Poisson process and actuarial sciences
Mid term exam (2015-2016)
March 16, 2016

The quality of the redaction will be taken into account. Be clear and concise in your
answers.

Questions. [Answer in maximum 3 lines| (5 points)

1.
2.

Give the definition of a standard counting process. [1pt|

What it a renewal process ? [1pt]

What are the properties of the increments of a mixed Poisson process ? [1pt]
What is the Markov property for a Poisson process 7 What does it mean 7 [1pt|

What is the law of the first n jump times of a Poisson process N given that N, = n
7 [1pt]

In the following problem, most of the questions can be answered independently but
results from the previous ones (given in the text) will often be useful. You can therefore
skip the questions you can not answer, but read all of them !

Problem.(19 points) The number of vehicles entering a roundabout (rond point) is
modeled by a Poisson process N of parameter A > 0. Namely, N; is the number of
vehicles that have entered the roundabout during the first £ minutes. The corresponding
sequence of jump times is (7;);>1.

1.

Given that exactly ¢ vehicles entered the roundabout within the first ¢ minutes,
give the probability that at least k vehicles have entered the roundabout within
the first s minutes, with ¢ > k£ and ¢t > s. Express the result in terms of s,¢,¢
and k. [1,5pt|] Show that it can be interpreted in terms of a binomial distribution.
0,5pt]

Because of works on the roundabout, its access will be closed during a time duration
of h minutes starting from time t,. Vehicles will still arrive according to N but will
have to queue and wait. We want to ensure that the maximal number of vehicles
queuing is strictly less than K > 1 with probability p € (0, 1).

(a) What it the probability that a vehicle arrives exactly at time ¢, 7 [1pt]
(b) Set .
0;i = TN, +i — (TN, +i—11zay + tolfiz=1y)-

Show that ¢, is distributed according to an exponential distribution of pa-
rameter A.|1.5pt| Then, show that (d;);>1 is an iid sequence, by induction.
[1,5pt]



(c) Set
Tn = ZSZ and Nt = Z 1{Ti§t}‘
i=1 i>1
Justify that N is a Poisson process with parameter \. [0,5pt]

(d) Provide a condition in terms of element(s) of (7},),>1 ensuring that the max-
imal number of vehicles queuing on the time interval [t,, t, + h] is strictly less
than K > 1 with probability (at least) p € (0,1). [0,5pt]

(e) How can we approximate the maximal possible duration h by simply using
the quantiles of the Gaussian distribution if K is large ? [1,5pt]

(f) Explain why a good approximation of the number of vehicles queuing is h\ if
h is large. [1pt|

3. We now assume that the size of the vehicles arriving at the roundabout is given
by a sequence of iid random variable (&;);>1. Namely, & is the size of the vehicles
arriving at time 7;. We assume that (&;);>1 is independent of N. We set

éi = SNt0+i'
(a) Show that (&;);>1 is an iid sequence independent of N, with the same law as

(&)iz1-1,5pt]
(b) Given two bounded functions f and g, and k, ¢ € N, show that

E[f(éla cee agk)g(gla ce >S€>] = E[f<él> s ’gk)]E[g(Slv s 75[)]7

|1,5pt] and deduce that (&;);>1 is independent of N. [0,5pt]

(c) Set m :=E[£]. The total length of the queue is given by the process
gt - Zgjlfiﬁt'
i>1

Show that S is a compound Poisson process of parameter A.[0,5pt] What is

the expected queue length after h minutes ?|1pt|
(d) What is the a.s. limit of S,/h as h — oo. [0,5pt]

4. We finally discuss approximations in the case A — co. From now on, we write N>
and S* for N and S to insist on the fact that they depend on .

(a) Let M be a Poisson process with intensity v > 0. Given ¢ > 0, show that
M := (M_)>0 is a Poisson process with intensity c¢y. [1pt]

(b) Deduce from the above that S /) converges a.s. as A — oo and identify the
limit. |1pt]

(c) Assume that o := var[6,]2 < co. What can we say about y/ NS}/ N} —m)
as A — 0o 7 |2pt]



2.

Correction
1. We need to compute P[V,

3, Ne = Ny = £ = j]/P[N,

>
increments of NV,

RNy = €] = 325 PN, = jIN, = (] = $0_, P[N, =
¢]. By independence and the stationnarity of the

P[Ns = j, Ny = Ny = £ — j] = [Ny = j]P[N; = Ny = { — j]

_ [Q\]j oA [(t - 5)%\]€_j CA(t—s)
j! (€= 5)!
and therefore

Y

P[N, > K|N, = (] = i: [5AP s [ = N ey

—— € g€
— (0 — ) [tA]
Y4 .
sI(t — s)t
=S o
j=k

(4, s]/t).

Since 1 — s/t = (t —s)/t, this corresponds to a Binomial distribution of parameters

each T}, has a density.

(a) We need to compute P[3n >1:T, =1t,] =3 -, P[T,

to] = 0 because
(b) We first compute, for h > 0,

P[o; > h] = ZP[Sl > h, Ny, = K|
k>0

= Ploy > h, Ty <ty < T

k>0

k>1

=P[Ts —ty > h]+ > P[Tie1 — to > b, Tj, < to < Tip]
=P[Ty —to > b+ PTip1 —to > h, T < t,),

k>1

because (T, Tr+1) has a density. Then, since Ty1 — T} is independent of Ty,

P[0y > h) = e ) £ N "P[Thpy — T > h+ to — Ti, Ti < o
E>1

to )\kyk’—l
— g Atto) +Z/ o Mhtto—y) AYT
0

e Mdy
=t (k—1)!

to
:eA(h+to)+/ )\efA(hHofy)dy
0

=M,



Hence 51 has an exponential distribution of parameter A. Let us assume that

01,...,0, are iid, and show that it is true for 41, ..., 0p.1. Fix (hi)1<i<ni1 C
[0, oo)”“. Then,

P8 > ha}] = )P0, > hi} N {N,, = k}]

k>0

= S Bl{Tir — t 2 b} 0 {8 = b} 0 (T3 < 1)),

k>0

Since Og4n+1 is independent of (T, Tyi1, (Op+i)2<i<n), We obtain

PN {0 > hi}) = PN {6 > hi} N {N,, = k})

k>0
:P[5k+n+1 > hn-i—l]
S BT — to > i} My 0 > i} 0 (T < 3]
k>0
which, by our induction hypothesis and the same argument as above, leads to

n+1
PO > i} = e Mo N PO {6 > hi} NN, =k} = [[ e
k>0 i=1
This proves the required result.

N is a Poisson process with parameter A\ because (57;)1-21 is an iid sequence
distributed according to an exponential distribution of parameter \.

The condition is P[N,, < K] > p which is equivalent to P[Tx > h] > p.

By the strong law of large numbers, (Tx — KA™1)/(vVK/\) — N(0,1) in law
as K — oo, in which N(0,1) is the centered and reduced Gaussian distri-
bution. Let ¢, be the solution of P[X > ¢,] = p if X ~ N(0,1). Then,

the maximal duration hp is approximated by ¢, = (h — KXYD/(VE/N),
ie. hy = c,VEN ' 4+ KA1

One can apply the law of large numbers for N: N,/h — X a.s. as h — oc.
This means that N, is approximately A for h large.

Take two bounded functions f, g and let us compute

E[f (€1, &)g(Ne)) = BIE[f (ENipars - - i) I N2 ]9 (NG, )]

But, (&n,,.1s-- -1 €N, .,) 8iven Ny, has the same law as (&, . .., &,) because the
&’s are iid and independent of N, . This implies that

E[f (&1, E)9(Ni,)] = E[E[f (&1, ., &)]g(Ne,)] = E[f (&1, ., &)]E[g(Vy, )]



(d)

(a)

(b)

For g = 1, this implies that E[f(y, ..., &)] = E[f(&,. .., &)], which, by arbi-
trariness of f and n, shows that (§;);>1 and (&;);>1 have the same distribution.
Combined with the above equalities, this in turn implies that

Elf (&, &)9(Ne,)] = E[f (€1, &)IE[g(N,,)],

so that (éz)l>1 is independent of N , by arbitrariness of f, g and n.

The equality will imply that (§z)z>1 and (5Z)z>1 are independent. Since N
depends only on (4;);>1, this will show that it is dependent of (;);>1. Let us
now check the required equality.

E[f(&1,--6)9(0r, -, 05)]

:E[E[f(ghvgn)g(gl? g )|NtoH
[E[f(éNto-l-la SR 7£Nto+n) (TNt +1 ™ tos 5Nto+27 s 75Nto+n)|NtoH-
But, given Nt07 (TNto"Fl — to, 6Nto+27 . 75Nto+n) and (§Nt0+17 . ,§Nt0+n) are
independent, thus
[ ( ) (Slvagn)]
- E[ [ (gNtO“‘l? cee 7€Nto+n)’Nto]E[g<TNto+l - tO? 6Nto+27 s 75Nt0+n>|Nto]]‘
Since (§ny,41s-- >Ny, .n) Biven Ny, has the same law as (§1,...,§,) because

the &’s are iid and independent of NV,

]E[f(gh cee 7gn)g(517 s ’Sn)] [f(gh cee 76”)]E[9(TN150+1 - tO? s 75Nt0+n)]
[f(fh---;f )]E[9(51,'~->5n)]'

We know from the above that N is a Poisson process of parameter A and that
(&)i>1 is iid and independent of N. Hence, by definition, Sis a compound
Poisson process of parameter \. We have E[Sy] = E[E[Sy|Nu]] = E[Np&]
because (£Z)l>1 is iid, independent of N and has the same law as (&)i>1. Since
N, is independent of (&;);>1, because so is N, and is a Poisson process of
parameter \, we obtain E[N,|E[&;] which is equal to Ahm.

By the law of large numbers for the compound Poisson process, it converges
to Am.

M ~ P(ctA) because M is a PP()\). The fact that the increments of M are
independent and stationary follows from the fact that it holds for M.

. AT TA 7 A N e Na g
Let us set Ny := N})y so that Ni' = Ny and Sy = > ;7 & = > ;7' & where N

is a PP(1), see the above question. Then, Nyu/A — h as. as A — oo. Since

nt E:.L:l & — moa.s. and Ny, — oo a.s., we deduce that

N)\h 1 Nan
Sh/)\—TN—Zfzﬁhm a.s. as A — 00.



(c) Set Y := {/N)(S}/N} —m). Let ¢ denote the Fourrier transform of the law
of 51. We have, for u € R,

E[e""] = E[E[e

NpIn¢(i——=) — iuy/ Njim
N;;
T Uu / u2 " / 2 S22 by
=N | i—=¢'(0) = == (¢"(0) = (¢'(0))") + o(1/Ny) | —iuy/Nym
N}i\ 2Nh
—>—%202

since m = ¢'(0) and o* = ¢"(0) — (¢/(0))?. By dominated convergence, we
obtain
2

E[emw} e T as A — oo

It follows that Y* converges in law to N(0,0?).



