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INTRODUCTION

Une option est un contrat par lequel le vendeur s’engage a délivrer un
paiement aléatoire G a une date T contre le versement initial d’une prime p a
la date 0.

Dans le contexte du modele de marché complet de Black et Scholes (1973),
le prix de 'option, encore appelé prime, est défini de maniere unique par des

arguments d’arbitrage.

L’idée sous-jacente est la suivante. Supposons qu’a partir d’une richesse
initiale x, il soit possible d’adopter une stratégie financiere v telle que le porte-
feuille associé X™" ait une valeur en T égale a la valeur liquidative de 'option
GG avec une probabilité égale a 1. Dans ce cas, 'option vaut tout simplement z.
En effet, il est facile de vérifier que, si p # x, on peut construire des arbitrages
(c’est-a-dire gagner de I'argent en T' presque sirement avec une mise initiale

nulle).

Malheureusement, en général, tous les actifs contingents G ne sont pas
réplicables : on ne peut pas toujours trouver une dotation initiale x et une
stratégie v telles que X77¥ = G avec probabilité 1. C’est le cas notamment
lorsque le marché est incomplet ou lorsque ’achat, ou la vente, d’actifs est
soumise a des couts de transaction. Dans ce cas, si on se restreint aux con-
ditions d’absence d’arbitrage, il existe une infinité de prix possibles (voir par
exemple Harrison et Kreps 1979, Harrison et Pliska 1980, Delbaen et Schacher-
mayer 1997, Jouini et Kallal 1995a et 1995b).

Il faut donc choisir un critere d’évaluation qui permette de déterminer un

prix unique satisfaisant a la fois ’acheteur et le vendeur.

Il existe une large littérature sur ce sujet et cette these s’inscrit dans ce

cadre.

On peut tout d’abord, étendre l'idée sous-jacente au modele de Black-

Scholes en cherchant la plus petite richesse initiale x telle que l'on puisse
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trouver une stratégie v pour laquelle
X7'>G.

Dans ce cas, il est clair que le vendeur ne prend aucun risque en vendant
I'option au prix x puisqu’il est capable de gérer un portefeuille, partant de z,
dont la valeur en T" est supérieure a celle de 'option.

Ce critere d’évaluation est appelé sur-réplication. Il a été introduit dans
le cadre de marchés incomplets sans cout de transaction par El Karoui et
Quenez (1995) puis largement étudié, notamment par Kramkov (1996). Parmi
les principaux articles concernant les modeles avec cotits de transaction on
trouve Jouini et Kallal (1995a) et (1996), Soner, Shreve et Cvitani¢ (1995),
Levental et Skorohod (1997) et Kabanov et Last (1999).

On peut également utiliser des criteres d’évaluation fondés sur la mazimi-
sation de fonction d’utilité.

L’idée est également tres simple. Supposons que le vendeur ait ’habitude
de gérer son portefeuille en maximisant ’espérance de la valeur terminale d'une
fonction d’utilité U de sa richesse. Si sa dotation initiale est x, il résout le
probleme

VO(x) :=sup EU(X}") .

S’il vend 'option au prix p, son probleme devient
VC(x+p):=sup EUXT " - G) .

On peut alors considérer que le prix minimal acceptable pour le vendeur est
celui pour lequel vendre ou ne pas vendre 'option lui est indifférent en terme

d’utilité espérée. p, appelé prix de réserve, est alors la solution de
Ve (x+p)=Vz).

Cette idée a été introduite par Hodges et Neuberger (1989) puis reprise, par
Barles et Soner (1986) et Davis, Panas et Zariphopoulou (1993) dans des
modeles avec couts de transaction et par Rouge (1997) et Delbaen et al. (2000)

dans le cadre de marchés incomplets sans friction.
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Enfin, il existe un grand nombre d’autres approches mais qui souvent se
ramenent a la précédente pour une fonction U plus ou moins lisse. On peut se

référer en particulier a Féllmer et Leukert (1999a) pour la gestion par quantile.

Dans la premieére partie, on s’intéresse au critere de sur-réplication. Dans
le Chapitre I, on étudie le probleme de cible stochastique suivant.

On considere le processus 7y, = (X7, Y/

Ver Yey), ot X et Y sont & valeurs

respectivement dans IR? et IR et sont les solutions du systéeme d’équations

différentielles stochastiques

dX(s) = (S),l/(s))ds—i—oz (s, X(s),v(s))dW (s)
+/ B (s, X (s=), v(s),0) v(ds, do)
dY(s) = (s),y(s))ds+a (s,Z(s),v(s))dW(s)

+/ (s, Z(s—),v(s),0)v(ds,do)

Ici, v et X sont respectivement une mesure aléatoire et un espace de marques
associés a un processus de point marqué et W est un mouvement Brownien
standard & valeurs dans IR¢ indépendant de v. Etant donnée une fonction g

de IR? dans IR, on explicite
L(t,z) == {ye R : I, Y7, (1) >g(X7,(T)}

I’ensemble des conditions initiales telles qu’il existe un controle v pour lequel
Yl/

t,z,y

(T) > g (Xt”w(T)) On impose des conditions sur les dynamiques telles
que pour tout ' >y € I'(t,x), v € I'(t,z). Cela nous permet de caractériser

cet ensemble en montrant que la fonction valeur associée a sa borne inférieure
u(t,z) = infl{ye R : Iveld, Y, (T)>g(X/(T)} (0.1

est une solution de viscosité discontinue d’une certaine équation aux dérivées
partielles de type variationnelle avec des conditions aux bords obtenues également

au sens de la viscosité. Dans de nombreux cas, cette caractérisation s’avere
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suffisante (voir les exemples étudiés ainsi que les références données dans le
Chapitre ).

Ce modele est une généralisation des modeles usuels de finance mathématique.
On peut par exemple supposer que X" correspond au processus de prix d’actifs
financiers, Y” a celui d’un portefeuille et que le controle v correspond a une
stratégie de portefeuille. On peut noter que la dépendence de X en v permet
notamment d’appliquer ce modele a des problemes de grand investisseur dans

lesquels la stratégie financiere v peut avoir un impact sur I’évolution des cours.

Ce probleme a déja été traité par Soner et Touzi (2000a) dans le cas d'une
diffusion Brownienne sans saut (voir également Soner et Touzi 2000b). Le fait
d’ajouter des sauts permet, d’'une part, de tenir compte d’un certain nom-
bre de modeles financiers contenant des processus a sauts et, d’autre part,
d’appliquer nos résultats a des problemes de couverture en assurance comme

nous le montrons a travers un exemple.

Dans la littérature, ce type de probleme a été généralement étudié via des
arguments de dualité qui permettent de se ramener a un probleme écrit sous
forme standard (voir par exemple Cvitani¢, Pham et Touzi 1999a et également
le Chapitre II de cette these). Cependant, il n’est pas toujours possible de
trouver une formulation duale (c’est le cas par exemple dans le probleme de
couverture avec contraintes Gamma étudié par Soner et Touzi 1998). Par
ailleurs, le nouveau principe de programmation dynamique di a Soner et Touzi
(2000b) permet de dériver les équations aux dérivées partielles associées au
probléme de cible (0.1) de maniere plus directe. C’est cette approche que nous

utilisons.

On peut noter que les résultats obtenus par Soner et Touzi (2000a) reposent
en grande partie sur la continuité des trajectoires de Z. L’introduction de sauts
génere un certain nombre de difficultés supplémentaires qui apparaissent es-
sentiellement dans les preuves des propriétés de sous-solution (a Uintérieur du
domaine et au bord). Toutefois, on montre comment 'introduction de temps
d’arret permet d’isoler la composante discontinue et ainsi, en quelque sorte,

de gérer séparément les parties continues et discontinues. On applique des ar-
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guments similaires & ceux de Soner et Touzi (2000a) a la premiere composante

et on introduit de nouveaux arguments pour traiter les sauts.

Dans le Chapitre II, on étudie également un probléeme de sur-réplication
mais cette fois dans un modele financier avec couts de transaction propor-
tionnels. Ce n’est pas un cas particulier de celui étudié dans le Chapitre I
(méme si on montre comment on peut s’en approcher) dans la mesure ou les
dynamiques et les controles sont de nature tres différente. En effet, dans les
modeles avec cott de transaction, on est obligé de différencier dans le porte-
feuille les composantes (X?); investies dans les actifs (S); correspondants.
Lorsque les cotits de transaction sont proportionnels, chaque composante est

solution d’une équation différentielle stochastique de la forme

d
X, = o'+ | X224+ L= 1+ )LY, (0.2)
Jj=1

Xy, = 2, i=1,...,d,

o LY est un controle correspondant au montant cumulé des transferts en
argent depuis le compte investi en actif S* vers celui investi en actif S7 et \¥
est le cotit proportionnel payé pour chaque transfert.

On suppose que la valeur liquidative de I'option s’écrit g(Sr) ol ¢ est une
fonction de IR? dans IR?. Ainsi, on tient compte des cas ol le paiement aléatoire
est réalisé par livraison d’actions (par exemple, g(S7) = (0,...,0,5%,0,...,0),
i.e. on doit livrer 'actif S%). Puisque les valeurs terminales du portefeuille et
de l'option sont vectorielles, il est nécessaire de se doter d’une relation d’ordre
partielle > sur JR? qui permette de les comparer. La relation introduite par
Kabanov (1999) a une interprétation économique treés naturelle. En effet, on
aura xr = y s’il est possible, en tenant compte des cotits de transaction, de
construire un portefeuille z, a partir de x tel que :L';) > ¢y pour tout i = 1,...,
d. C’est-a-dire que, partant de x, on peut au moins constituer le portefeuille
Y.

Le probleme de sur-réplication s’écrit alors

inf{we R : 3L, Xy = g(S7)} (0.3)
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avec 1; = (1,0...,0)". Il correspond a un probleme de cible stochastique
multivariée avec frictions.
Lorsque S suit une diffusion Brownienne, on montre que la solution de ce

probleme existe et coincide avec celle de
inf {w € IR : 3L constant sur (0,7], X&'t~ g(ST)} :

La stratégie optimale est donc la suivante. On constitue un portefeuille en
t =0, i.e., en général, dLy = ALy = Ly — Lo # 0. Puis, on maintient sa
composition (en nombre d’actions) constante jusqu’en 7', i.e. L; = Ly pour
tout 0 <t < T. C’est ce que 'on appelle une stratégie buy-and-hold. Le prix
de sur-réplication est égal a celui de la stratégie de couverture buy-and-hold
la moins chere.

On donne également une formule fermée permettant de calculer ce prix.
C’est une extension au cas ot S est a valeurs dans IR¢ du résultat de Cvitani¢,
Pham et Touzi (1999b) (voir également Soner, Shreve et Cvitani¢ 1995 et
Levental and Skorohod 1997).

On donne deux possibilités de démonstration. La premiere utilise, comme
dans le Chapitre I, la programmation dynamique directe. On relie le probleme
de cible avec frictions a une famille de problemes de cible auxiliaires définis sur
des marchés fictifs sans couts de transaction. On utilise ensuite la program-
mation dynamique directe sur les problemes auxiliaires et on montre que le
supremum des fonctions valeurs associées est sur-solution discontinue de vis-
cosité d’'une équation de Hamilton-Jacobi-Bellman. On peut ainsi obtenir une
borne inférieure pour le prix de sur-réplication en travaillant directement sur
I’équation de H.-J.-B. On montre finalement que celle-ci correspond au coft
de la stratégie de sur-réplication buy-and-hold la moins chere.

La seconde utilise la formulation duale du probleme comme dans Cvitani¢,
Pham et Touzi (1999b). On utilise la programmation dynamique associée au
probleme de controle standard obtenu par dualité, on dérive une équation de
H.-J.-B. puis on conclut comme dans la premiere preuve.

Dans les deux cas, I'aspect multidimensionnel génere un certain nombre de

difficultés techniques qui ne sont pas apparentes dans le modele unidimension-
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nel de Cvitani¢, Pham et Touzi (1999b) : la paramétrisation du marché fictif et
de la formulation duale nécessite une étude préalable du polaire du cone (con-
vexe fermé), dit de solvabilité, introduit par Kabanov (1999) ; les arguments de
viscosité et la caractérisation de la stratégie de sur-réplication buy-and-hold
la moins chere obtenus dans Cvitani¢, Pham et Touzi (1999b) doivent étre
généralisés au cadre multivarié. Tout ceci nécessite un usage intensif d’outils

d’analyse convexe.

Dans la deuxieme partie, on étudie le probleme d’évaluation par fonction
d’utilité en présence de couts de transaction proportionnels. On suppose que
X suit la dynamique (0.2) ou maintenant S est une semi-martingale. Dans un

premier temps, on s’intéresse aux probléemes d’optimisation

VO(x,m) = sup BU" (((X7H))
L

VY a,n) = sup EU" (K(X%’L—G)),
L

ou U" est une fonction d’utilité et ¢(z) est la valeur liquidative du portefeuille
x, c’est-a-dire le montant en actif non-risqué maximal que ’on peut obtenir a
partir de x apres liquidation des actifs risqués détenus dans le portefeuille.
Lorsque G = 0 et U" définie sur (—k,00) ce type de probleme est bien
connu. L’approche classique consiste a étudier un probleme dual plus simple
a résoudre. On montre qu’il y a existence dans ce dernier et on en déduit
I’existence dans le probleme initial. Cette technique a été introduite par Cox
et Huang (1989) et Karatzas, Lehoczky et Shreve (1987). En marché incom-
plet sans friction, les résultats les plus généraux ont été obtenus par Kramkov
et Schachermayer (2000). Pour les modeles avec cotts de transaction propor-
tionnels, on peut se référer par exemple a Cvitani¢ et Wang (1999) qui traitent
le cas d’un seul actif risqué, et a Deelstra, Pham et Touzi (2000) qui étudient
des fonctions définies de IR? dans IR dans le cadre de marchés multivariés.
Toutefois, lorsque U" est définie sur IR, les techniques habituelles ne fonc-

tionnent plus. Le seul article traitant ce cas pour des fonctions d’utilité quel-
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conques est Schachermayer (2000) dans le cadre de marchés incomplets sans
friction. Il n’y pas de résultat pour les modeles avec cotts de transaction.

L’introduction de 'actif contingent G # 0 engendre elle aussi certaines
difficultés techniques. Dans Delbaen et al. (2000), la forme particuliere de
la fonction d’utilité, exponentielle, et I’absence de frictions permettent de les
contourner par un simple changement de mesure de probabilité. Une telle
technique n’est que partiellement applicable dans notre modele.

Dans le Chapitre IV, on prouve qu’il y a existence pour ce probleme
lorsque G est borné et U"(x) = —e™". Ceci nous permet de caractériser le
portefeuille optimal en terme d’actif contingent (ou limite d’actifs contingents)
attaignable(s) et également de donner une formulation duale pour le prix de

réserve
p(x,n) = inf {w €eR : VYx +wly,n) > Vo(sc,n)} .

Comme dans Schachermayer (2000), ce résultat est obtenu en approchant le
probleme initial par une suite de problemes V;, définis sur une suite de fonctions
dont les domaines sont bornés inférieurement et pour lesquels 'approche par
dualité classique fonctionne.

La difficulté consiste a prouver la convergence des fonctions valeurs et des
stratégies optimales associées aux problemes auxiliaires vers la fonction valeur
et la stratégie optimale du probleme initiale. Comme dans Schachermayer
(2000), on montre que I'optimum, méme s’il ne correspond pas toujours a un
actif attaignable, peut néanmoins étre approché par une suite de stratégies
bornées inférieurement. L’attaignabilité est obtenue sous certaines conditions
sur S.

Les techniques utilisées ne semblent pas reposer de maniere cruciale sur la
forme spéciale de la fonction exponentielle comme c’est le cas dans Delbaen
et al. (2000). Les résultats d’existence et de dualité devraient donc pouvoir
étre étendus, au moins lorsque G= 0, a une classe plus générale de fonctions
d’utilité définies sur IR et voir méme a des fonctions non strictement concaves
en combinant les approches de Schachermayer (2000) et de Deelstra, Pham et
Touzi (2000) avec la notre.
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On peut noter que pour U"(x) = —e~ "™ n coincide avec I’aversion absolue
a I'égard du risque —(U")'/(UM)". Cela signifie que plus 7 est grand et moins
I’agent choisit une stratégie risquée. A la limite, lorsque ce parametre tend
vers l'infini, 'agent devrait donc choisir une stratégie sans risque, c’est-a-dire

une stratégie pour laquelle le portefeuille associé ne contient aucun actif risqué.

Ainsi, dans le probleme auquel V° est associé, on peut penser que, lorsque
I’aversion tend vers l'infinie, la stratégie optimale consiste a se débarrasser
immédiatement de tous les actifs risqués du portefeuille. La valeur terminale
du portefeuille optimal devrait donc tendre vers ¢(x). De méme, p(z,n) devrait
tendre vers un prix pour lequel I'agent ne prend plus aucun risque en vendant

I'option, c’est-a-dire vers le prix de sur-réplication.

Cette conjecture a été émise en premier par Barles et Soner (1996) puis
prouvée par Bouchard (1999) dans un cadre markovien par le biais d’une étude
asymptotique d’équations de H.-J.-B. associées au probleme. Rouge (1997) et
Delbaen et al. (2000) ont obtenu le méme résultat pour des modeles de marchés

incomplets sans friction.

Dans le Chapitre IV, on montre comme corollaire des formulations duales
associées a V& et VO que p(x,7n) tend effectivement vers le prix de sur-
réplication augmenté de la valeur liquidative ¢(x) (cette derniere composante
provenant du fait que I'on compare V¢ & V°). Ce résultat est généralisé pour
des actifs contingents GG plus généraux et pour des stratégies financieres moins

contraintes dans le Chapitre V.

L’argument économique précédent devrait étre valable quel que soit le choix
de la fonction d’utilité. Dans le Chapitre VI, on le généralise pour une famille
de fonctions comprenant notamment les fonctions CRRA! en plus des fonctions
CARAZ? qui correspondent aux fonctions de types exponentielles étudiées dans
les Chapitres IV et V. Nous pensons que ce résultat peut étre obtenu par des

arguments similaires dans le cadre de marchés incomplets sans friction.

Lconstant relative risk aversion, —z(U")"” /(U")" = constante
2constant absolute risk aversion, —(U")”/(U")" = constante
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Dans la troisieme partie, on s’intéresse a la résolution numérique de

problemes de controle stochastique de la forme

sup & [f(X7)]

ou X" est processus controlé par v.

Une approche relativement classique lorsque X" suit une diffusion consiste
a caractériser la fonction valeur associée au probleme comme solution (dans un
certain sens) d'une équation aux dérivées partielles puis a essayer d’en déduire
les controles optimaux par des théoréemes de vérification (voir par exemple
Fleming et Soner 1992).

Malheureusement, cette approche conduit souvent a résoudre des équations
non-linéaires en grande dimension, ce qui est tres cotiteux, voir parfois impos-
sible, d'un point de vue numérique.

On montre, a travers un exemple, comment 'utilisation conjointe de tech-
niques de Monte-Carlo et de régression non-paramétrique permet d’obtenir
une bonne approximation des controles optimaux. Les résultats obtenus ne

sont que préliminaires et se basent sur une étude encore en cours.
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ORGANISATION GENERALE DE LA THESE

Le coeur de cette these est organisée selon les trois parties introduites

précédemment.

Dans la premiere partie, chaque chapitre est introduit séparément car les
problemes étudiés sont de natures légerement différentes. Dans la seconde
partie, les différents chapitres font ’objet d'une introduction commune. La

troisieme partie ne contient qu’un seul chapitre.

Les notations générales sont définies juste avant le premier chapitre. Les

références sont données a la fin de la theése.

Le plan général de cette these est le suivant :
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Etant donnés x et y dans IR", on note par xy le produit scalaire naturel

associé et par |- | la norme correspondante.

Etant donnés x € IR" et n > 0, B(z,n) est la boule de rayon 7 associée a

| - |. On note B la boule fermée associée a B.

Etant donné un vecteur x € IR", sa i-éme composante est dénotée .
IM™P désigne l'ensemble de toutes les matrices réelles ayant n lignes et p
colonnes. Etant donnée une matrice M € IM™P, on note M%¥ la composante
correspondant & la i-eme ligne et & la j-eéme colonne. IM"" désigne le sous-
ensemble de IM™P dont les éléments ont toutes leurs composantes positives. Si
n = p, on note simplement IM™ et M7 pour M™" et M". Comme IM"™? peut
étre identifié a IR", on définit la norme sur IM™P comme celle des éléments

associés de IR™P,

La transposition est dénotée par . Etant donnée une matrice carrée M &

IM™, on note Tr[M] := I | M" sa trace.
Etant donnés n réels x1, ..., x,, on note Vect|[z;, i = 1,...,n| le vecteur de
IR"™ défini par les composantes z1, ..., x,. Pour tout x € IR", diag|x] désigne

la matrice diagonale de IM™ dont le i-eme terme diagonal est 2. Etant donnée
une matrice M € IM™P, on note M la matrice dans IM™ TP obtenue & partir
de M en ajoutant une premiere ligne de 1. On utilise la méme notation sur
R

On note 1; le vecteur de IR™ défini par 17 = 1 si j = i et 0 sinon.

Etant donnée une fonction C?, ¢, de IR™ dans IRP, on note Dy la matrice
Jacobienne de ¢, i.e. (D)"Y = d¢'/027. Six = (y,2), Dy désigne la matrice
Jacobienne (partielle) de ¢ par rapport & y. Dans le cas p = 1, on note D?p la
matrice Hessienne de ¢, i.e. (D?*p)" = 0%*p/dz'dz7. Si x = (y,z), on définit
les matrices D} ¢, D?,¢ et D2 ¢ de la méme maniere.

Etant donne une fonction u, on notera u* (resp. u,) sont enveloppe semi-
continue supérieurement (resp. semi-continue inférieurement).

Etant donné un espace de probabilité filtré (0, F, P,{F;, 0 <t < T}), un
réel p > 0 et K C IR? on note LP(K,F;) 'ensemble de toutes les variables

aléatoires F;-mesurables a valeurs dans K dont la norme L? est finie. Cette



32 NOTATIONS

notation est étendue de maniere naturelle aux temps d’arréts. Pour p = 0,
LY(K,F;) est 'ensemble de toutes les variables aléatoires F;-mesurables a
valeurs dans K. Si K est donné par le contexte, on utilise parfois la nota-
tion LP(t). Sit = T, on écrit simplement L? ou LP(K) pour K C IR?. On
dénote par M(P) I'ensemble des P-martingales adaptées a IF.

En général, si rien n’est précisé, toutes les inégalités entre variables aléatoires
sont a considérer dans le sens presque sir.

On utilisera la convention inf ) = +oo.
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Chapter 1.

Stochastic targets with mixed
diffusion processes and viscosity

solutions

Let Z/, be a IR 1 -valued mixed diffusion process controlled by v with initial
condition Z;_(t) = z. In this paper, we characterize the set of initial condi-
tions such that Zy, can be driven above a given stochastic target at time T'
by proving that the corresponding value function is a discontinuous viscosity
solution of a variationnal partial differential equation. As applications of our
main result, we study two examples : a problem of optimal insurance un-
der self-protection and a problem of option hedging under jumping stochastic

volatility where the underlying stock pays a random dividend at a fixed date.

35



36__ CH I. STOCHASTIC TARGETS WITH MIXED DIFFUSION...
1 Introduction

Let Z;, be IR™'-valued process controlled by v with initial condition Z},(t)
= z. A general stochastic target problem consists in finding the set of initial
conditions z such that there exists a control process v, belonging to a well
defined set of admissible controls, for which Z}_(T') reaches a given target, say
for example a Borel subset of IR,

In this paper, we consider a general mixed diffusion model for the process
zZy, = (X{,, Y%,), where X is R%-valued and Y is IR-valued. We address the
problem of finding the minimal initial data y such that Yy, (T) > g(X7,(T))
for some admissible control v, where g is a JR? — IR measurable function. We
prove that the associated value function is a discontinuous viscosity solution of
a well suited variationnal partial differential equation with boundary condition
obtained in a viscosity sense, i.e. we generalize the results obtained in the
Brownian diffusion case by Soner and Touzi (2000a).

This problem has been addressed in financial mathematics in the super-
replication literature (the first component of Z is the portfolio process and the
others, for instance, the prices of risky assets). In contrast with the previous
literature, we do not make use of duality arguments which allow to reduce it
to a standard control problem. Instead, we use a direct dynamic programming
principle directly stated on our stochastic target problem. The reason is that
a duality formulation is not always available (this is the case, for instance, for
the problem of super-replication under Gamma contraints studied by Soner
and Touzi 1998).

Since our goal is only to characterize the value function in terms of PDE’s,
we do not try to prove any comparison result for the associated variationnal
partial differential equation. Such a characterization as already proved to be
sufficient in many applications (see for instance Bouchard and Touzi 1999).
Moreover, unicity and continuity are shown to hold in two applications of our
main result. In the first one, we study a problem of optimal insurance under
self-protection. In the second, we study a problem of option hedging under

jumping stochastic volatility where the underlying asset pays a dividend at a
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fixed date t; and where the dividend revision process has jumps.
The rest of the paper is organized as follow. The general model is described
in Section 2. In Section 3, we state our main results. The proofs are reported

in Section 4 to 7. Finally, in Section 8, we provide some applications.

2 The Model

Let T' > 0 be a finite time horizon, ¥ a Borel subset of IR, and v(dt,do) =
v(dt,do) + ...+ vi(dt,do) the sum of independent integer valued Y-marked
right-continuous point processes defined on a complete probability space (2,
F, P). Let W be a IR%valued standard Brownian motion defined on (2, F, P)
such that W and v are independent. We denote by IF' = {F(t),0 < ¢ < T} the
P-completed filtration generated by (W.,v(-,do)) and we assume that F(0) is
trivial.
The random measure v(dt, do) is assumed to have predictable (P, IF')-intensity
kernel m(do)dt such that [, m(do) < co and we denote by 0(dt, do) = v(dt, do)
— m(do)dt the associated compensated random measure.

Let U be a compact subset of IR? with non empty interior and U be the
set of all [F-predictable processes v = {v(t),0 <t < T} valued in U.

Given a control process v € U, t € [0,T] and z = (z,y) € R? x IR, we
define the controlled process Z;, = (X{,,Y},) as the solution on [¢,T] of the

t,x

stochastic differential system :

dX(s) = (S),V(S))ds—i—oz (s, X(s),v(s))dW(s)
+/ B(s, X (s—), v(s),0) v(ds, do)
dY(s) = r(s,Z(s),v(s ))ds+a (s, Z(s),v(s))dW(s)
+/ (s, Z(s—), v(s),0) v(ds, do)
Z(t) = (2.1)

where p, v, 3, 7, b and a are continuous with respect to (¢,v,0) € [0, T]xU x X,
Lipschitz in ¢, Lipschitz and linearly growing in the variable z, uniformly in the

variables (¢,v,0), and bounded with respect to o. This guarantees existence



33 CH I. STOCHASTIC TARGETS WITH MIXED DIFFUSION...

and uniqueness of a strong solution Z;, to the stochastic differential system

(2.1) for each control process v € U.

Let g : IR — IR be a measurable function. Our stochastic target problem

is
u(t,z) = infI'(¢,x)
where
L(t,z) = {ye R : Ivel, Y}, (T)>g (X7, (T) }.

Here, g (X;’x(T)) can be viewed as a stochastic target.

Remark 2.1 Notice that
P o(S\ supp(m), [0,]) > 0] = 0.
Hence, we may assume, without loss of generality, that 3 = supp(m).

Assume that the infimum in the definition of w is attained and let y =
u(t,r). Then, we can find some v € U such that Y, (T) > g (X;’m(T))
Hence, if we start with 3’ > y, we should be able to find some v/ € U such
that Y, ,(T) > g (Xt”;(T)) If this property does not hold (which can be the
case in a jump diffusion model) we are not able to characterize the set I'(¢, x)
by it lower bound w(t, x).

Hence we assume that, for all (¢,z,y,vy') € [0,T] x R? x R x IR,
y >y and y € I'(t,z) = ¢ € I'(t,z).

By standard comparison arguments for stochastic differential equations, it will
hold in particular if b is independent of y (see e.g. Protter 1990). It will also
hold in most financial applications as soon as there is a non-risky asset.
Under the above assumption, for each [0, 7]-valued stopping time 6 and
control v € U, u(f, X, (0)) corresponds to the minimal condition, when start-

ing at time #, such that the stochastic target can be reached at time T'. This
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means that, if v is finite, given y > u(t,x), we can find a control v such that
YI/

ey (0) > u(0, XY, (0)) for any [0, T]-valued stopping time 6 (see Proposition

4.1 below). Assume that u is smooth and denote by Du the gradiant of v with
respect to x. Applying [t6’s Lemma to u shows that the only way to control

the Brownian part of Y}, () — u(-, X{,()) is to define v(-) in a Markovian

way by v(-) = (-, X{,(), ¥i%, (), Du(-, X{,(+))) where, for all (t,z,y) € [0,T]
x R x IR,

Y(t, x,y,-) is the inverse of the mapping v — a (¢, z,v)a(t, z,y, V).

Hence, we assume that, either, « is invertible and v is well defined, or, a = «

= 0.

3 The main results

We differentiate the mixed diffusion case to the pure jump case.

3.1 The general mixed diffusion case

In this part, we assume that v is well defined (see the previous section) and
that U is convex. We introduce the support function 6y of the closed convex
set U :

ww(() = supC/V . (e R,

velU

and U, the restriction to the unit sphere of the effective domain of &
Uy = {CeR", [/ =1, () e R} .

Clearly, U, is equal to the unit sphere of IR%. We use this notation since part
of our results hold without the compacity assumption on U.

Notice that U and Int(U) may be characterized in terms of U, :

veU<= xy(v) > 0 and veInt(U) < xy(v) > 0,
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where

Xu(v) := inf <5U(§) — Q'y) .

¢ely

Remark 3.1 The mapping v € U — xy(v) is continuous. This follows from

the compactness of U.

Given a smooth function ¢ on [0,7] x IR¢, v € U and o € X, we define the

operators :
Cho(t,x) = r(t,a, ot ), v) — %—f(t,x) ot 2, v) Dolt, )
—%Trace (D%(t, 2)a (1, 2, v)alt, o))
G*o ot x) = bt x,0(t,x),1,0) — o (b + Bt 2, v,0)) + o (¢, )
Tp(t.a) = min{infG""p(t.2) s w(v)}
Hp(t,x) = min{L(, z); T"p(t,z)}

where Dy and D2y denote respectively the gradiant and Hessian matrix of ¢

with respect to . We also define :

Gp(t,x) = G"p(t,z) forv=1(t,z,o(t,x),Dp(t x)),
Tolt,a) = T'p(tx) forv=(t,z,o(t,z), De(t,z)
Ho(t,x) = H'p(t,x) forv=1y(t,z,o(t,x), Do(t,x)),
and we naturally extend all these operators to functions independent of ¢ by

replacing ¢ by T' in the definition of v.

We can now state our main results.

Theorem 3.1 Assume that u* and u, are finite. Then, the value function u

is a discontinuous viscosity solution on (0,T) x IR? of :
Ho(t,z) = 0. (3.1)

The nonlinear PDE reported in the above theorem does not provide a
complete characterization of the value function u. To further characterize it,

we need to specify the terminal condition. From the definition of w it is clear
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that u(T,z) = g(z) but we know that u may be discontinuous in 7T". Therefore

we introduce :

G(z) := limsupu(t,2’) and G(x) := liminf u(t,2’) =€ R

1T,z —z T x! —x

Theorem 3.2 Let the conditions of Theorem 3.1 hold. Then, if G is finite, it

is a viscosity supersolution on IR® of

min {¢(z) - g.(x) ; Te(z)} = 0, (3.2)

and, if G is finite, it is a viscosity subsolution on IR® of

min {p(x) — g*(2) ; Tp(x)} = 0. (3.3)
Remark 3.2 We can retrieve the results of Soner and Touzi (2000a) by setting
b=p3=0.
We do not have a general comparison result for (3.1)-(3.2)-(3.3). Anyway, we
show through examples that this characterization may be sufficient in financial

applications (see our Example Section, the Example Section in Soner and Touzi
2000a, Bouchard and Touzi 1999, Soner and Touzi 1998, and, Touzi 2000).

Theorems 3.1 and 3.2 are proved in Sections 4 and 5.

3.2 The pure jump model

We now assume that « = a = 0. We can rewrite Theorem 3.1 in a simpler

way without assuming that U is convex.

Theorem 3.3 Assume that u* and u, are finite. Then, the value function u

is a discontinuous viscosity solution on (0,T) x IR? of :

sup min {ﬁ”gp(t,x) ; lIelg Q”’”gp(t,x)} = 0. (3.4)

velU

Notice that since @ = 0, we have

0 ,
Loplta) = r(ta,plta),v) = 27 (t2) - plt,a,v) Delt,a)
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Theorem 3.4 Let the conditions of Theorem 3.3 hold and assume that G and
G are finite. Then :

H.(G(x)) := min {Q(m) — g«(z) ; sup in£ Q”"’Q(x)} >0,z R (3.5)

velU o€

H*(G(z)) := min {G(x) — g"(x) ; sup Helg g”’”G(x)} <0,reR". (3.6)
velU 9

In contrast to Theorem 3.2, the boundary condition is obtained in the clas-

sical sense (in opposition to the viscosity sense). This comes from the fact that

it does not contain any derivative term.

In general, we are not able to prove that G = G, and, even if g is continu-
ous, we have no general comparison result for continuous functions satisfying
both (3.5) and (3.6). Nevertheless, the intuition is that if g is continuous and
G = G =: G, then G should be interpreted as the smallest solution of (3.5)-
(3.6). In this case, and under mild assumptions, we can construct explicitly a

sequence of functions that converges G.

The existence of a smallest solution for (3.5) is easily obtained under (3.7)

below.

Proposition 3.1 Assume that there exists a strictly increasing function h on

IR such that for all (z,v,0) € IR? x U x ¥, the mapping
y—y+b(T,z,y,v,0) — h(y) is increasing. (3.7)

Assume further that there exists a finite function f satisfying H.(f) > 0 on
R4,

Then, there exists a lower-semicontinuous function ¢ such that H.(¢) > 0
on IR* and such that { < f for all function f satisfying H.(f) > 0 on IR?, i.e.
(3.5) admits a smallest solution which is lower-semicontinuous. Moreover, we

have H,({(z)) = 0 for all x € IR%.
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Remark 3.3 (3.7) implies in particular that for all finite function f
y— y+sup,pinfoen 0T, z,y,v,0) — f(z + 5(t, z,v,0))

is strictly increasing. Hence, given (yi,v2) € IR? and a finite function f such
that

y1+sup12£b(T,x,y1,V,U)—f(m—i—ﬁ(t,x,l/,a)) 2 0

velU 9

Yo + sup 1r€1£ (T, z,y2,v,0) — f(x+ B(t,x,v,0)) < 0,
veU 9

(3.7) implies that y; > y,. Moreover, if such y; and y, exists, from the conti-
nuity of b in y, uniformly in (v, o), we can find some y (which is unique) such
that

y+sup inf b(T,z,y,v,0) — f(x + (t,z,v,0)) = 0.
velU oeY

Remark 3.4 In Section 7, we construct explicitly a sequence of functions

converging to ¢, provided that it exists.

We now provide sufficient conditions under which we can explicitly charac-
terize the boundary condition. The assumptions of the following proposition

are quite strong but it gives the intuition for the general case.

Proposition 3.2 Let the conditions of Theorem 3.4 hold. Assume that g
is continuous and that there exists a continuous smallest solution € of (3.5).
Assume further that there exists a neighborhood V' of T and a classical super-
solution w of (3.4) on V. x IR? such that, for all x € R, limyr, p—p w(t, ')
= w(T,x) = {(x) and for all (t,z) € V x IR

Yy +— y -+ sup 1I€1£ b(t,x,y,v,0) —w(t,x + B(t,z,v,0)) is strictly increasing.
velU 9

(3.8)
Then, G =G = /.

Remark 3.5 If we combine the conditions of Propositions 3.1 and 3.2, we
obtain that G=G= ¢ where / is the solution of H,(¢) = 0.



4 CH I. STOCHASTIC TARGETS WITH MIXED DIFFUSION...

Proof. Fix (t,z) € V x IR? and set 2 := (z,y) where y := w(t, ). w satisfies
onV x IR%:

sup min {E”w(t,x) ; 1r61£ g”"’w(t,x)} > 0, (3.9)

velU

Define for all n € IN\ {0}, the sequence of stopping times :

0, = T/\inf{s>t ; AZZZ(S)#O}
Onir = TAinf{s>0, : AZY (s) #0} ,

where the control process v is defined in a markovian way as v(-) = v(,
XY, (+), Y.(-)) and ©(t, ) is the argmax in (3.9) for all (t,z) € V x IR?. Using
(3.9), the fact that y = w(t, z) and standard comparison results for stochastic
differential equation, we get that Y}, (6) -) > w(fy -, X{, (61 -)). By (3.8)
and (3.9) again we obtain that Y}, (61) > w(01, X7, (61)). Using a recursive
argument, we get that, for all 7 > 1, Y}",(6;) > w(0;, X{,(6;)). This proves
that : Y7 (T) > w(T, X{(T)) > ((X{,(T)) = g(X{,(T)). Hence, by definition
of u, for all (t,z) € V x R w(t,x) > u(t,z) and {(x) = limyp . w(t, ')
> lim supyp 0, u(t, ) = G(x) > G(x), where the last inequality is obtained
by definition. The result is finally obtained by noticing that, by definition of
¢ and Theorem 3.4, G > /. O

Finally, we give some conditions under which we can easily prove the con-

tinuity of the smallest solution for (3.5).

Proposition 3.3 Under the conditions of Proposition 3.1, if g is uniformly
continuous and b and 3 are independent of (x,vy), then the smallest solution ¢

of (3.5) is uniformly continuous.

The rest of the paper is devoted to the proofs of these results as well as
some applications. Theorem 3.3 is proved as Theorem 3.1 up to some small
modifications that we explain at the end of the different parts of the proof of
this last theorem. Theorem 3.4 is proved in Section 6. Propositions 3.1 and

3.3 are proved in Section 7. In Section 8, we provide some applications.
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4 Proof of Theorem 3.1

The proof of the viscosity properties stated in the previous section is mainly
based on a direct dynamic programming principle proved in Soner and Touzi
(2000D).

Proposition 4.1 Fiz (t,z) € [0,T] x IR%.
(DP1) Lety € IR and v € U be such that Y}, (T) > g (Xt”m(T)) . Then, for
all stopping time 60 > t, we have :

YV

t7x’y

0) > u(0,X7,00)

(DP2) Sety :=u(t,z) and let >t be an arbitrary stopping time. Then, for
allv el andn >0 :

P [Y”

t,x,y—n

(0) >u (0, X7,(0)] < 1.

Proof. (DP1) is a direct consequence of Theorem 3.1 in Soner and Touzi
(2000b). To see that (DP2) holds, fix (t,y,z,n,0) as in the proposition an

assume that
PV, ,0)>u(0,X0,0)] = 1.

for some v € U. Then by Theorem 3.1 in Soner and Touzi (2000b) and defi-
nition of u, y —n > u(t,x) and we get a contradiction since y = u(t,z) and

n > 0. a

We now state the easy lemma that will be useful in the subsequent proofs.

Lemma 4.1 Fiz (t,2) € [0,T] x R and let (v,),, be a sequence inU. Then
for all sequence (t,,t,, zn)n (with t, <t ) converging to (t,t,z),

v, : 2
sup Z;", (s) — z in L.
tn <s<t!,
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Proof. Let C be a generic constant that may take different values. Using the
Lipschitz and linear growth condition on the coefficients of the diffusion of Z,

it is easily checked that for all ¢, <t <t :
Blzv () < © (1 bl 4+ E/tt |Zt”:,2n(s)|2ds> |
By Fubini’s theorem and Gronwalls Lemma, this yields :
BIZg, (P < CO+]al?). (4.1
Now, using the conditions on the coefficients again, we get :

2
Bl swp |7t (s) =2l < |z 2P+ CE [ |20 (s)Pds
’ tn nH»~n

tn,zn
tn <s<th,
and by (4.1) :
Bl sup |Zpr, (s) = 2" < e — 2P+ O — ta) (1 + |2a]*) -
tn <s<th
The proof is concluded by sending n to oo. O

4.1 Viscosity supersolution property
Fix (to, 7o) € [0,T) x IR? and let ¢ € C?([0,T], IR?) be such that :
0 = (u. — @)(to.z0) = min(u, — )
Ist Step . Let (t,,,) be a sequence in [0, 7] x IR? such that :
(tn,xn) — (to,mo) and wu(tn,z,) — u.(ty,x9) asn — oo .

Set yo := @(to, o), 20 := (T0,Y0), Yn :=U(tn, Tn) + 1/n, z2p = (X0, Yn), Bn =
Yn — ©(tn, r,) and notice that

B, — 0 asn—00.

From the definition of the value function and the fact that y, > u(t,,z,),
there exists some v, in U such that Y, (T') > ¢ (Xt’:j,xn (T)) . Let 6, be
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some (t,,T)-valued stopping time to be defined later (see 2nd Step), then
(DP1) of Proposition 4.1 yields :

Y2, (6n) > u (6, X2, (60))

tn»zn tnyxn

Since u > u, > (, it follows that :

Yo (Bn) 2 ¢ (‘gm Xiv (en)>

By definition of process Y;.", together with It6’s Lemma, this provides :

On
0<p4,+ r (s, Zt”:’Zn(s), Vn(s)) -7 (s, Xﬁjwn(s), o(s, X;an(s)), Vn<8)) ds

tn

+ " L) (s, X/r (s)) ds (4.2)

tn tn,Tn
On

+ N [a (s, zZ, (s), l/n(S)) -« (s, X (8), Vn(s)) Dy (s, X (s))]/ dw (s)

* tjn /2 <b (S’ Zyr,, (5=), va(s), a)
b (5. X0, (57). (s, X7, (57)) va(5). 0) ) w(ds, do)

On
[ g (s X, (5-)) v(ds, do)
)5 o

2nd Step. We now choose a suitable sequence of stopping times 6,,. Let n be
such that 0 < n < T —t,. Denote by By the IR 2-ball of radius 1 centered at

(to, z0). From our assumptions on the coefficients 5 and b, we have :

v = sup (|B(t,z,v,0)|+ |b(t,z,y,v,0)]) < o0.
BoxUx%

We then define the ball :
N = B((to,2),n+27),
as well as the sequence of stopping times :
T, := inf {s >t (s, Zt”:Zn(s)) ¢ N} :

Clearly, since 7y describes the largest immediate jump of process Z}, for (¢, z) €

By, we have 7, > t, for all n > 0. Also from Lemma 4.1, since (t,,z,) —
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(to,20), the process Z} _ (.) converges P-a.s. (possibly along some subse-

quence) to Z . (.) uniformly on compact subsets. This implies that

t0,20

1
liminf(r, —t,) > =(ro—1t) > 0 . (4.3)

n—o0 2

We now define the sequence (6,,),>1 by
O, = TaA(tn+hy),

where h,, is defined as follows.
(i) If the set {n > 0: 8, = 0} is finite, then there exists a subsequence renamed
(Bn)n>0 such that 5, # 0 for all n. So we may assume that 5, # 0 for all n

and we set h, := \/[3,.
(ii) If the set {n > 0 : B, = 0} is not finite, then there exists a subsequence

renamed ((,)n>0 such that 5, = 0 for all n. So we may assume that 5, = 0
for all n and we set h,, := 1/n.

Notice that in both cases (3, /h, — 0 as n tends to oco.

3rd Step. We now define a family of equivalent probability measures which will
be used in the 4th Step. For (v,0) € U x X, we define :

X(v,0) = Wgregtyz)<oy -

Fix some integer £ > 1, and define for all ¢, <t < T :
tAOn ,
MEE) = € < / —k(a—aDg) (s, 2., (), va(s)) AW (s)
tn

+ /E (k X(vn(s),0) + k71 — 1)ﬁ(ds,d0>) :

(recall that ¥ is the compensated measure associated to v, see Section 2).
Notice that

—k(a —aDy) (s N Op, Z, (8N On), vn(s A Qn))

is bounded for all s > ¢,,. Hence, we clearly have E {Mﬁ(T)} = 1, and we can
define a probability measure Q% equivalent to P by :

dQF /dP = M*(T) .
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By Girsanov’s Theorem
/' / (v(ds, do) — (k x(vn(s),0) + k_l)m(da)ds>
tn Jx
is a QF — martingale, and
AOn
/ dW (s) + k(a — aDy) (s, zZr ., (s), l/n(s)) ds
tn 3Zn

is a Q*- stopped Brownian motion.
Moreover, arguing like in Lemma 4.1, it is not difficult to see that for all

k, there exists some C' > 0 such that
sg;l;EyM;f(T)\? <C (4.4)
E(MET) = 1)2 < Clty + hy —£) — 0 asn — 00 .

Hence, for all k,

MKT) — 1 P—as. asn— oo (4.5)

(after possibly passing to a subsequence that we relabel as the original one).
We shall denote by E* the expectation operator under Q.

4th Step. Taking expectation in (4.2) under Qf and noticing that all the

integrands are bounded on [t,, 0, leads to

On
0<p3,+ Eﬁ/t T (s, Z,Z::Zn(s), Vn(8)> —r (S,Xt”:,%(s), gp(s,Xt”:@n(s)), Vn(8)> ds

+EF " £ (s, X (3)) ds

tn tn,Tn
—kE" /tg a (5.2, (s).va(s)) — o (5. X2, (8).vals)) Do (5. X7, ()| ds
+EF /9n / (kx(va(s),0) + k1) b (s, Zin,, (5), vals), o) m(do)ds

tn %

—E* /tj /E (kx(un(s), o) + k-l) b (3, X7 (8),0(s, X0 (), va(s), g> m(do)ds

+E), /ten/Z (kx(yn(s), o)+ ki_l) Grnlog (s, X;Z‘@n(s)) m(do)ds .
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Now, dividing the last inequality by h,, sending n to infinity, and using
(4.4)-(4.5), we get by uniform integrability (after possibly passing to a subse-

quence)

1 [n
0< E | lim _/ r (57 Ztl::zn(s)v Vn(s)) -r (S,X]szn<8),@(S,ngxn(s)),yn(s)) ds

n—00 hn tn

We now use the following result whose proof is reported later on.

Lemma 4.2 Let 9(t,z,v,0) : [0,T] x R x U x ¥ — IR be a locally
Lipschitz function in (t, z) uniformly in (v,0) € U x X. Then, for t,, zy, by, Oy

defined as above, we have :
1 [
—/ / [zb <S,Zf"z (s),yn(s),a) —@Z)(to,zo,l/n(s),a)} m(do)ds — 0
hn tn ) ny,en

P — a.s. along some subsequence as n tends to oo.

From the previous lemma, we get :

1 o
0 < liminfh—/ Hy(to, 20, vn(s))ds , (4.6)
n—oo n tn

where
Hy(to, z0,v) = Lp(to,z0) — kla (to, z0,v) — a (to, xo, V) D (to, x0)|2
£ [ (b, ) + 57) 677 (to, o) m(der)

We next use the following standard argument due to Lions (1983) : denoting
by Hx(to, z0) the closed convex hull of the set Hy(tg, z0,U), it follows from
(4.3) and (4.6) that :

0 < supHi(ty,20) = sup Hg(to, 20,v) .
velU
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Since U is compact, there exists some v, which attains the supremum on the
right-hand side for each integer £ > 1. By possibly passing to a subsequence,
we can assume that the sequence (1), converges to some v € U. Then, by

sending k to infinity, we see that :

0
0

IN

El)gp (tO) 20, l;)

G"7¢ (to, 20,0,.)"  m(do) — a.e.

IN

0 < —la(to,20,7) — a(to, xo, V) Dy (to,x0)|2 )

The proof is completed by recalling that the function G*?¢ is continuous in

variable o. O

Remark 4.1 The proof is similar in the pure jump case.

Proof of Lemma 4.2. Let C be a generic constant. Since 1 is locally

Lipschitz in (¢, z) uniformly in (v,0), and m(X) < oo, we have :

hin /tjn /E ’@D (S, Zt’/:,zn(s)a l/n(S), U) — ¢ (to, 20, l/n(S), U)‘ m(dg)ds

1 07L
< O [ (1s = tol + 125, (5) — zl) s
< C <hn + [t —to| + sup |Zt’;"zn(3) _ Zo|>

tn <s<tn+0n

< C <hn+|tn—t0|+|zn—zo|+ sup Zt”s%(s)—zno )

tn<s<tn-+hn

The proof is completed by using Lemma 4.1. O

4.2 Viscosity subsolution property

Let o € C*([0,T] x IR?) and (o, z) be a strict global maximizer of u* — .
Without loss of generality, we may assume that (u* — ¢)(tg, z9) = 0.

We argue by contradiction. Set yo := ¢(to, Zo), 20 := (Z0,Y0), and assume
that

—

2 = H(,D(to,l’o) > 0.
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Then, from our continuity assumptions, there exists some n > 0, such that for
all (t,x) € By := B((to,0),2n) and 6 € [-n, 7] :

—

H(p+0)(t,z) > €. (4.7)
Let (tn, n)n>0 be a sequence such that :

(tn,zn) — (to,z0) and wu(t,,z,) — u*(to,xo)

as n tends to oo. Set ¥y, := u(t,, x,) —n~1, 2, := (,,y,) and notice that

U(tn, 2p) — 0" — @(tn, ) tendsto 0 as n tends to oo . (4.8)

Since (ty, zn,) — (to, 20), we may assume without loss of generality that (¢, 2,)

€ By := B((to,20),n). In order to alleviate the notations, we shall denote :
Zo() = (Xa().Ya() = 2., ()

the state process with initial data (¢,,z,) and feedback control process i,(-)
= (-, X, (), Yu(+), Do(+, X,(+))) (existence of Z, follows from our Lipschitz
and linear growth assumption on the coefficients of the diffusion uniformly in
v, see Section 2). Notice that from (4.7) and the characterization of U in terms

of its support function (see Section 3)
(s, X(5)) € By and |Y,,(s) — ¢(s, Xn(s))| <n] = wn(s) €U . (4.9)
Define the stopping times :

07 = T Ainf{s>t, : AZ,(s)#0},
07 = T Ainf{s>t, : |Yau(s) — (s, Xn(s))| >n} .

Denote by Z¢ the continuous part of Z,,. Since 67 is the time of the first jump

of Z,, we have :
Za(sNOI-) = ZS(sANB), s>t (4.10)
Finally, define the sequences :

o = TAinf{s>t, : (5,X,(5)) &€ Bo} , 0, = Ta N NGO
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together with the random set J, := {w € Q : 7, < 6 A0%}. Notice that
from the definition of 6, (4.7) and (4.9) for all s > ¢,

Un(sNO,") €U
e < (SN0, Zu(SANOL), (s A 0y7)) + LMD 5 (s A= X(s A 0,7))
—r(sANO0,, Xou(sNO0,7), (s N0, Xo(sANOL))  un(sAO,7))  (4.11)
e < ;Ielgb(s/\en‘, Zn(SNOp~ ), vn(s N O,7),0)
+GVn N0 (5 A0, Xp(s A 6,7))
—b(sNO,, Xn(sNO, ), 0(sNO,~, Xp(sNOL7)) s vn(sNO,7),0) .

By (4.10), applying 1t6’s Lemma to ¢ on [t,,6,) leads to

(P(en_aXn(en_)) = So(tml'n)"i_ anr<37X7CL(5>790(57XrCL(8))’ﬁn(s))ds

tn
On .
— [ (s, X (s))ds
tn

+Dp(s, X;i(s)) als, X5 (s), Du(s)) AW (s) ,

where by definition of Y,,, v, and 7,

Yo(bh—) = yn+ :n (s, Z5(8), Un(8))ds + d'(s, Z5(5), Up(s))dW (s)
= u(ty,z,) —n "t
0 )
+ . (s, Z5(8), Un(s))ds + Dp(s, X5(s)) a(s, X:(s), Un(s))dW (s) .

Then, by a standard comparison result on the dynamics of (-, X, (-)) and
Y,.(+), the definition of 7, 6,, and (4.11), we obtain :

ValBum) = @0 Xal6=)) > ultnr) = — pltn, ) >~ (412)

where the last inequality is obtained by taking some sufficiently large n and
using (4.8).

We now provide a contradiction to (DP2) at stopping time 6,, for some

large n. We study separately the case where w € J,, and the case where w €
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VA
Case 1, on J,: Define

—C = sup (u"—o)(t ) (4.13)

(t,z)€0pBo

where 0,B, stands for the parabolic boundary of By, i.e. 9,8y := [to — 21,10+
2n] x 0B(x0,2n) U {to + 2n} x B(xg,2n). Since (tg, o) is a strict global

maximizer of u* — ¢, we have { > 0.

Recall that on 7,,, 64 > 6, = 7,,. Hence, from (4.10), Z,,(-A6,,) is continuous
on J,. Together with (4.12) and the fact that v < w*, this leads to

Yo(0n) — w(On, X0n(0,))] Uz, = [Ya(7n) — w(Tn, Xu(m))] Uz,
> [o(Tn, Xa(1h)) — w* (T, X (70))
Fu(tn, ) — 1" — @(tn, xn)} Iz, .

Since by continuity, (7,, X, (7)) € 0,80, on J,, (4.13) implies that

Yo (6) = (B, Xn(0))] Wz, > [+ ultn, ) = 07" = (b, )| 1,

Using (4.8) and assuming that n is large enough, this proves such that :
(Yo (0,) —u(0,, X, (0,))] 17, > ((/2)1l5, for some ¢ >0. (4.14)

Case 2, on J¢: Recall that on J¢, 6, = (64 A6%). From the definition of 62,
(4.10) and (4.12), we have

[Ya(0n) — 0(0n, X0 (00))] ]Ijﬁﬂegwﬁ; - [YnCWZ) — (05, chz<02))] HJT?HeglL<9$L
= nlig (4.15)

6% <67,

On the other hand, on J¢ N {64 > 09}

Yo (0n) — (0, X0 (0n))

= Yn(ej 7) - 90(0%77 Xn(gj 7))

n n
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AR ACEN USRI UAN)
+ [ GBI (03, X, (03)0({6}, do)
S LS AUSREUAS AUSINACSRIECAN D

Using (4.11) and (4.12), this proves that
1

Finally, by (4.8), the fact that u < u* < ¢ and (4.15), this proves that we can

find some n such that :
Yo (0n) — u(by, Xn(0,))] Lge > (/2 Amp)l ze for some € > 0 and 7 > 0.(4.16)

Conclusion of the proof. We can now conclude the proof. By (4.14), (4.16)

and assuming that n is large enough, we get

VAN
Yal0h) = w0 Xa(6)) = =5 Can 0.
Since, y,, < u(ty,z,) and ,(- A 6,,) € U, this contradicts (DP2). 0

Remark 4.2 The result is proved by similar arguments in the pure jump case.
It suffices to define 7, as the constant process equal to (g, zo), where D(to, x¢)

is the argmax of

max min {E”gp(to,xg) ; ing g”’”go(to,xo)} .
oe

velU

5 Proof of the terminal condition

We split the proof of Theorem 3.2 in different lemmas.

5.1 Terminal condition for G

Lemma 5.1 For all z € RY, we have G(z) > g.(x).
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Proof. Fix z € R? and let (¢,,z,) be a sequence in (0,T) x IR? such that
u(tn, z,) tends to G(x) as n tends to oco. Set y, := u(t,,z,) + n~'. By
definition of the stochastic control problem w(t,, x,), there exists some control
v, € U such that :

tn,Tn,Yn tn,Tn

Y () = g (X, (D)

Now, observe that Z;" (T) — (x,G(x)) P-a.s. as m — oo after possibly

tn,Tn,Yn

passing to a subsequence (see Lemma 4.1). Then, taking limits in the last
inequality provides :
G(r) > lminfg(x') = g.(x).

-z

Lemma 5.2 Let vy € IR? and f € C*(IR?) be such that :

0 = (G—f)(wo) = min(G - f)(z).

rcIRd

Then,

Proof. Let f and xy be as in the above statement. Let (s,,&,), be a sequence
in (0,7) x IR? satisfying :

(Sn7€n> - (T7'r0)7 Sn<T and U*(Sn,gn) - Q(IO) :

The existence of such a sequence is justified by the fact that we may always
replace u by u, in the definition of GG. For all n € IN and k > 0, we define :

T—t
T—5s,

k
Phlt) = fl@) = Slo—wf +

Since the function f is continuous in (¢, z, ), bounded in ¢ and U is compact,

we see that :

no o= Sup{|ﬁ(t,x,a,y)| : JEE? VEU? |t—t0|+|l‘—l’0|SC} < 0,
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where C' > 0 is a given constant. Let By denote the closed ball of radius 7
centered at xy. Notice that for t € [s,, T], we have 0 < (T — t)(T — s,)" ' <
1, and therefore :

lim limsup sup |k (t,2) — f(z)] = 0. (5.1)
k=0 n—oo (t,2)€[sn,T]x Bo

Next, let (tk

k. 2F) be a sequence of local minimizers of u, — ¢ on [s,,T] x By

and set ef = (u,— k) (tk 2k). We shall prove later that, after possibly passing

to a subsequence :

forall k>0, (t5 %) — (T,z0), (5.2)
forall k>0, t* < T for sufficiently large n , (5.3)
w, (5, 2F) — G(20) = f(20) as n—oocand k — 0. (5.4)

First notice from (5.2) and a standard diagonalization argument, that we
may assume that z¥ € IntB;. Therefore, by (5.3), for all k, (t5,2F) is a

sequence of local minimizers on [s,,, T') x IntB.
Also, notice that from (5.1), (5.2) and (5.4)

forall k>0, DgF(tF a%) = Df(ak) — k(2* —2¢) — Df(x0) , (5.5)
and lim lim eF = 0 . (5.6)

k—(Q n—00
Hence, for sufficiently large n, using Theorem 3.1, (5.3) and the fact that
(t

k k) is a local minimizer for u, — ¢¥, we get,

T(o+ etk zF) > 0 forall ne N, k>0.

n»*'n

The statement of the lemma is then obtained by taking limits as n — oo, then
as k — 0, and using (5.1), (5.2), (5.4), (5.5), (5.6) as well as the continuity of
the involved functions.

In order to complete the proof, it remains to show that (5.2), (5.3) and
(5.4) hold.

Notice, from the convergence assumption on (s, &,), that we can find some
large integer N (independent of k) such that for alln > N and k£ > 0 :

k
(u*_(Pﬁ)(Snagn) = u*(5n7§n>_f<£n>+§|£n_x0|_k < —5 < 0.
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On the other hand, by definition of the test function f,
k
(uy — ") (T,x) = G(x)— f(x) + §|[E —x0> > 0 forall z € R®.

Comparing the two inequalities and using the definition of (t*,z*) provides
(5.3).
For all k > 0, let #¥ € By be the limit of some subsequence of (z¥),. Then

by definition of xq, we have :

0

IN

(G — (") = (G = f)(xo)
T —tk

k
< liminf(u. — @p) (8, 25) = (e = @0)(8n, &) = Gl = 2o + k= — k.
n—00 — S,

Since s, < t* < T, it follows from the definition of (&, 2%) that :

n—00 2

k
< —§|Jrk—xol2 <0,

This proves that we must have x* = g, and therefore (5.2) holds since the
convergence of the sequence (t£),, to T is trivial. Notice that the two last terms

in the previous inequality tend to 0. This proves that

liminf(u, — ) (tE, 2%) = 0

>
N—00 n

which, together with (5.1) and (5.2), implies (5.4), after possibly passing to

some subsequence. O

5.2 Terminal condition for G

Let f be in C%(IR?) and zy € IR? be such that

0 = (G—f)xg) = Ir]%%lx(strict)(é —f).

We assume that

~

min {f(xo) — g (xo); Tf (mo)} > 0, (5.7)
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and we work towards a contradiction to (DP2) of Proposition 4.1 in the 4th
Step of this proof.

1st Step. Fix some arbitrarily small scalar ¢ > 0 and define on [0,7] x IR? :
o(t,x) = f(z)+cz—aol>+ (T —1t)2

Notice that for all z € IR® :

dp(t, x)
ot

— —o0 as t—T. (5.8)

Recall that r, Dy, D%*p, a and p are continuous and therefore locally
bounded. Hence, we may assume by (5.8) that for all (¢,z,y) in a suitable
neighborhood of (7', xg, f(xo))

r(t,z,v) —r(t,z,o(t,x),v)+ LYo(t,x) > 0 forallvelU. (5.9)

Now, notice that ( is bounded uniformly in ¢ on any neighborhood of
(T, zo) and that (T, z¢) = f(zo). Hence, by (5.7) and by taking a sufficiently

small ¢, we may assume that ¢ satisfies :
o(T, x9) — g"(x9) >0 and 1r€1£ G (o)(T,z0) > 0 .

Then, by upper-semicontinuity of g*, continuity of ¢, and continuity of b and
£ uniformly in o and v, there exists some € > 0 and some 1 > 0 such that for
all (t,x) € By :=[T —n,T] x B(xg,n) and § € [-n,7] :

o(t,x)+6—g"(xr) >e and 1I€1£ G o+06)(t,z) >e .

Finally, by using (5.9) and by taking a sufficiently small 7, we may assume
that for all (¢,x,8) € Byx [—n,n)] :

min {go(t, z)+6—g*(z) ; Hip+ 5)(t,x)} > €. (5.10)
2nd Step. Let (s,,&,) be asequence in [T—n/2,T)x B(xq,n) C By satisfying :

(Sn,&n) — (Tyxo) , $p<T and u*(sp,&,) — G(xo) .
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Let (t,,z,) be a maximizer of (u* — ¢) on [s,, T]x B(x¢,n) C By. For all n,

let (t*, 2%), be a subsequence in [s,,, T] x B(zq,n) satisfying :

n’'n

(tF 2Py — (tn,x,) and u(th,zk) — u*(t,, ) .

n»“'n n»'n

We shall prove later that

(tn,xn) — (T,xz0) and u*(t,,x,) — G(xg) (5.11)

and that there exists a subsequence of (t¥, 2%);. ., relabelled (¢!, z,), satisfying :

(t,al) — (T,x0) and wu(t,, ) — G(x) , where for all n, ¢/, < T (5.12)

n’“*n n»'n

3rd Step. Consider the sequence (¢, x} ) of the 2nd Step. Set v/, := u(t],, ) )—

n»rn

-1 /

n~', zl = (2!, y!) and notice that

u(t!,xl) —n"t — ot ,2) tendsto 0 as n tendsto oo . (5.13)

n’»*n n»*n

Hence (t/, z!)) — (T, xo, f(x¢)) and we may assume without loss of generality

n»n

that (¢, 2) € Int By and that |/, —p(t!, 2 )| < n for all n. In order to alleviate

n»n nr'n

the notations, we shall denote :

Zn() = (Xa(),Ya() = Z7..()

the state process with initial data (t/,, 2/) and control process v, (-) := (-, X,,(.),

n»n

Y. (), Dp(+, Xn(+))). Recall that by (5.12), t/ < T for all n and define the stop-

ping times :

07 = TAinf{s>t, : AZ,(s)#0} ,

0l = TAEs > £ ¢ ¥a(s) — s, Xals))] 2 1)
T, = TAnf{s>1t, : (s,X(s)) & Bo} ,

O, = TaA (07 NOD).

together with the random set 7, := {w € Q : 7, < (64 A69)}. Finally, define

—(¢:= sup (G—f)(z).

x€0B(x0,n)
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Since g is a strict maximizer and (G — f)(xq) = 0, we have ¢ > 0.

4th Step. We can now prove the required contradiction. Arguing like in Sub-
section 4.2 and using (5.10) as well as (5.13), it is easily checked that we can

find some n such that :

Yo(0) — w(n, X0 (6n) = ¢/21g, + (/2 A1z > 0
and (- ANB,) €U on [t,,T].

Since, y,, < u(t), z!) this leads to the required contradiction of (DP2).
5th Step. It remains to prove (5.11) and (5.12). Clearly, ¢, — T. Let z €
[g — m, 9 + n| be such that x, — &, along some subsequence. Then, by

definition of f and xg :

o
Vv

(G =)&) = (G = f)(w0)
> hgisc}ip(U* — @) (tn, Tn) + | — x0’2 — (u" = ©)(n, &n)

2 C|Z)}—$0|220,

where the third inequality is obtained by definition of (¢,,z,). Then, & = xq
and, by continuity of ¢, u*(t,, x,) — G(x0). This also proves that

lim lillgn(tk 2*) = (T,2¢) and lim h}}l u(th, 2y = G(x) . (5.14)

? )
n n n n n

Now assume that card{(n,k) € IN x IN : t* =T} = oo. Since u(T,-) = g(-),

there exists a subsequence, relabelled (%, 2¥), such that :

n»rn

lim sup lim sup u(t*, 2%) < ¢* () .
n k

Since by assumption g*(zo) < f(x9) = G(x0), this leads to a contradiction
with (5.14). Hence, card{(n,k) € IN x IN : tk¥ =T} < oo, and, using a diag-
onalization argument, we can construct a subsequence (2! ), of (t& zk), .

n*’'n

satisfying (5.12). O



62_ CH I. STOCHASTIC TARGETS WITH MIXED DIFFUSION...
6 Boundary condition in the pure jump model

In this section we always assume a = a = 0, i.e. we consider the pure jump
model. We prove that the boundary condition may always be considered in
the classical sense (in opposition to the viscosity sense). This comes from the
fact that, in the pure jump model, the boundary equation does not depend on
the derivatives of the test function.

We first characterize the boundary condition in the viscosity sense.

Theorem 6.1 Let the conditions of Theorem 3.3 hold. Then, if G is finite, it
is a viscosity supersolution on IR® of

min {90(:17) — g«(z) ; sup inf g”’”go(m)} = 0, (6.1)

veU o€X

and, if G is finite, it is a viscosity subsolution on IR® of

min {cp(x) —g*(x) ; sup ing g”"’ga(x)} = 0. (6.2)

vel o€

Proof. This is obtained by similar arguments as in the proof of Theorem 3.2
by using Theorem 3.3. g
The characterization in the classical sense is obtained from the previous

theorem together with the following lemma.

Lemma 6.1 Let f be a finite lower-semicontinuous function on IR®. Then,
for all o € IR, n > 0 and compact subset K of IR? such that B(xy,n) C K,
there exists a sequence (T}, on) e, x>0y € B(zg,n) X C°(K) such that for all
A>0:

Juin (f = eD@) = (F =g = 0.

i, (2, £(2), £2(52)) = (o, £(20). f(20)

n—oo

Moreover for all sequence x, € K such that x,, — x,

lirAn i(I)lf lim inf oMxn) > flx) .



6 BOUNDARY CONDITION IN THE PURE JUMP MODEL 63

Proof. 1st Step. Fix f, ¢ and n as in the previous lemma. From Lemma
3.5 in Reny (1999), there exists a sequence (f,), € C°(K) such that :

folz) < f(z) Ve K and liﬂicgffn(xn) > f(z) Va,—z(6.3)
For all (n,\) € IN x (0, 00), define on K :

on(@) = fal@) = Nzo — 2| = Al f(20) = ful2)] < f(o).
Clearly, ) € C°(K) and, by (6.3), fn(z0) — f(xo) as n — co. This proves
that for all A > 0 :

lim o) zo) = f(x0) . (6.4)

n—oo

Let x) be a minimizer in B(xg,n) of f — ¢). Then :

0 < lminf(f — ¢))(wo) — (f —})() = liminf —(f — &})(2) (6.5)

n—oo n—oo

By construction of ¢ and since f, < f by (6.3), this yields :

0 < liminf(<p;\L — fn)(x,’;) = limsup —A|zg — x2| — Alf(xo) — fn(x;\L)| < 0.

n— 00 -

Therefore, for all A > 0, x) — zq, fu(z)) — f(x0) and ) (2}) — f(z0)
as n tends to co. By (6.5), this also proves that liminf, .., f(x}) < lim, ..
o)(x)) = f(xo). Hence, by lower-semicontinuity of f, we get that f(x)) —
f(zo) (possibly after passing to a subsequence). Finally notice that, since zg
€ B(wg,n) and B(xg,n) is open, we may assume that, for all n, z} € B(xq,n).
2nd Step. Let x, be a sequence in K such that z, — x for some z € K.
Notice that by footnote 35 in Reny (1999), we may assume that f;, is uniformly
bounded from below in n on K. Since f is finite, f, is uniformly bounded in n
on K. Then, by construction of ¢} and (6.3) : li{\nﬂiélf lim inf oNx,) > f(z).

g

We conclude the first part of the proof of Theorem 3.4 by the following

lemma
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Lemma 6.2 Assume that G is finite, then for all x € IR :

G(z)+sup inf b(T,z,G(x),v,0) — G(x + B(T,z,v,0)) > 0.

velU Oo€X

Proof. Fixzy € IR? n > 0 and a compact subset K of IR? such that B(xq,7n) C
K. By Lemma 6.1, there exists a sequence (2, ¢p)men, x>0y € B(zo,n) X
C°(K) such that for all A >0 :

Jnin (G —@p)(@) = (G=¢p)lan) > 0,
(wo,m)

lim (x?L?Q(x?L>7¢2(x?L)) - (ZEO7Q(IO>’Q<xO)) )

n—oo

and such that for all sequence z,, € K such that z,, — =z, li{\n jélf lim inf oMx,)
> G().

Define e := (G — ¢))(x)) and notice that e tends to 0. By Theorem 6.1,
for all (n,\) € IN x (0,00), there exists some v} € U such that for all ¢ € X :

G(xp) + W(T, y, Glap), v, 0) = gy (wn + BT, v, 0)) =€y = 0.

Y Yn) —=— »Yn) T n

Notice that since (3 is continuous and bounded in o, we may assume, possibly
by changing K, that, for all (n, \,v,0) € IN x(0,00)xU %X, 22 +6(T, 2}, v, o)

) n’ n’

€ K. Then, applying the above convergence results, taking limsup as n tends
to co and then sending A to 0 in the previous inequality, we get, after possibly

passing to a subsequence, that for all o € ¥ :
G(zo) + b(T, xg,G(x0), 0, 0) — G(xo + B(T, x0,0,0)) > 0,
for some 7 in the compact set U. g
Lemma 6.3 Assume that G is finite, then for all v € IR :
H'(G(z)) < 0.

Proof. The last result is obtained by using Theorem 6.1, similar arguments as
in the proof of Lemmas 6.1 and 6.2, and by recalling that b and ( are Lipschitz

continuous uniformly in (v, o). O
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7 Existence and continuity of the smallest so-

lution of (3.5)

Lemma 7.1 Under the conditions of Proposition 3.1, (3.5) admits a smallest
solution £. Moreover, { is lower-semicontinuous and satisfies H.({(x)) = 0 for
all x € R,

Remark 7.1 The proof of the last Lemma is based on the construction of an

increasing sequence of lower-semicontinuous functions that converges to /.
Proof. Consider the sequence :

0 = g, andVnelN " = max{g.; Mv"} , (7.1
where for all z € IR?

M (z) =

velU o€

inf {y € R : y+sup in£ b(T,x,y,v,0) —v"(z+ B(T,x,v,0)) > O} :

Ist Step. We first prove that (v"), is a sequence of lower-semicontinuous

functions bounded from above by any finite solution of (3.5), and satisfying

min {v"(x) — g«(x) 5 G(v", v"_l)(x)} =0 (7.2)
for all n > 1 and = € IR?, where we use the notation

G(",v" ) (@) = v"(x) +sup inf b(T, ,v"(z),v,0) ="z + B(T,2,v,0)) .
veU 9

Let w be any finite solution of (3.5). Then w > g, and for all x € IR? :

w(z) + sup ugg (T, z,w(zx),v,0) —w(x+ B(T,z,v,0)) > 0.
vel 9

Recalling that v! = max {g. ; Mv® = Mg.}, it is easily checked by using
Remark 3.3 that, for all x € IR :

min {Ul(x) — g.(2) ; G(v', vo)(m)} =0. (7.3)
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The lower-semicontinuity of v' is then obtained by (7.3), Remark 3.3 as well
as the continuity properties of b and (# and the lower-semicontinuity of g,. The
fact that v'(z) < w(z) is also obtained by Remark 3.3. Finally, all these results

may be easily extended to some arbitrary n > 1 by using a recursive argument.

2nd Step. We now prove that the sequence (v"),, is increasing. Fix n > 1.
Assume that v > v"~!. Then, by Remark 3.3, Mv™ > Mv" 1. This implies
that v" ™! = max {g, ; Mv"} > max {g. ; Mv" "'} = v". The desired result
is obtained by noticing that v' > g, = v .

3rd Step. Notice that by Step 1 and Step 2, for all z € IR?, the sequence
(v™(x))y, is increasing and bounded from above. Hence, it converges to {(z) :=
sup,, v"(z). Since by Step 1, for all n, v™ is lower-semicontinuous, this proves
that ¢ is lower-semicontinuous. Finally, using Step 1 again, we see that ¢ < w

for any solution w of (3.5).

4th Step. We conclude the proof by showing that ¢ satisfies H,(¢(x)) = 0 for
all z € IR?. Assume that we can find some & € IR? such that :

H,(6(7) = 26 >0

for some v € U. Recall that for all z, 3(T, z,-,-) is bounded. Then, from the
convergence result in Step 3 and the uniform continuity property of b, there

exists some n € IN such that for all 0 € X :
min {o" () = g.(2) ; GO 0" (@)} > e

and we get a contradiction to (7.2) by taking the infimum over o in the last
inequality. This proves that H,(¢(z)) = 0 on IR%. O

Lemma 7.2 Under the conditions of Proposition 3.3, the smallest solution ¢

of (3.5) is uniformly continuous.

Proof. Consider the increasing sequence (v"), of the proof of Lemma 7.1.

We claim that (v™), is uniformly equicontinuous. This is sufficient for ¢ to
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be uniformly continuous since (v™),, converges pointwise to ¢. Indeed, for all
e > 0, there exists some 7n(¢) such that for all n, (z,y) € IR*? with |z —y| <
n(e),

[0"(z) —v"(y)| <€

and therefore

[0(z) = £(y)| < lim [£(z) = o™ (2)| + 0" (2) = " (y)] + [v"(y) = £(y)]

n—oo

< lim [f(z) —o"(@)| + e+ " (y) = )| =< .

n—oo

We now prove that (v"),, is uniformly equicontinuous. Since g is uniformly
continuous, for all € > 0, there exists some 7(g) > 0 such that for all 2y € IR,
x € B(zo,n(¢)) implies that g(z) € B(g(xp),¢). Fix 2y € IR? and recall from
the previous proof that

min {v' (z0) — g(xo) ; G(v',g)(z0)} = 0,
with G defined as in the previous proof. Then, for all z € B(xg,n(¢))

min {Ul(.fl'(]> —g(x)+¢e; G g)(x) + v (zg) — v () + g} > 0.

By construction of v! and Remark 3.3, this proves that v'(z) < v!(zg) + .
Also notice that

min {vl(xo) —g(x) —e; G(v*, g)(x) + v () — v (x) — 6} < 0,

and then v'(x) > v'(zg) — . From the arbitrariness of xq, this proves that
{g° = 0%, v'} is uniformly equicontinuous. The uniform equicontinuity of (v™),,

is obtained by a recursive argument. O

8 Applications

In this section, we will always assume that the assumptions of Section 2 hold

except when the contrary is explicitly specified.
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8.1 Optimal insurance and self-protection strategies

We denote by U the set of all IF-predictable processes v = {v(t), 0 <t < T}
valued in U:= U; x [0,1]. Fix z:= (t,z,y) € [0,T] x (0,00) x IR. We assume
that the dynamics of Y** and X** is given by

dY? = Y'rds — c(v))ds — n(v2, X7)ds — / (1 — v2)b(XY, 0 )v(ds, do)

B 2
dX! = vlds

together with the initial condition (X;"*,Y;"*) = (z,y).

Remark 8.1 This dynamics is derived from that of Section 2 by setting
pt,z,v) = v r(t,z,y,v) = ry — c(v') — 7(v*,x), a = a =3 = 0 and
b(t,z,y,v,0) = —(1 — 2)b(z, 0).

The economic interpretation of the above model is the following. Consider
the problem of an agent who wants to protect part of his wealth from a depre-
ciation due to a random event modelled by a point process v(-,-) associated
with the mark-space X.

He has the choice between insurance and self-protection. The level of self-
protection is modelled by the controlled process X*. The nonnegative insur-
ance premium 7 is paid continuously and depends on the level of insurance
v? € [0,1] and self-protection X”. We suppose that 7 , defined on [0, 1] x
[0, 00), is Lipschitz continuous, nondecreasing with respect to its first variable
and nonincreasing with respect to its second variable. We assume that loss b
is decreasing with x, that there exists a level & € IR* such that, for all z > 7,
b(z,-) = 0 and that b(z,0) > 0 for all z < Z and 0 € X.

The wealth of the agent Y may be invested in a nonrisky asset with in-
stantaneous appreciation rate r > 0. Y is used to pay the insurance premium,
the non insured losses (1 — v?)b(X",-) and to invest in order to increase the
level of self-protection X”. The instantaneous level of investment is modelled
by the U'-valued control process v, where U'= [0, 7] (with ' > 0), and the

associated instantaneous costs is ¢(v!) where ¢(U') is bounded, ¢(0) = 0 and
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c(v') > 0 on (0,7'].

The aim of the agent is to compute the minimal initial wealth needed in
order to guarantee the non negativity of the terminal wealth Y}, and therefore,

the value function of the associated super-replication problem is :
u(t,r) = inf {y eR : Jveldd, v >0 } :
Using Theorem 3.3 we can easily prove that :

Theorem 8.1 The value function u is the unique continous viscosity solution

on (0,T7) x (0,2) of

o(t,x)r —m(l,x) —

890((;1; D it,a) - o (%) —0.

(Ot )\ _ 1 0e( x)
C( oz )_V%glgl(c(y)%—y ox >

Moreover, 1}in%u(t,az:) =0, for allz € (0,%), and li%rg u(t,z) = 0, for allt €
[0,7].

where

Remark 8.2 Fix (¢,x) € [0,T] x [0, 2). Direct computation shows that f(t,z)
=m(1l,x)/r (1 — exp(—r(T — t)) is the minimal initial capital needed in order
to pay full insurance on [t,T] if the level of self-protection remains equal to
x, i.e. vt = 0. Therefore, if f(t,z) > u(t,z), it is less expensive to invest
in self-protection and the problem is basically a problem of optimal rate of
investment. From an economic point of view, u(t,z) may be considered as a

upper-bound for the discounted price of full insurance.

Proof. We first prove that for all (¢,z) € [0,T] x [0, %] :

0 < wu(t,z) < min (f(t,x), [il—jilx]* (7?(1,:1:')—1—0(51))) . (8.1)

where f(t,z) is defined as in the above Remark. It is clear from the dynamic
of Y” that u > 0. To see that u(t,z) < [x;—fﬁ (r(1,z)+ c(vh)), consider the
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strategy where (V'(s),V2(s)) = (P Ws_y<poujtjot, Us—t<fp_ap+ ) for s € [t, T
and notice that X is non decreasing with X”(t + [ — x]7/P') = Z. Then,
using the fact that 7 is nonincreasing with respect to z, it is easily checked
starting with [2 — z]* /P! (7(1,2)+ ¢(P')) is more than we need to adopt a
full insurance strategy up to TA [# — z|T /! and then a full self-protection
strategy with no insurance from TA [z — z]* /0! up to T.

Boundary conditions. This is a direct consequence of (8.1).

Supersolution property. From (8.1), u, is finite and, by Theorem 3.3, u, is a

viscosity supersolution on (0,7") x (0,%) of

supin {tt, ) l0) ~ 702, ) - 28] p2e8)

31612 —(1— I/Q)b(:v,a)} =0.

Since inf,ex; —(1 — v?)b(z,0) < 0 if x < & and v < 1, this proves that wu, is

also a viscosity supersolution on (0,7") x (0,) of

. a(p(tv .T) _ 1/1 8@(15,:6)

=0.

t,x)r —c(vt) — (1
sup, o, z)r —c(v') —n(L, z) By e

Subsolution property. From (8.1), u* is finite. Then, the fact that u* is a

viscosity subsolution on (0,7) x (0,z) of

(t7 ) (t7 )
R S _ LO$ _ 1 0p(t, x _
jlelpl o(t,z)r —c(v') —n(1, ) ot v pe = 0,

is obtained by arguing as in Subsection 4.2.

Continuity and uniqueness. Recall that r > 0 and 7 (1, -) is Lipschitz continu-
ous. Moreover, from the compacity of U and the boundedness of ¢(U?) it is
easily checked that ¢ is uniformly Lipschitz. Therefore, the result is a direct
application of theorem 4.8 p.100 in Barles (1994). O

8.2 Option hedging under stochastic volatility and div-

idend revision process

We consider a financial market with a non risky asset, normalized to unity,
and a risky asset S that pays a dividend S, 6(Xy,) € F(t1) at time ¢; € (0,7].
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We assume that the dividend anticipation process X may be modified along
the time. The problem consists in finding the minimal initial capital needed
in order to hedge the contingent claim ¢ (Sr) where v is a IR-valued function,
continuous and bounded from below. We assume that the dynamics of S and

X are given on [0,7] by :

dSt = St_ (Oé(t, Sta Xt)dW(t) — 5(Xt)]lt:t1)
dX, = / X b(t, Sy, Xo, 0 )o(dt, do)
D)

where v is a random point process associated with the mark-space ¥, ¢ is
continuous, valued in [0, 6] with § < 1, and b takes values in (—1,1). We also
assume that for all (¢,s,z) € [0,7] x (0,00)* :

(7) there exists some o7 and o9 € ¥ such that b(t, s, z, 01)b(t, s, x,02) < 0.

(17) a(t,s) == sup «aft,s,z) < o0
2€(0,00)
and a(t,s) = i(%f )a(t,s,x) > ¢ for some e > 0.
xe (0,00

Let v be a progressively measurable [F-predictable process valued in a con-
vex compact set U with non empty interior corresponding to the proportion of
wealth Y” invested in the risky asset. Then, under the self-financing condition,

the dynamics of Y* on [0, 7] is given by

as
d)/ty = Vt}/yj (S—t + 5(Xt>]lt—t1> == l/t)/tyOé(t, St, Xt)dW(t) .
t_

Given, (t,z) = (t,s,z,y) € [0,T] x (0,00)? x IR, we denote by (S®?),
X2 Y”’(t’z)) the previously introduced processes with initial conditions (St(t’z)
X v = (s,2,y).

I

The value function associated with the target problem is defined on [0, T]]
x (0,00)? by :

u(t,s,z) := inf {yE R YTV’(t’s’x’y) > @Z)(S}t’s’x)) , for some VGL{} :
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Remark 8.3 Using standard arguments it is easily checked that for all v €
U and (t,2) € [0,7] x (0,00)? x R, Y»*?) is a super-martingale. Therefore,
from the definition of u and the fact that v is bounded from below, u is also

bounded from below.

Notice that our continuity assumption of Section 2 does not hold in this
model because of the term 6(X;)1l;—;, in the dynamic of S. We show in Lemma
8.1 that this difficulty may be avoided.

We first introduce some notations. For all (¢,s,2) € [0,T] x (0,00)%, we

set
Ue(t,s,z) = ( lliI/I)liI(lf )u(t, s x'),
u*(t,s,x) := limsup wu(t,s’, z'),
(s',a")—(s,x)
G(s,z) = liminf  w(t', s, 2'),

1t (s',2") = (s,2)

Gi(s,z) = limsup  wu(t, s, 2').
t'1t, (s',x')—(s,z)

Then we have the

Lemma 8.1 Assume that u* is finite on [0,t,] and Gy, is finite, then Theorem
8.1 holds for u on (0,t1). Moreover, Theorem 3.2 holds for G,, and Gy, with
0.((5,2)) = @by, 5(1 — 8(2)), 2), g ((5.2)) = @ (t1, s(1 — (), ) and T =
t1.

Proof. The proof is similar to that of Theorem 3.1, so we only explain how to
adapt it. First notice that (DP1) and (DP2) hold in our framework and that
there is no discontinuity on the functions driving the dynamic of S on (0, ;).
Since by Remark 8.3, u, is finite, Theorem 3.1 holds for u on (0,¢;). We now
consider the boundary conditions.

Supersolution. First notice that, by Remark 8.3, G;, is finite. From (DP1),
for all (¢,s,2) € [0,t;) x (0,00)? and y > u(t, s, x), there exists some v € U
such that :

Yt >, S, XE) = alt, ST (1= S(XG), X
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So the proof of the supersolution property is similar to that of Subsection 5.1.
It suffices to replace T by t1, g((s,x)) by u(t;,s — sd(z),x) and consider the
continuous part of the state process (S (ts2) X (t’s’x)).

Subsolution. From (DP2), for all (¢,s,z) € (0,t1) x (0,00), y < u(t, s, x) and
v € U such that :

P (YOm0 sty S0 (1= 6(X ), Xi07)) < 1

Hence, we may apply the same kind of contradiction as in the subsolution
property of Subsection 5.2. Here again, it suffices to replace T" by t1, g((s,z))
by u(ty,s — sd(z),z) and consider the continuous part of the state process
(S(t,s,x)7 X(t,s,a})). 0

We can now state the main result of this subsection.

Theorem 8.2 Assume that u* is finite. Then, the value function u is a dis-

continuous viscosity solution on (0,t1) x (0,00) and on (t1,T) x (0,00) of :

min{=920,5) ~ a5 20w (e <0 @2
where

a(t,s) == <a ]Iazg,>0+oz H32w<0> (t,s) .

Assume further that Gy, and Gr are finite, then G, and Gy, are viscosity
super and subsolutions on (0,00) of
: N s
min{(s) = s sl =50 s v (7

2€(0,00) ( g—gp(s)>} = 0, (83)
min{w(s) — sup @'(ty,s(1—d(z))) ;XU< (S)g_f( )>} ~ 0. (84)

z€(0,00)

\_/

and Gy, Gr are viscosity super and subsolutions on (0,00) of

P

. B s Op
min{(9) = 609 0 (25 5206

\_/
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Remark 8.4 Assume that we can prove a comparison theorem for (8.2)-(8.5),
then u is continuous on (t1,7") and we can replace @, and a* by u in (8.3) and
(8.4). We may even expect to have a comparison theorem for (8.2)-(8.3)-(8.4).
In this case, we may be able to estimate u numerically. It suffices to compute
won [t;,T] and then use its value in ¢; to approximate it on [0, ¢;) by using the
boundary conditions (8.3)-(8.4). See Touzi (2000) for conditions under which

(8.2)-(8.5) admits a comparison principle

Proof. First notice that, by Remark 8.3, u,, G;, and G are finite. We only
prove that u, is a viscosity supersolution of (8.2) on (¢;,7"). The other results
are proved similarly by using Theorems 3.1, 3.2 and Lemma 8.1.

Ist Step . We first prove that u, is independent of x. Fix (to, so, zo) € (t1,T)
X (0,00)? and a C?((t1,T) x (0, 00)?) function ¢ such that (¢, so, 7o) is a strict
local minimum for u, — ¢.

Assume that ¢ is locally strictly increasing in x at (¢, sg, o). Then, for
all C' > 0, (to, so, o) is a strict local minimum for u, — ¢ where ¢ is defined
on (t1,T) x (0,00)? by §(t,s,2) = p(t,s,x — C(xr — x0)?).

By Theorem 3.1, this proves that ¢ satisfies :

Ol}elg @(to, 50, 70) — P(to, S0, Zo + wob(to, 50, 70,0)) > 0
Hence,

©(to, S0, o) > sug@(to, 50, To + Zob(to, S0, To, 0) — C(20b(to, S0, T0,7))?) .(8.6)
S

From assumption (ii) there exists some & € 3 such that b(tg, sg, zg, ) > 0.
Since ¢ is C' and locally strictly increasing in x at (sg, zo), we can find some

sufficiently small C' > 0 such that
(50, x0 + 2ab(to, 50,20, 7) — C(xob(to, S0, %0,7))?) > @(s0,0)

which contradicts (8.6). Hence, (0¢/0x)(to, S0, o) < 0.
We can prove similarly that (0p/0x)(to, so, zo) > 0. Hence, u, is a viscosity
supersolution of dp/dxr > 0 and —d¢/0xr > 0. By Remark 8.3 and Lemmas



8  APPLICATIONS 75

5.3 and 5.4 in Cvitani¢, Pham and Touzi (1999b), this proves that u, is inde-

pendent of x.

2nd Step . We now prove that wu, is a viscosity supersolution of (8.2) on
(t1,T). Recall that u, is independent of z. Fix (¢, s0) € (t1,T) x (0,00)
and a C?((t1,T) x (0,00)) function ¢ such that (g, o) is a local minimum for
us — . By Theorem 3.1, for all z € (0,00), ¢ satisfies :

, 0 1 0? sp O
min {—gf<t0,30> — 5sta’(to, s0,2) 5% (to,s0) 5 <¢<t>a@“>>} >0

Consider a maximizing sequence z,, of & (to, so, -)(0%¢/ds*)(to, so) as n tends
to oo. Then, the previous inequality also holds at x,, for all n and the desired
result is obtained by sending n to oo and using the continuity of a with respect

to z. O

Notice that in the case where 0 = 0, the model reduces to a stochastic
volatility one where the volatility is driven by a pure jump process. In this

last case we have the

Theorem 8.3 Assume that § = 0. Assume further that u* is finite. Then,

the value function u is a discontinuous viscosity solution on (0,T) x (0,00)

of :

, %) 1, 0% ' s Oy B
mln{ Y (t,s) 25 a@sQ (t,s); xu S(t.5) D5 (t,s)] =0
where
a(t,s) == <042]L92_¢>0 +Oé21132_¢<0> (t,s) .

8s2 —
Assume further that G is finite, then G and Gp are viscosity super and
subsolutions on (0,00) of

. N T G
i {ot6) 0060 (255200} = 0.

Proof. The result is obtained by the same arguments as in the previous proof.
g
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Chapter 11.

Explicit solution to the
problem of super-replication
with proportional transaction

costs

We! consider a multivariate financial market with transaction costs as in Ka-
banov (1999). We study the problem of finding the minimal initial capital
needed to hedge, without risk, European-type contingent claims. We prove
that the value of this stochastic control problem is given by the cost of the
cheapest buy-and-hold strategy. This is an extension of the already known
result in the one-dimensional case. We show how the result can be obtained
with and without making use of the dual formulation obtained in Kabanov
(1999).

!This chapter is based on Bouchard and Touzi (1998) and Bouchard (1999)

77
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1 Introduction

In the context of the Black and Scholes one-dimensional financial market with
proportional transaction costs, Davis and Clark (1994) conjectured that the
minimal initial wealth needed to super-replicate a European call option is just
the price of one share of the underlying asset. In other words, the cheapest
buy-and-hold strategy solves the super-replication problem. The conjecture
was proved by analytic methods by Soner, Shreve and Cvitani¢ (1995) and
(independently, and for more general models and contingent claims) by Lev-
ental and Skorohod (1997) by probabilistic methods.

In a one-dimensional Markov diffusion model, a simple proof of this conjec-
ture was provided by Cvitani¢, Pham and Touzi (1999) for general contingent
claims. Their approach relies on the dual formulation of the super-replication
cost (Jouini and Kallal 1995 and Cvitani¢ and Karatzas 1996) which reduces
the problem to a singular stochastic control problem in standard form.

In a recent paper, Kabanov (1999) provided an extension of the dual for-
mulation of the super-replication problem to the case of currency markets with
proportional transaction costs. This framework is a natural multidimensional
version of the models discussed above. The multivariate super-replication
problem under transaction costs presents some important difficulties which are
not apparent in the one-dimensional model. In particular, we were not able to
extend directly Cvitani¢, Pham and Touzi’s (1999) proof to this context.

The approach of Bouchard and Touzi (1999) consists in relating the super-
replication problem to some convenient auxiliary super-replication problems
defined on fictitious financial markets without transaction costs. Definition of
such fictitious financial markets is obtained by use of the solvency cone intro-
duced by Kabanov (1999). We can then use a dynamic programming principle
stated directly on the auxiliary problems as in Soner and Touzi (1998, 2000a)
and prove that such a dynamic programming equation allows to character-
ize the value of the auxiliary control problem as a viscosity super-solution of a
suitable Hamilton-Jacobi-Bellman partial differential equation. The remaining

arguments are similar to Cvitani¢, Pham and Touzi (1999).
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An other approach consists in adapting the argument of Cvitani¢, Pham
and Touzi (1999) to our framework. It relies on a new parameterization intro-
duced in Bouchard (1999).

The paper is organized as follows. We describe the model and the super-
replication problem in Section 2. The main results of the paper are stated
in Section 3 with a partial argument. In Section 4, we introduce a parame-
terization of the polar associated with the solvency cone of Kabanov (1999).
In Section 5, we define auxiliary stochastic control problems which are inter-
preted as super-replication problems on fictitious financial markets without
transaction costs. Then, we prove our main result by using the direct dynamic
programming principle. In Section 6, we show how to adapt the arguments of
Cvitani¢, Pham and Touzi (1999) to our multidimensional framework. Finally,

Section 7 contains some examples.

2 Financial market and super-replication

Let T be a finite time horizon and (€2, F, P) be a complete probability space
supporting a d-dimensional Brownian motion {B(t), 0 < t < T'}. We shall
denote by IF' = {F(t), 0 < t < T} the P-augmentation of the filtration
generated by B.

2.1 Financial market with proportional transaction costs

We consider a financial market which consists of one bank account, with con-
stant price process S°, normalized to unity, and d risky assets S := (S%,..., S?)".
The price process S = {S(t), 0 <t < T} is an R%valued stochastic process

defined by the following stochastic differential system :
dS(t) = diag[S(t)]|o(t,S(t))dB(t), 0 <t <T. (2.1)

Here o(.,.) is an IM9%valued function. We shall assume all over the paper

that the function diag[s|o(t, s) satisfies the usual Lipschitz and linear growth
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conditions in order for the process S to be well-defined and that o(t,s) is
invertible for all (¢,s) € [0,7] x (0,00)% We also assume that

PS(u)e A|Ft)] > 0,0<t<u<T (2.2)
for all open subset A of (0, 00)%.

Remark 2.1 A sufficient condition for (2.2) to be verified is that, for all (¢, s)

€ [0,7] x (0,00)¢, matrix o(t, s) satisfies the uniform ellipticity condition
Je>0: |o(t,s)é] > el¢]* forall &€ R*. (2.3)
Notice that, with our notations, S := (S°,S,..., S .

Remark 2.2 As usual, the assumption that the interest rate of the bank
account is zero could be easily dispensed with by discounting. Also, there is
no loss of generality in defining S as a local martingale since we can always
reduce the model to this context by appropriate change of measure (under

mild conditions on the initial coefficients).

A trading strategy is an ]Z\/[i“—valued process L, with initial value L(0—)
= 0, such that LY is JF—adapted, right-continuous, and nondecreasing for all
i,7=0,...,d. Here, L¥ describes the cumulative amount of funds transferred
from asset 7 to asset j.

Proportional transaction costs in this financial market are described by
matrix A € M%. This means that transfers from asset i to asset j are

subject to proportional transaction costs A for all i,5 = 0, ...,d.

Remark 2.3 We may always assume that

(1+A9) < (T+AXM)(1+ A Vi, j, ke{0,...,d} (2.4)
No= 0 Vie{0,...,d} . (2.5)

(2.5) can always be imposed and if we can find some i, j, k € {0,...,d} such
that (2.4) does not hold, we can always replace A by

AT = (14 AFY (14 \) — 1
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since, to transfer money from i to j, it is less expensive to make a transfer for

7 to k and then from £ to j.

Given an initial holdings vector x € IR and a trading strategy L, the
portfolio holdings X% = (X%%),_o 4 are defined by the dynamics :

Xit0-) = o

x

d
IXEH) = XiH0 i) 4 S - 0 ), 0<e<T

for all ¢ = 0,...,d. The dynamics of the portfolio holdings process can be
written alternatively in terms of the number of shares transferred from one
asset to another. Set (% (t) := [LdL¥(r)/S*(r) for all i,j = 0,...,d and k €
{i,7}. Here, €7 (resp. Eéj ) is the cumulated transfer from asset i to asset j
in terms of number of shares of asset ¢ (resp. j). Then, from the previous
dynamics, we get :

d
XPE(t) = o'+ S(t) Z(ﬁ” (1L+ X)) 0<t<T.

2.2 Definition of the super-replication problem

Following Kabanov (1999), we define the solvency region :

d
K;:{xemdﬂzaaeﬂwﬁ“ ‘ Zaﬂ (14 X9)a’ )zo;ogigd}.

The elements of K can be interpreted as the vectors of portfolio holdings such
that the no-bankruptcy condition is satisfied: the liquidation value of the port-
folio holdings z, through some convenient transfers, is nonnegative. Another
economic interpretation is that the portfolio holdings —z can be reached from

zero initial portfolio holdings through some convenient transfers.

Clearly, the set K is a closed convex cone containing the origin. Following
Kabanov (1999), we introduce the partial ordering > induced by K, defined
by :

for all xq, 25 € Rd+1, x1 = xo if and only if 1 — 29 € K.



82 Cu II. EXPLICIT SOLUTION ...

A trading strategy L is said to be admissible for the initial holdings x € IR+

if the no-bankruptcy condition
XE@) = 0 0<t<T (2.6)

holds. We shall denote by A(x) the set of all admissible trading strategies.

A contingent claim is a (d+ 1)-dimensional F(7")-measurable random vari-
able g(S(T)). Here, g maps (0,00)¢ into IR and satisfies

g is lower semicontinuous and g(s) = 0 for all s in (0, 00)? . (2.7)

In the rest of the paper, we shall identify a contingent claim with its pay-off
function g. For all ¢ = 0,...,d, the random variable ¢*(S(T)) represents a

target position in asset 7.

The super-replication problem of contingent claim g is then defined by
v(0,8(0)) i=inf{w € R : 3L € Alwly), X},(T) = g(S(T))} , (28)

i.e. v(0,5(0)) is the minimal initial capital which allows to hedge the contin-

gent claim g through some admissible trading strategy.

Remark 2.4 Given an initial portfolio holding x € IR. We can generalize the
definition of v by setting :

v(0,8(0), ) :=inf {w € R : 3L € Alx +wlo), Xy,0,(T) = g(S(T))} ,

ie. v(0,5(0),z) is the minimal initial cash increment needed to hedge the
contingent claim g when starting with the initial holding x. This generalized
problem can also be solved by the techniques developed in this paper (see the

survey paper of Touzi 1999).

3 Solution of the super-hedging problem

Following Kabanov (1999), we introduce the positive polar of K :

K :={¢e€R"™ : €&2>0, Vx € K} ,
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and we denote by K* the subset of IR? :
K ={rcR" : re K*} ,

i.e. {1} x K* is the section of the positive polar cone K* with the hyperplane
{¢ € R™! : &% =1}. The partial ordering = can be characterized in terms
of K* by

x1 = xo ifand only if 7(z3 —ax9) >0 forall re K*.

Notice that K* is not empty since 1 = Zle 1, € K*. This is easily checked
from the definition of K (by summing up the d+ 1 inequalities, and using the
fact that the transfer matrix a as well as the transaction costs matrix A have

non-negative entries).

Remark 3.1 An important property of the polar cone K* is that K*\ {0}
C (0,00)%*1. This claim will be proved in Lemma 4.1. It follows that K* C
(0,00)".

Remark 3.2 The set K* is a compact subset of JR?. This claim will be

justified in Remark 4.2 of the next section.

Next, we introduce the functions :

G(z) = supryg (diag[r]_lz) for all z in (0, 00)?,
reK*
and
g(s) = sup G"(diag[r]s) for all s in (0,00)%,
reK*

where G°°"¢ is the concave envelope of G.

The main result of this paper requires the following condition.

Assumption 3.1 \Y + M >0 foralli,j=0,...,d, i # j.
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Remark 3.3 Under (2.4)-(2.5), Assumption 3.1 is necessary and sufficient for

K* to have non-empty interior. This remark will be justified in Subsection 7.1.

Theorem 3.1 Under Assumption 3.1, the solution of the super-replication

problem is given by
v(0,5(0)) = 9(5(0)) .

The proof of the last result will be provided in the subsequent sections of
the paper. We now give an economic interpretation of the result.

Let w > 0 be some initial capital. A buy-and-hold strategy is an admis-
sible strategy L in A(wlp) such that the number of shares of the i—th asset
X051 (t)/S(t) is constant over the time interval [0, 7], for all i = 0,...,d. In
other words, the number of shares induced by the strategy L is unchanged
during the time interval [0, 7], so that no transfers are operated after time 0.

The cost of the cheapest buy-and-hold strategy is clearly given by :

h(S(0)) = inf{we R : IA e R, wly = diag[S(0)]A
and diag[z]A > g(z), for all z in (0, oo)d} .

Theorem 3.2 For all s in (0,00)%, we have §(s) = h(s).

Finally, as a direct consequence of the last two Theorems :

Corollary 3.1 Under Assumption 3.1, the value of the super-replication prob-
lem 1s the cost of the cheapest buy-and-hold strategy. Moreover, existence holds

for the optimization problem (2.8).

Proof of Theorem 3.2 (i) We first prove that §(s) < h(s). Consider some
arbitrary scalar w > h(s). By definition of h(s), there exists some A in R4

such that, for all z in (0, 00)<,
™(wly — diag[s]A) >0 and 7(diag[z]A —g(z)) >0 forallr, ' € K*.
Using the fact that 7 = 1, this provides

w+ A(z — diag[]5) >Tg (diag[r]_lz) for all r, ' € K*,
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and taking supremum over r, we get
w+ A(Z — diag[]5) > G(z) forall z € (0,00) and ¥ € K*.

This proves that w > G®"¢(diag[r']s) for all 7’ in K, and therefore w > §(s).
The required inequality follows from the arbitrariness of w > h(s).
(ii) We now prove the converse inequality. Since K* is a compact subset of

IR? and G°°™ is continuous, there exists some # € K* such that

g(s) = G"°(diag[r]s) . (3.1)
Recall that the concave envelope is characterized by :
G"(2) = min {c cR : 3C€RY c+((—2) > G(¢), V< € (0, oo)d} .

Also, it is well-known that the solution of the above optimization problem
is given by any element of the subgradient 0G°"¢(z) of the concave function

G at z. Hence
V ¢ € 0G™ (diag[r]s) , a(s) + ((z — diag[t]s) > G(2) ;2 € (0,00)*. (3.2)
We claim that :
3¢ € 86 (diag[f]s) : diag[s]C(r —7) < 0 for all 7 € K* . (3.3)

We leave the proof of the previous claim to part (iii). Now, let A be the vector
of IR defined by AP = (i for i = 1,...,d and A® = §(s) — (diag[f]s. Then
from (3.2), Az > G(z) for all z € (0,00)?, and by definition of G, we see
that Az > Fg(diag[r]~'2) for all (r,z) € K* x (0,00)%. By a trivial change of

variables, this provides
7 (diag[z]A — g(z)) > 0 forall r € K* and z € (0,00).
By definition of the normalized polar K, this proves that :

diag[zZ]A = g(z) forall z € (0,00)%.
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Now, rewriting (3.2) in terms of A and using (3.3) yields :

g(s)y = diagls]A
which together with the previous inequality implies that g(s) > h(s).
(iii) In order to conclude the proof, it remains to verify (3.3). Let ¢ be an

arbitrary parameter in (0,1) and r € K*. Since K" is convex, we have

g(s) = G“"(diag[(1 — )7 + er]s)

= g(s) + e(r — r)diag[s|¢. ,

where (. is an element of G“"¢(z.) for some z. lying in the interval defined
by the bounds diag[r|s and diag[r + (r — 7)]s. Since G is concave and z.
converges to the interior point diag[f]s, the sequence ((.) converges to some ¢
€ 0G°"¢(diag[r]s). Then claim (3.3) is obtained by passing to the limit in the
last inequality. O

4 Parameterization of the initial model

By direct computation, it is easily checked that :

d
K* = () H7 where HY = {¢€ R{™": & — 1+ )¢ <0},
i,j=0
see Kabanov (1999). In the sequel, we shall denote 0H" := {¢ € RT™ :
¢ —(1+AV)¢ =0}

Lemma 4.1 (i) K* is a closed convex polyhedral cone.
(ii) Let € be a nonzero element of K*. Then £ >0 for alli=0,...,d.

Proof. Part (i) follows from Rockafellar (1970), p.171, Theorem 19.1 and the
fact that K™ is a finite intersection of half-hyperplanes. To see that part (ii)
holds, consider some & € K* with 7* > 0 for some i = 0,...,d. Then since
€ Hiforall j=0,...,d we have & — (1 + N")& <0. ad



4 PARAMETERIZATION OF THE INITIAL MODEL 87

Since K* is a closed convex polyhedral cone, it is finitely generated (see
Rockafellar 1970, p.171, Thm 19.1). Then, we can define a generating family

{e1,...,e,}, ie.

K* = {fEJRdH : f:Zyiéi for some yGRi} .

=1

By part (ii) of Lemma 4.1, the generating vectors can be normalized by

& =1 forall i=1,....n. (4.1)

(2

Therefore, denoting by e; the IR? vector defined by the d last components of

é;, we can rewrite the generating family as {ej,...,é,}.

Example 4.1 In the one-dimensional case d = 1, the generating vectors of

K* are given by :
er = (LL1+ X and & = (1,(1+ A7),
This is the case studied by Cvitani¢, Pham and Touzi (1999).

For the two-dimensional case d = 2, we also have explicitly the vectors of
the generating family under some condition on the transaction costs matrix ;
see Section 7. In the general case, we do not have an explicit form of the
family of generators. However, the main result of this paper does not require

this information.

Remark 4.1 Since K* has non-empty interior by Remark 3.3, the rank of the
family {é;,...,€,} is d + 1. In particular, n > d + 1.

In order to have a parameterization of K*, we define the following function

f mapping (0,00)" into IR? by

~1
i _ j 50
f (y) = (Z yjej)
so that the set A can be written in terms of the function f :

K = {f(y) : y€(0,00)"}.

The following result is the key stone of our analysis.

n
j=1 7j=1 =

yjei»; 1=1,....d,
> Ve

j=1
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Lemma 4.2 Let Assumption 3.1 hold. Then, for all y in (0,00)", the rank of
the Jacobian matriz Df(y) is d.

Proof. For all £ = 1,...,n, we introduce the matrices Ny := [e1,...,ex].
Recall that Ny, is obtained from N, by adding the first row of one, so that N,

:= [é1,...,é]. Then, direct computation shows that
n n -1
<Z yz> Df(y) =N, — N,y where y= (Z yz> y.
i=1 i=1

It follows that D f(y) and N,, — N,,§ have the same rank.

(i) We first show that rank[N,, — N,,g] =rank[N,,]. To see this, observe that
the i—th column of N,, — N,7 is given by & :=¢; — 3%, e = (1—7g')e; —
S ¥ej. Since Y7, 70 = 1 and §* > 0 for all ¢, we have (1 —g*) > 0.
Then the families {é;, ¢ = 1,...,n} and {e;, i = 1,...,n} have same rank.

(ii) We now prove that rank[N,,] = d which concludes the proof. By Remark
4.1, the matrix Ny, is invertible, after possibly changing the order of the &;’s.

Then, clearly

rank[N, ] = rank[Ng, ] = rank[J Ny, ] with J = s
d
0

and I is the identity matrix of IR?. The required result follows from the fact
that N is invertible and rank[J] = d.
O

Remark 4.2 From Lemma 4.1 (ii), f(y) > 0 for all y € (0, 400)". Moreover,
since f € H” foralli = 1,...,d, it follows that f*(y) = fi(y) < (1+X%) fO(y) =
(1 + \%). Hence f is bounded and

0< fi(y) <(1+A%) foralli=1,...,dandy € (0,00)"

Also, from the expression of the Jacobian matrix given in the above proof, it
is easily checked that D f(y)diag[y| is bounded.
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5 Proof by direct dynamic programming

In this section, we follow the arguments of Bouchard and Touzi (1999), i.e. we
make use of the direct dynamic programming equation obtained by Soner and

Touzi (2000a) for stochastic target problems.

5.1 Auxiliary control problems

In order to alleviate notations, we introduce the functions :

F(y) = diag[f(y)]

Fix some arbitrary parameter p > 0. For all yo > 0, we define the continuous

function a% on [0, 7] x (0,00)™ x M™? x IR™ as

Alt.s,grab) it ST (Il + 1)) <

constant otherwise,

a¥(t,s,y,a,b) =

(5.1)

where

Alt,s,y,a,0) = o(t,s) " Fy)~ {Df (y)diag[y]b
—l—%Vect {Tr <D2fi(y)diag[y]aa’diag[y]) =1, d}
+ Vect [(D f(y)diag[ylad'(t, s)),.,i =1,...,d]} .

i)

Let D be the set of all bounded progressively measurable processes (a,b) =
{(a(t),b(t)), 0 <t < T} where a and b are valued respectively in M™% and IR".
For all y in (0,00)" and (a,b) in D, we introduce the controlled process Y(*)

defined on [0, T defined as the solution of the stochastic differential equation

dY (t) = diag[Y ()] [(b(t) + a(t)a¥(t, S(t),Y (t),a(t),b(t))) dt + a(t)dB(t)]
Y(0)=y.
(5.2)
We do not write the dependence of Y;J(a’b) with respect to p to alleviate the
notations. Notice that, since a¥°(t, s, y, a,b) is a random Lipschitz function of
y, the process Y, is well defined on [0, 7.
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For each (a,b) in D, we define the process Zg(,“’b) by
a,b _ a,b
ZED(t) = F(Y "D (1)S(t), forall0 <t <T. (5.3)

y
Let ¢ be a progressively measurable process valued in IR*! and satisfying
d T ,
> [Pz ) < oo (5.4)
i=1
Then, given w > 0, we introduce the process qu‘fg’!b)(b defined by
wy

t _
Wt =wt [ oz, 0<t<T (55)
0

and we denote by B®® (w,y) the set of all such processes ¢ satisfying the

additional condition
W@y > 0, 0<t<T. (5.6)

We finally define the auxiliary stochastic control problems

u(“’b)(O,y,F(y)S(O)) = 1nf{w€B do € (“b)(w Y) ,
WEDNT) > F(Y*P(T)) g (S(T))} (5.7)
and
u(0,y, F(y)S(0)) := S u“?(0,y, F(y)S(0)) . (5.8)

Before stating the main result of this section, we provide an economic
interpretation of the auxiliary control problems u(**). For all (a,b) € D, the
process Z %) describes the price process of d risky assets in a fictitious financial
market without transaction costs. The process ¢ is a portfolio strategy on
the fictitious financial market : ¢ is the number of shares of risky asset ¢
held at each time, for ¢« = 1,...,d. The process W “b describes the wealth
induced by portfolio strategy ¢ and initial wealth w, under the self-financing
condition. Hence, u(*? is the super-replication problem for a conveniently
modified contingent claim on the auxiliary market. The main feature of the

price process Zé“’b) is the following. Let z, 2’ € IR%*! be two vectors of portfolio
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holdings such that 2" = 2'+Y; ;(a/'—(1+\¥)a¥), i = 0, .. ., d for some transfer
matrix a € M. Then

diaglS(H)] Mz’ — 2) 2N () < 0,

)

i.e. portfolio rebalancement on the fictitious financial market without trans-
action costs is cheaper than on the initial market with transaction costs.
The above formal discussion provides an intuitive justification of the fol-

lowing connection between the control problems u and v.

Proposition 5.1 For all y in (0,00)", we have

v(0,5(0)) > u(0,y, F(y)S(0)) .

Proof. Let (a,b) € D, w > v(0,5(0)), y € (0,00)", set x := w1y, and consider
some portfolio strategy L € A(z) such that XZ(T) = g(S(T)), i.e.

X;(T)—g(S(T) € K (5.9)

Set (1) := JtdL¥(r)/S*(r) for all i, = 0,...,d, k € {i,j} and 0 <t < T.
Here (¥ (t) (vesp. E;-j (t)) is the cumulated transfer from asset ¢ to asset j in
terms of number of shares of asset i (resp. j). In terms of ¢, the wealth process

can be written in :

d
X0E(t) = o' + SU(t) Z(W — LB+ AT)), i=0,...,d, 0<t<T.

For all : =0, ...,d, define
d

$'(t) =3 (E'(t) — (/)1 + A7) for0<t<T,

=0
so that
X;,L(t) :xi—i-gi(t)(bi(t), iZO,--~;d7 0<t<T.

Also observe that ¢*(0—) = 0 since L(0—) = 0. Notice that

ZyD(t)de(t) = -ZO (A7 (O ' (V0 (1) = L (£) (1 + M) P (Y, (1))
= zdm (FOG0®) = L+ V) P 08))

§07
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where we used the fact that f(Y,(*?(.)) € K*, L" is non-decreasing and the
expression of {1} x K* as intersection of the half hyperplanes H*. Since ¢ is

a bounded variation process and ¢(0—) = 0, this proves that :

EOW6) < [ oz = WP (n) — w.
Then

WD) > w+ g(t)diag[ (Y, (£))]S(1)

— w3 H O 0)S
Xf(;)_}(Y;W (t)) for0<t<T. (5.10)
Since f(Y,(*?)(.)) € K*, it follows from (5.9) that
FOLT)(XET) = g(S(T))) > 0,

and then

WDN(T) = fY*U(T)g (S(T)) -

Now, we claim that ¢ € B (w,y). Then the last inequality proves that
w > u®(0,y, F(y)S(0)) and therefore v(0,S(0)) > u(0,y, F(y)S(0)) from the
arbitrariness of w > v(0,.5(0)), y € (0,00)" and (a,b) € D.

Hence, in order to conclude the proof, it remains to show that ¢ € B (w, y).
Using (5.10), the admissibility condition (2.6) and the fact that f(Yy(“’b)(.)) €

K™, we see that

Finally, for alli =1,...,d

[ wra(zienwm) = [Cswms Py ({Fo @)t s}
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since ¢ is a bounded variation process and o, a, f(y) and D f(y)diag[y] are
bounded; see Remark 4.2. a

We conclude this section by the following result which explains the rea-
son for adopting the parameterization of the control process Y;J(a’b) in (5.2).

Consider the stopping time
0P = inf {t >0 Y ) (y In(S'(t)/S'(0))] + | In(Y,@? (t)/yj)\) > u} ,
j=1i=1

and the exponential

M@ (1) = g(- /Otozy(r,S(T),Y(a’b)(T)7G(T)’b(r))dB(ﬂ) t=>0.

Y

As defined, function a¥ is bounded. Then, the process {M;a’b) (t),t > 0} is
well-defined and is a martingale. We then introduce the probability measure

Qé“’b) equivalent to P by :

dQ?(Ja,b)
—V = M®(T
o5 T

Lemma 5.1 The stopped process {Zéa’b) (t A 975”’)),25 > O} s a Q;“*b)- martin-
gale.

Proof. Define the process
t
B;a’b)(t) = B(t) —i—/o a¥(r, S(T),Yy(“’b)(r),a(r),b(r))dr 0 <t<T.

Then by definition of the stopping time 9;‘“’) and Girsanov’s theorem, we see
that the process {Bl(/“’b) (t A 9;“”’)), t> 0} is a Brownian motion under Qé‘l’b).
Applying 1t6’s lemma on the stochastic interval [0, 7" A Gl(ja’b)], we get by direct

computation

Az (1) = diaglZ(0)] (ot F 0 (6) 7 20 (1))

+ P @) DAY, (#)diagly, Y (¢)]a(t)) dByD(t) .

The required result follows from the fact that the diffusion term in the above
stochastic differential equation is bounded on the stochastic interval [0, 0{?)].
g
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Remark 5.1 In the one-dimensional case, Cvitani¢, Pham and Touzi (1999)
solved the super-replication problem under transaction costs by means of the
dual formulation of the problem. The key stone of their analysis was to define
processes Z;‘Lb) which are martingales under Qz(f’b). In our multidimensional
framework, this property holds only up to the stopping time Q?Saﬁb). We show
in the next section how to adapt their arguments by considering of subset of

D.

Remark 5.2 Notice that process Zéo’o) defined by Z@SO’O) (t) = F(y)S(t) for all
0 <t < T isa P-martingale.

5.2 Direct dynamic programming

We first extend the definition of the processes (W(“’b)¢,Y(“’b) A (‘”’)) to the
case where the time origin is defined by some ¢ in [0,7]. Let (w,y,z) €
R, x (0,00)" x (0,00)%. We define the process <Wt€‘fgf’gi,}ﬁfa£),Zfz”@) by
the dynamics (5.5), (5.2), (5.3) and the initial condition (Wt(?ub;i,(t), th“;‘;) (1),
Z
B@b)(t w, y, z), the stopping time 9&;{2 and the probability measure Q,%bz),

) (t)) = (w,y,z). We define accordingly the set of admissible controls

a,
Y%

The dynamic stochastic control problems associated with (5.7) and (5.8)

are then given by :
u®(t,y, z) = inf {w € R : 3p € B (t,w,y,2),
a,b)? r ab ab - a,b
W) = FO2 @) (RO @) 252m) |
u(t,y,z) = sup uV(t,y,2).
(a,b)eD
The following result is adapted from Soner and Touzi (1998, 2000a).

Proposition 5.2 (Dynamic programming) Fiz some (t,y, 2) € [0,T)x (0, c0)" 4

and (a,b) € D. Then for all scalar w > u(t,y, z), there exists some control
¢ in B (t,w,y, z) such that
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for all [t, T]-valued stopping time 6.

Proof. Fix w > u(t,y, z) and (a,b) € D. By definition of the control problem
u(®?) | there exists ¢ € B (t,w,y, 2) such that

WD) = F D (m)g (Fis? (1) Z50(T)) (5.11)

'Y,2 sY,% YyZ

Fix some [t, T']-valued stopping time 6. Since for each (a,b) € D the coefficients
of (5.2) are (random) Lipschitz, there exists a unique solution to (5.2). Then,
clearly :
(a,b) o (a,b)
Yigz (1) = n%ﬁiz?m%?g?ﬂm ()

From the definition of Wt(?vbfz and Zt(‘;l;), the same property holds for these

processes. Then, by direct substitution, we see that ¢ is an admissible super-
replicating strategy for the contingent claim, when starting with the initial
conditions <0,Wt(’i;2i(9),§§f;:?(€), éZ?(Q)) for P-almost every w € Q. By
definition of the dynamic stochastic control problem u, this proves that :

a,b)® a a,
WD (0) > w0, V%D (), 2% (0)) .

’y7z Z’?
. (a,b)? (a,b) (a,b) ~
Since | Wy -(0), Yy, (0), Z;, 2 (8) ) depends on (a, b) only through the stochas

tic interval [t, 6], we may take supremum on the right-hand side, and we get

the required result from the arbitrariness of w, (a,b) and 6. O

Corollary 5.1 Fiz some (t,y,2) € [0,T)x(0,00)"" and consider some scalar
w > u(t,y,z). Then for all (a,b) in D and t <r < T, we have

(a,b) a a a a a
w > B2 u(r A+ 0520), Y50 (r A+ 0550), Z52 (r A (E+015))))]

Proof. By the dynamic programming equation of the previous proposition,
for all (a,b) in D, there exists some control ¢ in B (¢, w,y, z) such that
a,b)® a,b a a,b a,b a,b a,b
Wit (r A (4 0052)) > D (e A (E+657), Y52 (r A (8 652)), 20572 (r A
(t+ (9,5((;[2 ))) for all ¢ < r < T. Then the required result is obtained by taking
expectations under ngbz) and using Lemma 5.1 together with the admissibility

conditions (5.4)-(5.6) and Fatou’s lemma. O
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5.3 Viscosity property
We denote by u, the lower semicontinuous envelope of u :

)= S )

We shall use the notation
(t,y,2) = diagle] (o(t, F(y)™'2) + F(y) "' Df(y)diaglyla) .
Then, for all control (a,b) € D and (t,y,2) € [0,T) x (0,00)"4, the dynamics
of the process (Yt(; :b) Zt(a b)) on the stochastic interval [¢, ¢ + ngz) | is given by :
Ay () = diag[V? ()] (b(r)dr + a(r)dByyY (r)) (5.12)
dz5 () = 10 (r, Y50 (), 2852 () dBS (1) (5.13)
where Bt(z@ is a Brownian motion under the equivalent probability measure

anybz), see proof of Lemma 5.1.

Proposition 5.3 Function u.(t,y, z) is a lower semicontinuous viscosity su-

persolution of the Hamilton-Jacobi-Bellman equation :

i - a - CL,b = n+d
it L% =G = 0 on [0,T) x (0,00, (5.14)

where
Lo(t,y,z) = th(t,y,Z)Jr%Tr [T D21 (t,y, 2)
G(t,y,2) = diag[y]bDysO(t,y,ZH%Tr D3 (t,y, 2)diagylad’diagly]|
+Tr [F“(t, y, z)d'diag[y| D2 ¢(t, y, z)} :

Moreover, for all (y, z) in (0,00)"*?, we have

wdT,y,2) > fy)g (Fy)™'2). (5.15)

Proof. We first prove (5.15). Let € be an arbitrary positive scalar and
(t,y,2) € [0,T) x (0,00)""%. Set w := u(t,y,z). By definition of the control

problem u(%% | there exists some control ¢ in B9 (¢, w + ¢,y, z) such that

WO, (D) = Fwg (Fy) 7 Z52(D))
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Since Wé‘f;‘faw is a nonnegative P-local martingale, it is a P—supermartingale
(see Remark 5.2), and we get by taking expectations under P and sending &

to zero :

u(t,y,2) > E [ f(y)g (Fy) ' Z52(T))] - (5.16)
The required result is obtained by sending ¢ to 17" and using Fatou’s lemma as
well as the lower semi-continuity of g.

We now prove (5.14). Fix (t,y,z) € [0,7) x (0,00)""® and some control
(a,b) € D such that the process (a, b) is constant on a neighborhood of t. Let
¢ be an arbitrary C2([0,7T) x (0,00)"*?) function such that

0= (ux —¢)(t,y,z) = min(u, — @) .

Let (tg, Yk, 21)x>1 be a sequence in [0,T) x (0,00)" "¢ satisfying
(tkaykazk) - (t7y72) and U(tk,yk,Zk;) - U*(t7y, Z) as k — 400 .
Set wy, := u(ty, Yk, zx) + % and O := wg — @(tk, Yk, 2x) and observe that

B — 0 as k — 4o00.

. b b .
For ease of notation, we set 6 := 0§:7y17zk and Qy = Qg:yyl,zk. We introduce

the stopping time
hy == 0 A (\/@ + hlig,20y) for some h >0 .
Observe that for all h > 0
hAGy — h A" > 0 as k — +oo. (5.17)

This follows from the fact that (Y;(a’b) Z% ) — (Y;(alz)), Zt(‘;bz)) for P-a.e.

BoYksZk ) Ttk Y2k
w € Q, uniformly on compact subsets (see Protter (1990) Theorem 37 p246).
From Corollary 5.1, it follows that
we > B9 u (b 4 b, Yoty (e ), Zigy) o (b )|

ko Yk 2k Uy Yk 2k
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Since u > wu, > ¢, we may replace u by ¢ in the previous inequality and we

get by Ito’s lemma

bt a a
B — B Ut (L0 + G ) (r, Yy o (1), Zi) L, (1)) dr (5.18)
k

We now consider two cases.
1st case. Suppose that the set {k > 1: 5, = 0} is finite. Then there exists a
subsequence renamed (g )x>1 such that S # 0 for all £ > 1. We use the same
argument as in Subsection 1.4.1. Dividing by +/3; and sending % to infinity,
we get (up to a subsequence) by uniform integrability

tk—&-hk (@)

hmlnf—— L% + G (r, Y\

k— 00 kySksYk

(r), Z0) . (r)dr >0 .

LYk 2k

The required result is a direct consequence of (5.17) and the following Lemma

whose proof will be carried out later.

Lemma 5.2 Let ¢ : [0,T) x (0,00)"" — IR be locally Lipschitz in (t,y,z)
then

7" Yt(a,b) (7“), Z(a’b) (7“)) _ 1/,(157 Y, Z)} dr — 0 as k — +o00

ksYkZk te Yk 2k

tk-l—hk
7,

along some subsequence.

2nd case. If the set {k > 1: B = 0} is not finite, then there exists a subse-
quence renamed (0 )g>1 such that 8y = 0 for all £ > 1. Then, we follow the
same line of arguments as in first case, by dividing equation (5.18) by h and

sending h to zero.

Proof of Lemma 5.2 Since ¢(t,y, z) is locally Lipschitz in (¢,y, z), we have

g POV 2 ) = ity ) dr

< C \/E/tk r_t’—*—thkyka( ) Z‘—i_‘y;ﬁkyk,zk(r)_y‘) dr

D,
< O —=|h+ |t —t|+ su % . —z
- \/@<k i =4 tk§r§£+hk| (1) = 2

+ swp mkykzm—m),

tp <r<tp+hy

| tk+hk
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for some constant C. In order to obtain the required result, we shall prove
that :

sup |20 (1) =2 — 0 and  sup [V, (1) —y| — 0

tp <r<tp+hg tp<r<tp+hg

as k — oo. We only report the proof of the second convergence result. The

first one is obtained by the same line of arguments. Since b, ¥, a and Y;iayi)%

are bounded on [tg, t; + hg]

VD) =yl < e =yl + +|/ a(r, Vi ())dB(r)]

for some constant C’, where we denoted a(t,y) = diagly|a(t). Therefore

sup |V, (1) =yl < e =yl +

ksYk 2k
tp<r<tp+hy

s | [aln YL (m)dB(r))

tp<r<tp+hy

The first two terms on the right-hand side converge to zero. As for the third

term, it follows from Doob’s maximal inequality for submartingales that

E

(s [ e et ﬂ

tp<r<tp+hp ik

tk+hk o (
<4B | [" 7 jad (r Y ()ldr |
k

(a,b)

Since a is bounded and Y%’ . is bounded on [ty, t; + hy], uniformly in k, this

proves that

sup |Ytkykzk( ry—yl — 0 as k— oo in LQ(P),
tp<r<tp+hg

and therefore P-a.s. along some subsequence. O

Remark 5.3 In the previous proof, we established inequality (5.16). Since
f(.) is valued in K*, (2.7) implies in particular that

u(t,y,z) > 0 forall (t,y,2)€[0,T) x (0,00)"".
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Lemma 5.3 (i) Function w,(¢,vy, z) is independent of y.
(ii) Under Assumption 3.1, function w.(t, y, z) is nonincreasing in ¢ and concave

m z.

Proof. The y—independence of function w,(t,y, z) is proved by sending b; to
+00,1 <7 <mn,in equation (5.14), and using Lemmas 5.3 and 5.4 of Cvitani¢,
Pham and Touzi (1999). We now prove that w, is nonincreasing in ¢. Let a be

any solution of

Df(y)diaglyla = F(y)o(t, F(y) 'z) .

Notice that a is well-defined by Lemma 4.2. Then I'*(t,y,2) = 0. Since u,
is independent of its y variable, equation (5.14) shows that wu, is a viscosity
supersolution of the equation —¢; = 0. Then, it follows from Lemma 5.3 in
Cvitani¢, Pham and Touzi (1999) that w, is nonincreasing in t.

It remains to prove the concavity of u, in the z variable. Let (n,§) be an

arbitrary element of IN x IR% and define & as a solution of

Df(y)dinglyla = F(y) ( dingll€ [0 )~ Fly)olt, Fly) =)

where 0 is the zero matrix of M %=1, Notice that @ is well defined by Lemma
4.2. Then, it is easily checked that

Tr [[%(t,y, 2) DLo(t,y, )1 (ty, 2)| = n’¢DLo(t,y,2)¢,

and therefore u, is a viscosity supersolution of the equation —&'D? o€ = 0 for
all £ € IRY. Now, let 2; and 2, be two arbitrary elements of (0, 00)?. Then, the

function

P(r) = u(t,7(21 — 22) + 29), r € [0,1],

is a viscosity supersolution of —p” = 0. This is easily seen by an appropriate
change of basis of IR? and Lemma 5.3 of Cvitani¢, Pham and Touzi (1999).
Moreover, 1 is bounded from below by Remark 5.3. Then, by the same ar-

gument as in Proposition 5.2 of Cvitani¢, Pham and Touzi (1999), it follows
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that ¢ is concave and therefore

u(t,rz +(1=r)z) = @) 2 r¢(l) + (1 =r)¥(0)
= ru(t, z1) + (1 —1r)u(t, 22)
for all r € [0,1] and ¢ € [0,T"). The required result follows from the arbitrari-

ness of z; and z in (0, 00). 0

5.4 Proof of the main theorem

We first prove that v(0,.5(0)) > §(S(0)). By Lemma 5.3, u, is nonincreasing
on [0,7) and independent of y. Then

u*(()?y’Z) = u*(07ylaz) Z u*(tuyla Z) fOI' aH (tvyayla Z) S [OvT) X <07 OO)2n+d'

Since u, is lower semicontinuous, we get from the terminal condition (5.15) of

Proposition 5.3

ui(0,,2) > f(y)g(F(y)~'2)  forall (y,y', 2) € (0,00

Taking supremum over 3/, this provides u,(0,y,z) > G(z). Again by Lemma

5.3, u, is concave in z, and therefore
u.(0,,2) > G"(z)  for all (y, 2) € (0,00)"*.
Now from Proposition 5.1 and the fact that u > u,, we see that

v(0,5(0))

v

sup u(0,y, F(y)S(0))

y€(0,00)™

sup  u.(0,y, F(y)S(0))

y€(0,00)™

> sup GU"(F(y)5(0)) = g(5(0)) .

y€(0,00)"

v

It remains to prove the converse inequality. If g(s) = +o0o, then the result
follows from the previous inequality. Next suppose that §(s) < +oo. From

Theorem 3.2, there exists some A € IR*! such that :

3(S(0))1y = diag[S(0)]A and diag[S(T)]A = ¢(S(T)). (5.19)
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From the left hand-side inequality, we see that there exists a matrix a € ]\L‘frl

such that for all: =0,...,d:
d

(9(5(0))10 - diag[S(0)]A)" + 3 (¥ — (1 + A)a¥) > o.
5=0
Now define the trading strategy
L(t) = L(0) = a 0<t<T.

Then it is easily checked that L € A(g(S(0))1p). From the right hand-side

inequality of (5.19), it follows that XgL(S(o))1o (T) = g(S(T)). The required result

then follows from the definition of the super-replication problem v(0, S(0)).
O

6 Proof by the dual formulation

We now show how to adapt the arguments of Cvitani¢, Pham and Touzi (1999)
to our multidimensional framework. Since the technical arguments are similar

to that of the previous section, we only sketch the main steps of the proof.

6.1 Auxiliary control problems

Fix (t,y,2) € [0,T] x (0,00)""®. We use the same notations and definitions

as in Section 5 but we now define a(t,y, 2, a,b) as
alt,y,z,a,b) = o(t,F(y)~2)" F(y)~ {Df(y)diag[y]b
+%Vect [Tr (Din(y)diag[y]aa’diag[y]) i=1,... ,d}
+ Vect [(Df(y)diag[y]aa’(t, F(y)_lz))ii i=1,... ,d}} ,

(compare with (5.1)) and we define Y@ and Z(%Y as in the previous section

where o is replaced by « (see (5.2)-(5.3)). We also introduce the subset of D

(a,b)yi
ﬁ(tayVZ) = {(a,b) €D : In (M)

y’L

z

(252
and In % are bounded for all i <n, j<d, .
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Remark 6.1 Fix (t,y,2) € [0,T] x (0,00)"*? and (a,b) in D. Set ¢ > 0 such
that 1/e < |y| + |z] < € and define the positive stopping time :

oi=intfs >t 5 V2| +125201 ¢ e}

Then clearly (a,b)1 g € f)(t, y, z) and therefore D(t, y,z) # 0.

For all (a,b) € D(t,y, z), we introduce the exponential :
M) = & (= [[at Y520, 2520). alr) be)dB() ) t<T T

By definition of o and D(t,y, ) and (2.3), Mt(‘; l;) is a martingale and we can
define on [t, T] the probability measure Qny’,Z equivalent to P by :
1Qi5"
dP
Remark 6.2 Recall that this martingale property did not hold for the param-

= H{(T)

eterization of the previous section (see Remark 5.1). The idea of introducing
the subset D comes from Bouchard (1999).

Also notice that, by Girsanov’s Theorem, the process :
B2 = B+ [ a0, 2850000, 00))dr, ¢ <7<,

)

is a Qt .z )_Brownian motion. We shall denote by Et .2 the expectation operator

under the probability measure Qt,y,z-

Proposition 6.1 For all (t,y, z)
v(0,5(0)) = sup wu(0,y, F(y)S(0))
y€(0,00)
where
ultoyx) = sup EGD [ F2 g (F(vENm) T 22 )] e
(a,b)€D(t,y,2)
Proof. This is a direct consequence of the dual formulation obtained in
Kabanov and Last (1999) (see also Cvitani¢, Pham and Touzi (1999)). O
In view of the results of Section 5, it suffices to show that u, (the lower
semicontinuous envelope of u) is a viscosity supersolution of (5.14) with the

boundary condition (5.15).
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6.2 Viscosity property

We start with the following dynamic programming principle on our parame-

terized auxiliary control problem :

Proposition 6.2 Fiz (t,y,z) € [0,7] x (0,00)"*%.  Then, for all (a,b) €
D(t,y, z) and for all [t, T]-valued stopping time 6 :

o(t,y,2) > sup B [v(0.Y5200), 2529))] -

(a,b)eD(t,y,z)

Proof. The proof is standard and similar to that of Lemma 5.2 in Cvitani¢,
Pham and Touzi (1999). O

Proposition 6.3 Function u, is a viscosity supersolution of (5.14) with the

boundary condition (5.15).

The proof is the same as the one of Proposition 5.3 up to small modifica-

tions. We sketch it for completeness.

Proof. Boundary condition. Fix (y,z) € (0,00)"". Since, for all ¢t € [0, 7],
(a,b) = (0,0) € D(t,y, z) and clearly thgﬁ’(-) =y, we get by (6.1)

ult,y,2) = EGY [Ty (Fy) ™ 252 ()]

The desired result is obtained by sending ¢ to T" and using Fatou’s Lemma as

well as the lower semi-continuity of g.

Viscosity property. Fix some (t,y,z) € [0,T) x (0,00)"*%. Let ¢ be an arbi-
trary C2([0,T) x (0, 00)"*?) function such that

0= (0. — 9)(t,y,2) = min(e, — ).

Fix (a,b) € D(t,y, z) such that the process (a, b) is constant on a neighborhood
of ¢ (this is possible by Remark 6.1 and the continuity of process Y (4 for any
constant (a,b)). Define :

N o= (', 2) € [0.T] % (0,00)™ : [(,/, ) — (t.,2)] < ¢}
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for some ( such that 0 < ( <y’ (i=1,...,n)and 0< (<2 (j=1,...,d).

Let (tk, Yk, 2k )k>1 be a sequence in N satisfying
(tes yro 2) — (B, 2)  and u(te, yp, 21) — ua(t,y,2) as &k — 4oo.

The rest of the proof follows line by line the proof of Proposition 5.3. It suffices

to define 6, as

0, := inf {3 >0 : (tk + S,Yt(%,b) (tr + 5), Z (te + 3)) ¢ N} 3

ksYksZk Uy Yk 2k

and to use Proposition 6.2 instead of Corollary 5.1. O

7 Examples

7.1 On the generating family of K*

The solution of the super-replication problem is given in terms of a variationnal
problem involving the normalized polar cone K*. Hence, in order to compute
explicitly the value function v, we need to characterize explicitly the generating
family of the polyhedral cone K*.

We first provide a sub-family of the generating family {ei,...,e,} of the

polar cone K*. Consider the IR vectors :

g =) (A @A) i=0,....d
g0 =N (TN, (1A i=0,...,d

Then, it is easily checked that z;, 2} € K* for all i =0, ...,d. Also, we have
zi, 2, € O(K*) forall i=0,...,d.

To see this, suppose that z; € Int(K*) for some i¢. Then, the vector 2; :=
z; +¢€1; € K* for some € > 0. We end up with a contradiction by writing that
z; € H%. By the same argument, we get the result for the vectors 2.

Now observe that, by (2.4)-(2.5), z; € N;,0H" and z] € N;,,0HY, for all

1 =0,...,d. Then, from the above discussion, it follows that the generating
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family {ej,...,e,} can be constructed by completing the family {z;, 2}, i =

0,...,d}. Also notice that the assumption

Nd 4 N> 0 foralli#j€{0,...,d}
implies that

OH" NoH" = {0} Vi#je{0,...,d}.

In particular, it is not difficult to see that

d
z = Y z+ 2 € IntK*
i=0

and therefore Int(K*) # 0.

Now, consider the following conditions on the transaction costs matrix A :
N> 0 foralli#j=0,...,d (7.1)

and
(1 + AP 1+ M) > (1 +AY) for all 4,5,k =0,...,dwithi,j #£k. (7.2)

Condition 7.2 is used to provide a complete characterization of the set of

generators in the two-dimensional case, see Example 7.3 below.

Example 7.2 In the one-dimensional case d = 1, z, = 2} = (1, (1 + \19)71)
and 2/ = z; = (1,(1 + A%)). These are exactly the generating vectors of

Example 4.1.

Example 7.3 We consider here the two-dimensional case d = 2. In order
to obtain a generating family of the polar cone K* by completing the family
{zi,2l,1=0,...,2}, we proceed as follows. Consider all vectors, with unit first
component, defined by the intersection of hyperplanes 0H% and OH*. This
provides all candidates for the required generating vectors. Such a candidate is
effectively a generating vector if and only if it lies in K*. By tedious calculation,

it is easily checked that condition 7.2 rules out all such candidates except the

!/
77

vectors z; and z, for i = 0,...,2. Hence {z;,2}, i =0,...,2} is a generating

family of K*.
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In the general case, one can proceed as in Example 7.3 : define the can-
didate generating vectors as intersections of d hyperplanes OH®, then check
whether such vectors lie in the polar cone K*. In contrast with the two-
dimensional case, condition 7.2 does not allow to characterize those candi-
dates which are effectively in K*, and we are unable to provide explicitly a
generating family for the polar cone K*.

However, notice that the characterization of § as the cost of the cheapest
buy-and-hold strategy in Theorem 3.2 can also be used for the explicit com-
putation of the value function of the super-replication problem; see paragraph
7.4 below.

7.2 Call and put options

Let k1 > 0 and ko > 0 be two arbitrary constants and consider the real payoff

function
or. 1 2
g (8 S ) = _511512/@1 + 52152</€2
/.1 .2y _ 1
g (3 S ) = +s 181>m1
2/ 1 2 2
g°(s7,s%) = —s"leacy, .

Then it is easily checked that
v (0,8(0), S%(0)) = (1 +A")S*(0) + ra.

Notice that there is no compensation between the two options : the value
function is equal to the sum of the super-replication costs of each option. The
super-replicating strategy consists in buying one unit of stock 1 and keeping

in cash Ka.

7.3 Spread option

Let k > 0 be an arbitrary constant and consider the payoff function

g°(s',8%) = —kla_ges,
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91(817 52) = +51131732>n

g*(s',8%) = —s"1ga g5y .

Notice that we have defined ¢? in order to insure lower-semicontinuity of the
payoff function and that only the signe of the inequality matters. Then, it is
easily checked that

v (0,5(0), S%(0)) = (1 +A")S*(0).
Hence, the cheapest super-replicating strategy consists in buying (1 + A!°)

units of stock S?.

7.4 Index call option
Let (k,d) be an arbitrary constant of IR, x IN\{0}, and consider the stock
index I(.) defined as

d d
=Y a"S*(t) forallte[0,T], Za—l o >0forall k=1,....d

and the European call option with pay-off function [I(T) — k]*. Then, the

minimal super-replication cost is given by

v (0, 5(0 Za (1 4+ A%%) (1 + A S%(0),

k=1

which is the cost of replication of the index.
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Introduction

We consider a general multivariate financial market with transaction costs
as in Kabanov (1999) and we analyse the stochastic control problems of max-
imizing the expected utility of the liquidation value of terminal wealth dimin-

ished by some random claim G
VY (x,n) = sup EU" (E(X%’L — G))
L

for a utility function of exponential form, i.e. U"(z) = —e ",

The existing literature in this framework only considers utility functions
with bounded from below domains and, except for the recent papers of Deel-
stra, Pham and Touzi (2000) and Kabanov (1999), it concentrates on the
univariate model (i.e. only one risky asset), see e.g. Davis, Panas and Za-
riphopoulou (1993), Cvitani¢ and Karatzas (1996) and Cvitani¢ and Wang
(1999). Finally, it never considers the case where the terminal wealth is di-
minished by some random variable G.

In Chapter IV, we prove that existence and duality hold when suitably
extending the set on which the maximization is performed. In particular, we
show that, even if the optimum may not be attained, it can be approximated,
in the sense that the terminal expected utility converge, by a sequence of
attainable claims that are bounded from below. We also prove that the op-
timal terminal wealth is attainable if there exists some equivalent martingale
measure with finite relative entropy.

The fact that the domain of U" is not bounded generates some additional
difficulties. The usual duality arguments do not work and we are compelled to
approximate U" by a sequence of utility functions with bounded from below
domains as in Schachermayer (2000).

Contrary to Delbaen and al. (2000), we can not reduce to the case G = 0
by a simple change of measure. Moreover, we can not use existing results on
the minimization of relative entropy as in the context of frictionless markets.

As a corollary of our main result, we prove a dual formulation for the utility
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based price
p(x,n) = inf {w cR : V(x+wly,n) > Vo(x,n)} )

and we show that, if the seller is strongly risk-averse, his reservation price
approaches the super-replication price increased by the liquidation value of the
initial endowment. This result was first conjectured by Barles and Soner (1996)
and proved by Bouchard (1999) in a Markovian setting via an asymptotic
analysis of viscosity solutions of HJB equations. Rouge (1996) and Delbaen
and al. (2000) proved it in the context of frictionless incomplete markets.

This result is generalized in Chapter V, for less restrictive conditions on
the contingent claim G and on the set of portfolio strategies, and in Chapter
VI, for a class of functions including CARA and CRRA functions. In contrast
with Chapter IV, we do not use the dual formulation associated to the utility
maximization problem.

The general setting is introduced in Chapter I11.



Chapter I11I.

Financial market and portfolio
strategies under proportional

transaction costs

In this chapter we generalize the financial market introduced in Chapter II to
the semi-martingale case. We introduce the concepts and stochastic control

problems that will be studied in Chapters IV to VI.

113
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1 Financial market with costs

Let T be a finite time horizon and (2, F,IF' = (F;)i<r, P) be a complete
probability space with trivial initial o-algebra, supporting a semimartingale
S = (S1,..., 87 with positive components. We normalize S! to be equal to
1.

Remark 1.1 S! stands for the non-risky asset. As usual, the assumption that
the interest rate of the bank account is zero could be easily dispensed with by

discounting.

A trading strategy is a IF'—adapted, right-continuous, nondecreasing process L
with initial condition L(0—) = 0 and taking values in IM¢, the set of square
matrices with d lines and non-negative entries.

Here, L% describes the cumulative amount of funds transferred from asset %
to asset j. Proportional transaction costs in this financial market are described

by matrix A € IM jl_. Recall from Chapter II that we can always assume that

(T+ A7) < (T+X®)Y(A+ M) Vi, 4, ke {0,...,d}
No= 0 Vied{0,...,d} ,

(see Remark I1.2.3).
Given an initial holdings vector # € IR? and a strategy L, the portfolio
holdings X! are defined by the dynamics :
d

: , t . dSt t y g g
X = a:l+/XZ_ST.S+/ZdL;Z—(HA”)dL;J, t<T, i=1,...,d.
0 o Jo

Jj=1

We shall denote by A the set of all trading strategies L.

2 Solvency region and liquidation function

As in Chapter II, we define the solvency region :

d
K = {erRd : Jae M, 2"+ ' — (1+ )" > O;izl,...,d}

J=1
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together with the induced partial ordering on IR? :
Ty = 1y U z—ax9 € K.
We will also use the notation
Ty = x9 ifforsomee >0 x1 = x9+¢l;.

We shall denote by A the set of L € A such that there exists some constant
07, for which
X5h- 5,8, forallt<T.

Clearly, A and A are independent of the initial dotation x.

We can now define the convex sets of attainable terminal wealth

X(z) = {X e LR, Fr) : X = X" for some L € A} ,
X(z) = {X e L°(R*, Fr) : X = X" for some L € A} :

Remark 2.1 Forall z € R? and L € A, X% + c1; = X**1.L This follows
from the linear structure of the dynamic. Since A is independent of the initial
dotation, this implies that X (x + ¢1;) = X' (z) + ¢1;. The same remark holds
for X.

Recall from Chapter II that K is a polyhedral closed convex cone containing

the origin and that K* denotes the positive polar of K, i.e.
K*::{yEIRd caxy >0, VxEK} )

Also recall that the elements of K* have non-negative components, that K*

may be written
K = {yeR": ¢/ —(1+ XNy <0, 1<ij<d}, (21)
and that the partial ordering > may be characterized in terms of K* by

x>0 & axy>0 forallye K*. (2.2)
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Remark 2.2 If y € K*, then y* = 0, for some ¢ = 1, ..., d, implies that y =
0.

As in Bouchard (1999), we finally define the liquidation function ¢ mapping
R? into IR :

lz) = suplwe R : == wl},

i.e. the maximal cash endowment (in terms of non risky asset) that one can

get from z by clearing all the positions in the risky assets.

Notice that
—l(—z)=inf{w e R : wly >z},

may be interpreted as the smallest cash endowment needed in order to consti-

tute x.

We close this subsection with some properties of /.

Proposition 2.1 For all z, 2’ € IR? and for allc € IR :

(i) {(x) = inf{yz : y € K* with y' = 1}.

(ii) (x)1y, € X(x), i.e. the supremum in the definition of {(x) is attained.
(iii) l(z + cly) = l(x) + ¢, l(z+a") > L(z) + ((2).

i)z =2 elz—-12")>0=lx) > ). {(z) >0« x> cly for some e
> 0.

The proofs are easy and can be found in Bouchard (1999). We sketch them
for completeness.
Proof. (i) : (2.2) = {(z) < infyer«(1/y")yz, (2.2) and infycp-(1/y")ylz—
inf,cpe(1/y')yz] > 0 = €(z) > inf ep-(1/y")yz. (ii) follows from the closed-
ness of the set {fw € R : = > wl1} = {w € R: (z —wly)y > 0 for all
y € K*} where the equality is obtained by (2.2). (i) = (iii). First part of (iv)
follows from (i)-(2.2) (for <) and from (i) (for =). Second part of (iv) follows

from the first one and (iii). O
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3 Utility maximization and utility based pric-
ing

Let G be a IR%valued Fr-measurable random variable such that

G = —CST

for some real c. We interpret G as being a contingent claim.

Let U" be of exponential type, i.e.
Ullz) = —e ™ | xR,

In the economic literature n = —(U")"(x)/(U") (z) (z € IR?) is called absolute
risk aversion. The larger 7 is, the more risk adverse the agent is.

In this part we address the problem of utility maximization :
VG(z,n) = sup EU" ((X3" - G))
L

where the supremum is taken on a well defined set related to A.
Defining V° as V& with G = 0, we also study the utility based price defined
as in Hodges and Neuberger (1989) :

p(x,n) = inf{wGR VY +wly,n) zvo(x,n)} :

It can be interpreted as the minimal initial cash endowment which induces a
higher maximal expected utility with liability G at the terminal date T'. In the
economics literature, p(z,n) is known as the reservation price (for the seller)
of the contingent claim G.

In particular, we study the convergence of the utility based price as the
absolute risk aversion 7 tends to oo.

In Chapter VI, we generalize the convergence result on p(z,n) obtained in
Chapters IV and V to a parameterized family of utility functions (U"),, for

which the absolute risk aversion is also an increasing function of 7.
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4 Super-replication

We close this chapter with some results concerning the super-replication the-

ory. They will be used in the subsequent chapters.

We first introduce the set of hedging endowments
I''={rcR": X =G for some X € X(x)}.

For all x € IR?, the super-replication price g(x) associated to G is the lower
bound of the set
{fweR : v+wl, el'},

le.
g(x) = inf{we R : X > G for some X € X(zr+ wly)} .

This is the minimal increase in term of non risky asset which allows to super-

replicate G without risk when starting with the initial dotation .

Following Kabanov (1999), we define
D = {Zel'K"F): Zy=1,(2'S)ica € M(P)} .

D plays the same role as the set of equivalent martingale measures in friction-

less financial markets.

Remark 4.1 From the normalization of S* = 1 and the martingale property
of Z1S', it follows from Z§ > 0 that Z' # 0. Then, by Remark 2.2, Z* > 0
(i <d) forall Z € D.

The following results are due to Kabanov (1999) and Kabanov and Last
(1999).

Proposition 4.1 For all x € R* and L € A, the process (Z,X""); is a su-

permartingale.
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Remark 4.2 Fiz x € IR?. Then, from the definition of g(z), the martingale
property of Z1S' = Z and Proposition 4.1, it is easily checked that

sup £ (Z7rG — Zpx) < g(x).
ZeD

Theorem 4.1 Fiz x € IR?. Assume that
M;. The process S is continuous.
Ma. There exists a probability measure Q) ~ P such that S € M(Q).
Msj. The cone K is proper (i.e. KN (—K)={0}).
Then, T' 1s closed and
r = {x € R . sup FE (ZrG — Zyr) < o} :

zeD

It follows that :

sup E (ZrG — Zyx) = g(x).

ZeD

Remark 4.3 Notice that Mz < Int(K*) #0 < X9 + X' > 0forall 1 <j
# 1 < d. See Remark I1.3.3 for the last equivalence.
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Chapter 1V.

Exponential hedging and
pricing under proportional

transaction costs

In the framework introduced in Chapter III, we study the problem of utility
maximization when the utility function is of exponential type. The optimiza-
tion problem is related to a suitable dual stochastic control problem. We
establish existence for both problems. We also prove a dual formulation for
the reservation price and we study its asymptotic as the absolute risk aversion

tends to infinity.

121
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1 Utility maximization and pricing problems

In this chapter we address the problem of utility maximization for the expo-

nential utility function :
Ullx) = —e ™ forall z€ R, n>0,
i.e. we prove existence for the problem
VG(x,n) = sup EU" (E(X;’L - G)) :

where the supremum is taken on a well defined set related to A that we shall
introduce in the following section.

Finally, we study the convergence of the utility based price,
p(z,n) := inf {w cR : Vx4 wly,n) > Vo(x,n)} ,

as the absolute risk aversion 7 tends to oo.

2 The duality result

2.1 Admissible strategies and dual problem

As in Schachermayer (2000), we need to well define the domain of random
variables on which the supremum is taken in order to obtain existence for the

utility optimization problem.

We first choose a convenient set of dual variables. Given the positive or-

thant of X' (z) :
Xi(x) = {XeX(zx): X =0},
and the convex cone

Y, = {0Y)e K" xLNK",Fr) : EYX <yz Vze K, X € X, (x)}
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we define
Y. = {Y)eY,: BEY' =y VInY'eL'}

We denote by Y7 (resp. Y?) the element (y,Y) € Y, (resp. (y,Y) € Y,) such
that P(Y! = 0) = 0. Notice that (y,Y) € Y, = EY! < y' since 1; € X, (1;).

We can now introduce the set of admissible trading strategies
X (z)={XeX(x): EYX<yxr V(y,Y)eY.}.
Clearly,

sup BUM(((X —G)) = sup EUT(UX—-G)),  (21)

Xex, () X eXyn ()

where Xy (z) is the set of X € LY(IRY, Fr) for which there exists a sequence
(Xk)r € X (z) such that

EU((Xy — G)) — EUNU(X — @) .

Since existence may fail to hold in X_(z), we define our optimization problem
on Xyn(z) :

VG(x,m) = sup EU"(U(X-Q)),

XeXyn(x)

i.e. we try to find X € LO(IR?, Fr) such that the corresponding expected util-

ity can be approximated by some admissible trading strategies.

As usual, we shall relate this problem to some dual optimization problem

WS x,n):= inf E (U”(Yl) + yr — YG) :

(y7Y)EY5\{O}

where U" is the Fenchel transform of —U"(—-), i.e.

Uly) = igﬂ%(U"(ﬂf) —xy) =U"I"(y)) —yl"(y), y >0, with [":= (U")~".

By (2.1), we may replace Xy« (x) by X.(x) in the definition of V(z, n) and

thus we will only need properties on X, (x).
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Proposition 2.1 For all z, 2’ € R and c € IR :

(i) L(x)1y € X () (in particular by Proposition I11.2.1 (iii) c1; € X .(c1y)).
(ii) {(z, X) 1z € R and X € X ()} is a conver cone.

(iii) If x = &' then for all X' € X ('), we can find some X € X () such that
X = X

(iv) For all L € A, Xit"h = X205 + ¢1y and therefore X (z+cly) = X, (z)
+ cl;y.

Proof. The fact that EY! = y! for (y,Y) € Y. and Proposition I11.2.1 (i)-(ii)
imply (i). (ii) follows from the fact that {(z,X) : 2 € R? and X € X(z)}
is a convex cone. To see that (iii) holds, let X = X' 4+ {(z — 2/)1; = X'
(since ¢(x — ') > 0 by Proposition II1.2.1 (iv)). Finally, X € X (x) by (i) and
(ii). First part of (iv) follows from the linear structure of the dynamic and

the normalisation of S* to unity. Second part follows from the first one and

(i)-(id). 0

Remark 2.1 Using Proposition I11.2.1 (iii) and Proposition 2.1 (iv), it is eas-
ily checked that, for all z € IR?, (c1,¢2) € IR x IR and n > 0,

voetrel (x4 o1y, = e IyCiz ).

In particular, by Proposition I11.2.1 (iii) again, there is no loss of generality
in assuming that ¢(x) is arbitrarily large and that G = 0 if G € L*(K) (see
Proposition I11.2.1 (iv)).

2.2 Existence and duality for the utility maximization

problem

Assumptions: The financial model satisfies :

M;. S is continuous

M,. there exists some @ ~ P such that S € M(Q),
Mjs. Int(K*) # 0.

We also assume that :
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C. G e L>(K),
and that the set of dual variables is such that :
D. Y #0.

Finally, the main result of the next section requires that
My. H :=dQ/dP is such that FHIn H < oo.

Remark 2.2 It is not difficult to see that, under mild assuptions on the co-
efficients, M1-My-D-My4 hold in the Brownian diffusion case.

Remark 2.3 C is equivalent to p1; = G = 0 for some p > 0.

Remark 2.4 Assumptions M;-Mjg are needed in order to apply the results
of Kabanov and Last (1999) concerning the set of attainable contingent claims

(see Section II1.4) and to prove (iv) of Theorem 2.1 below.

Remark 2.5 By C, definition of Y, and (II1.2.2) : 0 < EYG < y'p for all
(y’Y) S Y+'

Remark 2.6 Suppose that G— G 1; € L>(K) for some G such that e’ e
L'. Let P be the equivalent probability measure defined by dP = HdP where
H = e / Ee"S. We emphasise the dependence of V¢ with respect to P by

using the notation V5. Then, arguing as in the Remark 2.1, we get
VE (w,n) = VS~ (2, n) B
and therefore we may reduce to C if D holds under P.

Remark 2.7 Since U" is bounded from below, Y. \ {0} # 0 < [WC(z,n)|
< oo for all z € RY. In particular D = |WY%(z,n)| < oco. This follows from
Remark 2.5 and the particular form of U".

Theorem 2.1 Let assumptions M;-Mg, C and D hold. Then, for all x €
R andn >0 :
(i) Existence for W& : There exists (y.,Y.) € Y such that :

W ,n) = E(U(Y))+ya-Y.G) .
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Moreover,

(¥,Y)EY: ,y

i 1
E(UNY})) + g - Y.G) = inf " (E (y:v ~YG+ 5Y1 In Y1>> :

where the last infimum is attained by (1/y})(ys, Y).
(i) Existence for VY : The r.v. X,:= I"(Y})1,+ G € Xyn(x) is optimal, i.e. :

Ve z,n) = EUT(U(X,-GQ)) .

(iii) Duality : V& (x,n) = W% z,n).
(iv) Attainability : Assume further that My holds. Then there ezists some

X, € X(z)NXya(x)
that attains the supremum in V< (x,n). Moreover,

EX.Y < zy forall (y,Y)€Y,.

The proof of this Theorem is reported in Section 4.

2.3 Existence and duality for the reservation price

We start this part with some properties of V¢. They will be useful for the
proof of the duality result for the reservation price (in fact we will only use

the implied properties for the mapping ¢ € IR — V& (z + cly,1) (z € RY)).

Proposition 2.2 Fizn > 0.
(i) If n|VE(0,n)] < oo, then VE(-,n) is concave, continuous and strictly in-
creasing for = on R? (i.e. ' = x + 1, for some ¢ > 0 implies V& (2',n) >
VY x,m)). Moreover,

lim VYax,n) = 0 VzeR®.

4(x)—o00

(i4) If M1-Ms, C and D hold, then In |V (0,n)| < co.
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Proof. (ii) follows from Theorem 2.1 (i)-(ii)-(iii) and Remark 2.5. We now
prove (i).

Continuity and concavity: Concavity on IR? follows from Proposition 2.1 (ii)
and concavity of U"(£(+)). We shall prove later that IR¢ = Int(dom(V (-, n)).
Since VE(-,n) is concave on IR?, this implies that V¢(-,n) is continuous on
R4

Increase and limit property: By Proposition 2.1 (iii) and Remark 2.1,

Ve m) > eV a,n) Va, 2’ €R, e>0,2 =x+el;. (22)
Recalling from Chapter III that —¢(—z)1; > x and = > ¢(z)1;, we get by
replacing successively (2/, €, ) by (z, ¢(x), 0) and (0, ¢/(—x), x) that

In|VE0,n)| < oo = In|VE(,n)| < oo.
In particular,
In|V(0,n)| < oo = Int(dom(VE(-,n))) = R*.

Now, since, by the above argument, V¢ < 0, (2.2) proves that VE(-,n) is
strictly increasing for =. Finally, replacing (2/, ¢, z) by (z, ¢(x), 0) in (2.2)

and sending ¢(x) to oo proves that

Z(li)m Vz,n) = 0 VazelR.

(]
The duality result for the reservation price is a direct consequence of The-

orem 2.1 and Proposition 2.2.

Corollary 2.1 Let assumptions M1-Mg, C and D hold. Then, for all x €

R andn > 0 :
p(z,n) = —O")(VE(x,n) + U (VO(x,n)
1
= sup E <YG — Y'lnY' - y:v)
(y.Y)eY: , y'=1 n
1
+ inf E <—Y1 InY!+ ym)
(y.Y)EY: , yl=1 n

where the extrema are attained in Y.
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Proof. Since G = 0, it follows from Proposition I11.2.1 (iv) that V< (z,n)
< V%zx,n). Hence, Proposition 2.2 proves that p(z,n) exists and satisfies
VG (x +ply,n) = VO(z,n). Since V¥(x + ply,n) = e ™ V& (x,n) by Remark

2.1, the result is a direct consequence of (i)-(iii) of Theorem 2.1. O

3 Application : Large risk aversion

3.1 The asymptotic result

In this section, we consider the asymptotic behaviour of the pricing function
p(z,n) as n tends to co. Our main result is a consequence of the dual formu-
lation obtained in Corollary 2.1 for the reservation price.

We first introduce the so-called super-replication problem of the contingent

claim G associated with our set of admissible trading strategies :
gx) = inf{we R : X » G for some X € X (z+wly)} .

Remark 3.1 It follows from C and Proposition 2.1 (i) that g(x) < oo for all
z € IR? since pl; = G and pl, € X (z + ply — £(x)1;) by Proposition 2.1 (i)
and Proposition I11.2.1 (iii).

Theorem 3.1 Let assumptions M1-Mgs, C and D hold. Then, for all x €
R n>0:

(i)  liminf p(z,n) > sup E(YG —yx)+ {(z) .

e (WY)EY: , y'=1
(il)  If moreover My holds, limsupp(x,n) < g(x)+{(z) .
100

Remark 3.2 It will be clear in the proof that, in (i) of the above theorem,
we may replace {(y,Y) € YI, y' =1} by {(y,Y) € Y., y' =1} = {(y,Y) €
Y. \ {0}, y' =1} by definition of Y, and Remark I11.2.2.

Using the dual formulation of the hedging problem obtained by Kabanov
(1999) and Kabanov and Last (1999) (see Section II1.4), the above theorem

provides a precise description of the limit behaviour of p(z,n).
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Corollary 3.1 Let assumptions M;-My, C and D hold. Assume further that
the stochastic basis is such that all martingales on it are continuous. Then,

for all x € R? :
lim p(z,m) = g(x) + ()

—00

Remark 3.3 Recall that by Corollary 2.1
VE(z +plz,mli,g) = Vo(z,n). (3.1)

for all x € IR and 1 > 0. Let o be equal to 0. Using the last equality, we can
provide a very simple upper bound for the probability of missing the hedge by
a constant & when starting with an initial endowment equal to p(0,7)1; :

inf PU(X —G)<—k| < exp|[—nk]

XeX,(p(0,m)11)

The proof is obtained by Corollary 2.1, the relation 1l,<o < e ™, z € IR, and
by arguing as in the proof of Theorem 3.2 in Barles and Soner (1996).

Notice that, for all positive k, this probability tends to zero as n tends
to +00. This is in agreement with Corollary 3.1 which states that p(0,7)
converges to the super-replication price g(0). In fact this relation will hold in
more general context as long as (3.1) is satisfied for z = 0. See Barles and

Soner (1996) for a similar majoration.

3.2 Proof of Theorem 3.1

We start with the easy observation
Lemma 3.1 For all z, ' € IR andn >0 :
U (VE(@m) +g@) — (=) > U (Vi) > ().

Proof. Fix z and 2’ € IRY. By Proposition 2.1 (i), £(2')1; € X.(2) and
therefore VO(2/,n) > U"(¢(z')). We now prove the left-hand side inequality.
We claim that

VE(x + (g(z) = l(=2")11,m) = VO(',n). (3-2)



130 CH IV. EXPONENTIAL HEDGING AND PRICING ...

The desired result is a direct consequence of (3.2) and Remark 2.1. We now
prove (3.2). Let X’ € X (x). Fix ¢ > 0. From Remark 3.1 and definition
of g(z), we can find some X € X, (z + (g(z) + €)1;) such that : X — G >
0. Recall that —¢(—2")1; > 2’. Then, by Proposition 2.1 (iii), we can find
some X € X, (—f(—x')) such that X > X'. Set p. := —0(—2') + g(z) + «.
By Proposition 2.1 (i), X = X + X € X, (z + p.11). Since X — G = X,
(X — G) > {(X'") by Proposition III.2.1 (iv), and therefore

VE(z+p.li,m) > BUUX - G)) = EU"(U(X")).
(3.2) is then obtained by sending ¢ to 0 and using Proposition 2.2. g
Lemma 3.2 Under My, for all v € IR? :
lim (U) 7 (Vo) = ((x)

1—00

and then by Theorem 2.1 (i)-(i11)

1
lim inf E <yx +=Y! lnY1> = ((z).
11 77

N0 (y,Y)EY Y Ly
Proof. By Lemma 3.1, (U")~! (V°(x,7n)) > ¢(x). So it suffices to prove that

lim sup(U")~* (Vo(x,n)) < A(z) .

1—00
By Theorem 2.1 (i)-(iii) with G = 0,
1
(um-t (Vo(x,n)) < yr+-EY'lnY'.
Ui
for all (y,Y) € Y with y' = 1. This proves that
. ny—1 0 < .
lliris;}p(U ) (V (a:,r])) < (y,Y)ElSI{'l; Y

The desired result is then obtained by Proposition I11.2.1 (i) and by noticing
that, under My, for all y € K* with y* # 0, (y,yH) € Y;. 0
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Proof of Theorem 3.1. By Corollary 2.1, for all n > 0 and (y,Y) € Y with
1
y =1

1 1
z,n) > E|YG—=-Y'InY'—yz|+ inf El=Y'InY'+yz
ple,n) = < Ui Y > (yY)eYy, yl=1 n Y

e

and then by Lemma 3.2
liminfp(z,n) > E(YG —yw)+(z)

for all (y,Y) € Y with y' = 1, which leads to the first inequality of Theorem
3.1.

We now prove the second inequality. By Lemma 3.2 and the easy observa-
tion that ¢(¢(x)1,) = ¢(x) (see Proposition II1.2.1 (iii)), we obtain that

lim (U (Vo(a,m) = £(x) = lim (U") 7 (VO(U(x)11,m)) -

1—00 1—00

Since by Corollary 2.1

plen) = =) (VE(m)) + @) (Vo)

this proves that

limsupp(z,n) = limsup—(U")™* (VG(:v,n)> +(Um~t (Vo(f(x),n))

1—00 n—00

and the result follows from Lemma 3.1 (with 2’ = ¢(2)1;) and Proposition
[11.2.1 (iid). g

3.3 Proof of Corollary 3.1

The result is obtained by combining (3.3), Remark 3.4, Lemma 3.3 below with
Theorem 3.1.

Recall from Chapter III the definition of

D = {ZelK"F) : Zy =1, (Z'S)ica € M(P)} .
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We also define
D, = {Ze€D: Z; #0, ZtInZ} € L'} .

D (resp. D.) plays the same role than the set of equivalent martingale measures
(resp. with finite relative entropy) in frictionless financial markets and it is

not difficult to see that
{(Zo,Zr) : Z€D.} C Y. (3.3)

(see Section 3 in Kabanov and Last 1999).
Now, set H; := E(H | F;) and notice that

{, WH)i=0) : ye K*, y' =1} C D, (3.4)

Remark 3.4 The super-replication price is given by

g(x) = sup E(ZrG — Zyx) .
ZeD

To see this, let X" € X () be such that X" = G. Then, X&" = 0 and
by Proposition I11.4.1, for all t € [0,T] and Z € D, Z, X" > E(Zy X3" | F)
> 0 and therefore X" = 0 (see (II1.2.2) and (3.4)). Since X, (x) N X, (z) is
equal to the restriction to Xy (z) of the set of admissible strategies X (x) used
in Kabanov and Last (1999), we may apply their Theorem 3.2 - see Section
[11.4.

Lemma 3.3 Suppose that M;-My hold. Assume further that the stochastic
basis is such that all martingales on it are continuous. Let G € L°(IR, Fr) be

such that G = —cSp for some real constant c. Then for all x € IR?

v(z) = sup E(ZrG — Zyx) = sup E(ZrG — Zyx) .

ZeD Z€EDe

Proof. Let € IR? be fixed. Denote by 7.(x) the right-hand side term of the
equality of the lemma. Since D, C D, we clearly have v(z) > 7.(x). To see
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that the reverse inequality holds fix Z € D and, for all and n € IV, define the
stopping time :

™ = inf{t c [ In(Z}) — In(Hy)| > n}/\T

and

(ZM) = ZMyern + (1 Ho) 2L Hllysn t<T i=1,...,d.

It is easily checked that for all n, Z™ € D.. Also notice that Z} — Zr P—a.s.
as n — oo, and Z = Zy. Now recall that G = —cS7 for some constant c.
Then, by (I11.2.2), Z}(G + ¢Sy) > 0, and we get by the martingale property
of Z"S and ZS together with Fatou’s lemma :

liminf £ [Z}G — Zyz] = liminf B [Z}(G + cSt) — Zj'x — c(Z3Sr)]
> E [ZT(G + CST)] — ng — C(Z()S()) = F [ZTG] — ZoLU .

From the arbitrariness of Z € D, this proves that 7.(z) > (). O

4 Proof of Theorem 2.1

We make the proof only for some x € K such that {(z) > p > 0 (see Re-
mark 2.1).

We split the proof of Theorem 2.1 in different lemmas. In this section,
we will always assume that 7 = 1 and we will omit the dependence of the

involved functions with respect to n and G. For instance, we will write V' (x)

for V< (z,n).

We shall approximate our optimization problem V(z) by a sequence of

optimization problems defined on the family of utility functions

Up(z) = —(1—|—£)_ for n>1.
n
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Clearly, (Uy,), is an increasing sequence of functions that converges uniformly
on compact subsets to U. Defining z,, :== = + (n/2)1; and G,, := G + (n/2)1y,
we will show in particular that the sequence of functions

Vo(z) = sup EU, (X —G,)) ,

X€&+($n)

converges to V(x), where X, (z,) is a subset of X (x,) defined accordingly

with the enlarged set of dual variables Y, that contains Y,
X, (z,) ={XeX(x,) : BEYX <wyzx, V(y,Y)eEY,}.

Existence of the above optimal control problem V,,(z), will be obtained after
proving existence in the dual problem

._ : 7oyl B
Wal@) = B © (O + gz =¥ G))

where U, is the Fenchel transform of —U,(—) :
Unly) = sup (Un(x) = y2) = Un(n()) = yIa(y) = —(n + Ly +ny
with 7,, :== (U})"" and y > 0.
Finally, it will turn out that the optimum V(z) = EU({(X, — G)) is the
limit of EU(¢(X,, — G)) where, for each n, X, is related to some optimal
terminal wealth for the problem V,,(x).

Remark 4.1 The idea of approximating U by the sequence (U,), is similar
to that used in Schachemayer (2000). The difference is that we also replace
by z, and G by GG,,. The reason is the following. We know that the infimum in
W,, may not be attained under the condition EY? = ¢! (which partly explain
why we use Y instead of Y, in the definition of W,). Since we want that
the sequence of extrema (y,,Y,) for W, converges to some extremum for W,
we need to find a way to "force” the sequence (EY,! — y!), to converge to 0.
Since we cannot manage as in Schachermayer (2000), this role is played by z,
and G,, (see Step 2 of the proof of Lemma 4.4). This approximation argument
will work, basically, because, by Remark 2.1, V" (z,,) = V() (see Step 6 of
Lemma 4.4).
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We now list some properties concerning the newly introduced control problems
and their relations with the initial one.

(R1) (Up)n is an increasing sequence bounded from above by U and X (x) C
Xu(x). In particular, Remark 2.1 shows that (V,,(z)), is bounded from above
by V(z).

(R2) (Uy), is increasing and bounded from above by U. Since Y. C Y, and
EYY =yt for all (y,Y) € Y., it follows that (W, (z)), is bounded from above
by W(x). In particular, by Remark 2.7, sup, W, (z) < W(z) < oo.

(R3) U, converges to U uniformly on compact subsets.

(R4) I,(y) — o0 asy — 0.

(R5) Foralln>1 andy > 0, —1 < Up,(y) < ny.

Before turning to the proofs, we shall notice that some of the convergence
results used in the proofs may hold only up to a subsequence. It will be clear
that we will always be able to (and we will always do) assume that the original

sequence converges.

4.1 Duality for finite n’s

The proof is close to that of Deelstra, Pham and Touzi (2000) but some of the

conditions of their main Theorem do not hold in our setting.

We prove the duality all n > ny > 1, where ng is such that ((—G) > —ng/2.
This is possible since G is assumed to be bounded for the partial ordering >.

The above properties will be very useful in the proofs.

Proposition 4.1 For alln > ng and (y,Y) € Yy :

(i) =C < V() < Wy(z) < W(x) < C, for some scalar C independent of n.
(i) U (YY) = Y@, > —C,, for some scalar C,,.

(iii) U, (YY) —YG > —C, for some scalar C independent of n.

(iv) (1,Y) € Yo — U, (YY) 4+ yz — YG is conver.
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(v) The following inequalities hold

EU, (YY) +yz, —YG,) > EU, (YY) 4y (z,) — YG)
> BU(Y") 4y (U(x) = p) + (n/2)(y" — EY)
> EUL(Y") +y'(((z) = p) = EU,(Y")

Il
~

E(Ua(I,(Y")) =Y 1,(Y"))
E(-1-Y'-Y'I, (YY)
—1—y' = EY'L,(Y").

v

Y

Proof. (i) Notice that for x € K, ¢(x)1, € X (x) (by arguing like in Propo-
sition 2.1 (1)), and therefore, by (R1) and Proposition II1.2.1 (iii)-(iv), we get
that for all n > ng : —o0o < U,,(—(ng)/2) < EU,(¢(l(x,)11 — G,)) < V,(x).
To see that the second inequality of (i) holds, fix X € X (z,), (v,Y) € Y4,
and notice that by definition of U,

U (6(X —Gp) < U, (YH+YHUX -G, <U,(YH+Y(X —G,)(41)
where the last inequality is obtained by definition of Y and Proposition I11.2.1
(i). The result follows by definition of X' (x,). The rest of the statement is
a direct consequence of (R2). By (4.1), U,(Y"') = YG, > U,({(=G,)). Since
((—@G) > —ny/2 implies that ¢/(—G,,) > —n/2, this proves () (i) is obtained
similarly by using (R2). (iv) follows from the convexity of U,,. (v) follows from
EY! <y'and 0 < EYG < y'p , Proposition II1.2.1 (i)- (111) {(x) > p and the
fact that, for all y > 0, U,(y) = Un(I(y)) — yI.(y) where Uy, (I, (y)) = —y=+
> —1—y. a

Lemma 4.1 There ezists some (y,,Y,) € Y such that :
Wa(z) > E(Uu(Y,)) + ynwn — YaGa) -

Proof. Let (yx, Y:) be a minimizing sequence and notice that by Proposition
4.1 (i)-(v), for all sufficiently large k,

00 > E (U, (Y}!) + yi(l(z) —p)) -



4  PROOF OF THEOREM 2.1 137

Since ¢(z) —p > 0, (R5) implies that y; — y! as k — oo (possibly along some
subsequence). From the compactness of {y € K* : y' = 1} (see (II1.2.1)) this
proves that yr — v, (possibly along some subsequence).

Recall that 0 < EY}! < y}. Since (y})x is bounded, by Komlos theorem and
the compactness of {y € K* : y! = 1}, we obtain that there exists a sequence
Y. € conv(Yj, j > k) that converges P —a.s. to some Y, € L°(IR?, Fr). Taking
the same convex combination to define g5 and using the convexity of Y, it
follows that (Qk,ffk) € Y. Finally, by closedness of K* and the fact that
EY; X < gz for all z € K, X € X (x) and k, we obtain that (y,,Y,) € Y,
by Fatou’s Lemma.

By Proposition 4.1 (iv), (g, Yx) is also a minimizing sequence. Now, by

Proposition 4.1 (ii) and Fatou’s Lemma
limin Gz, + B (0,(V)) = YiGa) > iy + E (ngglf 0, (V) — ?an>
= E(U.(%) + yntn — YoGa) -
Since (g, Y/k) is a minimizing sequence, this proves that
Wa(z) > E (Un(Y) + yntn — YaGh)) -

O

Lemma 4.2 Let (y,,Y,) € Y be as in Lemma 4.1. Then (yn,Y,) € Y7, is
optimal for W, (x) and

0=EY,(I,(Y\)1, +G,) —yozn = sup EY(L,(Y)1,+G,) -y, .(4.2)
(y7Y)€Y+
Proof. Let (y,,Y,) be as in Lemma 4.1 and fix (y,Y) € Y, \ {0}. Fixe €
(0,1/2). By convexity of Y, (4, Y2) = £(y,¥') + (1 —)(yn, Ya) € Y \ {0},
By Lemma 4.1, the convexity of U, and the fact that U;L = —1I,, we have :

0 > - [B(0.00) + putn — ViGo) = B (0,07) + et — Y.,
> B(Y = Y,) (L)L + Gu) + (yn — y)a (4.3)
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We shall prove later that for all € € (0,1/2) :

Y'-YDL(YYH > -4 +nY'+Y)—nY'-Y)H). (44

n g n

We now take the limit as ¢ — 0 in (4.3). Since the right hand side term of

(4.4) is in L', it follows from Fatou’s Lemma that
0 > E(Y =) (L)1 +Gn) + (40— y)za -

Moreover, since Y, is a cone, replacing (y,Y) by 1/2(y,,Y,) and then by
2(yn, Yy,) proves that EY, (I, (V)1 + G,) — ynz, = 0.

Now, assume that (y,Y) € Y% (which is possible by Assumption D and
Y. C Y,). Now assume that P(A) > 0 where A := {Y,! = 0}. By the same

argument as above :

0 > liminf B(Y = Y,) (L(Y))11 + G ) + (g — y)2n
> Eliminf(V - Y,) (L)1 + Gn) + (g — 9)

= o

since lim, .o I,,(y) = oo and lim, o 0/,(y) = 0. This proves that P(A) = 0.
1

We now prove (4.4). Since e < 3, V! > 1y 2(vI -V + V! > 1yl >
0, by convexity of U,, U" = —1I,, and by (R5)
n ({0 ¥ EYY) 2 OGO - Y
> GV - L0 - v
> 1 LY Y
and the result is obtained by observing that Y! < Y' + V1. a

Lemma 4.3 Let (y,,Y,) € Y. be as in Lemma 4.1. Then,
X, = L(YH1,+G, € X (r,).

Proof. Since I,(Y,))1; + G, = —(n/2)1,, this is a direct consequence of
Lemma 4.2 and Lemma 8.4 in Deelstra, Pham and Touzi (2000). O
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Corollary 4.1 Let (y,,Y,) and X,, be as in Lemma 4.3, then :
EU (((X, = Gp)) = Va(z) = Wy(x) = E (Ua(Y;) + gntn — YaGhn) -

Proof. This follows from Lemmas 4.2 and 4.3 together with Proposition 4.1

(i)- 0

Remark 4.2 Notice that, for all kK > n and (y,Y) € Y, yxp — EYGy = yz,
— EYG, + (1/2)(k —n)(y* — EY') > yz,, — EYG,, since EY'! < y!. Using
(R2), this proves that (W,(x)), is increasing. Hence, Corollary 4.1 shows that

(Vi(2))n is also increasing.

4.2 Existence in the initial problem

Lemma 4.4 (i), (ii) and (iii) of Theorem 2.1 hold. Moreover,

Wi(z) = Va(z) — V() = W(x),

and there exists a sequence of finite convex combinations (Y, Yn) € conv((yg, Yx) ,
k>n) NY?* that converges to some (y.,Ys) € Yy with EY,! — EY}!, where
(Yn, Yy) is given by Lemma 4.1.

Proof. Step 1. V(z) < W(x).

Fix X € X, (x). By the same argument as in Proposition 4.1 (i), EU (£(X —
G)) < EU(Y') +yz —YG for all (y,Y) € Y., hence the desired result.
Step 2.  There exists a sequence of finite conver combinations (gn,ffn) €
conv((yk, Yi) , k >mn) NY7% that converges to some (y.,Y.) € Y. Moreover,

lim, FY! = lim, §} = ..

By (R2)-(R5), Lemma 4.1 and Proposition 4.1 (v), there exists some real
C such that, for all n > ny,

n

C > E (UH(Y;) + YT — YnGn) > —1+yll(x) —yip+ g(y; — EY!H.
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Recalling that ¢(z) — p > 0 and EY,] < y} proves that y! converges (after
possibly passing to a subsequence) and that lim, EY,} — y} = 0. The rest of

the statement is obtained by arguing as in the proof of Lemma 4.1.

Step 3. The sequence (}7,3)” s uniformly integrable. Hence, from Step 2,
EY}! - EY}! = yl.

Notice that it suffices to prove that (Y;!),, is uniformly integrable. Suppose
to the contrary that (Y;!),, is not uniformly integrable. Then, there exists some
« > 0 such that for all C' > 0,

limsup £ (Ynlllyygzc) > .

n—oo

Now notice that for all n > 1,

liminf U,(y)/y > (n—1), (4.5)

Yy—oo

since Uy (y) > Un(1 —n) + (n — 1)y and U,(1 — n) > —oco. Now, fix C" and

some large n and m > n such that

Un(y) = (n=2)y YVy=C" . E(Yillysen)>a.
By (R2)-(R5), Corollary 4.1 and Proposition 4.1 (v), we get

C > Wpu(z) > EUL(Y,)) > EUL(Y,)) > EU, (Y )y sen — 1
> E(n—2)Y,yi>on —1>(n—2)a—1,

for some real C independent of n and we get a contradiction by sending n to oo.

Step 4. (v.,Y:) € Y2, is optimal for W(x) and

sup EY(I(YH1, +G) —yxr = EY.(I(Y)1,+G) —y.x =0.(4.6)
(4,Y)€Ye
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Let ¢*" be the coefficients corresponding to the definition of ¥,,. Then, by
convexity of U,, (R2) and Lemma 4.2

E (Un(Y,)) + Gt = YaGi)
<EY M (0a() + yran — YiGa)

k>n

5 1
<EY (M (Uk(Ykl) + Yy — VG + 5(3/1% — EY,!)(n — k))

< Y W) < Y W () = Wia) (4.7)

since BY;! < y! and k > n. By (R3), Proposition 4.1 (iii) and EY! < g}, it

follows from Fatou’s Lemma that

n—oo

E(UY)+yr-Y.G) < E (lim inf U, (V") — anG> + lim g,z

+liminf = (g} — BY))

n—oo 92

< liminf B (Uu(Y,) + Gt — YaGo)
< liminf Y C""Wi(x) < W(x) . (4.8)

k>n

Since |y.z| < 0o, the last inequality together with Remarks 2.5 and 2.7 proves
in particular that Y!InY! € L'

The fact that P(Y,! = 0) = 0 and (4.6) are obtained as in the proof of
Lemma 4.2 by using D and the inequalities —y; In((1 — €)y;)” < y; In(eys +
(L=e)y1) < yiln(y1)* + y2In(ys)™ for all y1, y» > 0 and € € (0,1).

Since (y.,Y:) € Y, is such that Y InY! € L', EY! = y! (by Step 3) and
P(Y}!=0) =0, (y.,Y.) is in Y. By (4.8), this proves that (y.,Y.) is optimal
for W (z).

This concludes the proof of (i) of Theorem 2.1.
Step 5. W,(z) = V,(z) = V(z) = W(x).

By Proposition 4.1 (i) and Remark 4.2, W,,(x) converges to some Wy, (z)
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< W(x). By Step 4 and (4.8), we have

W) = E(U(Y))+ya-Y.G0)
< liminf Y C""Wi(z) = W < W(a) .

k>n
Since, W, (z) = V() < V(z) < W (z) by Corollary 4.1, (R1) and Step 1, this

concludes the proof.
Step 6. X, :=I(Y)1, +G € Xy attains the supremum in V(x).

Define X := X,, — (n/2)1; where X,, is defined as in Corollary 4.1 and

notice that
X;L—G = X,—-G,, n>1. (4.9)

By Proposition 2.1 (iv) and X (z,) C X (x,), X] € X (2, — (n/2)1;) =
X.(x). Then, by Step 5, (R1) and (4.9),
V(zg) = lim EU,(((X, —Gy)) < lim EUU(X, — Gy))
= lim EU(U(X, - G)) < V(z)=W(z) .

The result is then obtained by noticing that FU (I(Y})) = EU({(X,—@G)) and
that, by Step 4,

W(zr) = EU(Y}) +y.x — EY.G = EU(I(Y)})).

Step 7. W = inf U(FE —YG+Yi'InY?l) .

ep (@) = ot U E +Y'InY"))

Clearly, Y, is a cone and since y} # 0, (/yl(y.,Y:) € Y7, for all ¢ > 0.
Then, it follows from Step 4 that

W(z) = inf inf B (DY) +((yz - YG)) .

(y,Y)EY? ,yl=1(>0
Now, fix (y,Y) € Y. such that y' = 1. Then, direct computation shows
that :

inf (TEYY) + ¢y -Y@) = inf E (=Y 4+ ¢V (YY) + C(yz - YG))
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= ggg(—c +(In¢Q)EY!
+(E(yz —YG + Y In(Y?h))
= inf UC)+CE(yr —YG+Y'InY?!)

= U(E(yr-YG+Y'mY"))

where the last equality is obtained by noticing that for all ¢ € IR, inf.~q U <)
+ Cc = Ulc). 0

Lemma 4.5 (iv) of Theorem 2.1 holds.

Proof. Step 1. sup,, EHI,(Y,})” < oo where (y,,Y,) is as in Lemma 4.1.

Notice that, for all n, I,(-)” is increasing, and therefore HI,(Y,})~™ <
YL, (Y™ + HI,(H)". Also notice that for all y > 0, yI,(y) = n(y=1 —y)
and that direct computation shows that sup, sup,-, yI,(y) < 1. By Proposi-
tion 4.1 (i)-(v) and the previous argument, there exists some real C' such that,

for all n,
C > —1—y,—14+EY, ()" .

This proves that sup,, EY,'I,,(Y,})™ < oo since (y.),, is bounded. So it suffices
to prove that sup, FHI,(H)~ < oo. Notice that for all n, EU,(H)* < oo
& EHI,(H)~ < oo and that EU(H)* < oo & EHI(H)~ < oo. Hence the
result follows from My and (R2).

Step 2. Let X,, and X/ be defined as in Step 6 of Lemma 4.4. Recall that
since X,, € X (x,) C X (xy), it follows from Proposition 2.1 (iv) that X
€ X (x). Let L" € A be such that X! = X% Fix w € Int(K*). By the
same arguments as in Kabanov and Last (1999) Lemma 3.3, FHwX], < wx
— cEH|L%| for some ¢ > 0 and (HwX)™ < w'HI,(Y,})™ where the last term
is uniformly bounded in L' (by Step 1) and w' > 0. Hence, EH|L%| < C,
for some C' € IR. Then, from Kabanov and Last (1999) Lemma 3.4, there

exists a subsequence of L™ which is Cesaro convergent and, using the linear
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structure of the dynamic of X%’Ln = X/, there exists a convex combination
X! € conv(X}, k >n) N X, (z) that converges to some X, € X(x).

Step 3. EU (E(f({l - G)) < V(z), since X! € X (x) . We shall prove in Step
4 that

lim EU ((X;, - G)) = EU((X,-G)). (4.10)

n—oo

Using the previous inequality, this proves that
EU (X, - G)) < V(z).
On the other hand, by Lemma 4.4, concavity of U(¢(-)), (R1), (4.9) and (4.10)

V(z) = lim > (*"EUL (((Xy = Gy)) = lim >~ (*"EU, (((X] - G))

n—o00
k>n k>n

< limsup Y- ¢M"EU (((X;, — G)) < limsup EU (((X}, - G))

n—oo k>n n—~oo

= BU((X.-G)),

where (%" are the coefficients of the convex combination defining X';L Com-
bining the two last inequalities proves

V(z) = EU(UX.-G) = lim E(UWUX,-G)) ,

n—oo

which implies that X, is in Ay(x) and is optimal for V' (z).
Step 4. It remains to prove (4.10). Let (4,,Y;) and (y.,Y,) be as in Lemma
4.4. By combining the convex combinations, we may always assume that the
coefficients (™ defining X,’l and }7711 are the same. Fix some large n and notice
that, by concavity of U(¢(+)), (R1), Corollary 4.1 and (4.9)

U(UX, - @) = S0 (U(X; - G) = Y MU (X5 — Gy))

k>n k>n

> X (X~ G) = T 0T 2 1

k>n k>n
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where the last equality is obtained by direct computation. Since Y,! — Y!
P — a.s. and EY! = lim, Ef/nl by Lemma 4.4, we get from the previous
inequalities and Fatou’s lemma

liminf BU (((X], — G)) + 1+ EY)) = liminf E (U (((X], - G)) +1+7,))

n—oo n—oo

> EU({(X,— Q)+ (1+EY)}).
Now, since U is bounded from above,

limsup EU (((X), - G)) < EU(((X.-G)) .

n—oo

Combining the two last results proves (4.10). O
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Chapter V.

Large risk aversion
exponential pricing under

proportional transaction costs

We! generalize the convergence result obtained in the previous chapter for
the reservation price. An important feature of our analysis is that we do
not make use of the dual formulation for the utility optimization problem
as in the previous Chapter. This enable us to enlarge the set of admissible
strategies and to relax some assumptions on the contingent claim G. We
exploit the exponential structure of the function to simplify the proofs. In
the next chapter, we provide an other demonstration that works for a more

general class of functions.

!This part is based on Bouchard, Kabanov and Touzi (2000).
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1 The problem formulation

In this chapter, we enlarge the set of admissible strategies of the previous
chapter by considering all the strategies in A (see Chapter III), i.e. we will
say that a trading strategy L is admissible if there is a constant d; > 0 such
that

Xt = —6,8, t<T. (1.1)

Recall that the set of admissible strategies A does not depend on x and that
we denoted by X (z) is the convex set of terminal values of portfolio processes

starting from the initial endowment z, i.e.
X(x):= {XE,E’L . L e A}

Our optimization problems are now defined on X(x), i.e., for n > 0,

Vo(sc,n) = sup EU"({(X)) ,
XeX(v)

VY x,n) = sup EU"({(X —@))
XeX(x)

and the reservation price is defined as
p(x,n) ;= inf {w cR: Vx +wly,n) > Vo(x,n)}

with
Ully) == —e ™", yelR.

Remark 1.1 By Proposition I111.2.1 (ii), {(z) € X(z) and therefore, since U"
is bounded from above by 0, V9(z,n) is well defined and finite. V(x,n) is

also well defined and bounded from above.

There is no need of any dual formulation to see that the particular form of
the exponential utility function implies that, if V°(z,n) < 0 and V¢ (z,n) <

0,
_ L V()

In fact, this identity follows from a slightly more general assertion.
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Lemma 1.1 Fiz (z,y) € IR* and n > 0. Let
p(z,y,n) := inf {w cR: VY x +wly,n) > Vo(y,n)} )

Then, if VO(y,n) < 0 and VE(z,n) <0,
L V&)
p(z,y,m) = —In————= .
n VO(y,n)
Proof. Set p := p(x,y,n). Assume that V& (x,n) > —oco. It is easy to see that
the function V¢ (z,n) is strictly increasing and continuous in the x! variable.

Thus, by V° < 0, V¢ < 0 and V¥, VY finite, p is finite and
VO(y.m) = VE(z +plin) .
By Remark II1.2.1 and Proposition II1.2.1 (iii)
VO (x + pli,n) = VO () = eV (2, n)

and the result follows.

If V¥(x,m) = —oo, then, by the previous argument, for all w € IR,
VC(xr+wly,n) = —oc0

and therefore, since V' is finite, p(z,n) = inf() = +oo. Since V°® < 0, the
desired result holds. O
Finally, recall from Chapter III the definitions of the set of hedging endow-

ments
I''={rcR": X =G for some X € X(x)}.

and of the super-replication price of the contingent claim

g(z) = inf{weR: v4+wl, €'} . (1.3)

Lemma 1.2 Let 2,y € IR? and n > 0. Then,

717111[—‘/0(.% n)] < —(y).

and, if g(z) < oo,
1 1

51n[—VG(:v,n)]—g(x)+€(—y) < —In[-V°(y,n)]

3
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This is the counterpart of Lemma IV.3.1.

Proof. The proof is very similar and we skip it. It suffices to not notice that
g(z) < 0o = VE(z,n)> —oo by using the definition of g(x) and recalling that
VE(x,n) = eM@VE (x4 (g(x))11,1) > —oo. ad

2 The asymptotic result
Recall the definition of

D = {Zel'K"F) : Zy=1, (Z'S)ica € M(P)} ,
D, = {Ze€D: Z;#0, Z1nZ} € L'}

introduced in Chapter IIT and IV. It is easy to see that the elements of D, have
all components strictly positive. Recall from Chapter III that (1.1) ensures
that for every admissible strategy L the process ZX%¥ is a supermartingale
and therefore EZTX%L < Zyx.

We introduce the following hypotheses:

M;. The process S is continuous.

M. There exists a probability measure ) ~ P such that S € M(Q).

Mj. The cone K is proper (i.e. K N(—K)={0}).

M. The set D, # @ and DT is dense in DT in L' where DT := {Zr, Z €
D} and DI .= {Zr, Z € D.}.

Our main result is

Theorem 2.1 Assume that My — My hold. Then

lim p(z,n) = g(z) + {(z).

—00

It is a simple corollary of the hedging theorem and the following more

technical assertion which we prove in Section 3.
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Theorem 2.2 Assume that My and My hold. Then

IA
)
—
&
-+
=
8
~

lim sup p(z, n)

n—00
liminfp(z,n) = ~(z) +(z),

7—00

where

v(z) == sup E(ZrG — Zyx).
ZeD

Proof of Theorem 2.1. In view of Theorem 2.2 it remains to check that
g(x) < y(x) when vy(z) < co. According to Kabanov and Last (1999), if M,
— M3 hold, then I" = {z : ~(z) < 0}. Since 7 (x + v(z)1;) = 0, the point
z+y(x)ly isin T and (z) > g(z) by (1.3). O

Theorem 2.2 is the counterpart of Theorem IV.3.1 that was obtained by
using the dual formulation for the utility maximization problem (see Theorem
IV.2.1 and Corollary IV.2.1). In this Chapter, we show how it can be obtained
directly.

3 Proof of Theorem 2.2

Lemma 3.1 For arbitrary Z € D, the following inequality holds:
1 1
“In[-VC(x,n)] > E(ZrG — Zyx) — ~EZ}1n Z7.
n U]
Proof. Let X € X(x). Since Zr € K* and Z} > 0 we have by Proposition
II1.2.1 (¢) that

7

UX ~G) < (-0,

T
Thus,
e X — 7
EU0(X — @) < EU" <TZ—1TG>
T
— EZLU" <—ZTX - G 1y Z})
Zyp n

1
< U <E(ZTX — ZrG)+ ~EZ;In Z})
7
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due to the Jensen inequality applied with the measure P! := ZLP. Since
EZr X < Zyx, it follows that

1
VG (x,n) <U" <E(ng — Z1G) + ~EZ5In Z}) :
n
Obviously, this bound is equivalent to the assertion of the lemma. a

Remark 3.1 In view of the last inequality, it follows from My and the exis-
tence of some real ¢ such that G > —cSp that VE<0. Similarly, V° < 0.

Lemma 3.2 Under My and My

lx) = Zlélige Zyx,
v(z) = sup E(ZrG — Zyz).
Z€De

Proof. For any y € K* the process Z with Z; = (dQ:/dFP;)y is in D. Thus,
M, ensures that K* N {y : y' = 1} coincides with the set {Z, : Z € D}.
But by My the set {Zy : Z € D.} is dense in the latter (if the terminal values
of martingales converge in L' then the initial values also converge). The first
identity follows now from Proposition I11.2.1 (7).

Let Z € D and Z™ € D, are such that Z% converges to Zr in L'-sense and
also a.s. (this is possible by My again). Since G = —¢Sr we have the bound

273G > —cZpSr.
Recalling that Z"S and ZS' are martingales, we get by Fatou’s lemma

EZrG — Zrr <liminf(EZ}G — Zjz) < sup E(ZrG — Zyx)
" Z€De

and the second identity holds since D, C D. a
Proof of Theorem 2.2. At first, we check that

lim lln[—VO(a:,n)] = —{(z). (3.1)

n—oon

Indeed, applying Lemma 3.1 with G = 0 we get:

] 0 :
hgrlg)lfﬁln[—\/ (x,m)] > —Zlélge Zor = —l(x)
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in virtue of Lemma 3.2. The converse inequality follows from the first inequal-
ity of Lemma 1.2.
As a corollary of (3.1), we have

lim 1ln[—VO(x,n)] = lim 1111[—1/0(6(20)11,17)].

If g(x) < oo, it follows from the representation (1.2), Remark 3.1 and this
identity that

limsupp(z,n) = limsup l(ln [—VE(x,n)] = In[-VO(l(x)1y, 77)])

7—00 n—oo 1)

< gla) = (=)L) = g(x) + (z),

where we used the second inequality of Lemma 1.2 with y = ¢(2)1;. Clearly,
the result also holds if g(z) = oo.
At last, in virtue of Lemmas 3.1 and 3.2

1
liminf — ln[—VG(x, n)] > sup E(ZrG — Zyx) = ().
=00 ZeDe

The second inequality of Theorem 2.2 follows from (1.2), (3.1) and Remark
3.1. O

4 Final comments

An inspection of the proof shows that in Theorem 2.1 the hypotheses M; —
M3 can be replaced by a single one: the closure of I' coincides with the set
{z : ~(z) < 0}. Thus, the assertion holds for a discrete-time model (where
all strategies are admissible) under My and My only. Indeed, the hedging
theorem in Delbaen et al. (1999) ensures that I' = {z : ~(z) < 0} if My is
fulfilled. One may expect that the hedging theorems are true under weaker

assumptions which automatically will substitute M; — M3 in our formulation.

The large risk-averse asymptotic in Delbaen et al. (2000) is obtained as-
suming that all martingales on the stochastic basis are continuous. In fact,

one needs only the property that the set Q. of martingale measures with finite
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entropy is dense in the set of all local martingale measures Q. It was shown
in Kabanov and Stricker (2000) that this is always the case if Q. # 0. The
corresponding result for the sets D and D, is not available yet but, if all mar-
tingales on stochastic basis are continuous and Q, # (), My is fulfilled, see the
proof of Theorem 3.7 in Kabanov (1999).

We worked here with the traditional exponential utility function (to sim-
plify formulae, shifted by a constant which does not matter). We show in the
next chapter that the result can be extended to the case (U") = (U’)" where

U satisfies some mild assumptions.



Chapter VI.

Large risk aversion pricing
under proportional transaction
costs for a class of utility
functions including CRRA and
CARA functions

As in the previous chapter, we study the asymptotic of the reservation price as
the absolute risk aversion tends to infinity but we extend the previous result
to a general class of utility functions including CARA! and CRRA? utility
functions. Hence, we prove that the convergence not only holds for constant

absolute risk aversion but also for constant relative risk aversion.

!Constant Absolute Risk Aversion : —U”(x)/U’(z) = constant.
2Constant Relative Risk Aversion : —zU"”(z)/U’(z) = constant.
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1 The problem formulation

Let U be a C' increasing and concave function defined on (—k, c0) for some
k€ IRy U{oco} such that

lin}c U'ly) = o and limU'(y) =0.
Jl-

yToo

In this chapter, we consider a family (U"),~o of C' increasing and concave
functions defined on (—k,c0) such that there exists some a > 0 and b € IR

satisfying :
(um' = (Ut forall n > 0. (1.1)
The reason for choosing such a parameterization is that
—(UM)"/U") = —(an + b)U" /U’

and therefore
—(UM" /(UM — 00 as n— o0,

i.e. the absolute risk aversion tends to oo as 7 tends to co.

Fix ¢ > 0 and let n > ¢. We denote by I” the inverse of U" and by U” the
Fenchel transform of —U"(—-). We assume that
U;. There exists a and § € IR such that yI/°(y) < ay + 3, for all y > 0.
Us. There exists a and 8 € IR such that U°(I¢(y)) > ay + 3, for all y > 0.

As it will be clear in the proofs, the important point is that an + b tends
to 0o as 71 tends to co. Therefore, in order to alleviate the notations, we will
assume that a = 1 and b = 0. The general case is obtained by the same argu-

ments.

We now fix k € Ry U {oo}. Given x > —k14, we shall denote by Ax(z; G)
the set of processes in A (see Chapter III) satisfying the additional condition

XEE -G - —k
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and we set
X(x; G) = {X e L°(Fr) : X = X&" for some L € Ak(IL‘;G)} :

We define similarly A (z;0) and X (x;0) by replacing G by 0. Clearly, A, =
Aand X, = X.

Remark 1.1 Fix z, 2’ € R and k € Ry U {oo}.

(i) If ' = x = —k1; then Ay(x; G) C Ax(2/; G).

(ii) For all X € Xy(x;G), X' € Xp(2;G) and 5 € [0,1], BX + (1 - ) X' €
X B + (1- 8) 2'; G).

(iii) For all y € IR and for all trading strategy L in Ax(x; G) N Ap(x+y11; G) :
XL yqy1, = XL

++y1, - Lhis follows from the normalization of the non-risky

asset S! to unity.
(iv) For all = = —k14, ¢(x)1; € X(x;0).

Our optimization problems are defined by

V9z,n) == sup FEU"(U(X)) , VG(x,n) = sup FEUT({(X-G)),

X eXy(x;0) XeXy(z:;G)

and the pricing function is given by
p(x,n) = inf {w €R : VO(z+wlyn) > Vo(az,n)} :

Remark 1.2 Fix z > —k and assume that p(x,n) is finite. We claim that,
under Assumption D and Usg below, V(z + p(x,1)11,1) < co and VO(z,n)
< 00 (see Remark 3.2 below). By Remark 1.1 (iv), this proves that |[V°(z,n)|
< 0o. Moreover, by Remark 1.1 (i) and (ii), V° and V¢ are concave and
increasing in the z! variable. This implies that V¥ (x+p(x,1)11,1) = VO(x,7n)

whenever p(z,n) is finite.

We recall the definition of the super-replication price for the contingent

claim G :

g(x) = inf{we R : X = G for some X € X(z+ wly)} .
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and we assume that

g9(0) < 0 .

This implies that
g(z) <oco forallz e R? .

Indeed, it is easily checked that for all z € IR?, g(z) < g(0) — ¢(x). Also notice

that we can rewrite g as
g(x) = inf{we R : X = G for some X € X(x+ wly;G)} .
We conclude this section with the easy observation,
Lemma 1.1 For all ; € R?, 29 = —k1, andn >0 :
VG (@1 + (g(w1) = U(=22))11,m) = VO(z2,1) = U (U(z2)) -
Proof. The proof is similar to that of Lemma IV.3.1. g

Remark 1.3 Lemma 1.1 implies that for all z € IR and n > ¢,

p(z,n) < g(x) — l(=z) < o0,

2 The asymptotic result

Recall the definition of
D = {Ze K" F) : Zy =1, (Z'S)ica € M(P)}

introduced in Chapter III. Also recall that the definition of A ensures that,
for every admissible strategy L, the process ZX®" is a supermartingale and
therefore EZTX%’L < Zyx.

As in Chapter V, we introduce the set

D" = {YveL': Y=z, forsomeZecD} .

Notice that, if Y € DT, then EY = 1 and that Z} > 0 for all Z € D. This

follows from the normalization of S' and the martingale property of ZS.
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We assume that
D. There exists some Y € DT such that Y > 0 P — a.s. and for all ¢ > 0,

EUC(CY) < 00 .

Us. There exists a function ¢; mapping IR? into (—k, co) and some family of
functions (1 ,), mapping L' ((0,00)) into (0,00) such that for all Y € DT
satisfying D and n > ¢

BU" (I(zY7)) = U (¢ (I(x), 2,(Y))) . (2.1)
satisfying for all y > 0

lim o1 (I(z),y) = —k, (2.2)

Tr—00

and such that for all sequence z, > 0,

limsup ¢n (I(xy),2,(Y)) < limsupI(z,) (2.3)

—00 —00

where [ is the inverse of U’.

These assumptions will be satisfied in particular for CRRA and CARA

functions (see our Example Section).

Let DI be the set of random variables Y € DT such that D holds and D,
be the set of process Z € D such that Z+ € DI. Notice that, if Z € D,, then
ZL>0P—as.

Remark 2.1 It follows from D, C D and Remark I11.4.2 that

sup E(ZrG — Zyzx) < g(z) .
ZeD,

In particular, g(x) < oo implies that

sup E(Z7rG — Zyx) < o0 .
7D,
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Finally, we assume that
H. For all x € R?, infzep, Zox = ((z).

Remark 2.2 Recall from Chapter V that Remark I11.2.1 (i) implies H if there
exists a probability measure @Q ~ P such that S € M(Q) and if DI is dense

in DT in L'.
We can now state the generalization of Theorem V.2.2.
Theorem 2.1 For all x - —k1 :
li;ri supp(z,7) < g(z) +€z)  and  liminfp(z,m) 2 ve(z) + ().

where () := sup ep. E(ZrG — Zyx).

Remark 2.3 Clearly, we could deduce from Theorem 2.1 the counterpart of
Theorem V.2.1 under assumptions similar to M; and M3z of Chapter III, i.e.
prove that : v.(x) = g(z) and therefore that lim, .. p(z,n) = g(z) + £(x).

3 Proof of Theorem 2.1

Lemma 3.1 For allY € DI and ( >0

EitigY[I”(CY)]’ < 00, (3.1)
EiliIC)Y[I"(CY)]J“ < 0. (3.2)

Proof. We first prove (3.2). Notice that [ is decreasing. Hence, the result is
obtained by using Uy, EY =1, I"(y) = [(y%) and by noticing that

iy sy + [T(C7Y &) Ty o
N ysy + [T6(¢CHY) Ty o .

"cy) < [I(¢
= (¢

3= 3=

We now prove (3.1). Direct computation shows that, for all ¢ > 0

U (I°(CY)) — CYIS(CY) = U°(CY) .
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Therefore, by U, and D, there exists some a and 3 € IR such that for all { >
0

EaY + 3 — ECYI(CY) < oo .

Using the fact that EY = 1 again and the fact that EY[I¢(CY)]" < oo, by
(3.2), this proves that for all { > 0

EY[ICY)] < oo. (3.3)

Now, fix n > ¢. Recall that ["(y) = I(y%) and that [ is decreasing. Hence,
YY) < I Ty + [YI(CTY )] My

and (3.1) holds by (3.3). O

Lemma 3.2 Fiz x € IR? such that {(z) > —k. Set p, := p(x,n) and let (n,)n
be a sequence such that lim, .., p,, = p* exists in IR U {—oc0}. Then, for all
Z € De,

lim Sup(U””)_1 (VG(x +pnn11,77n)) < E(Zy(z+p'1) — ZrG) .

Remark 3.1 For ease of notations we only write n for 7,,. We split the proof
of the last Lemma in 5 parts.
We first explain the basic argument of the proof. Fix z € IR? and Z € D.,.

Assume that, for all n > ¢, we can find some ¢, > 0 such that
1
Ve +p i) < EU(1(G,(Z1)7)) - (3.4)

By assumption, we can find some functions 1; and v, such that

BU" (1G(Z2)7) = U7 (v (106 424(Z8))) -
Now, assume that

limsup iy (16, ¥2(Z) < E(Zoz +9™0) = ZG) . (35)

1—00

then the desired result holds. (3.4) is obtained in Step 3 after some preparation
in Step 1 and Step 2. (3.5) is obtained in Step 4 under Us.
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Proof. Fix Z € D, and set Y = ZJ. From the assumptions on U’, it is

easily checked that I is a continuous function mapping (0, 00) into (—k, o)

satisfying :
limI(y) = —k and lim I(y) = o0 . (3.6)
yToo yl0
Also recall that, for all y > 0,
1
I"(y) = (U") " (y) = L(y") . (3.7)

For all n > ¢ and ¢ > 0, we define F((;n) = EY[ ((Y%).

The aim of Step 1 and Step 2 is to show that, for all > ¢, we can find
some ¢, > 0 such that F(¢,;n) = E(Zo(x+py11)—ZrG). In Step 1 (resp. Step
2), we study the function F'(-;n) (resp. the quantity E(Zy(x + p,11) — ZrG)).
The proof is concluded in Step 3.

Step 1 :  We first prove that : for allm > ¢, F(:;n) is a decreasing
continuous function defined on (0,00) satisfying limeoo FI(¢;n) = —k and
lime g F(¢;m) = oo .

Fix n > ¢. Clearly, F' is decreasing and defined on (0, c0) by assumptions on
I and Lemma 3.1.

Foral 0 < (p < (,-Y I (CY%) >-Y I (QOY%> € L' by Lemma 3.1 again.
Notice that by (3.6), lim¢je. 1 (CY'7) =—k P—a.s. Then, by Faton’s Lemma :

. 1
li inf — EY (1(¢cyn)) = EYEk =k
since by construction EY'=1. Hence, limsup.;., EY'[ (CY%) <—k . Since [
is bounded from below by —k, this proves that
lim F(;) = lim EY1 (gﬁ) = k.
Now, since [ is decreasing, for all 0 < { < (p < o0, Y[ (CY%) is bounded from
below by YT (COY%> € L'. Then, by Fatou’s Lemma and (3.6) again,

- ) S - N
hr&%)an(C,n) > EY hr?l%)nf[ (CY ) 00
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Finally, the continuity of F'(-,n) is obtained from the continuity of I by

using the same kind of arguments.

Step 2 :  We now prove that : for alln > ¢, —k < E(Zy(z + p,11) — Z1G)

< 0.

The right-hand side inequality is trivially satisfied. Indeed, p, < oo, by Remark
1.3, and there exists some ¢ > 0 such that G > —cSr and therefore, by the
martingale property of (Z'S%);<q, EZrG > —cZySy > —o0.

If k = o0, the left-hand side inequality holds by Remark 2.1.

We now consider the case k < co. We suppose that

E(Zy(z + pyl1) — ZrG) < —k = inf I(y) (3.8)

y>0

and we work towards a contradiction of the definition of p(z,n). Notice that
by Proposition I11.2.1 (i),

(207 Zr(X — G) > (X — G).
By concavity of U", for all ( > 0 :
U(((X - @) < )
+ (O ICY) ((21) N (ZrX = ZeG) = 1 (¢Y™))
- (o)
+ ¢ (20N ZeX — 22G) — 1 (¢Y7))
since I(y) = (U'(y)) '=(U")"}(y"). By taking expectation and using the
supermartingale property of ZX, we get by definition of Y = Z1 :
EU'U(X —G)) < EU"(I(CY"))+C"E(Zo(x + pyLi) — ZrG)
— ("BYI(CY7) . (3.9)
By (3.8), EY = 1 and arbitrariness of X & &j(x + p,11; G), this proves that :
V(e +plim) < EU(I(¢Y7))
< UM (@1 (1(Q), thap(Y)))
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where 91 and 15, are defined as in Usz. Then, sending ¢ to oo and using (2.2),
we get

VE(z+plin) < lim U'(y) .
i

On the other hand, since —k < ¢(x) € X(x;0), we clearly have

VOz,n) > U'(l(x)) > lim U"(y),

y——k

since by assumption on (U")', lim, ., (U") (y) = co. Hence,
VO(x,n) > VE(z+p,Lim)

and we get a contradiction with the definition of p, = p(x,n).

Step 3 : For all n > ¢, there exists some ¢, > 0 such that F((,;n) = y, =
E(Zy(x + py11) — ZrG). Moreover, V(z + p,11,m) < EU" (I (CnY%D )

Fix n > c¢. Notice that, by Step 2, —k < y, < oo. Then, existence
of ¢, follows from Step 1. Replacing ¢ by ¢, in (3.9), we get for all Xe
Xk(l’ +pn11;G) :

BU(((X - @) < EU"(I(¢Y7))
+ E(G)" [((Zo(l’ +py11) — ZrG)) = Y1 (Cny%)}

- (1)

The result follows from the arbitrariness of Xe Xj(x + p,1;; G).
Step 4 : limsup, ., 1 (¢,) =y = lim,y, = E(Zo(x +p 1) — Z1G)/Z;.

First assume that y*>—k . Then, by Step 1, there exists some a > 0 such
that for all sufficiently large 1, ¢, < a. Denote by 7, a subsequence such that
lim, I(¢y,) = limsup, 1(¢,). Then, for all sufficiently large n,

YI(¢ Y )™ < suplY[ (aY®)]” € L!

n>c
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by Lemma 3.1. Using the fact that for all n, > ¢, F((;,;mm) = yn, as well as

Fatou’s Lemma, we get :
1 1
y' = liminf EYT (¢, Y ) > Eliminf YT (¢, Y )

= liminf 7 (¢,,) = limsup I ((,) -
7—00

n—oo

We now consider the case lim,;o ¥, = —k. By Step 1, we can find some

b > 0 such that for all sufficiently large 7, ¢, > b and therefore

YI(¢GYa)]" < suplyl(bvo)]* e L

n>c
by Lemma 3.1. Then by Fatou’s Lemma, it is easily checked that limsup, ;.
I(¢,) =—-k=y"

Step 5 : We can now conclude the proof of the Lemma. By Step 3 :

VO(z+p,lin) < EU(I(¢Yn)) (3.10)

for ¢, defined as in Step 3. By Us, there exists a function ¢); mapping R? into
(—k, o0) and some function v, mapping L'((0,c0)) into (0, 00) such that for
allY € DT and n > ¢

EU" (1Y) = U (r(1(G)2n(Y))) (3.11)
and such that,
ligl_iljp U1 (1(Gy), 2y (Y)) < ligls;}p[(gn) : (3.12)

Hence, from (3.10), we get

U (VE@+plim) < e (1(Gy), 2n(Y))

and the desired result is obtained by taking limsup in the previous inequality

and using (3.12) as well as Step 4. O

Remark 3.2 By (3.11) and (3.10),

Ve (x4 plz,n)ly,n) < U (W (1), han(Y))) < 00
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Replacing G' and p(z,n) by 0, we also get

VOx,n) < oo.

Proof of Theorem 2.1
Apply Lemma 3.2, with G = 0, to get

lim sup(U"7)~* (Vo(x,n)) < Zlgg Zox = {(x)

n—00

by H. Then, it follows from Lemma 1.1 that

lim (UM)'VO(x,n) = ((x) forall = = —k1,. (3.13)

n—00

Proof of the first inequality. Set p, := p(z,n) and p* := limsup, ., py.
If p* = —oo the result is trivial. If p* > —o0, there exists a subsequence of p,,,
such that lim,,_,., p,, = p* and p,, > —oo, for all n. Hence, by Remark 1.3,
(py,, )n if finite, and by Remark 1.2 :

(U™ (VO +ple,n)lem) = O™ (VO(@m) . (3.14)
Hence,

lim (U") 1 (VE(x + py, 11,m0)) = (U™) 7 (VO(2,m0)) = 0. (3.15)

n—oo

Now assume that p* > g(x)+¢(x). Then, we can find some ¢ > 0 such that for
all sufficiently large n, p,, > g(x)+{(z)+e = g(z) +{(x +<11) by Proposition
II1.2.1 (iii). Applying Lemma 1.1 with z; = x and x5 = ¢(z + €1;) and using

Proposition II1.2.1 (iii) again, we obtain that for all n :
U™ (VE (2 + g(a) 1y + U+ e1) 1)) > Ua) + ¢ .

By increase of V¢ with respect to 2! and p,, > g(z) + ¢(x) + €, this proves
that

(U™ (VE( + ppuima)) > ) +e.
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Using the last inequality together with (3.13), we get :

lim inf(U") 1 (VE (2 + py, 11,m0) ) = (O) 7 (VO(2,m0)) > Ux) + & — ((2)

n—oo

and we end up with a contradiction to (3.15). This proves that limsup, ., p(z,7)
< g(z) + {(z).

Proof of the second inequality. Set p, := liminf, . p,. Let n, be a
subsequence such that lim, .. p,, = p.. By definition of p, and the right-

hand side inequality of Lemma 1.1 :
(U™ (VO +pg i) 2 (U)H (Vo)) 2 ). (3.16)
Sending n to oo, we get, by Lemma 3.2 :
E((p«ly +2)2 — ZrG) > l(x),

for all Z € D.. Since, by Remark 2.1, sup,cp E(Z7G —xZp)<oo, and Zyp, 1y
= p, for all Z € D, this proves that :

liminf p(xz,n) > sup E(ZrG —xZy) + {(z) .
nN—00 ZE€De

4 Examples

4.1 CARA Utility

The class of CARA? utility functions is characterized by a constant absolute
risk aversion (i.e independent of the wealth). It coincides with the exponential

family U"(z) := —n~ ! exp(—nz).

3see e.g. Blanchard and Fischer (1989).
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We fix the constant ¢ to be equal to 1. Clearly, U" = (UY)" where U" is

a O increasing and concave function defined on IR such that

lim UY(y) = o and lim U (y) =0 .

yl—oo yToo

Clearly, U and I' satisfy U;-Ug where I"(y) = —n~!1n(y) for all y > 0 and
n > 1. We now prove that Uz holds. Notice that for all x > 0 and y > 0,
I'(zy) = I'(x) — In(y). Hence, for alln > 1,Y € DI and for all z > 0

EU" ([1 (xY%)> = FE—nlexp (—77 ([1 (z) —n* ln(Y)))
= E—nexp(—nl'(z >+—nn]wn0f»
= —EYn lexp (—77] (x)) =U" ([ (x)) .

Hence, we can choose ¢;(z,y) = x and 15, = 1 and clearly Uz holds.

4.2 CRRA

The class of CRRA utility functions is characterized by a constant relative risk
aversion (i.e independent of the wealth). Any CRRA function is of the form
Ulx) = —ntaforn>—1andn # 0or U(z) = In(z) (limit case for n —
0).

Here we consider a more general class of functions, i.e., for all n > 1, we
define on IR

U(w) =~ R
for some real positive constant k. Then, for all n > 1,
(UM (z) = (x+ k)™ and ["(z):= ok

Clearly, (U") = (Ull)nT+1 and I"(y) = ]l(y%) (for y > 0) where U is a C!

increasing and concave function defined on (—k, co) such that

thll() 00 and lim U (y) = 0.

yl— yToo
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Direct computation shows that for all y > 0

1
ylI'(y) = y2—yk < 1+y,
U'(I'(y) = —yz > -1—y.

Therefore, U' and I' satisfy U;-Uy. We now prove that Usz holds. Notice
that we need to adapt the condition (2.1) since in our setting I"(y) is equal
to I (y%) and not to Il(y%). As mentioned in Section 1, the result of this
paper also holds under this modification. By direct computation for all n > 1,
Y € DI and for all ¢ >0

BU (I'(¢Y 7))

1 2 1\ _l 1 n—_+11 -n
= E—E<(§Yn+) ) - F n(g Y )
_ g1 (C‘%)_HY# - _717 (g—%)_” EY 7
= ((II(C) +k) (EYUH)_%)_n =" ((Il(o + k) (BY®T) 7 — k:) :

Hence, we can choose ¥y (z,y) = (z+k)y—k and ¢, (Y) = (EY#)_%. Now,
notice that F'sup, >, V71| < 14 EY < co. Then, by Lebesgue’s dominated
convergence theorem, EY i converges to 1 as 7 tends to co. This proves that

Uj holds.
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Chapter VII.

Résolution des problemes de
controle sous forme standard
par Monte-Carlo : premiers

résultats

Dans cette partie, on étudie un probleme de controle général sous forme stan-
dard associé a un processus de Markov. Suivant 'idée introduite par Carriere
(1996), on propose une méthode de simulation permettant a la fois d’estimer la
fonction valeur et les controles optimaux. Cette méthode est tres générale. On
utilise la programmation dynamique pour se ramener a un calcul d’espérances

conditionnelles qui sont estimées par régression non-paramétrique.

173
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1 Introduction

Soit Z¥ = (X", Y) un processus markovien controlé, a valeurs dans IR¢. On

s’intéresse au probleme sous forme standard
V(0,2) = sup B [f(Z(T)) | Z§ = 2] (L1)

pour une certaine fonction mesurable f.

Dans cette partie, on propose une méthode simple permettant d’estimer,
en méme temps, la fonction valeur V' et les controles optimaux.

Ce type de probleme est tres souvent rencontré en finance. Par exemple,
on peut supposer que Y correspond au processus de prix d’actifs financiers
et que X" est un processus de portefeuille induit par une dotation initiale
x et une stratégie financiere v. Ainsi, (1.1) correspond a la maximisation
d’un critere dépendant de la valeur terminale du portefeuille et de celle des
actifs risqués. Par exemple, si f(z,y) = U(z) ou U est concave, croissante, il
s’agit d’un probleme de gestion optimale de portefeuille par fonction d’utilité.
Si f(z,y)= U(x — g(y)), il s’agit d'un probleme de couverture optimale, par
fonction d’utilité, d’un actif contigent ¢g(Y7) (par exemple un call européen).

L’approche classique, pour estimer V', consiste a dériver des équations aux
dérivées partielles (EDP), satisfaites par V| puis a les résoudre numériquement.
En général, cela conduit & des équations non linéaires (voir par exemple Flem-
ing et Soner 1992). Si on s’intéresse a un probleme de maximisation d’utilité
dans un modele avec cotuts de transaction proportionnels, on obtient une
équation de type variationnelle (voir par exemple Davis, Panas et Zariphopoulou
1993). Si Z a des sauts, on doit résoudre un terme integrodifférentiel (voir par
exemple Bensoussan et Lions 1982). En général, la résolution numérique de
telles équations devient difficile, voir méme impossible, lorsque d devient trop
grand.

D’un autre coté, il est bien connu que les méthodes de Monte-Carlo don-
nent de bons résultats en matiere d’évaluation d’option (voir par exemple
Boyle, Broadie and Glasserman 1997 pour une présentation des techniques les

plus répendues). Pourtant, elles n’ont été utilisées que tres récemment pour
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résoudre les problemes de gestion optimale de portefeuille. Detemple, Garcia
et Rindisbacher (1999) combinent le calcul de Malliavin avec des techniques de
simulation. Cvitani¢, Goukasian et Zapatero (2000) proposent une méthode de
Monte-Carlo pure. Malheureusement, ces deux approches sont tres restrictives
et contournent complétement le probleme d’optimisation en utilisant des car-
actérisations particulieres (formulation duale), dépendant du modele étudié,
de la richesse optimale terminale. Ceci n’est pas toujours possible. Par exem-
ple, ces deux approches ne peuvent étre appliquées a des modeles avec cotits
de transaction.

Pour toutes ces raisons, on propose une nouvelle approche par Monte-
Carlo, tres simple, qui permet d’estimer, en méme temps, la fonction valeur
V et les controles optimaux. Elle est applicable des que le processus Z” est
markovien et des que 1'on peut le simuler. Elle s’applique dans des contextes
tres généraux, y compris aux problemes avec couts de transaction proportion-
nels.

Elle repose sur une idée utilisée par Carriere (1996) pour calculer le prix
d’options américaines (voir également Longstaff et Schwartz 1998). Elle n’utilise
que la programmation dynamique associée au probleme.

Dans la prochaine section, on introduit le modele général en temps discret
et le probleme de controle. Ensuite, apres une breve introduction aux tech-
niques de régression par noyaux, on présente ’algorithme. Dans la Section 4,
on propose une extension naturelle aux modeles en temps continu. Enfin, on
présente des résultats numériques obtenus sur un exemple simple.

Pour le moment, nous n’avons aucun résultat théorique de convergence,

mais cette étude est un premier pas encourageant.

2 Le modele

On fixe un horizon de temps T et on se place dans un espace de probabilité filtré
complet (2, F, P). On consideére un processus de Markov a temps discret Y,

a valeurs dans un sous-espace ) de IR?. On consideére également un processus
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d’innovation €, & valeurs dans IR?. On suppose que la filtration engendrée par
(Ye), Fy :i= o{(Ys,e5), s < t}, vérifie Fo = {Q,0} et Fr = F. Ici, le terme
innovation signifie que, pour tout ¢ € [0,7 — 1], £;1; est indépendant de F;.
On consideére un sous-ensemble, compact pour simplifier, U de IR? et on
définit U comme 'ensemble des processus v adaptés a la filtration IF' := {Fy;
t =1,...,T} et a valeurs dans U. On introduit le processus controlé X" a

valeurs dans un sous-espace X de IR? vérifiant :

X/ = r(t+ 1L, X Yeop,1n) 0<t<T -1,

| S—
Xo = Zo,

ot r est une fonction mesurable de [0,7] x X x Y x R% x U dans X.
On s’intéresse donc simplement a un processus (partiellement) controlé Z¥
= (X",Y). On verra par la suite pourquoi cette décomposition s’avere tres
intéressante dans certains cas tout en restant tres générale.

L’objectif de cette partie est de résoudre numériquement le probleme de
controle suivant :
V(t,2,y) =swp B[f(X7, Yr) |X) =2, Y,=y] , (toy) €0.T)xXxY,

v

pour une fonction mesurable f de X x ) dans IR.

La formulation retenue est en fait tres générale. Voici quelques exemples
d’applications possibles.
Premier exemple : Assurance optimale et auto-protection.
On suppose que le patrimoine d’'un agent est soumis a des chocs aléatoires
assurables. Il peut se couvrir aupres d’'une compagnie d’assurance, en payant
une prime par période II, ou s’auto-protéger en investissant dans un actif sans
risque lui rapportant un rendement par période p > 0. La dynamique de sa

richesse s’écrit alors
X{ = 1+ p) (XY —lD) — (1 — v)e

ol € est un processus de Poisson univarié et U = [0, 1]. On suppose que f est

une fonction croissante et concave de x. Le probleme de controle correspond
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alors a la maximisation de I'utilité espérée de la richesse terminale

Vit2) =swp B[f(X7) | X} =] . () € 0.7 x R,

v

Ici, le processus Z” est entierement controlé (Y = 0). Il sera clair par la suite
que notre algorithme est en partie dégénéré dans une telle situation. Il reste
cependant valable et 'application numérique de la Section 4 montre méme
qu’il donne de bons résultats.
Deuxieme exemple : Assurance optimale, auto-protection et actif risqué.
On reprend 'exemple précédent mais on suppose maintenant que ’agent peut
également investir dans un actif risqué dont le processus de prix est modélisé
par Y a valeurs dans (0,00). L’innovation € est maintenant un processus
A valeurs dans IR? ol €' et €2 sont respectivement un processus de Poisson
et un processus gaussien centré de matrice de variance-covariance diag[o?1].
On pose U = [0,1]2. ' représente le niveau de couverture par assurance
et v? la proportion de richesse investie dans I'actif risqué. Sous la condition

d’autofinancement, la dynamique de la richesse s’écrit maintenant

v v VY 1
t+1:(1+p)<Xt(1_VtZ)_Vt1H)+Vt2Xt ;jt — (1= v)een

ou l'on suppose que Y a pour dynamique
Vi = Vet 2o et
et © > 0. Le probleme s’écrit alors
V(t,z,y) =sup B[f(X7) | X/ =2, Yi=y] , (t,2,y) € [0,T] x 2 x (0,00) .
ve
Cette fois-ci, Z" est vraiment composé d’'un partie controlée et d’une autre qui
ne l'est pas. C’est le cas le plus intéressant dans le sens ot notre approche se
justifie pleinement.
Troisieme exemple : Evaluation d’un call européen sur moyenne arithmétique.

On suppose que la dynamique de Y est la méme que dans ’exemple précédent

avec i =0, que Xp s’écrit

(>
T t=1
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et que f(z) =[x — K]* (K > 0). Dans ce contexte,
V(t,z,y) =FE[f(X7) | Xo =2, Y=y, (t,z,y) € [0,T] x X x Y,

correspond au prix d’arbitrage, a la date ¢, d’un call européen sur moyenne
arithmétique, portant sur l'actif Y. Ici, la partie controlée de Z¥ est dégénérée
puisque ’espace des controles U est réduit a un singleton. Notre algorithme
fonctionne également mais ’on revient en fait au cas déja étudié par Carriere
(1996).

On pourrait multiplier les exemples d’applications : marchés financiers
avec grands investisseurs dans lesquels la composition du portefeuille a un
impact sur la dynamique des cours des actifs financiers, probleme de couver-
ture d’option par fonction d’utilité ou par approche par quantile, probleme
d’investissement optimal dans l’auto-protection contre un risque assurable
comme dans la Section 1.8.1 de cette these, etc. Tant que (X", Y') est markovien,

il est possible de se ramener a la formulation générale proposée.

3 Idée générale et algorithme
On revient maintenant a notre probleme de controle initial :

V(0,20,y0) = sup B [f(X7, Yr) |Xg = 20, Yo =%0] , (w0,%) € X X V.

veu

En général, puisque (X", Y') est Markov et £, est par hypothese indépendant

de F;, V vérifie I’égalité de programmation dynamique :

V(t,z,y) =sup E [V(t—i— LX/ Y | XY =2, Y, = y} ,

veu

pour tout (t,z,y) € [0,7 — 1] x X x ). Supposons maintenant que ’on
connaisse V(t + 1,-,-), d’apres I’équation précédente, le calcul de V(t,-,-) se

ramene a la maximisation, sur le compact U, d'une espérance conditionnelle :

J(ta,y,v) =BV (t+ 1, X5, Vi) | XY =2, Yi=y| .
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Etant donnée la dynamique de X", on obtient en fait
J(t,l',y,l/) = E[V<t+ 177n(t+ 17x7}/;7€t+17y> 7Y;$+1) ’ Y;E = y] . (31)

Sil’on peut calculer cette espérance, pour v € U fixé, on peut déduire J(¢,-, -, )
a partir de V(t+1,-,-). En prenant le maximum de J(¢,-, -, -) sur U, on obtient
ensuite V' (¢, -, ) et, par récurrence, on peut finalement obtenir V' (0, z, y0). Le
probléeme réside donc dans le calcul de (3.1). Dans cette partie, on propose
de l'estimer en combinant ’approche par Monte-Carlo aux régressions non-
paramétriques par noyaux (on pourrait bien évidemment utiliser d’autres types
de régressions non-paramétriques, l'objectif étant avant tout d’approximer
I'espérance). Avant d’aller plus loin dans 'exposé de cette méthode, on com-

mence par décrire brievement la méthode de régression par noyaux.

3.1 Introduction préliminaire aux méthodes de régression

par noyaux de convolution

Pour simplifier, on considere dans cette sous-section un couple de variables
aléatoires (X,Y) & valeurs dans IR x IR? et on suppose que X peut s’écrire

comme une fonction aléatoire de Y. On cherche a estimer
m(y) = E[X | Y =y

de maniere non-paramétrique (on peut remarquer que (3.1) est obtenue en
remplagant X par V (t+ 1,r (t + 1,2,Y;, 6441,v), Y1) et Y par V).

Supposons que 'on dispose de n observations (X;,Y;);. Pour estimer E[X],
on calcule généralement la moyenne empirique :

Iy oy
=1

n =

Ici, comme 'on cherche a estimer I'espérance de X conditionnellement a Y

= y, on pourrait simplement calculer une moyenne empirique conditionnelle

Yzt Xilly,=y

n
i=1 ]IYI-:y
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Cependant, comme Y est & valeurs dans IR, la probabilité d’avoir Y; = y peut
étre tres faible, voire nulle, ce qui signifie que, d’'un point de vue pratique, cet
estimateur a peu de chance de donner de bons résultats.

L’idée de la régression par noyaux consiste a considérer, non pas, seulement,
les observations i telles que Y; = y, mais toutes les observations telles que Y;
"n’est pas trop loin de y”. Eventuellement, on peut pondérer la contribution
de X; dans le calcul de 'espérance par la distance entre Y; et y. La technique
la plus simple consiste a retenir toutes les observations telles que |Y; —y| < h
pour un certain A > 0. On approxime alors I'espérance conditionnelle par

> Xi]I\Yi—yISh
S Wyioyin

Si l'on veut pondérer les contributions par la distance avec y, on peut remplacer

W}y,—y|<n par, par exemple, (1—|Y; —y|/h)}y,_y<p. On fait donc une moyenne
empirique, éventuellement pondérée, des observations X; telles que Y; n’est pas
trop loin de y. Si 'application m(+) est suffisamment lisse, on peut espérer en
avoir une bonne approximation lorsque n tend vers I'infini et h tend vers 0,
c’est-a-dire lorsque I'on a de plus en plus d’observations et que 1’on se restreint,
de plus en plus, a ne considérer que celles pour lesquelles Y; est tres proche de
Y.

D’une maniere générale, on peut définir un noyau de convolution, K, comme
une application de IR? dans IR, bornée, intégrable par rapport & la mesure

de Lebesgue et telle que
/ K(r)dr=1.
R4

On supposera en outre que K(r) décroit lorsque |r| croit et que

lim |r|*K(r) =0.

[r|—o0

Lorsque cette propriété est vérifiée, on parle de noyau de Parzen-Rosenblatt
(voir, e.g., Bosq et Lecoutre 1987 pour plus de détails). Par exemple, %HI-\Sl
est bien un noyau de Parzen-Rosenblatt (il s’agit du noyau uniforme), (1 — | -
|)1}. ;<1 correspond au noyau triangulaire, (1/ \/ﬂ)e_g correspond au noyau

exponentiel.
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Comme dans 'exemple ci-dessus, on a besoin d'un parametre h qui per-
mette de controler la contribution des observations en fonction de la distance

avec y. On définit donc

- ()

ou h > 0 est appelé la fenétre. On peut remarquer que, pour tout h, K est

encore un noyau de convolution. L’estimateur par noyaux s’écrit alors

& K-y,
mh(y) T Z n Kh(}/z . y) :

i=1 i=1

Ici, h joue le méme role que dans l'exemple ci-dessus. Comme K(r) décroit
lorsque |r| croit, plus h est petit et plus le poids des observations telles que Y;
est loin de y est faible dans la moyenne pondérée. A la limite, lorsque h tend
vers 0, on ne retient plus que les (X;,Y;) tels que Y; = v.

Sous certaines hypotheses, sur le type de noyau utilisé et sur les variables

(X,Y), on peut montrer que 'estimateur par noyaux est convergent en loi :

M, (y) — m(y) »
nhd r | — o) N(0,1) quand nhy™ — 0,
([Uhn W)/ fra () f/C2<y)dy]§) (loi) 0,1) «q

ou fp, (resp. vy, ) est un estimateur convergent de la densité de Y (resp. de
la variance de X conditionnellement a Y =y ).

On a donc une convergence en loi a la vitesse \/nTLﬁ lorsque h,, tend suff-
isamment vite vers 0. Il faut cependant noter qu’il ne s’agit pas d’'une conver-
gence en /n car h, doit tendre vers 0 lorsque n tends vers l'infini. Ainsi, la
vitesse maximale que 1’on puisse obtenir est légerement inférieure a n@a, En
effet, pour s’assurer que nhdt* — 0, il faut que h,, soit de la forme n_ﬁ, pour
un € > 0. Ceci nous donne une vitesse de \/ n'w soit légerement inférieure a
hcﬁ, pour € tres petit. La vitesse décroit donc avec la dimension de I'espace
dans lequel Y prend ses valeurs. En prenant par exemple d = 4, on obtient
une vitesse légerement inférieure a ni. Pour une méme précision, il faut en
fait que n croisse en puissance de d/2 (nd%4 = M implique n = M #)

Il existe bien d’autres résultats de convergence (presque sure, en norme L2,

etc) mais la convergence en loi est souvent la plus utilisée car elle permet de
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construire des intervalles de confiance. On peut, par exemple, se référer a Bosq

(1996) ou a Bosq et Lecoutre (1987) pour plus de détails sur ces techniques.

3.2 L’algorithme

On montre maintenant comment utiliser les techniques de régression par noy-

aux pour résoudre numériquement notre probleme de controle :

V(0,20,90) = sup B [f (X7, Y1) | X§ =20, Yo =w0] , (20,90) €X X V.

vel
D’apres (3.1), on doit estimer, a (t,z,v) € [0, — 1] x X x U fixé, une

espérance conditionnelle qui ne dépend plus que de vy :
J(t>x7yay) = E[V(t+ 1,7“(t+ 17x7Y;7€t+17V) 7Y:f+1) | Y;f = y] :

Imaginons que l'on ait un grand nombre, n, d’observations (Y}); de Y;, et
(i41): de er41. D’apres les résultats exposés dans la sous-section précédente,

on peut 'estimer en régressant par noyaux
T,V i 7
<V (t+1, ot t+1))i sur (Y));,
ou
T,V )
t+1 — (t+1>x7Y;78t+1ay) .
Etant donné un noyau K}, U'estimateur correspondant s’écrira alors

nzgaf—wap+LXﬁﬁy;J
i=1 iy Kn(YY =) '

Evidemment, on ne dispose pas, dans notre contexte, de telles observa-

Jta:y,

tion. Toutefois, connaissant la dynamique de Y et la loi des innovations, il
est possible de simuler des réalisations de (Y, ). On peut ensuite utiliser ces

simulations comme s’il s’agissait d’observations. Comme par définition,
V(T 2,y) = f(z,y) (.)€ X <Y,

on peut implémenter I'algorithme suivant pour estimer V :
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Pas préliminaires :

1/ On simule tout d’abord n réplications indépendantes de (Y,¢), notées
(Y, &Yer, I = {1,...,n}, sous la condition initiale Yj = y.
2/ Pour tout (i,5) € I x I'ett € {1,...,T}, on calcule
K, [Y;j _ Y;z}
S jer K [Y7 — Y]

KZ(t) =

et
XPrh=rt—1,2,Y e v), velU.

3/ Ensuite, on construit une suite de maillages {3;},—o 71 de X telle que

-----

Yo = {zo}. Pour tout t € {0,...,T — 1}, on n’approximera V (¢, -,-) que sur
% X Y Vier-

Premier pas :
1/ On calcule

f(X;,u,z”YTi) , v E€EXr_1,1€l,vel.
2/ Régression. Pour tout x € Xpr_; et v € U, on calcule

J(T =12l v) = S KIT-1)f (X3, Y7) .

jel

3/ Optimization. Pour tout x € Xp_q et i € I, on calcule

1% (T— 1,x,YTi_1) = maxj(T— 1,:E,Y72_1,1/) .

velU

et on enregistre I'argument maximal (T — 1,z,Y}_,).

Pas intermédiaires : On répete la procédure suivante pour t = T — 2 a 1.

Connaissant V(¢ + 1,7, Y}, ) pour tout € Xy et i € I :
1/ Interpolation. Pour tout x € ¥, et v € U, on calcule pour tout i € I

V(t+ LX)
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en interpolant V(t +1,-, Y} ).
2/ Régression. Pour tout x € ¥, et v € U, on calcule
T2, Yiv) = S KIOV (t+1, X557, Y,) L iel.
jel
3/ Optimisation. Pour tout x € 3, i € I, on calcule

V(t,z,Yy) = max.J(t z, Y}, v)

velU

et on enregistre 'argument maximal o (¢, z, Y}’).

Pas final :
1/ Interpolation. On calcule pour tout ¢ € [ et v € U

V(LX)

en interpolant V (1, -, ).

2/ Régression. Pour tout v € U, on calcule

- 1 - o
J(O,xo,yo,y) = gZV(LXfO’V’Z,YD.

el

3/ Optimisation. Finalement, on calcule
V(Oa Zo, yO) = meal}( j(oa Lo, Yo, V)

et on enregistre 'argument maximal (0, z¢, yo).

On peut noter que, lorsque Z” = (X", 0), le pas de régression est dégénéré.
On fait en fait du Monte-Carlo pur. Pour Z¥ = (0,Y"), le pas d’optimisation
disparait, c’est le cas étudié par Carriere (1996).

On peut remarquer que Uestimateur de V, V, ne dépend des simulations
(Y"); qu’a travers l'indice i ce qui simplifie largement I'implémentation de
I’algorithme et réduit la dimension des données a conserver en mémoire.

Par ailleurs, d’apres la sous-section précédente, on peut espérer avoir une

vitesse de convergence de J (T'—1,-,-,-) de l'ordre de naia, Ceci devrait nous
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permettre d’approximer correctement (7 — 1,-,-) et donc V(T — 1,-,-). En
ce qui concerne les pas suivants T'— 2, T' — 3, etc, le probleme est plus délicat
car les erreurs d’estimation s’accumulent. Si elles s’additionnent simplement,
I'estimateur de V' (0, zo, yo) devrait étre lui aussi convergent mais, notamment
a cause du pas d’optimisation, ce n’est pas du tout évident. La convergence
théorique de V(O,mo,yo) est donc, a priori, délicate a démontrer et devrait
faire 'objet de futures recherches.

Par ailleurs, on peut remarquer, que des le premier pas, 1'utilisation de la
régression par noyaux engendre une perte de vitesse de convergence par rapport
aux techniques de Monte-Carlo pures, pour lesquelles elle est de 'ordre de \/n
au lieu de nira (voir par exemple Lapeyre et Pardoux 1998). D’un autre c6té,
elle permet de réduire le nombre de simulations a réaliser puisque 1'on tire
une fois pour toutes les trajectoires au lieu de faire du Monte-Carlo a chaque
pas. En outre, il faut bien noter que d correspond a la dimension de ’espace
des variables sur lesquelles on régresse et non a la dimension de l'espace des
variables simulées. Typiquement, dans I'exemple numérique de la Section 4,
I’espace des simulations est de dimension 2 mais on n’effectue la régression que

sur une variable réelle (y) et donc d = 1.

3.3 Choix du maillage

En théorie, on peut calculer les trajectoires simulées (X Z) vérifiant

ty—;-il = T(t—l—l,X;j’i,Y;i,Ei+1,V> 7t§T—1
Xy =z

pour tout v € U si U est fini. Dans ce cas, il n’est pas utile d’introduire un
maillage sur X'. Dans, la pratique, U n’est pas forcément fini, et, méme si c’est
le cas, il en général impossible numériquement de conserver en mémoire toutes
les trajectoires si n et card(U) sont grands. C’est pourquoi on a introduit la
sequence de maillages (3;);.

Evidemment, on peut toujours choisir un maillage arbitraire, suffisamment

large. Dans la pratique, il semble plus judicieux de tenir compte des simula-
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tions (Y &) pour le construire. Par exemple, si on a une idée des controles
optimaux, on peut calculer X} en fonction des simulations (Y e") et du
controle optimal estimé, puis construire le maillage en fonction des simula-
tions X} . On ne calcule donc les trajectoires que pour un controle et non
pour tout les controles appartenant a Y. Par exemple, dans notre application
numérique, on construit >; en fonction des valeurs moyennes, maximales et
minimales des simulations X;* pour un contréle v que 'on suppose étre proche

du controle optimal.

Si 'on n’a aucune idée sur le controle optimal, on peut commencer par
appliquer I'algorithme sur un maillage large, pour en obtenir une premiere
approximation, puis construire un nouveau maillage en fonction de ses estima-
tions et relancer la procédure sur le nouveau maillage. Lors de la deuxieme
étape, on peut en méme temps chercher a accroitre la précision, par exemple
passer d’une précision a 1 pres a une précision au dixieme autour de la premiere

estimation du controle.

En théorie, on n’a pas besoin de maillage sur ) puisque 1'on ne calcule la
fonction valeur qu’aux points simulés. En pratique, la convergence reposant sur
un grand nombre de simulations, il parait difficile de calculer, par optimisation,
la fonction V pour toutes les trajectoires simulées Y (évidemment si U est
réduit a un singleton comme dans Carriere 1986, ce probleme ne se pose pas).
On propose donc de n’effectuer I'optimisation que pour un sous-ensemble I’ de
1. On peut, par exemple, se restreindre aux premieres simulations. On estime
ensuite V sur [ \ I’ par interpolation par noyaux. C’est ce que l'on fait dans

I’application numérique ci-dessous.

Dans ce cas, il faut s’assurer que pour tous les i € I’, Iestimation de
V(-,-, Y est correcte. On peut par exemple vérifier qu'il y a suffisamment de
Y{ proches de Y," de maniere & ce que la régression par noyaux donne de bons
résultats. Par ailleurs, il faut s’assurer que le sous-semble I’ corresponde a un
bon échantillon des simulations de [ tout entier, c¢’est-a-dire, que pour tout
€ [ on puisse trouver un j € I’ tel que Y;j soit proche de Y;'. Si ce n’est pas

le cas, I'interpolation par noyaux risque de donner de mauvais résultats et, in
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fine, on aura une mauvaise estimation de V' (¢,-,Y}"). Comme I’algorithme est
basé sur une récurrence, 'erreur risque de se propager d'un pas a 'autre et

d’engendrer une mauvaise estimation de V' (0, zg, yo)-

4 Extension aux modeles en temps continu

Supposons que l'on s’intéresse au méme type de probleme de controle mais
cette fois-ci pour un modele en temps continu.

Par exemple, on considere un probleme de gestion de portefeuille par fonc-
tion d’utilité. On suppose que f est une fonction de x, concave, croissante,
définie sur IR, et que (X",Y") sont solutions sur [0, 7] de

dy;! = Y} (pdt +Y?dB})

dY? = k(6 —Y2dt + odB?
dy;

Xy = nX{t
t

(Yo, Xg) = (y,2) € (0,00)°

ou u, 7, k sont des réels strictement positifs a définir, et B est un mouvement
Brownien & valeurs dans IR?. Y'! correspond au processus de prix d'un actif
risqué dont la volatilité stochastique est modélisée par Y2. X* correspond
a 1’évolution d’un portefeuille dont une proportion v; est investie, en ¢, dans
lactif risqué (ici, on a supposé qu’il existe un actif sans risque, de rendement
nul pour simplifier). On suppose que le processus v appartient a une certaine
classe de strategies admissibles U, a définir, et on s’intéresse au probleme
d’allocation optimale :

V(t,z,y) = lsjlelgE[f(X{ﬁ) | X/ =2, Y,=9], (t,z,y) €[0,T] x IR x (0,00)* .
Pour utiliser notre algorithme, il suffit de se ramener a un probleme en temps
discret, proche du probleme initial. On peut ainsi utiliser, par exemple, les
schémas d’Euler pour discrétiser les processus (X”,Y'). En appliquant notre
algorithme au probleme discrétisé pour un pas de temps At petit, on peut

espérer avoir une bonne approximation de V et .
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Cette technique est déja largement employée dans l'estimation de prix
d’options par méthode de Monte-Carlo et donne de bons résultats (voir par
exemple Boyle, Broadie et Glasserman 1997 ou Lapeyre et Pardoux 1998).

La difficulté additionnelle, par rapport au cas discret, vient de l'erreur
engendrée par la discrétisation en temps. Elle est généralement de l'ordre de
At/T pour le calcul de I'espérance.

On peut également noter que notre approche est beaucoup plus simple que
celle par EDP lorsque que la dynamique de Y est compliquée. Par exemple,
si Y est un processus de diffusion mixte, on aura, typiquement, un terme
intégro-différentiel a résoudre dans 'EDP, ce qui est coliteux numériquement.
Par contre, il n’est pas tellement compliqué de simuler un processus a saut en
plus d’un brownien discrétisé surtout si les trajectoires ne sont simulées qu’'une
fois.

Enfin, 'approche par EDP fonctionne généralement mal lorsque le nombre

de variable dépasse 2 ou 3.

5 Application numérique sur un exemple sim-
ple

L’objectif de cette section est de montrer, a travers un exemple tres simple, que
notre algorithme permet d’estimer correctement, a la fois, la fonction valeur
et les controles optimaux.

On considere les dynamiques suivantes

Yign = Y+ €%+1
Xy = X+ (M + Ytg?ﬂ)
(X0, Y0) = (x0,%0)
ou u et yo sont des réels strictement positifs et € est un processus d’innovation.

Pour le moment, on suppose simplement que €2 est processus gaussien, centré

réduit.



5 APPLICATION NUMERIQUE SUR UN EXEMPLE SIMPLE 189

On cherche & estimer

V(0,z0,y0) = SupE(—e_X%)

vel

pour U = IR,.

Les ¢; étant i.i.d., il n’est pas difficile de calculer directement les controles
optimaux en utilisant simplement la formule de la transformée de Laplace pour
les variables aléatoires normales. On obtient :

oY) = % .
Dans la suite, on comparera toujours les controles estimés a la valeur (arrondie
au dixieme) de ce controle optimal.

Il serait facile de simplifier ce probleme en remarquant que, pour tout
(t,z,y), V(t,z,y) = e "V (t,0,y). 1l suffirait donc d’estimer V(¢,0,y). Dans
nos calculs, on n’utilise ni cette simplification, ni la formule explicite des
controles optimaux.

Dans un premier temps, on restreint U au singleton {u/y2} et on sup-
pose que le processus ! est nul. Ceci nous permet de tester la procédure
d’interpolation sur x et de vérifier que l'utilisation de la programmation dy-
namique n’engendre pas trop d’erreurs. Les résultats (Tableau 1 de I’ Appendice)
montrent que l'on sur-estime V' (0, zg, yo) seulement de 0.61%, ce qui est tres
satisfaisant.

Puisque, pour un controle fixé, on a une bonne estimation de la fonction
de cout correspondante, on peut maintenant passer a l'optimisation. On se
restreint tout d’abord a U = {3,4,...,7}. Les résultats du Tableau 2, mon-
trent que I’on obtient, tres rapidement, une bonne approximation des controles
optimaux.

On peut maintenant tenter d’augmenter la précision en optimisant sur U
={4.7,4.8,...,5.5}. La encore, le Tableau 3 montre que "approximation est
tres bonne (au dixieme). Par contre, le temps de calcul est relativement long.

Puisque pour le moment on a supposé que ' était nul (et donc Y constant

et égal a yp), on n’a pas encore testé la procédure de régression par noyaux.
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On suppose maintenant que les €} sont i.i.d. et uniformément distribués sur
[—v0/(2T"), yo/(27)]. On optimise sur U = {3,4,...,7} et on utilise 36.000
trajectoires simulées (voir Tableau 4). On refait le méme calcul pour des &}
i.i.d., uniformément distribués sur [—yo/(47"), yo/(4T)], et U = {3.5,4,...,7}
(voir Tableau 5). Dans les deux cas, les estimations sont satisfaisantes. La
procédure de régression par noyaux fonctionne donc bien.

Globalement, 1'algorithme converge bien et permet d’obtenir rapidement
une idée assez précise des controles optimaux meme lorsque la volatilité Y est
stochastique.

Ces résultats sont tres encourageants, méme si, pour des raisons techniques,
il ne nous a pas été possible, pour le moment, de pousser cette étude plus avant.
La prochaine étape consiste a démontrer, théoriquement, la convergence des

estimateurs.
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Tableau 1

n = 20.000, T =4, yo = 0.14/V4, p = 0.1/4, e =0, U = {p/y2}. Temps

de calcul = 6 min.

t=0| = 1% 1% V =V)/|V|
0,00 | -7,75E-01 | -7,80E-01 | 0,61 %
t=1| =z 1% 1% (V =V)/|V]
-1,28 | -2,96E400 | -2,98E+00 | 0,46 %
-0,81 | -1,86E400 | -1,86E+00 | 0,46 %
-0,34 | -1,16E400 | -1,17E+00 | 0,46 %
0,13 | -7,28E-01 | -7,32E-01 0,46 %
0,58 | -4,61E-01 | -4,64E-01 0,46 %
1,04 | -2,92E-01 | -2,94E-01 0,46 %
1,49 | -1,85E-01 | -1,86E-01 0,47 %
t=2| =z 1% 1% vV =V)/|V]
-1,85 | -5,58E400 | -5,60E+00 | 0,30 %
-1,43 | -3,67E4+00 | -3,68E+00 | 0,31 %
-1,01 | -2,41E400 | -2,42E+00 | 0,31 %
-0,59 | -1,59E400 | -1,59E+00 | 0,31 %
-0,17 | -1,04E400 | -1,05E+00 | 0,31 %
0,25 | -6,85E-01 | -6,88E-01 0,31 %
0,61 | -4,80E-01 | -4,81E-01 0,31 %
0,96 | -3,36E-01 | -3,37E-01 0,31 %
1,32 | -2,35E-01 | -2,36E-01 0,31 %
1,68 | -1,65E-01 | -1,65E-01 0,31 %
2.04 | -1,56E-01 | -1,19E-01 0,31 %
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t=3 | 1% 1% (V =V)/|V]
-2,07 | -7,40E400 | -7,41E+00 | 0,13 %
1,72 | -5,22E400 | -5,22E4+00 | 0,13 %
-1,37 | -3,68E400 | -3,68E+00 | 0,13 %
-1,02 | -2,59E400 | -2,60E4+00 | 0,13 %
-0,67 | -1,83E400 | -1,83E+00 | 0,13 %
-0,32 | -1,29E400 | -1,29E+00 | 0,13 %
0,03 | -9,08E-01 | -9,10E-01 0,13 %
0,38 | -6,40E-01 | -6,41E-01 0,13 %
0,73 | -4,52E-01 | -4,53E-01 0,13 %
1,08 | -3,20E-01 | -3,20E-01 0,13 %
1,42 | -2,26E-01 | -2,26BE-01 0,13 %
1,77 | -1,60E-01 | -1,60E-01 0,13 %
2,12 | -1,13E-01 | -1,13E-01 0,13 %
2,47 | -7,96E-02 | -7,98E-02 0,13 %
2,81 | -5,63E-02 | -5,63E-02 0,13 %
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Tableau 2

n=10.000, T = 4, U = {3,4,5,6,7}, ¢' =0, yo = 0.14/v4, pn = 0.1/2.

Temps de calcul = 7 min.

t=0| = 1% v v 1% vV =V)/IV|
0,00 | -7.78E-01 | 5,0 | 5,1 | -7,75E-01 |  -1,29 %
t=1 t=2 t=3
1% 1% x 1% 1% x 1% 1%
-1,18 | 50| 5,1 ||-1,54 50|51 -192(50]5,1
-0,74 | 50 | 5,1 || - 1,18 | 5,0 [ 5,1 | - 1,59 | 5,0 | 5,1
-0,30 [ 5,0 [ 5,1 || -0,81|50|51]-1,26]505,1
0,14 | 50|51 -045|50]|51]-093]|50]5,11
0,61 |50 51]-0,09]50]51]-060]50]5,11
1,08 | 50|51 027 |50]51-027]50]5,1
1,55 | 5,051 0,69 | 5051 006 |50]5,1
1,11 [ 50|51 0,39 |50|5,1
1,53 | 50|51 0,72 |50]5,1
1,95 | 50|51 | 1,06 |50 5,1
2,36 | 5,0 51| 1,39 |50]5,11
1,72 5,0 | 5,1
2,06 |50 5,1
2,39 |50 5,1
2,72 | 5,0 | 5,1

On répete I'estimation de V'(0,0) 500 fois et on obtient pour les estimateurs

V(0,0) :

Valeur moyenne

Ecart-Type

Variance

Valeur min

Valeur max

-0,7750

0,0037

0,0000

-0,7850

-0,7618
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Tableau 3

n = 100.000, T = 4, U = {4.7,4.8,...,5.5}, ¢! =0, yo = 0.14/V4, p =
0.1/2. Temps de calcul = 3 heures.

t=0| =z 1% 7 1% V =V)/|V|
0,00 | -7,76E-01 | 5,2 | 5,1 | -7,75E-01 |  -0,13 %

>

t=1| = 1 7 1% V =V)/|V|
- 1,42 | -3,44E+00 | 5,1 | 5,1 | -3,43E+00 |  -0,26 %
- 0,91 | -2,05E400 | 5,1 | 5,1 | -2,04E+00 | -0,26 %
- 0,39 | -1,22E400 | 5,1 | 5,1 | -1,22E+00 |  -0,26 %
0,13 | -7,28E-01 | 5,1 | 5,1 | -7,26E-01 | -0,26 %

>

0,66 | -4,28E-01 | 5,1 | 5,1 | -4.27E-01 | -0,26 %
1,19 | -2,52E-01 | 51|51 | -2,51E-01 | -0,26 %
1,72 | -148E-01 | 51|51 | -1,48E-01 | -0,26 %
t=2| = 1% v b 1% (V =V)/|V]

S1,72 [ -4,91E+00 | 5,2 | 5,1 | -4,90E+00 | - 0,16 %
S 1,32 | -3,31E+00 | 5,2 | 5,1 | -3,30E+00 | -0,17 %
0,93 | -2,23E+00 | 5,2 | 5,1 | -2,23E+00 |  -0,17 %
0,53 | -1,50E+00 | 5,2 | 5,1 | -1,50E+00 | -0,17 %
0,14 | -1,01E+00 | 5,2 | 5,1 | -1,01E+00 |  -0,17 %
0,26 | -6,83E-01 | 52|51 | -6,82E-01 | -0,17%

0,73 | -4,24E-01 |52 |51 | -4,23E-01 | -0,17 %
1,21 | -2,63E-01 | 52|51 | -2,63E-01 | -0,17 %
1,69 | -1,63E-01 | 52|51 -1,63E-01 | -0,17 %

2,16 | -1,01E-01 | 52 |51 | -1,01E-01 | -0,17 %
2,64 | -6,29E-02 | 52 |51 | -627E-02 | -021%
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t=3 | = 1% v v 1% V =V)/|V|
2,24 | -8,87TE400 | 5,0 | 5,1 | -8,84E+00 | - 0,26 %
- 1,87 | -6,09E400 | 5,0 | 5,1 | -6,08E+00 | - 0,26 %
- 1,49 | -4,19E400 | 5,0 | 5,1 | -4,17E+00 | - 0,26 %
- 1,12 | -2,88E400 | 5,0 | 5,1 | -2,87TE+00 | - 0,26 %
- 0,74 | -1,98E400 | 5,0 | 5,1 | -1,97E+00 | - 0,26 %
- 0,37 | -1,36E400 | 5,0 | 5,1 | -1,35E+00 | - 0,26 %
0,01 | -9,33E-01 | 5,0|5,1| -9,31E-01 | -0,26 %
0,38 | -6,41E-01 | 5,0 | 5,1 | -6,40E-01 | - 0,26 %
0,75 | -4,42E-01 | 5,0 | 5,1 | -4,41E-01 | -0,26 %
1,13 | -3,05B-01 | 5,0 | 5,1 | -3,04E-01 | -0,26 %
1,50 | -2,10E-01 | 5,0 | 5,1 | -2,10E-01 | -0,26 %
1,87 | -1,45E-01 | 5,0 | 5,1 | -1,45E-01 | -0,26 %
2,24 | -1,00E-01 | 5,0 | 5,1 | -9,97E-02 | -0,26 %
2,61 | -6,90E-02 | 5,0 | 5,1 | -6,88E-02 | - 0,26 %
2,98 | -4,76B-02 | 5,0 | 5,1 | -4,74B-02 | -0,26 %
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Tableau 4

n = 36.000, I' = {1,...,10}, T = 4, les ¢} sont i.i.d. et uniformément
distribués sur [—yo/(27), yo/(2T)], yo = 0.14/v/4, 1 =10.1/2, U = {3,4,5,6,7}.

Temps de calcul = 33 min.

t=0 || t=1 | t=2 | t=3
ol ool ool ||| D
1551545545/ 549
2 15|51(6|59(6|58|5]53
315|51(6|64(6]|56| 7|64
4 5|51 442547441
50551657660/ 7]73
6 |[5|51(5[46]| 444438
75|51 4/41]5]50]|5]4,7
8 5|51(6/66]|5|52|5]55
9 551549661771
10( 551553443} 4]38

On répete I'estimation de V'(0,0) 100 fois et on obtient pour les estimateurs

V(0,0) :

Valeur moyenne | Ecart-Type | Variance | Valeur min | Valeur max
-0,7704 0,0022 0,0000 0,7748 -0,7648

On estime maintenant V(0,0) en utilisant la forme du controle optimal

pour n = 5.000.000 et obtient comme estimation : —0, 7705.
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Tableau 5

n =100.000, I’ = {1,...,20}, T = 4, les &} sont i.i.d. et uniformément dis-
tribués sur [—yo/(47), yo/(4T)], yo = 0.14/v/4, p = 0.1/2, U = {3,3.5,...,7}.
Temps de calcul = 3 H 13 min.

t=0 t=1 t=2 t=3
1% 1% 1% % 1%
5,0 5,11(501[49 14,043/ 45|46
5,0 5,11 55]5416,0|6,2| 55|57
5,0 15,11(55[55(6,062]| 70170
5,015,145 474043/ 45139
5,0 5,11]501[501(55|54]| 55|54
5,0 5,11 551]52|5048]| 50|48
5,0 15,11]501(4814,043] 501438
5,0(5,11]55[54(6,06,1] 55155
5,0 5,115,045 (45|45 | 45|44
5,0 5,11]60158]|55]|58] 6,0]6,0
5,0 5,11]50(48|50/51] 55]5,2
5,0 15,11]55]55(50/|51]50]5,0
5,0 5,11]55[561| 55|52 50]5,0
5,0 15,114,547 50/|50] 50]5,3
5,0 5,114,547 50/50] 55|55
5,0 5,11]55]561| 50|52 50|48
5,0 15,115,050 50|50/ 4,5]|4,6
5,0 [ 5,1 55]52155|52]| 55|57
5,0 15,11]55[55(50]52]5,0]5,3
5,0 5,11 45]47|50/50] 50149

~.
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