ A+(y) s.t. E[`((G− Y y,φ

T )+)] ≤ l
}
, for l ∈ `(R+) .
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It can be deduced from the result of Theorem 3 by following the arguments of
Section 1.2 above. As for the quantile hedging price, we shall see in Chapter 7
how it can be directly related to a PDE.
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Part B.

The stochastic target approach
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Chapter 6

Super-hedging problems

1 Model and problem formulation

In this part, we consider a more general model in which the trading strategy φ
may have an impact on the wealth process, namely the dynamics of the risky
assets is given by

Xφ
t,x(s) = x+

∫ s

t
µ(Xφ

t,x(u), φu)du+
∫ s

t
σ(Xφ

t,x(u), φu)dWu , (1)

where W is the Brownian motion under the original probability measure P.
As in the previous chapter, the risk free interest rate is a function ρ which
depends only on x.
It follows that the wealth dynamics is given by

Y φ
t,x,y(s) = y +

∫ s

t
µY (Zφt,x,y(u), φu)du+

∫ s

t
σY (Xφ

t,x(u), φu)dWu , (2)

where

µY (x, y, a) := a′µ(x, a) + (y − a′x)ρ(x) and σY (x, a) := a′σ(x, a) .

The aim of this Chapter is to provide a PDE characterization of the hedging
price under constraint without appealing to the dual formulation of Chapter 2,
which will anyway not be correct for the above model whenever µ and σ depends
in a non-trivial way of the strategy φ.
We recall that the associated value function is given by

v(t, x) := inf
{
y ∈ R : ∃ φ ∈ AK s.t. Y φ

t,x,y(T ) ≥ g(Xφ
t,x(T ))

}
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where the payoff function is assumed to be continuous, with linear growth and
uniformly bounded from below.

We assume in all this part that µ, σ and ρ are locally Lipschitz continuous, that
(1) admits a unique strong solution for any φ ∈ AK , that there exists a unique
solution ψ(x, p) to the root problem

σY (x, a) = p′σ(x, a) for some a ∈ Rd,

for any (x, p) ∈ Rd × Rd, and that

(x, p) ∈ Rd × Rd 7→ ψ(x, p) is locally Lipschitz. (3)

In order to prove the supersolution property stated below, we shall also assume

lim sup
|a|→∞

inf
(x,p)∈A

|σY (x, a)− p′σ(x, a)| =∞ (4)

for all compact set A ⊂ Rd × Rd.

The results given below could be obtained in much more general situations,
however this would require a substantially more technical analysis, see [4].

2 Geometric dynamic programming principle

The main tool for providing a PDE characterization of v is the geometric dy-

namic programming principle of Soner and Touzi [22], see also [21] and [6] for
an extension to American type options.

Theorem 1 Fix (t, x, y) ∈ [0, T ]× Rd+1. Let (θφ, φ ∈ AK) denote a family of
stopping times in T t[t,T ]. Then the following holds:
(DP1): If y > v(t, x), then there exists φ ∈ AK such that

Y φ
t,x,y(θ

φ) ≥ v(θφ, Xφ
t,x(θφ)) .

(DP2): If y < v(t, x), then

P
[
Y φ
t,x,y(θ

φ) > v(θφ, Xφ
t,x(θφ))

]
< 1 ∀ φ ∈ AK .

We shall not provide a rigorous proof of this result and refer to [22] and the
remarks in [6]. We only explain the main argument.
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If y > v(t, x), then, by definition of v, there exists φ ∈ AK such that Y φ
t,x,y(T ) ≥

g(Xφ
t,x(T )). On the other hand, if Y φ

t,x,y(θ
φ) < v(θφ, Xφ

t,x(θφ)) on a set of non zero
measure, then starting from time θφ is in not always possible to find a strategy
φ̃ such that Y φ̃

θφ,Xφ
t,x(θφ),Y φt,x,y(θφ)

(T ) ≥ g(X φ̃

θφ,Xφ
t,x(θφ)

(T )). This, combined with

the flow property, contradicts the fact that Y φ
t,x,y(T ) ≥ g(Xφ

t,x(T )) P− a.s.
On the other hand, if Y φ

t,x,y(θ
φ) > v(θφ, Xφ

t,x(θφ)) P − a.s., then starting from
the time θφ, one can construct a strategy which allows to super-hedge the claim.
This should imply that y ≥ v(t, x).

3 Derivation of the pricing equation

3.1 PDE characterization

Before to provide the rigorous characterization of v, let us explain the main idea.
Assume that v is smooth and that (DP1) above holds with y = v(t, x), which
would be the case if the infimum in the definition of v was achieved. Then, one
can find φ ∈ AK such that

Y φ
t,x,y(θ) ≥ v(θ,Xφ

t,x(θ)) ,

for any stopping time θ ∈ T t[t,T ]. Applying this formally for θ = t+, this implies
that

Y φ
t,x,y(t+) ≥ v(t+, Xφ

t,x(t+)) ,

so that, by Itô’s Lemma,

µY (x, y, φt)dt+ σY (x, φt)dWt ≥ Lφtv(t, x)dt+Dv(t, x)′σ(x, φt)dWt

where, for a ∈ Rd and a smooth function ϕ,

Laϕ := ∂tϕ+ µ(·, a)′Dϕ+
1
2

Tr[σσ′(x, a)D2ϕ] .

Since the dW term behaves like
√
dtε for a standard Gaussian random variable

ε, this necessarily implies that

σY (x, φt) = Dv(t, x)′σ(x, φt)

so that
φt = ψ(x,Dv(t, x))
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by the definition of ψ above. Coming back to the previous inequality and re-
calling that y = v(t, x) then leads to

Gv(t, x) ≥ 0

where, for a smooth function ϕ,

Gϕ := µY (·, ϕ, ψ(·, Dϕ))− Lψ(·,Dϕ)ϕ .

Moreover, φt, and therefore ψ(x,Dv(t, x)), should take values in K. Recalling
Proposition 1 in Section 2 of Chapter 2, this implies that

Hv(t, x) ≥ 0

where
Hϕ := inf

|ζ|=1

(
δK(ζ)− ζ ′ψ(·, Dv)

)
≥ 0

for a smooth function ϕ.

The optimality included in the definition of v defined as an infimum should
actually show that one of the above inequalities is sharp, i.e. v solves

min {Gϕ , Hϕ} = 0 on [0, T )× Rd . (5)

This can be checked by using the second part (DP2) of the geometric dynamic
programming principle.

Theorem 2 Assume that v is locally bounded. Then, v∗ and v∗ are respectively
viscosity super- and subsolutions of (5).

The proof is divided in two parts.

Viscosity supersolution property

Before to prove the supersolution property of Theorem 2, we formulate the
following remark to which we shall appeal in the proof.

Remark 1 Fix (x, p) ∈ A ⊂ Rd × Rd, with A compact. Assume that there
exists ε > 0 such that

inf
|ζ|=1

(
δK(ζ)− ζ ′ψ

)
≤ −ε on A . (6)
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Then, there exists cε > 0 such that

inf
a∈K
|a− ψ| ≥ cε on A . (7)

This follows from the fact that infa∈K |a − ψ| = 0 implies ψ ∈ K, since K is
closed, which, together with Proposition 1 in Section 2 of Chapter 2, would
imply that inf |ζ|=1 (δK(ζ)− ζ ′ψ) ≥ 0.
Moreover, (4) and (7) implies that there exists kε > 0 such that

inf
a∈K
|σY (x, a)− p′σ(x, a)| ≥ kε for (x, p) ∈ A . (8)

Otherwise, we would find (a, x, p) in a compact subset of K × A such that
σY (x, a)− p′σ(x, a) = 0, which would imply a = ψ(x, p), a contradiction.

We can now provide the proof of the supersolution property.

1. Fix (t0, x0) ∈ [0, T )× Rd and let ϕ be a smooth function such that

(strict) min
[0,T ]×Rd

(v∗ − ϕ) = (v∗ − ϕ)(t0, x0) = 0 . (9)

Assume to the contrary that min{Gϕ,Hϕ}(t0, x0) < 0. Then, by continuity of
the operators, there exists r, ε > 0 such that B0 := Br(t0, x0) ⊂ [0, T )×Rd and

min{G(ϕ+ ζ) , Hϕ} ≤ −2ε for |ζ| ≤ r on Br(t0, x0) .

Recalling Remark 1 and the very definition of H, this implies that

µY (x, y, a)− Laϕ(t, x) ≤ −ε ∀ (t, x, y, a) ∈ B0 × R×K (10)

s.t. |σY (x, a)−Dv(t, x)′σ(x, a)| ≤ kε and |y − ϕ(t, x)| ≤ r

for some kε > 0.
For later use, observe that, by (9) and the definition of ϕ,

ζ := min
∂pBε(t0,x0)

(v∗ − ϕ) > 0 , (11)

where ∂pBε(t0, x0) denotes the parabolic boundary of Bε(t0, x0).
2. Let (tn, xn)n≥1 be a sequence in B0 which converges to (t0, x0) and such that
v(tn, xn)→ v∗(t0, x0). Set yn = v(tn, xn) + n−1 and observe that

γn := yn − ϕ(tn, xn)→ 0 . (12)
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For each n ≥ 1, we have yn > v(tn, xn). It thus follows from (DP1) of Theorem
1, that there exists some φn ∈ AK such that

Y n(t ∧ θn) ≥ v(t ∧ θn, Xn(t ∧ θn)) for t ≥ tn, (13)

where

Zn = (Xn, Y n) :=
(
Xφn

tn,xn , Y
φn

tn,xn,yn

)
and θn := θon ∧ θ1

n ,

with

θon :=
{
s ≥ tn : (s,Xφn

tn,xn(s)) /∈ B0

}
θ1
n :=

{
s ≥ tn : |Y φn

tn,xn,yn(s)− ϕ(s,Xφn

tn,xn(s))| ≥ r
}
.

Let us define

An :=
{
s ∈ [tn, θn] : µY (Zn(s), φns )− Lφnsϕ (s,Xn(s)) > −ε

}
, (14)

and observe that (10) implies that the process

δns := σY (Xn(s), φns )−Dϕ(s,Xn(s))′σ(Xn(s), φns )

satisfies

|δns | > kε for s ∈ An. (15)

3. Using (13), the definition of ζ in (11) and the definition of θn, we then obtain

Y n(t ∧ θn) ≥ ϕ (t ∧ θn, Xn(t ∧ θn)) +
(
ζ1{θon=θn} + r1{θon>θn}

)
1{t≥θn}

≥ ϕ (t ∧ θn, Xn(t ∧ θn)) + (ζ ∧ r) 1{t≥θn} , t ≥ tn .

Since ϕ is smooth, it follows from Itô’s Lemma, (10), (12) and the definition of
δn that

− (ζ ∧ r) 1{t<θn} ≤ Kn
t , (16)

where

Kn
t := γn − (ζ ∧ r) +

∫ t∧θn

tn

bns ds+
∫ t∧θn

tn

δns dWs ,

with

bns :=
[
µY (Zn(s), φns )− Lφnsϕ (s,Xn(s))

]
1An(s) .

57



Let Mn be the exponential local martingale defined by Mn
tn = 1 and, for s ≥ tn,

dMn
s = −Mn

s b
n
s |δns |−2δns dWs ,

which is well defined by (15) and the Lipschitz continuity of the coefficients.
By Itô’s formula and (16), we see that MnKn is a local martingale which is
bounded from below by the submartingale − (ζ ∧ r)Mn. Then, MnKn is a
supermartingale, and it follows from (16) that

0 ≤ E [Mn
θnK

n
θn ] ≤ γn − (ζ ∧ r) < 0 ,

for n large enough, recall (12), which leads to a contradiction. 2

Viscosity subsolution property

1. Fix (t0, x0) ∈ [0, T )× Rd and let ϕ be a smooth function such that

(strict) max
[0,T ]×Rd

(v∗ − ϕ) = (v∗ − ϕ)(t0, x0) = 0 . (17)

We assume to the contrary that

min{Gϕ , Hϕ}(t0, x0) ≥ 2η (18)

for some η > 0, and work towards a contradiction.
Under the above assumption, we may find r > 0 such that

µY (·, ϕ+ ζ, ψ(·, Dϕ))− Lψ(·,Dϕ)ϕ > η for |ζ| ≤ r on B0 := Br(t0, x0) . (19)

For later use note that, by (17) and the definition of ϕ,

−ζ := max
∂pBr(t0,x0)

(v∗ − ϕ) < 0 . (20)

Moreover, we can find a sequence (tn, xn)n≥1 in B0 which converges to (t0, x0)
and such that v(tn, xn)→ v∗(t0, x0). Set yn = v(tn, xn)− n−1 and observe that

γn := yn − ϕ(tn, xn)→ 0 . (21)

2. We now let Zn := (Xn, Y n) denote the solution of (1)-(2) associated to
the Markovian control φ̂n := ψ(·, Dϕ(·, Xn)) and the initial condition Zn(tn) =
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(xn, yn), recall that ψ is assumed to be locally Lipschitz. We next define the
stopping times

θon := inf {s ≥ tn : (s,Xn(s)) /∈ B0} ,

θn := inf {s ≥ tn : |Y n(s)− ϕ(s,Xn(s))| ≥ r} ∧ θon .

Note that, by definition of φ̂n and (19), Y n − ϕ(·, Xn) is non-decreasing on
[tn, θn], so that

Y n(θn)− ϕ(θn, Xn(θn)) ≥ yn − ϕ(tn, xn) = γn > −r (22)

for n large enough, recall (28). Since ϕ ≥ v∗ ≥ v, it follows that

Y n(θn)− v (θn, Xn(θn)) ≥ 1{θn<θon} {Y
n(θn)− ϕ (θn, Xn(θn))}

+1{θn=θon} {Y
n(θon)− v∗ (θon, X

n(θon))}

= r1{θn<θon} + 1{θn=θon} {Y
n(θon)− v∗ (θon, X

n(θon))}

≥ r1{θn<θon} + 1{θn=θon} {Y
n(θon) + ζ − ϕ (θon, X

n(θon))}

≥ r ∧ ζ + 1{θn=θon} {Y
n(θon)− ϕ (θo, Xn(θon))} .

In view of (22), this leads to

Y n(θn)− v (θn, Xn(θn)) ≥ (r ∧ ζ)/2

for n large enough, since γn → 0. Recalling that yn = v(tn, xn)−n−1 < v(tn, xn),
this is clearly in contradiction with (DP2) of Theorem 1. 2

3.2 Boundary condition as t = T

Note that by construction v(T, ·) = g. However, it follows from the previous
sections that v satisfies Hv ≥ 0, in the viscosity sense, which implies that Dv
is constrained on [0, T ). This constraint should propagate up to T . Hence, v
should solve

min{ϕ− g , Hϕ} = 0 on {T} × Rd . (23)

We shall see below that this boundary condition is naturally related to the
face-lifting phenomenon observed in Chapters 2 and 4.

Theorem 3 Assume that v is locally bounded. Then, v∗ and v∗ are respectively
super- and subsolution of (23).
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Proof. The proofs follow from similar arguments as in the previous section, up
to the standard trick which consists in adding a term of the form ±

√
T − t+ α

to the test function ϕ, so that, for t close to T and α > 0 small enough, it
satisfies

±G(ϕ±
√
T − ·+ α) ≥ 0 .

We only explain the argument for the subsolution property. The supersolution
property is proved by using the same trick combined with the arguments used
to prove the supersolution property in Section 3.1.
Let x0 ∈ Rd and ϕ be a smooth function such that

(strict) max
[0,T ]×Rd

(v∗ − ϕ) = (v∗ − ϕ)(T, x0) = 0 .

Assume that

min{v∗ − g , Hϕ}(T, x0) ≥ 4η . (24)

Set ϕ̃(t, x) := ϕ(t, x) +
√
T − t+ α−

√
α. Since ∂tϕ̃(t, x)→ −∞ as t→ T and

α→ 0, we deduce that, for r, α > 0 small enough,

min
{
ϕ̃− g , µY (·, ϕ̃+ ζ, ψ(·, Dϕ̃))− Lψ(·,Dϕ̃)ϕ̃ , Hϕ̃

}
≥ η

for |ζ| ≤ r on B0 := [T − r, T ]×Br(x0) . (25)

Also observe that, since (v∗ − ϕ̃)(T, x0) = 0 and (T, x0) achieves a strict maxi-
mum, we can choose r > 0 so that

v∗(t, x) ≤ ϕ̃(t, x)− ε/2 for all (t, x) ∈ [T − r, T ]× ∂Br(x0) , (26)

which, together with v(T, ·) = g and (25), leads to

v(t, x)− ϕ̃(t, x) ≤ −ζ for all (t, x) ∈ ∂pB0 (27)

for some r, ε, ζ > 0 small enough but so that the above inequalities still hold.
By following the arguments of the previous section, we deduce that (25) and
(27) lead to a contradiction of (GDP2).

2
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4 Extension to more general dynamics

It should be noted that the above proofs and results do not depend on the specific
form of µY and σY defined in Section 1, but only on the general assumptions
we made.

This implies that much more general dynamics could be considered. In partic-
ular, we could set

µY (x, y, a) := y
(
a′[x]−1µ(x, a) + (1− a′1)ρ(x)

)
and σY (x, a) := ya′[x]−1σ(x, a) ,

with 1 = (1, . . . , 1) and [x] denoting the diagonal matrix with i-th diagonal
component given by xi. In this case, the dynamics of Y is given by

dY φ
t,x,y(s) = Y φ

t,x,y(s)φ
′
s[X

φ
t,x(s)]−1dXφ

t,x(s) (28)

+
(
Y φ
t,x,y(s)− Y

φ
t,x,y(s)φ

′
s1
)
ρ(Xt,x(s))ds .

This corresponds to a model where φi denotes the proportion of the wealth
invested in the i-th risky asset. In this case, we have to put restrictions on the
coefficient µ and σ in order to ensure that X has positive components whenever
the initial condition belongs to (0,∞)d, and the viscosity solution properties
have to be stated on (0,∞)d instead of Rd.

5 Examples in the Black and Scholes model

a. If σ(x) = xσ and µ(x) = xµ where σ > 0 and µ is a real constant, then
ψ(x, p) = p. Moreover, if K = R, then δK(ζ) = ∞ for ζ 6= 0 and therefore if
|ζ| = 1. It follows that v is a discontinuous viscosity solution of

0 = Dϕxµ+ (ϕ−Dϕx)ρ− ∂tϕ− xµDϕ−
1
2
x2σ2D2ϕ

= ρϕ− ∂tϕ− ρxDϕ−
1
2
x2σ2D2ϕ

which is (3) of Chapter 3. Moreover, the boundary condition at t = T is simply
given by g.

b. If K 6= R, then the same computations lead to (4) of Chapter 4. As for the
boundary condition at t = T , we obtain

min
{
ϕ(T, ·)− g , inf

|ζ|=1
δK(ζ)− ζDϕ(T, ·)

}
= 0 .
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in the discontinuous viscosity sense. One can show that ĝ defined in Chapter 2 is
the minimal supersolution of this equation, and that the above characterization
of v actually implies that v∗(T, ·) = v∗(T, ·) = ĝ as demonstrated in Chapter 4.

c. Let us now consider the case of the Black and Scholes model with Y defined
as in (28), i.e. where φ represents the proportion of the wealth invested in each
asset. Then, for g ≥ 0 so that v > 0, the PDE (5) reads:

min
{
ρϕ− ∂tϕ− ρxDϕ−

1
2
x2σ2D2ϕ , inf

|ζ|=1
δK(ζ)ϕ− ζxDϕ

}
= 0

on [0, T )× (0,∞), and the boundary condition is given by

min
{
ϕ(T, ·)− g , inf

|ζ|=1
δK(ζ)ϕ(T, ·)− ζxDϕ(T, ·)

}
= 0

on (0,∞). Under suitable assumptions, one can show that the smaller super-
solution of the above equation is given by

ǧ(x) := sup
ζ∈K

e−δK(ζ)g(xeζ)

and that v(T−, ·) actually coincides with ǧ, see e.g. [23].
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Chapter 7

Approximate hedging with

controlled risk

We now turn to quantile and shortfall based pricing problems. More precisely,
we let Ψ be a given real valued measurable function on Rd × R+, satisfying

y ∈ R+ 7→ Ψ(x, y) is non-decreasing for all x ∈ Rd ,

and define

v(t, x, p) := min
{
y ≥ 0 : ∃ φ ∈ AK s.t. E

[
Ψ(Xφ

t,x,y(T ), Y φ
t,x,y(T ))

]
≥ p
}
.

For Ψ(x, y) = 1y≥g(x), this corresponds to the quantile hedging problem dis-
cussed in Section 1 of Chapter 5. For Ψ(x, y) = −`((g(x)−y)+), this corresponds
to the expected loss pricing rule of Section 2 of Chapter 5.

The aim of this chapter is to show how such problems can be embedded into
the class of general stochastic target problems as discussed in Chapter 6.

In the rest of this chapter, we shall often write Zφt,x,y for (Xφ
t,x, Y

φ
t,x,y).

1 Problem reduction

The key point is the following observation made in [4].
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Proposition 1 Fix (t, x) ∈ [0, T ] × Rd and assume that Ψ(Zφt,x,y(T )) ∈ L2 for
any φ ∈ AK and y ≥ 0. Then,

v(t, x, p) = min
{
y ≥ 0 : ∃ (φ, α) ∈ AK × L2

P s.t. Ψ(Zφt,x,y(T )) ≥ Pαt,p(T )
}
(1)

where
Pαt,p := p+

∫ ·
0
α′sdWs .

Moreover, the above terms are also equal to

min
{
y ≥ 0 : ∃ (φ, α) ∈ AK × L2

P s.t. Y φ
t,x,y(T ) ≥ Ψ−1(Xφ

t,x(T ), Pαt,p(T ))
}

where Ψ−1 denotes the right inverse of Ψ in the y-variable.

Proof. Let v̄(t, x, p) denote the right-hand side in (1). Then, for y > v̄(t, x, p),
there exists (φ, α) ∈ AK × L2

P such that Ψ(Zφt,x,y(T )) ≥ Pαt,p(T ). Since Pαt,p is

a martingale, taking expectation leads to E
[
Ψ(Zφt,x,y(T ))

]
≥ p. This implies

that v̄(t, x, p) ≥ v(t, x, p). Conversely, if y > v(t, x, p) then there exists φ ∈ AK
such that M0 := E

[
Ψ(Zφt,x,y(T ))

]
≥ p. Let us define the martingale M :=

E
[
Ψ(Zφt,x,y(T )) | F·

]
. It follows from the martingale representation theorem, see

Theorem 1 of Chapter 2 or [15], that there exists α ∈ L2
P such that M = Pαt,M0

,
with P defined as in the proposition. In particular, Ψ(Zφt,x,y(T )) = Pαt,M0

(T ) ≥
Pαt,p(T ), since M0 ≥ p. This proves that v̄(t, x, p) ≤ v(t, x, p) and concludes the
proof. 2

Otherwise stated, it suffices to consider an augmented system (X,Y, P ) with an
augmented control (φ, α) and apply the technics introduced in Chapter 6 above.
In particular, the geometric dynamic programming of Chapter 6 applies here.

Theorem 1 Fix (t, x, y, p) ∈ [0, T ] × Rd+1 × R. Let (θφ,α, (φ, α) ∈ AK × L2
P)

denote a family of stopping times in T t[t,T ]. Then the following holds:
(DP1): If y > v(t, x, p), then there exists (φ, α) ∈ AK × L2

P such that

Y φ
t,x,y(θ

φ,α) ≥ v(θφ,α, Xφ
t,x(θφ,α), Pαt,p(θ

φ,α)) .

(DP2): If y < v(t, x), then

P
[
Y φ
t,x,y(θ

φ,α) > v(θφ,α, Xφ
t,x(θφ,α), Pαt,p(θ

φ,α))
]
< 1 ∀ (φ, α) ∈ AK × L2

P .
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2 Pricing equation

In view of Theorem 1, one can now apply the same arguments as in Section 3.1
of Chapter 6. The only difference is that we now have to take into account a
new control α and a new state process P .

2.1 In the domain

Before to state the PDE characterization in the domain, let us first introduce
the notations corresponding to our stochastic target problem.

First, we assume that the equation

σY (x, a) = p′σ(x, a) + qb′ for some a ∈ Rd

admits a unique solution ψ(x, p, q, b) which is locally Lipschitz continuous. The
Dynkin operator associated to (X,P ) for the value of the control (a, b) is denoted
by

La,bϕ := Laϕ+D2
xpϕ
′σ(·, a)b+

1
2
b2D2

pϕ

where La is defined as in the previous chapter, D2
xpϕ stands for the second order

cross derivatives (∂2ϕ/∂xip)i≤d and D2
pϕ is the second derivative with respect

to p.
We then consider the counterparts of operators G and H associated to a =
ψ(·, b), for b given:

Gbϕ := µY (·, ψbϕ)− Lψbϕ,bϕ and Hbϕ := inf |ζ|=1(δK(ζ)− ζ ′ψbϕ)

with ψbϕ := ψ(·, Dxϕ,Dpϕ, b) .

In the following, we set

O := {p ∈ R : 0 < v(t, x, p) <∞ for all (t, x) ∈ [0, T ]× Rd}

and we assume that

O is non-empty, convex and closed.

Note that the convexity is obvious, and is indeed not an assumption, whenever
O is non-empty.

In what follows v∗ and v∗ are defined as the semicontinuous envelopes of v
in the three variables (t, x, p) when approximated by a sequence (tn, xn, pn) ∈
[0, T )× Rd × int(O)
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Theorem 2 The following holds:
(i) If K is compact, then v∗ is a viscosity supersolution of

max

{
sup
b∈Rd

min
{
Gbϕ , Hbϕ

}
, −|Dpϕ|

}
= 0 on [0, T )× Rd ×O . (2)

(ii) v∗ is a viscosity subsolution of

sup
b∈Rd

min
{
ϕ , Gbϕ , Hbϕ

}
= 0 on [0, T )× Rd ×O . (3)

Proof. We do not provide the entire proof because, thanks to Theorem 1, it fol-
lows exactly the line of arguments of Section 3.1 of Chapter 6. We only explain
an additional technical point which should be taken into account in order to
derive the supersolution property. Namely, in Section 3.1 of Chapter 6 we used
the assumption (4) in order to deduce (8) from (6). Here the problem comes
from the new control b that is a-priori not bounded. However, if Dpϕ 6= 0 and
a ∈ K solves σY (x, a) = Dxϕ

′σ(x, a) +Dpϕb
′, then the fact that K is compact

along with the regularity assumptions on σY and σ imply that b has to belong
to a compact set. As a conclusion, the proof of the supersolution property can
be reproduced without difficulty when Dpϕ 6= 0. When Dpϕ = 0, the viscosity
supersolution property is satisfied by construction. As for the subsolution prop-
erty, nothing changes except that we need to have yn = v(tn, xn) − n−1 ≥ 0 in
the proof of Section 3.1 of Chapter 6, see just before (28), since the initial wealth
should be non-negative in the definition of our criteria. In order to ensure this,
we need to have v∗ > 0 at the point where the maximum of the difference with
the test function is achieved. 2

2.2 Boundary condition at t = T

By similar arguments, the boundary condition of Theorem 3 of Chapter 6 ex-
tends to this context.

Theorem 3 Assume that Ψ−1 is continuous on Rd × O. Then the following
holds:
(i) If K is compact, then v∗ is a viscosity supersolution of

max

{
min

{
ϕ−Ψ−1 , sup

b∈Rd
Hbϕ

}
, −|Dpϕ|

}
= 0 on {T} × Rd ×O . (4)
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(ii) v∗ is a viscosity supersolution of

min

{
ϕ , ϕ−Ψ−1 , sup

b∈Rd
Hbϕ

}
= 0 on {T} × Rd ×O . (5)

In our context of financial mathematics, one can usually say a little bit more on
the boundary condition whenever their exists a well-behaved martingale mea-
sure. To see this, let Ht,x be defined by

Ht,x(s) = 1−
∫ s

t
Ht,x(u)λ(Xt,x(u))dWu with λ(x) := σ−1(µ(x)− ρ(x)x) ,

where we implicitly assume that σ is invertible and that H is well-defined as a
martingale for any initial conditions (t, x).

Proposition 2 Assume that O is compact. Fix (x, p) ∈ Rd×O and assume that
for all sequence (tn, xn, pn)n ⊂ [0, T ) × Rd × int(O) that converges to (T, x, p),
and for all sequence (φn)n ⊂ AK , we have

E
[
|Htn,xn(T )βtn,xn(T )Ψ̂−1(Xφn

tn,xn(T ), p)− Ψ̂−1(x, p)|
]
→ 0

and E
[
|Htn,xn(T )βtn,xn(T )∇+Ψ̂−1(Xφn

tn,xn(T ), p)−∇+Ψ̂−1(x, p)|
]
→ 0 ,

where Ψ̂−1 denotes the convex envelope of Ψ−1 with respect to p, and ∇+Ψ̂−1

its right-derivative with respect to p. Then,

v∗(T, x, p) ≥ Ψ̂−1(x, p) .

When Ψ̂−1 and ∇+Ψ̂−1 are continuous with polynomial growth in x, µ and σ

are uniformly Lipschitz in x, and λ is bounded, then the above assumptions are
trivially satisfied.

Note that, if (5) holds on {T} × Rd × O, v∗ can be shown to be convex and
if v∗ is strictly increasing in p, then this implies that v∗ and v∗ are super- and
subsolutions of

min

{
ϕ , ϕ− Ψ̂−1 , sup

b∈Rd
Hbϕ

}
= 0 on {T} × Rd ×O ,

using the fact that v∗ ≥ 0 by construction. In the limiting case where K = Rd,
and therefore Hbϕ ≡ ∞, then the boundary condition simply reads

ϕ(T, ·) = Ψ̂−1 ∨ 0 .
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Otherwise stated, a first face-lift of the natural terminal condition Ψ−1 is due
to the additional state process P . When K 6= Rd, then an additional face-lift is
required as explained in Chapter 6. We shall provide two examples in Sections
3 and 4 below.

We conclude this section with the proof of the above proposition1.
Proof of Proposition 2. Let us set (Xn, Y n, Pn, βn, Hn) := (Xφn

tn,xn , Y
φn
tn,xn,yn ,

Pαntn,pn , βtn,xn(T ), Htn,xn) for yn := v(tn, xn, pn) + 1/n and (φn, αn) ∈ AK × L2
P

such that
Y n(T ) ≥ Ψ−1(Xn(T ), Pn(T )) .

Then, by the supermartingale property of HnβnY n, one has

yn ≥ E
[
Hn(T )βn(T )Ψ−1(Xn(T ), Pn(T ))

]
and, by choosing (tn, xn, pn)n such that v(tn, xn, pn)→ v∗(T, x, p), we obtain

v∗(T, x, p) ≥ lim inf
n→∞

E
[
Hn(T )βn(T )Ψ−1(Xn(T ), Pn(T ))

]
= Ψ̂−1(x, p) + lim inf

n→∞
δn ,

where
δn := E

[
Hn(T )βn(T )Ψ−1(Xn(T ), Pn(T ))

]
− Ψ̂−1(x, p) .

It remains to show that lim infn δn ≥ 0. To see this, first observe that Ψ−1 ≥ Ψ̂−1

so that
δn ≥ E

[
Hn(T )βnΨ̂−1(Xn(T ), Pn(T ))− Ψ̂−1(x, p)

]
.

Moreover, by convexity of Ψ̂−1, we have

Ψ̂−1(Xn(T ), Pn(T )) ≥ Ψ̂−1(Xn(T ), p) +∇+Ψ̂−1(Xn(T ), p)(Pn(T )− p)

so that

δn ≥ E
[
∇+Ψ̂−1(x, p)Pn(T )−Hn(T )βn(T )∇+Ψ̂−1(Xn(T ), p)p

]
−E

[
|Hn(T )βn(T )Ψ̂−1(Xn(T ), p)− Ψ̂−1(x, p)|

]
−|O|∞E

[
|Hn(T )βn(T )∇+Ψ̂−1(Xn(T ), p)−∇+Ψ̂−1(x, p)|

]
,

1There is a slight error in the proof of the corresponding result in [4], see their Proposition

3.2 in which P is P-martingale and not a Q-martingale. We take this opportunity to correct it

and we thank Nizar Touzi for the discussions we had on this point. A rigorous version is given

in Moreau [17]
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where |O|∞ := max{|q|, q ∈ O} <∞. Since Pn is a martingale (under P), this
implies

δn ≥ −E
[
|∇+Ψ̂−1(x, p)pn −Hn(T )βn(T )∇+Ψ̂−1(Xn(T ), p)p|

]
−E

[
|Hn(T )βn(T )Ψ̂−1(Xn(T ), p)− Ψ̂−1(x, p)|

]
−|O|∞E

[
|Hn(T )βn(T )∇+Ψ̂−1(Xn(T ), p)−∇+Ψ̂−1(x, p)|

]
,

and the required result follows from the assumptions of the proposition. 2

2.3 Discussion of the boundary condition on ∂O

Since O is convex, it takes the form [m,M ] with M,−m ∈ (−∞,∞]. Obviously
the boundary condition is meaningful only when M <∞ or m <∞.
In order to recover a minimum of structure, we impose the following conditions:

Ψ(y, x) ≥M =⇒ y ≥ g(x) and Ψ(0, x) ≥ m , ∀ (x, y) ∈ Rd × R (6)

for some continuous function g.

For Ψ(x, y) = 1y≥g(x), which corresponds to the quantile hedging problem, this
holds for M = 1 and m = 0. For Ψ(x, y) = −`((g(x)− y)+), which corresponds
to the expected loss pricing rule for ` convex non-decreasing, this holds with
M = −`(0) and m = −`(∞) = −∞.

When M is finite, (6) implies that v(t, x,M) coincides with the super-hedging
price of g(Xt,x(T )). When m is finite, (6) implies that v(t, x,m) = 0. Moreover,
it is clear that v is non-decreasing in the p-variable. It follows that

v∗(t, x,M) ≤ v∗(t, x,M) ≤ v(t, x,M) and v∗(t, x,m) ≥ v∗(t, x,m) ≥ v(t, x,m) .

However, equality may fail in the above inequalities.

This point being highly technical, we shall not discuss it further here. We refer to
[4] for natural conditions, which are typically satisfied in financial applications,
under which equality holds. In particular, it is the case in the two examples of
application below.
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3 Example 1: Quantile hedging and Follmer-Leukert’s

formula

3.1 Supersolution characterization of the quantile hedging price

In this section, we specialize the discussion to the quantile hedging problem of
Föllmer and Leukert [13], which we already discussed in Chapter 5. We consider
the non-constrained case K = R and we restrict to the one dimensional Black
and Scholes model for ease of notations, see [4] for a more general setting.
It means that

µ(x, a) = xµ and σ(x, a) = xσ (7)

where µ and σ > 0 are now constants. We fix ρ = 0 for simplicity.

Then, the coefficients of the wealth process Y are given by

µY (x, y, a) = axµ , σY (x, a) = axσ . (8)

Finally, we take

Ψ(x, y) = 1{y−g(x)≥0} for some Lipschitz function g : R −→ R+. (9)

The stochastic target problem v(t, x, p) corresponds to the problem of super-
hedging the contingent claim g(Xt,x(T )) with probability p.

Note that the above assumptions ensure that v(·, 1) is continuous and is given by
v(t, x, 1) = EQt,x [g(Xt,x(T ))] where Qt,x is the P-equivalent martingale measure
defined by

dQt,x/dP = exp
(
−T

2
|λ|2 − λWT

)
, λ := µ/σ .

For later use, let us denote by WQt,x := W −Wt + λ(· − t) the Qt,x-Brownian
motion defined on [t, T ].

In Chapter 5, we have solved the quantile hedging problem by means of the
Neyman and Pearson’s lemma from mathematical statistics. We shall see here
how we can recover this result in the Markovian setting.

Note that, in this particular model, we have

ψ(x, p, q, b) = p+ bq/(xσ) and δK =∞ on R \ {0} ,
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so that Theorem 2 implies that v∗ should be a viscosity supersolution on [0, T )×
(0,∞)× (0, 1) of

−∂tϕ−
σ2x2

2
Dxxϕ− inf

b∈R

(
−bDpϕλ+ xσbDxpϕ+

b2

2
Dppϕ

)
≥ 0 . (10)

Here, the conditions of Theorem 2 are not satisfied because K is not compact,
and we have omitted the condition Dpϕ 6= 0. However, the above holds for
test functions such that Dppϕ(t0, x0, p0) > 0 at the point where the minimum
is achieved. The reason for this is that it allows to recover compactness on
the set of b’s on which the above infimum is taken. This provides the required
continuity on the operator associated to the above PDE in a neighborhood of
Dppϕ(t0, x0, p0). Using this continuity, the proof of Theorem 2 in Chapter 6 can
be reproduced without difficulty.

Moreover, the conditions of Proposition 2 trivially hold with Ψ−1(x, p) = g(x)1p>0,
whose convex envelope in the p-variable is given by Ψ̂−1(x, p) = pg(x). It follows
that

v∗(T, x, p) ≥ pg(x) . (11)

3.2 Formal explicit resolution

The key idea for solving (10)-(11) is to introduce the Legendre-Fenchel dual
function of v∗ with respect to the p−variable in order to remove the non-linearity
in (10):

w(t, x, q) := sup
p∈R
{pq − v∗(t, x, p)} , (t, x, q) ∈ [0, T ]× (0,∞)× R . (12)

Note that

w(·, q) =∞ for q < 0 and w(·, q) = sup
p∈[0,1]

{pq − v∗(·, p)} for q > 0 , (13)

since

v∗ ≥ 0, v∗(·, p) = 0 for p < 0 and v∗(·, p) =∞ for p > 1, (14)

by construction. One can actually show, see [4], that

v∗(t, x, 1) = v(t, x, 1) and v∗(t, x, 0) = 0 , (15)
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recall the discussion of Section 2.3.

Using the PDE characterization of v∗ above, we shall prove below that w is an
upper-semicontinuous viscosity subsolution on [0, T )× (0,∞)× (0,∞) of

−∂tw −
x2σ2

2
Dxxw −

λ2q2

2
Dqqw − xσλDxqw ≤ 0 (16)

with the boundary condition

w(T, x, q) ≤ (q − g(x))+ . (17)

Recalling the Feynman-Kac representation and comparison results of Theorems
4 and 5 of Chapter 3, this implies that

w(t, x, q) ≤ w̄(t, x, q) := EQt,x [(Qt,x,q(T )− g (Xt,x(T )))+] , (18)

on [0, T ]× (0,∞)× (0,∞), where the process Qt,x,q is defined by the dynamics

dQ(s)
Q(s)

= λdW
Qt,x
s , Qt,x,q(t) = q ∈ (0,∞) . (19)

Given the explicit representation of w̄, we can now provide a lower bound to v∗
by using (13).
Clearly the function w̄ is convex in q and there is a unique solution q̄ to the
equation

∂w̄

∂q
(t, x, q̄) = EQt,x [Qt,x,1(T )1{Qt,x,q̄(T )≥g(Xt,x(T ))}

]
= P [Qt,x,q̄(T ) ≥ g (Xt,x(T ))]

= p , (20)

where we have used the fact that dP/dQt,x = Qt,x,1(T ). It follows that the value
function of the quantile hedging problem v admits the lower bound

v(t, x, p) ≥ pq̄ − w̄ (t, x, q̄)

= q̄
[
p− EQt,x [Qt,x,1(T )1{q̄Qt,x,1(T )≥g(Xt,x(T ))}

]]
+ EQt,x [g (Xt,x(T )) 1{q̄Qt,x,1(T )≥g(Xt,x(T ))}

]
= EQt,x [g (Xt,x(T )) 1{q̄Qt,x,1(T )≥g(Xt,x(T ))}

]
=: ȳ .

On the other hand, it follows from the martingale representation theorem, see
Corollary 1 of Chapter 2, that we can find φ ∈ Ab such that

Y φ
t,x,ȳ(T ) ≥ g (Xt,x(T )) 1{q̄Qt,x,1(T )≥g(Xt,x(T ))} .

Since, P [q̄Qt,x,1(T ) ≥ g (Xt,x(T ))] = p by (20), this implies that v(t, x, p) = ȳ,
which corresponds exactly to the solution found in Chapter 5.
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3.3 Rigorous PDE characterization of the Fenchel-Legendre trans-

form

To conclude our argument, it remains to prove that w is a viscosity subsolution
of (16)-(17).

First note that the fact that w is upper-semicontinuous on [0, T ]×(0,∞)×(0,∞)
follows from the lower-semicontinuity of v∗ and the representation in the right-
hand side of (13), which allows to reduce the computation of the sup to the
compact set [0, 1]. Moreover, the boundary condition (17) is an immediate
consequence of (11) and (14).
We now turn to the PDE characterization inside the domain. Let ϕ be a smooth
function with bounded derivatives and (t0, x0, q0) ∈ [0, T )× (0,∞)× (0,∞) be
a local maximizer of w − ϕ such that (w − ϕ)(t0, x0, q0) = 0.
a. We first show that we can reduce to the case where the map q 7→ ϕ(·, q) is
strictly convex. Indeed, since w is convex, we necessarily have Dqqϕ(t0, x0, q0) ≥
0. Given ε, η > 0, we now define ϕε,η by ϕε,η(t, x, q) := ϕ(t, x, q)+ε|q−q0|2+η|q−
q0|2(|q−q0|2 + |t−t0|2 + |x−x0|2). Note that (t0, x0, q0) is still a local maximizer
of w − ϕε,η. Since Dqqϕ(t0, x0, q0) ≥ 0, we have Dqqϕε,η(t0, x0, q0) ≥ 2ε > 0.
Since ϕ has bounded derivatives, we can then choose η large enough so that
Dqqϕε,η > 0. We next observe that, if ϕε,η satisfies (16) at (t0, x0, q0) for all
ε > 0, then (16) holds for ϕ at this point too. This is due to the fact that the
derivatives up to order two of ϕε,η at (t0, x0, q0) converge to the corresponding
derivatives of ϕ as ε→ 0.
b. From now on, we thus assume that the map q 7→ ϕ(·, q) is strictly convex.
Let ϕ̃ be the Fenchel transform of ϕ with respect to q, i.e.

ϕ̃(t, x, p) := sup
q∈R
{pq − ϕ(t, x, q)} .

Since ϕ is strictly convex in q and smooth on its domain, ϕ̃ is strictly convex in
p and smooth on its domain, see e.g. [19]. Moreover, we have

ϕ(t, x, q) = sup
p∈R
{pq − ϕ̃(t, x, p)}

= J(t, x, q)q − ϕ̃(t, x, J(t, x, q)) on (0, T )× (0,∞)× (0,∞) (21)

where q 7→ J(·, q) denotes the inverse of p 7→ Dpϕ̃(·, p), recall that ϕ̃ is strictly
convex in p.
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We now deduce from the assumption q0 > 0 and (13) that we can find p0 ∈ [0, 1]
such that v(t0, x0, q0) = p0q0 − v∗(t0, x0, p0) which, by using the very definition
of (t0, x0, p0, q0) and w, implies that

(t0, x0, p0) is a local minimizer of v∗ − ϕ̃ such that (v∗ − ϕ̃)(t0, x0, p0) = 0 (22)

and

ϕ(t0, x0, q0) = supp∈R{pq0 − ϕ̃(t0, x0, p)} = p0q0 − ϕ̃(t0, x0, p0) (23)

with p0 = J(t0, x0, q0)

where the last equality follows from (21) and the strict convexity of the map
p 7→ pq0 − ϕ̃(t0, x0, p) in the domain of ϕ̃.

We conclude the proof by discussing three alternative cases depending on the
value of p0.
1. If p0 ∈ (0, 1), then (22) implies that ϕ̃ satisfies (10) at (t0, x0, p0) and the
required result follows by exploiting the link between the derivatives of ϕ̃ and
the derivatives of its p-Fenchel transform ϕ, which can be deduced from (21).
2. If p0 = 1, then the first boundary condition in (15) and (22) imply that
(t0, x0) is a local minimizer of v∗(·, 1) − ϕ̃(·, 1) = v(·, 1) − ϕ̃(·, 1) such that
(v(·, 1)− ϕ̃(·, 1))(t0, x0) = 0. This implies that ϕ̃(·, 1) satisfies (2) of Chapter 3
at (t0, x0), so that ϕ̃ satisfies (10) for b = 0 at (t0, x0, p0). We can then conclude
as in 1. above.
3. If p0 = 0, then the second boundary condition in (15) and (22) imply that
(t0, x0) is a local minimizer of v∗(·, 0) − ϕ̃(·, 0) = 0 − ϕ̃(·, 0) such that 0 −
ϕ̃(·, 0)(t0, x0) = 0. In particular, (t0, x0) is a local maximum point for ϕ̃(·, 0) so
that (∂tϕ̃,Dxϕ̃)(t0, x0, 0) = 0 and Dxxϕ̃(t0, x0, 0) ≤ 0. This implies that ϕ̃(·, 0)
satisfies (10) at (t0, x0, p0), for b = 0. We can then argue as in the first case. 2

4 Example 2: Expected shortfall

Let us now consider the same model as above but with a risk constraint expressed
through a quadratic loss function as in Section 2 of Chapter 5 (more general
loss functions could obviously be considered, up to more tricky computations).
This corresponds to

Ψ(x, y) = −((g(x)− y)+)2 ,
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so that
Ψ−1(x, p) = (g(x)−

√
−p)+ for p ≤ 0 .

As in the previous section, we obtain that, for any test function ϕ and (t, x, p) ∈
[0, T ) × (0,∞) × (−∞, 0) that achieves a minimum of v∗ − ϕ and such that
Dppϕ(t, x, p) > 0, one has

−∂tϕ−
σ2x2

2
Dxxϕ− inf

b∈R

(
−bDpϕλ+ xσbDxpϕ+

b2

2
Dppϕ

)
≥ 0 . (24)

By the same arguments as above, one can also show that the Fenchel-Legendre
transform

w(t, x, q) := sup
p∈R
{pq − v∗(t, x, p)} = sup

p∈(−∞,0]
{pq − v∗(t, x, p)} , (25)

satisfies (16) on [0, T )×(0,∞)×(0,∞), in the viscosity sense. As for the terminal
condition, we obtain v∗(T, x, p) ≥ (g(x)−

√
−p)+, so that

w(T, x, q) =
(
(4q)−1 − g(x)

)
1{(2q)−1≤g(x)}+(−qg(x)2)1{(2q)−1>g(x)} =: W (x, q) .

It follows that

w(t, x, q) ≥ w̄(t, x, q) := EQt,x [W (Xt,x(T ), Qt,x,q(T ))] ,

and therefore

v(t, x, p) ≥ sup
q>0

(
qp− EQt,x [W (Xt,x(T ), Qt,x,q(T ))]

)
.

Direct computations combined with the identity dP/dQt,x = Qt,x,1(T ) then show
that the optimum in the right-hand side term is achieved by q̄ > 0 such that

−p = −∂qw̄(t, x, q̄)

= E
[
(2Qt,x,q̄(T ))−2 ∧ g(Xt,x(T ))2

]
.

Combining the above assertions implies that

v(t, x, p) ≥ EQt,x
[(
g (Xt,x(T ))− (2Qt,x,q̄(T ))−1

)+] =: ȳ .

On the other hand, it follows from the martingale representation theorem, see
Corollary 1 of Chapter 2, that we can find φ ∈ Ab such that

Y φ
t,x,ȳ(T ) =

(
g (Xt,x(T ))− (2Qt,x,q̄(T ))−1

)+
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which, by the above identity, satisfies

E[(g (Xt,x(T ))− Y φ
t,x,y(t,x,p))

+)2] = E
[
(2Qt,x,q̄(T ))−2 ∧ g(Xt,x(T ))2

]
= p .

This shows that

v(t, x, p) = EQt,x
[(
g (Xt,x(T ))− (2Qt,x,q̄(T ))−1

)+]
,

which is the result obtained in Section 2 of Chapter 5.

5 Example 3: Optimal book liquidation

5.1 Problem formulation and reduction

The optimal book liquidation problem is the following. A financial agent asks a
broker to sell on the market a total of 1 stock on a time interval [0, T ], 1 is taken
as a normalization in order to save notations. The broker takes the engagement
that he will obtain a mean selling price which corresponds to (at least) a value
K > 0. The financial agent pays to the broker a premium y at time 0.

The cumulated number of stocks sold by the broker on the market since time 0
is described by a continuous real-valued non-decreasing process L, we denote by
L the set of such processes. Given L ∈ L, the dynamic of the broker’s portfolio
Y L is given by

dY L(t) = XL,1(t)dLt , Y L(0) = y

where XL,1 represents the stock’s price dynamics and is assumed to solve

dXL,1(t) = XL,1(t)µ(t,XL,1(t))dt+XL,1(t)σ(t,XL,1(t))dWt

−XL,1(t)β(t,XL,1(t))dLt

where µ, σ, β : [0, T ]× R 7→ R are continuous functions satisfying

β ≥ 0 , (t, x1) ∈ [0, T ]× (0,∞) 7→ x1
(
µ(t, x1), σ(t, x1), β(t, x1)

)
is Lipschitz

and x1 ∈ (0,∞) 7→ xβ(t, x) is C2 locally uniformly in t ∈ [0, T ]. (26)

Note that we allow the trading strategy of the broker to have an impact on the
price dynamics if β 6= 0.
In order to keep track of the cumulated number of units of asset already sold
on the market, we introduce the process X2,L defined by the dynamics

dX2,L(t) = dLt .
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The aim of the broker is then to find the initial premium y = Y L(0) and L ∈ L
with L0 = 0 such that Y L(T ) ≥ K and X2,L(T ) = 1, given that X2,L(0) = 0.
In practice, it is clear that the above problem does not make sense and need to
be relaxed. We shall therefore consider problems of the form

Find L ∈ L with L0 = 0 and Y L(0) s.t. X2,L(T ) ≤ 1

and E
[
Ψ(XL(T ), Y L(T ))

]
≥ p,

where
Ψ(x, y) := `

(
y + [x1 − x1β(T, x1)(1− x2)](1− x2)−K

)
,

for p ∈ R and ` : R 7→ R is (strictly) increasing with polynomial growth and is
such that `(R) = R.
The term X1,L(T )[1− β(T,X1,L(T ))(1−X2,L(T ))] (1−X2,L(T )) stands for the
gain of the final transaction required in order to liquidate the last units of assets
at time T if X2,L(T ) < 1. Note that this final transaction is evaluated at the
price X1,L(T ) − X1,L(T )β(T,X1,L(T ))(1 − X2,L(T )) which already includes a
possible depreciation of the stock’s value due to this final trade. Obviously more
sophisticated models could be considered within a similar framework.

In order to define the associated value function, we now extend the above dynam-
ics to arbitrary initial conditions. Given L ∈ L, we write ZLt,x,y = (XL

t,x, Y
L
t,x,y),

with XL
t,x = (X1,L

t,x , X
2,L
t,x ), the corresponding processes satisfying the initial con-

dition ZLt,x,y(t) = (x, y) = (x1, x2, y).
The value function associated to the above stochastic target problem is then
given by

v(t, x, p) := inf{y ∈ R : ∃L ∈ L s.t. X2,L
t,x (T ) ≤ 1 and E

[
Ψ(ZLt,x,y(T ))

]
≥ p} .

As in the previous sections, we first convert the above problem into a stochastic
target problem.

Proposition 3 For all (t, x, p) ∈ [0, T ]× (0,∞)× [0, 1]× R,

v(t, x, p) =

inf{y ∈ R : ∃(L,α) ∈ L × L2
P s.t. X2,L

t,x (T ) ≤ 1 and Ψ(ZLt,x,y(T )) ≥ Pαt,p(T )} ,

where
Pαt,p := p+

∫ ·
t
αsdWs .
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Proof. Since ` has polynomial growth, it is easily checked that Ψ(ZLt,x,y(T )) ∈
L2 for all initial condition and controls. It thus suffices to argue as in the proof
of Proposition 1. 2

5.2 PDE characterization in the domain

The PDE characterization can be obtained by following the same arguments as
in the proof of Theorem 2. The main difference comes from the fact that the
control L is of bounded variation type which allows to play with local times in
order to compensate for a lack of matching of the volatility terms. We shall come
back on this important point in the proof, where it should be more clear. As a
consequence, the PDE formulation is slightly different from the one obtained in
the previous sections.
In the following we denote by v∗ and v∗ the lower- and upper-semicontinuous
envelopes of v obtained by approximating by points in [0, T )×(0,∞)×[0, 1)×R.

Theorem 4 The function v∗ is a viscosity supersolution on [0, T ) × (0,∞) ×
[0, 1)× R of

max{F0ϕ , x
1 + x1βDx1ϕ−Dx2ϕ , −|Dpϕ|} = 0

and the function v∗ is a viscosity subsolution on [0, T )× (0,∞)× [0, 1)× R of

max
{

min{F0ϕ , |Dpϕ|} , x1 + x1βDx1ϕ−Dx2ϕ
}

= 0 ,

where

F0ϕ := −LXϕ−
(x1σ)2

2

(
|Dx1ϕ/Dpϕ|2D2

pϕ− 2(Dx1ϕ/Dpϕ)D2
(x1,p)ϕ

)
,

with
LXϕ := ∂tϕ+ x1µDx1ϕ+

1
2

(x1)2σ2D2
x1ϕ .

Proof. Supersolution property: We only sketch the proof as it follows from
the same line of arguments as in the proof of Theorem 2. Let (t0, x0, p0) be a
point in [0, T ) × (0,∞) × [0, 1) × R which achieves a strict minimum of v∗ − ϕ
(equal to 0 as usual). Then, if

max{F0ϕ , x
1 + x1βDx1ϕ−Dx2ϕ}(t0, x0, p0) < 0 and |Dpϕ(t0, x0, p0)| > 0 ,
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we can find η, r > 0 such that

max{−LbX,Pϕ , x1 + x1βDx1ϕ−Dx2ϕ , −|Dpϕ|} ≤ −η

for b ∈ R s.t. |bDpϕ+ x1σDx1ϕ| ≤ r

on a neighborhood of (t0, x0, p0), where

LbX,Pϕ := LXϕ+
1
2

(
b2D2

pϕ+ 2x1σbD2
(x1,p)ϕ

)
.

It then suffices to reproduce the arguments of the proof of Theorem 2 in Chapter
6. The fact x1 +x1βDx1ϕ−Dx2ϕ ≤ 0 allows to forget about the non-decreasing
control L when applying Itô’s Lemma on the difference Y L − ϕ(·, XL, Pα).

Subsolution property: Let (t0, x0, p0) be a point in [0, T )× (0,∞)× [0, 1)×R
which achieves a strict maximum of v∗ − ϕ (equal to 0 as usual). We have to
show that

max{min{F0ϕ , |Dpϕ|} , x1 + x1βDx1ϕ−Dx2ϕ}(t0, x0, p0) ≤ 0 .

If

min{F0ϕ , |Dpϕ|}(t0, x0, p0) > 0

then a contradiction to the Geometric Dynamic Programming principle is ob-
tained by considering a control of the form

(L,α) = (0,−x1σDx1ϕ/Dpϕ)

and by arguing as in the proof of subsolution property of Theorem 2 in Chapter
6. We next discuss the case where

x1
0 + x1

0β(t0, x1
0)Dx1ϕ(t0, x0, p0)−Dx2ϕ(t0, x0, p0) > 0 .

We shall now see how we can play with the non-decreasing control L is order to
compensate the fact that the Brownian diffusion parts are possibly not matched
in our dynamics.
Indeed, if the above hold, one can find ε, η > 0 small enough so that

x1 + x1β(t, x1)Dx1ϕ(t, x, p)−Dx2ϕ(t, x, p) > η (27)

∀ (t, x, p) ∈ Bε(t0, x0, p0), |y − ϕ(t, x, p)| ≤ ε .
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Set On := {(t, x, y) : (t, x, p) ∈ B2ε(t0, x0, p0) , |y − ϕ(t, x, p)| < 2ε , y −
ϕ(t, x, p) > −|γn|}, where

γn := yn − ϕ(tn, xn, pn)→ 0 , (28)

with (tn, xn, pn)n≥1 a sequence which converges to (t0, x0, p0) such that v(tn, xn,
pn)→ v∗(t0, x0, p0), and yn := v(tn, xn, pn)−n−1. By a simple Taylor expansion
of order 1, we then deduce from (27) that, for (t, x, p) ∈ Bε(t0, x0, p0) and y ∈ R
such that |y − ϕ(t, x, p)| < ε, we have, for 0 < λ ≤ r with r > 0 small enough,

(y − λx1)− ϕ(t, x1 + λx1β(t, x1), x2 − λ, p) ≤ −|γn| − λη +O(r2) < −|γn|

whenever |(t, x, p, y) − (t′, x′, y′, p′)| ≤ λr for some (t′, x′, y′, p′) such that y′ −
ϕ(t′, x′, p′) = −|γn|. Otherwise stated, the direction −(x1,−x1β(t, x1), 1) is
driving (y, x1, x2) strictly out of the smooth domain {(y, x1, x2) : y − ϕ(t, x1,

x2, p) > −|γn|}, at least locally around (t0, x0, p0) and ϕ(t0, x0, p0). This implies
that it is possible to reflect the process Y −ϕ(·, X, P ) along an inward direction
by suitably pushing (Y,X1, X2) in the direction (X1,−X1β(t,X1), 1).
More precisely, (26) and the above discussion allow to apply Theorem 4.8 of
[11]: there exists a continuous real-valued adapted non-decreasing process Ln

satisfying

Y n(s ∧ θn) ≥ ϕ(s ∧ θn, Xn(s ∧ θn), pn)− |γn| for all s ≥ tn , (29)

where

θon := inf {s ≥ tn : (s,Xn(s), pn) /∈ Bε(t0, x0, p0)} ,

θn := inf {s ≥ tn : |Y n(s)− ϕ(s,Xn(s), pn)| ≥ ε} ∧ θon ,

and (Xn, Y n) := (XLn
tn,xn , Y

Ln
tn,xn,yn).

In view of (29) and (28), we have Y n(θn)−ϕ(θn, Xn(θn), pn) ≥ −|γn| > −ε for n
large enough. Following the arguments of the proof of the subsolution property
of Theorem 2 in Chapter 6 with the control (0, Ln) then leads to the required
contradiction to the Geometric Dynamic Programming Principle. 2

5.3 Boundary conditions

We first discuss the boundary condition at t = T . By definition

v(T−, ·) = Ψ−1
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where Ψ−1 denotes the inverse of the function Ψ with respect to the y-variable:

Ψ−1(x, p) := `−1(p)− [x1 − x1β(T, x1)(1− x2)](1− x2) +K .

However, as in Theorem 3 of Chapter 6, the gradient constraint x1 +x1βDx1ϕ−
Dx2ϕ ≥ 0 that holds inside the domain should propagate up to the boundary.
This leads to the following boundary condition.

Theorem 5 The function v∗ is a viscosity supersolution on {T} × (0,∞) ×
[0, 1)× R of

max{ϕ−Ψ−1 , x1 + x1βDx1ϕ−Dx2ϕ , −|Dpϕ|} = 0

and the function v∗ is a viscosity subsolution on {T} × (0,∞)× [0, 1)× R of

min
{
ϕ−Ψ−1 , max{|Dpϕ| , x1 + x1βDx1ϕ−Dx2ϕ}

}
= 0 .

Proof. Combine the arguments of the proof of Theorem 3 of Chapter 6 with
the ones used in the proof of Theorem 4. 2

Remark 2 When β is constant, i.e. does not depend on x1, and ` is C1, then
one easily checks that Ψ−1 is a strong super- and subsolution of the above
equations. In this case, one can actually show that v∗(T, ·) = v∗(T, ·) = Ψ−1.

It remains to study the boundary condition for x2 = 1. Note that, when x2 = 1,
the constraint X2,L

t,x (T ) ≤ 1 and the fact that L − Lt is non-decreasing imply
that L = Lt, X

2,L
t,x = 1 and Y L

t,x,y = y. Hence,

v(t, x1, 1, p) = inf{y ∈ R : E
[
Ψ(X1,0

t,x (T ), 1, y)
]
≥ p} =: v̄(t, x1, p) .

Our last result shows that the function v̄ is actually the correct boundary con-
dition at x2 = 1.

Proposition 4 We have v∗(t, x1, 1, p) = v∗(t, x1, 1, p) = v̄(t, x1, p) for all (t,x1,

p) ∈ [0, T ]× (0,∞)× R.

Proof. Let (tn, xn, pn)n≥1 be a sequence which converges to (t0, x1
0, 1, p0). Fix

yn ∈ R and Ln ∈ L such that Zn = (Xn, Y n) := (XLn
tn,xn , Y

Ln
tn,xn,yn) satisfies

E [Ψ(Zn(T ))] ≥ pn and X2,n(T ) ≤ 1. Then, the last constraint combined with
the Lipschitz continuity assumption on our coefficients implies that Ln(T ) −
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Ln(tn) → 0 so that Zn(T ) → Z0(T ) := (X1,0
t0,x1

0,1
(T ), 1, y0) uniformly in Lq,

for any q ≥ 2. Since Ψ has polynomial growth, it follows from the dominated
convergence theorem that

E [Ψ(Zn(T ))]→ E
[
Ψ(X1,0

t0,x1
0,1

(T ), 1, y0)
]
≥ p0 ,

whenever yn → y0 ∈ R. By choosing (tn, xn, pn)n≥1 such that v(tn, xn, pn) →
v∗(t0, x1

0, 1, p0) and yn = v(tn, xn, pn)+n−1, we thus deduce that v∗(t0, x1
0, 1, p0) ≥

v̄(t0, x1
0, p0). On the other hand, one can also choose (tn, xn, pn)n≥1 such that

v(tn, xn, pn)→ v∗(t0, x1
0, 1, p0) and yn = y0 = v̄(t0, x1

0, p0) so that, for any ε > 0,

E
[
Ψ(X0

tn,xn(T ), yn + ε)
]
≥ p0

for n large enough. This follows from the convergence E
[
Ψ(X0

tn,xn(T ), yn + ε)
]
→

E
[
Ψ(X1,0

t0,x1
0,1

(T ), 1, y0 + ε)
]
> p0, where the last inequality is a consequence of

the definition of y0 = v̄(t0, x1
0, p0) and the fact that ` is strictly increasing. This

shows that v̄(t0, x1
0, p0)+ε ≥ v(tn, xn, pn) for n large enough, and therefore that

v̄(t0, x1
0, p0) + ε ≥ v∗(t0, x1

0, 1, p0). We conclude by arbitrariness of ε > 0. 2
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Part C.

Exercices
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1 Discrete time model

We consider a finite probability space (Ω,F ,P) equiped with a complete filtration
F = (Fn)n≤N , where N ≥ 1, satisfying F0 = {∅,Ω} and FN = F . We consider a
discrete time model, with a non-risky asset B := (Bn)1≤n≤N and d risky securities
X := (X1

n, · · · , Xd
n)1≤n≤N where B and X are F-adapted.

The dynamics of B is given by Bn = (1+rn)Bn−1 for n ≥ 1, with r = (rn)n≥1 a positive
F-predictable process and B0 = 1. A portfolio strategy is defined by a F-predictable
process (α, φ) taking its value in R×Rd: αn (respectively φin) is the quantity of non-risky
asset (respectively risky asset Xi) held in the porfolio on the time period [n− 1, n].

1. Dynamics of the non-risky asset.

1.1. If one invest 1$ at time n− 1 in B, how many shares of asset B is held?

1.2. What is the value of this portfolio at time n?

2. Dynamics of the portfolio.

2.1. Write the value of the portfolio Y
x,(α,φ)
n at time n, where x is the initial

value of the portfolio.

2.2. Write the self-financing condition.

2.3. Write the dynamics of the portfolio value of an investor in function of φ.
From now on, we will use the standard notation Y x,φ in place of Y x,(α,φ).

2.4. We now use the following notation: X̃ := X/B and Ỹ = Y/B. Give the
dynamics of X̃ and Ỹ x,φ.

2.5 Denote by M(P) the set of measures Q ∼ P such that X̃ is a (Q,F)-
martingale. Assume thatM(P) 6= ∅. Show that Ỹ x,φ is a (Q,F)-martingale
for every Q ∈M(P).

2.6. Let G be a F-measurable random variable. Give the super-replication price
p(G) of G.

2 Portfolio optimization

We use the framework of the previous exercice. We suppose now that r ≡ 0. We denote
A the set of previsible processes taking value in Rd. Here, we search for the solution of
the utility maximization problem

sup
φ∈A

E
[
U(V x,φN )

]
,

where U is a function in C1(R), strictly increasing, strictly concave, defined on the whole
real line, with the Inada conditions:

lim
x→−∞

U ′(x) = +∞ , lim
x→+∞

U ′(x) = 0 .
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1. Let Ũ be the function defined by

Ũ(y) = sup
x∈R

(U(x)− xy), y > 0 . (1)

1.1. When is the supremum attained?

1.2. Deduce that Ũ(y) = U(x̂(y)) − x̂(y)y, with y > 0 and x̂(y) = (U ′)−1(y).
We will further admit that Ũ is C1.

2. We suppose now that M(P) = {Q}.

2.1. Is the market complete?

2.2. Give the hedging price at time 0 of a contingent claim G ∈ L∞(R,FN ).

3. We denote H := dQ/dP.

3.1. Compute E[HV x,φN ] when φ ∈ A.

3.2. Deduce from (1) that for all φ ∈ A and λ > 0,

E
[
U(V x,φN )

]
≤ E

[
Ũ(λH)

]
+ λx .

4. We admit now that there exists some λ̂ > 0 such that

inf
λ>0

(
E
[
Ũ(λH)

]
+ λx

)
= E

[
Ũ(λ̂H)

]
+ λ̂x .

4.1. Show that Ũ is convex and deduce that

E
[
HŨ ′(λ̂H)

]
+ x = 0 .

4.2. From the last result, show that there exists some φ̂ ∈ A such that V x,φ̂N =
−Ũ ′(λ̂H).

5. We admit that −Ũ ′ = (U ′)−1. Deduce from all the results you achieved that

sup
φ∈A

E
[
U(V x,φN )

]
= E

[
U(V x,φ̂N )

]

3 Continuous time model

We intend here to price and hedge a European call option of maturity T and strike
K, meaning a claim such that one receives the payoff (XT −K)+ at time T . We put
ourselves in the framework of the Black-Scholes model, and the price of this claim will
be given by the initial value of a portfolio with a strategy φ such that it returns the
wealth Y y,φT = (XT −K)+.
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In this model, we assume that the dynamics of the price Xt of the one dimensional
risky asset is given by

dXt = Xt(µdt+ σdWt)

where (Wt)t∈[0,T ] is a standard Brownian motion on the complete probability space
(Ω,F ,P) and with σ > 0 dt × dP-a.e. Let (Ft)t≤T denotes the filtration generated by
(Wt)t≥0. Let also B be the risk free asset defined by

Bt = 1 +
∫ t

0

Bsrsds

where r is a predictable bounded real valued process. We denote by Y y,φ the portfolio
value associated to the initial value y and φ ∈ Ab:

Y y,φt = y +
∫ t

0

φsdXs .

Here, Ab denotes the set of strategies φ such that the associated wealth process is
bounded from below.

1. Using Itô’s lemma,

1.1. Show that Bt = e
R t
0 rsds. From now on, we will use the notation βt = B−1

t =
e−

R t
0 rsds.

1.2. Write the dynamics of X̃ := βX and Ỹ y,φ := βY y,φ.

2. Using Girsanov Theorem write the equivalent martingale (or risk-neutral) mea-
sure Q.

3. We suppose from now on that r is constant.

3.1. What does EQ[e−rT1XT≥K ] represent?

3.2. Compute it.

3.3. When Xt = K, what happens for t→ T? Give an interpretation.

4. Compute EQ[e−rT (XT −K)+] = v(0, X0) = y.

5. 5.1. What is the PDE satisfied by v?

5.2. What is the hedging strategy of the claim (XT −K)+?

4 Exchange option

Let B,S1 and S2 be three assets with the following dynamics

dBt = rBtdBt

dS1
t = S1

t

(
b1tdt+ σ1

1dW
1
t + σ1

2dW
2
t

)
dS2

t = S2
t

(
b2tdt+ σ2

1dW
1
t + σ2

2dW
2
t

)
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where W 1 and W 2 are two independents Brownian motion defined on (Ω,F ,P). We
assume furthermore that σ =

(
σij
)
i,j=1,2

is a deterministic non-singular matrix.

1. Provide a probability P∗ such that the both processes S1/B and S2/B are P∗-
martingale. Provide then the dynamics of these both processes under this prob-
ability.

2. Define a change of probability from P∗ to Q∗ such that S1/S2 is a Q∗-martingale.
Provide the dynamics of S1/S2 under Q∗.

3. Deduce then the price of the option exchange which payoff is
(
S1
T − S2

T

)+.

5 Forward Option

Let us consider the Black Scholes model where the risky asset St and the risk free asset
S0
t have the dynamics {

dSt = St (µdt+ σdWt)

dS0
t = S0

t rdt

in which W is a Brownian motion under the historic probability P, and σ is invertible.

1. Is this market complete ? If this is the case, give the risk neutral probability
measure Q.

2. A forward option is an option, paid at time t0, which gives at time t1 an option
of maturity t2 and strike St1 . Write the price of this option as an expectation
under Q.

3. Give the value at each date of a at the money call with forward strike. One will
write this price as a classical call.

6 Gamma hedging

We consider a probability space (Ω,F ,P) equipped with a filtration F = (Ft)t∈[0,∞)

satisfying the usual conditions, and such that F0 is trivial. Let T > 0, and W being a
Brownian motion on this space. We consider a financial market with a risk free asset of
return r = 0, and with a risky asset which the price is S = (St)t≥0 is the unique strong
solution of

St = S0 +
∫ t

0

Ssσ(Ss)dWs, t ≥ 0.

We define a : x ∈ [0,∞) 7→ a(x) := xσ(x) ∈ [0,∞), and we assume that a is uniformly
Lipschitz. Denote by L the Dynkin operator associated to this SDE, i.e.

Lϕ(t, x) :=
∂

∂t
ϕ(t, x) +

1
2
a(x)2 ∂

2

∂x2
ϕ(t, x)
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for ϕ ∈ C1,2.
Denote by A the set of F-predictable processes φ such that E

[∫ T
0
|φsa(Ss)|2 ds

]
< ∞

for all T > 0, and, we assume that, for all T > 0 and every random variable being FT -
measurable X such that E

[
|X|2

]
< ∞, there exists some φ ∈ A such that V E[X],φ

T =

X P-a.s., where V x,φt := x+
∫ t

0
φsdSs, t ≥ 0, (x, φ) ∈ R×A.

1. a priori estimations

(a) Show that, for every T > 0 and p ≥ 1, there exists a constant CT,p > 0 such
that E

[
supt≤T |St|

p] ≤ CT,p.
(b) Show that S is a P-martingale.

2. Let G be a Borel function with polynomial growth, and T2 > 0.

(a) Prove the existence of a function g : [0, T2]× [0,∞)→ R such that g(t, St) =
E [G (ST2)| Ft] P-a.s. when t ≤ T2.

(b) Assuming that g is smooth enough, what is the PDE satisfied by g ?

(c) Assume now that E
[∫ T2

0

∣∣ ∂
∂xg(t, St)a(St)

∣∣2 dt] < ∞. What is the price of
an option which payoff is G (ST2) paid at time T2 compatible with the no-
arbitrage condition. Express the hedging strategy of this option in terms of
partial derivatives of both g and a.

3. Consider now an other Borel function F with polynomial growth and 0 < T1 < T2.
We assume that g ∈ C1,2

b ([0, T1]× [0,∞)) .2 For x ∈ R, φ, α ∈ A, define

V x,φ,αt := x+
∫ t

0

φsdSs +
∫ t

0

αsdg (s, Ss) t ∈ [0, T1].

We assume that there exists φ̄, ᾱ ∈ A such that

0 = φ̄t + ᾱt
∂

∂x
g(t, St)−

∂

∂x
f(t, St) (1)

= ᾱt
∂2

∂x2
g(t, St)−

∂2

∂x2
f(t, St) P-a.s. ∀ t < T1, (2)

where f ∈ C1,2 ([0, T1]× [0,∞)) satisfies f(t, St) = E [F (ST1)| Ft] P-a.s. for
every t ≤ T1.

(a) Give a financial interpretation of V x,φ̄,ᾱ.

(b) Find x̄ ∈ R such that V̄ := V x̄,φ̄,ᾱ satisfies V̄T1 = F (ST1).

2The b means that the partial derivatives are bounded on the considered set.
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4. Let n ∈ N\{0} and ti := iT1/n, i ≤ n. Denote by ηt := max {ti, i ≤ n s.t. ti ≤ t},
i.e. ηt = ti if t ∈ [ti, ti+1), t ≥ 0. From now on, we consider the piecewise constant
strategy

(
φ̃, α̃

)
defined by

(
φ̃t, α̃t

)
:=
(
φ̄ηt , ᾱηt

)
, t ≤ T1. Denote by Ṽ := V x̄,

eφ,eα.
For sake of simplicity, we assume furthermore that both g and f are C∞ with
bounded derivatives, and that the process ᾱ is essentially bounded3.

(a) By using 1, show that

ṼT1 − F (ST1) =
∫ T1

0

ᾱηt

(
∂

∂x
g (t, St)−

∂

∂x
g (ηt, Sηt)

)
a (St) dWt

−
∫ T1

0

(
∂

∂x
f (t, St)−

∂

∂x
f (ηt, Sηt)

)
a (St) dWt

=
∫ T1

0

Ata (St) dWt,

where At :=
∫ t
ηt
Bsa (Ss) dWs +

∫ t
ηt
Csds with

Bs := ᾱηs
∂2

∂x2
g (s, Ss)−

∂2

∂x2
f (s, Ss)

Cs := ᾱηsL
[
∂

∂x
g (s, Ss)

]
− L

[
∂

∂x
f (s, Ss)

]
(b) Using 1 again, show that

Bs :=
∫ s

ηs

(
ᾱηs

∂3

∂x3
g(u, Su)− ∂3

∂x3
f(u, Su)

)
a(Su)dWu

+
∫ s

ηs

(
ᾱηsL

[
∂2

∂x2
g(u, Su)

]
− L

[
∂2

∂x2
f(u, Su)

])
a(Su)du.

(c) Show that there exists C > 0 such that E
[∣∣B2

s

∣∣] ≤ C/n2 for every t ≤ T1.

(d) Deduce from the previous question that there exists C > 0 such that

E
[∣∣∣ṼT1 − F (ST1)

∣∣∣2] 1
2

≤ C/n.

5. Shall we find a similar result in a stochastic volatility model ? If the answer is
yes, briefly show how to proceed, and explicit the number of liquid options which
must be available.

3even if it is unrealistic
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7 Super-hedging with constraints on proportions of

wealth

We let (Ω,F ,P) be a complete probability space and F := (Ft)t≤T be the filtration,
satisfying the usual conditions, induced by a P-Brownian motion W . We assume that
FT = F .
Let us consider the Black-and-Scholes one dimensional model with interest rate equal
to 0, i.e. r ≡ 0, in which the dynamics of the risky asset is given by

Xt = X0e
(µ−σ2/2)t+σWt , t ≤ T ,

where W is a Brownian motion under P, µ ∈ R and X0, σ > 0.

The aim of this exercise is to study the super-hedging problem under constraints on
the proportion of the wealth invested in X. Namely, we fix m < M , and say that a
predictable process is admissible if it takes values in [m,M ] dt× dP-a.e. on [0, T ]. We
denote by A the collection of such processes. The wealth process Y y,φ associated to
the initial wealth y > 0 and the strategy φ ∈ A has the dynamics

Y y,φt = y +
∫ t

0

φsY
y,φ
s

Xs
dXs , t ≤ T .

1. Justify (in words) the above dynamics.

2. Show that

Y y,φt = y +
∫ t

0

φsY
y,φ
s µds+

∫ t

0

φsY
y,φ
s σdWs , t ≤ T .

From now on, we fix a bounded random variable G ∈ L0(FT ) satisfying G > 0 P− a.s.
The super-hedging price is defined as

p(G) := inf{y > 0 : ∃ φ ∈ A s.t. Y y,φT ≥ G} .

We set

δ(ζ) = ζ+M − ζ−m with ζ+ = ζ1ζ>0 and ζ− = −ζ1ζ<0 for ζ ∈ R .

We denote by U the set of predictable processes ν such that |ν| ≤ c dt × dP-a.e. on
[0, T ] for some c > 0 which depends on ν. We finally define

Eν := e−
R ·
0 δ(νs)dse−

1
2

R ·
0 |λ

ν
s |

2ds−
R ·
0 λ

ν
sdWs ,

where
λν := (µ− ν)/σ .
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3. Show that for any (φ, ν) ∈ A× U ,

Y y,φEν = y +
∫ ·

0

Y y,φs Eνs (φsσ − λνs ) dWs +
∫ ·

0

Y y,φs Eνs (φsνs − δ(νs)) ds .

4. Using the definitions of δ and A, show that Y y,φEν is a P super-martingale for
any (φ, ν) ∈ A× U .

5. Let y > 0 and φ ∈ A. Show that, if Y y,φT ≥ G, then

y ≥ p̄(G) := sup
ν∈U

E [EνTG] .

6. Show that this implies that p(G) ≥ p̄(G).

We now aim at proving the converse inequality. We first assume that there exists a
cadlag adapted process P such that

Pt = esssup
ν∈U

Jνt for all t ≤ T ,

where
Jνt := E [EνTG | Ft] /Eνt for ν ∈ U and t ≤ T .

7. Show that the family {Jνt , ν ∈ U} is directed upward for all t ≤ T .

8. Show that for any ν1, ν2 ∈ U and s ≤ t ≤ T , there exists ν3 ∈ U such that

Eν1

t

Eν1
s

Eν2

T

Eν2

t

=
Eν3

T

Eν3
s

.

9. Deduce that EνP is a P-supermatingale for any ν ∈ U .

In view of the last question, and the multiplicative Doob-Meyer decomposition, it follows
that, we can find a family of martingales {Mν , ν ∈ U} and a non-increasing process
{Aν , ν ∈ U} such that

EνP = MνAν , Aν > 0 , Mν > 0 and Aν0 = 1 for all ν ∈ U . (1)

In the following, we denote by 0 a process ν such that ν = 0 dt× dP-a.e. on [0, T ].

10. Show that M0
T ≥ E0

TPT ≥ E0
TG > 0.

11. Deduce that there exists a predictable process, P−a.s. square integrable, ψ0 such
that

M0
T = M0

0 +
∫ T

0

M0
sψ

0
sdWs ≥ E0

TG .

12. Show that M0/E0 can be rewritten as

M0/E0 = M0
0 +

∫ ·
0

M0
s

E0
s

(
λ0
s + ψ0

s

)
dW +

∫ ·
0

M0
s

E0
s

(
λ0
sψ

0
s + |λ0

s|2
)
ds
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13. Deduce that
Y 0 := M0/E0 = YM0,φ

0
and YM0,φ

0

T ≥ G ,

for some P− a.s. square integrable predictable process φ0.

14. Deduce from the equality Mν = EνY 0A0/Aν that∫ ·
0

F νs
(
φ0νs − δ(νs)

) A0
s

Aνs
ds+

∫ ·
0

F νs
Aνs

dA0
s −

∫ ·
0

F νs A
0
s

|Aνs |2
dAνs = 0

where
F ν := EνY 0

for ν ∈ U .

15. By using (1) and the fact that A0 and Aν are non-increasing, deduce from the
previous result that

1 ≥ Aν =
∫ ·

0

Aνs
(
φ0
sνs − δ(νs)

)
ds+

∫ ·
0

Aνs
A0
s

dA0
s

≥
∫ ·

0

Aνs
(
φ0
sνs − δ(νs)

)
ds+

∫ ·
0

1
A0
s

dA0
s

for all ν ∈ U .

16. Deduce from the above inequality and a formal argument that

sup
ζ∈R

(φ0ζ − δ(ζ)) <∞ dt× dP-a.e.

17. Deduce that φ0 ∈ [m,M ] dt× dP-a.e.

18. Show that p̄(G) ≥ p(G) and conclude.

8 Super-hedging with impact on the volatility

We let (Ω,F ,P) be a complete probability space and F := (Ft)t≤T be the filtration,
satisfying the usual conditions, induced by a one dimensional P-Brownian motion W .
We assume that FT = F .
We consider a simple Black-Scholes type model in which the volatility of the risky asset
is influenced by the strategy of the trader. More precisely, given a financial strategy
φ ∈ A, the set of square integrable predictable processes (i.e. E

[∫ T
0
|φs|2ds

]
<∞), the

evolution of the stock process is given by

Xφ
t,x(s) = x+

∫ s

t

σ(φr)dWr , t ≤ s ≤ T ,

where x ∈ R is the value of the stock at time t, and σ is assumed to be continuous such
that

a ∈ R 7→ (aσ(a), σ(a)) is bounded. (1)
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Here, φ represents the number of stocks held in the portfolio and we assume that the
interest rate is 0, so that the associated wealth process starting at y ∈ R at time t is
given by

Y φt,x,y(s) = y +
∫ s

t

φrdX
φ
t,x(r) , t ≤ s ≤ T . (2)

The aim of this exercise is to study the super-hedging problem of a European option of
payoff g(Xφ

t,x(T )) paid at time T :

v(t, x) := inf{y ∈ R : ∃ φ ∈ A s.t. Y φt,x,y(T ) ≥ g(Xφ
t,x(T ))}.

We assume that g is bounded.

1. By using (1), show that Y φt,x,y is a martingale on [t, T ] for all φ ∈ A.

2. Assume that the infimum in the definition of v is achieved and show that this
implies that v(t, x) ≥ E

[
g(X φ̂

t,x(T ))
]

=: p̄(t, x) for at least one φ̂ ∈ A.

3. Show that there exists ψ ∈ A such that p̄(t, x) +
∫ T
t
ψsdWs = g(X φ̂

t,x(T )).

4. Is there a chance that φ̂ and ψ are such that ψ = φ̂σ(φ̂), i.e. Y φ̂t,x,p̄(t,x)(T ) ≥

g(X φ̂
t,x(T )) ?

From now on, we assume that v is a bounded function in C1,2([0, T )×R). We will show
that v should then solve

−Fϕ(t, x) := −Lψ(x,Dϕ(t,x))ϕ(t, x) = 0 on [0, T )× R , (3)

where, for a ∈ R, Laϕ(t, x) = ∂tϕ(t, x) + 1
2σ(a)2D2ϕ(t, x) , and ψ(x, p) is the unique

solution of
aσ(a) = σ(a)p for some a ∈ R ,

i.e. ψ(x, p)σ(ψ(x, p)) = σ(ψ(x, p))p. In the following, we shall assume that ψ is Lips-
chitz continuous.

Part 1: In this part we prove the subsolution property. Fix (t0, x0) ∈ [0, T ) × R and
assume that

−Fv(t0, x0) > 0 . (4)

5. Show that (4) implies that −Fϕ > 0 on Bε(t0, x0) for some ε > 0, where ϕ(t, x) =
v(t, x) + |t− t0|2 + |x− x0|4.

Set y0 = v(t0, x0) − (ε ∧ ζ)/2 where −ζ := max∂Bε(t0,x0) v − ϕ < 0 . Let (X0, Y 0) be
the solution of

X0
t = x0 +

∫ t

t0

σ
(
ψ(X0

s , Dϕ(s,X0
s ))
)
dWs

Y 0
t = y0 +

∫ t

t0

ψ(X0
s , Dϕ(s,X0

s ))σ
(
ψ(X0

s , Dϕ(s,X0
s ))
)
dWs , t0 ≤ t ≤ θ ,
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where θ := inf{s ≥ t0 : (s,X0
s ) /∈ Bε(t0, x0) or |Y 0

s − ϕ(s,X0
s )| ≥ ε} .

6. Show that Y 0
θ − v(θ,X0

θ ) ≥ Y 0
θ − ϕ(θ,X0

θ ) ≥ −(ε ∧ ζ)/2 > −ε.

7. Deduce that Y 0
θ − ϕ(θ,X0

θ ) ≥ ε > 0 if |Y 0
θ − ϕ(θ,X0

θ )| ≥ ε.

8. Also deduce that Y 0
θ − v(θ,X0

θ ) ≥ Y 0
θ − ϕ(θ,X0

θ ) + ζ ≥ ζ/2 > 0 if (θ,X0
θ ) ∈

∂Bε(t0, x0).

9. Conclude that Y 0
θ − v(θ,X0

θ ) > 0.

10. Conclude from the last assertion that (4) can not hold.

Part 2: We now prove the supersolution property. Fix (t0, x0) ∈ [0, T )×R and assume
that

−Fv(t0, x0) < 0 . (5)

We now set ϕ(t, x) = v(t, x)−|t− t0|2−|x−x0|4 and admit that the above implies that

−Laϕ < −η for (t, x, a) ∈ Bε(t0, x0)× R s.t. |aσ(a)−Dϕ(t, x)σ(a)| ≤ ε , (6)

for some ε, η > 0. Let φ ∈ A and set (X0, Y 0) := (Xφ
t0,x0

, Y φt0,x0,y0) for y0 := v(t0, x0) +
(ζ ∧ ε)/2 where

ζ := min
∂Bε(t0,x0)

v − ϕ > 0 .

Also set θ := inf{s ≥ t0 : (s,X0
s ) /∈ Bε(t0, x0) or |Y 0

s − ϕ(s,X0
s )| ≥ ε} . Given a

bounded predicable process λ, let us finally define the local martingale L by

Lt := 1−
∫ t∧θ

t0

LsλsδsdWs with δ := φσ(φ)−Dϕ(·, X0)σ(φ) .

11. Show that, for t ∈ [t0, θ],

d
(
Lt[Y 0

t − ϕ(t,X0
t )]
)

= Lt
(
−Lφtϕ(t,X0

t )− λt|δt|2
)
dt+ γtdWt

where γ := Lδ(1− λ[Y 0 − ϕ(·, X0)]).

12. Deduce from (6) and (1) that we can choose λ such that, on [t0, θ],

d
(
Lt[Y 0

t − ϕ(t,X0
t )]
)
≤ γtdWt

13. Deduce from the later and (1) that L(Y 0 − ϕ(·, X0)) is a supermartingale on
[t0, θ].

14. By the geometric dynamic programming principle, we should be able to find
φ ∈ A such that

Y 0
θ − v(θ,X0

θ ) ≥ 0 .

Show that this implies that Y 0
θ − ϕ(θ,X0

θ ) ≥ (ε ∧ ζ) .
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15. Deduce that Lθ
(
Y 0
θ − ϕ(θ,X0

θ )
)
≥ Lθ(ε ∧ ζ).

16. Deduce that (ζ ∧ ε)/2 ≥ E
[
Lθ
(
Y 0
θ − ϕ(θ,X0

θ )
)]
≥ ζ ∧ ε.

17. Conclude from the last assertion that (5) can not hold.
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