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�
Z

ν
t,z(T ),M

α,χ
t,p

(T )
�
≥ 0

�
,

Ψ̃ : (z, p) ∈ R
d × R �−→ Ψ(z) − p

Û
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X∈X(x)

E [U(XT )] ,

u(x)
R+

u(x) = inf
y>0

{v(y) + y(x+G)} ,

v(y) :=





inf

Q∈M
E

�
V

�
y
dQ

dP

��
y > 0

+∞

i

g
i

T

S = (St)t≥0 g
i

S

S

g
i

S

p̄ := E
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�
ν1, ν2

�
∈ U0 Z

ν
t,z :=�

X
ν
t,x, Y

ν
t,x,y

�
R
d × R

X(s) =µX (X(s), νs) ds+ σX (X(s), νs) dWs

+

�

E

βX
�
X(s−), ν1s , ν

2
s (e), e

�
J(de, ds)

dY (s) =µY (Z(s), νs) ds+ σY (Z(s), νs) dWs

+

�

E

βY
�
Z(s−), ν1s , ν

2
s (e), e

�
J(de, ds)

Z(t) = (x, y)

(µX ,σX) : Rd × U → R
d ×M

d

(µY ,σY ) : R
d × R× U → R× R

d

u := (u1, u2) ∈ U

|µY (x, y, u)|+ |µX(x, u)|+ |σY (x, y, u)|+ |σX(x, u)| ≤ K(x, y)
�
1 + |u1|+

��u2
��
λ

�

P σ F Ω× [0, T ]

bruno bouchard
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K

βX : Rd × U × E → R
d

βY : Rd × R× U × E → R

M ≥ 0
�

E

�
|βX(x, u(e), e)|2 + |βY (z, u(e), e)|2

�
λ(de) ≤ M

�
1 + |z|2 + |u|2

�

�

E

|βX(x, u(e), e) − βX(x�, u(e), e)|2 λ(de) ≤ M
��x− x

���2

�

E

|βY (z, u(e), e) − βY (z
�
, u(e), e)|2 λ(de) ≤ M

��z − z
���2 ,

u(e) = (u1, u2(e)) |u|2 := |u1|2 +
��u2

��2
λ

U = U1×U2 U0

U U
X

V R
d+1

R x

y �−→ V (x, y)

v(t, x) := inf
�
y ≥ −κ : V

�
X

ν
t,x(T ), Y

ν
t,x,y(T )

�
≥ 0 ν ∈ U

�
,

κ ∈ R+ ∪ {+∞} U

Y −κ

µY (x,−κ, u) ≥ 0, σY (x,−κ, u) = 0 βY (x, y, u, e) ≥ −(y + κ)

(x, y, u, e) ∈ × R× U × E.

y
� ≥ y y ∈ Γ(t, x) ⇒ y

� ∈ Γ(t, x) (t, x, y, y�) ∈ [0, T ]× R
d × R× R

Γ(t, x) :=
�
y ≥ −κ : V

�
X

ν
t,x(T ), Y

ν
t,x,y(T )

�
≥ 0 ν ∈ U

�
.

Γ(t, x) [v(t, x),+∞)



v y = v(t, x) ν ∈ U
V
�
X

ν
t,x(T ), Y

ν
t,x,y

�
≥ 0 y

�
> y

ν � ∈ U V

�
X

ν�
t,x(T ), Y

ν�
t,x,y�

�
≥ 0

Γ(t, x) v(t, x)

v(t, x) := inf
�
y ≥ −κ : Y ν

t,x,y(T ) ≥ g
�
X

ν
t,x(T )

�
ν ∈ U

�
,

g V 0

g(x) := inf {y ≥ −κ : V (x, y) ≥ 0} ,

= (0,∞)d X

dXt,x(s) = µ (Xt,x(s)) ds+ σ (Xt,x(s)) dWs +

�

E

β (Xt,x(s−), e) J(de, ds)

Xt,x(t) = x ∈ (0,∞)d,

Y
ν
t,x,y

Y
ν
t,x,y(s) = y +

�
s

t

ν1r · dXt,x(r), s ≥ t ν =
�
ν1, ν2

�
∈ U .

X

µX(x, u) = µ(x), σX(x, u) = σ(x)

βX(x, u(e), e) = β(x, e)
u

µY (x, y, u) := u
1 · µ(x), σY (x, y, u) := σT (x)u1, βY (x, y, u(e), e) := u

1 · β(x, e).

X

d

P

Y

ν ν1s s

g : R → R+

V (x, y) := y − g(x),

v(t, x)
g (Xt,x(T ))



ϕ u ∈ U e ∈ E

Luϕ(t, x) := ∂tϕ(t, x) + µX(x, u) ·Dϕ(t, x) +
1

2

�
σXσT

X(x, u)D2ϕ(t, x)
�

Gu,eϕ(t, x) := βY (x,ϕ(t, x), u(e), e)− ϕ (t, x+ βX(x, u(e), e)) + ϕ(t, x),

∂tϕ t Dϕ D
2ϕ

x

H
∗ (Θ,ϕ) := lim sup

ε�0,Θ�→Θ
η→0,ψ−→

u.
ϕ

Hε,η
�
Θ�

,ψ
�

H∗ (Θ,ϕ) := lim inf
ε�0,Θ�→Θ
η→0,ψ−→

u.
ϕ

Hε,η
�
Θ�

,ψ
�
,

Θ = (t, x, y, k, q, q�, A) ∈ R+ × R
d × R × R × R

d × R
d × S

d
,ψ ∈

C1,2
�
[0, T ]× R

d
�

ε ≥ 0 η ∈ [−1, 1]

Hε,η (Θ,ψ) := sup
u∈Nε,η(t,x,y,q�,ψ)

u(Θ),

u(Θ) := µY (x, y, u)− k − µX(x, u) · q − 1

2

�
σXσT

X(x, u)A
�
,

Nε,η(t, x, y, q
�
,ψ) :=

�
u ∈ U |Nu(x, y, q�)| ≤ ε

∆u,e(t, x, y,ψ) ≥ η λ e ∈E

�
,

N
u(x, y, q�) := σY (x, y, u)− σX(x, u)T q�,

∆u,e(t, x, y,ψ) := βY (x, y, u(e), e)− ψ (t, x+ βX(x, u(e), e)) + y

ψ −→
u.

ϕ ψ

ϕ

η ∈ [−1, 1] (Nε,η)ε≥0 ε

H∗ (Θ,ϕ) := lim inf
η→0,Θ�→Θ

ψ−→
u.

ϕ

H0,η
�
Θ�

,ψ
�
.

Hv(t, x) H(t x v(t, x)
∂tv(t, x) Dv(t, x) Dv(t, x) D

2
v(t, x) v) H

∗
v



H∗v

U V

H
∗
U ≥ 0 H∗V ≤ 0 [0, T ) × R

d

ϕ ∈ C
1,2([0, T ]× R

d
,R) (to, xo) ∈

[0, T )×R
d min[0,T ]×Rd(U−ϕ) = (U−ϕ)(to, xo) = 0 max[0,T ]×Rd(V −

ϕ) = (V − ϕ)(to, xo) = 0

H
∗ϕ(to, xo) ≥ 0 ( H∗ϕ(to, xo) ≤ 0).

[0, T ] × R
d

ϕ ∈ C
1,2([0, T ]× R

d;R) u ∈ U (t, x, z1, z2) ∈ [0, T ]× R
2d+1

Lu

X,Z ϕ̄(t, x, z) := Luϕ(t, x)− µX(x, u) · z1 − µY (x, y, u)z2,

z =: (z1, z2) ∈ R
d × R ϕ̄(t, x, z) := ϕ(t, x)− |z|2

ε > 0, η ∈ [−1, 1], (to, xo) ∈ [0, T ]×R
d
,ϕ ∈ C

1,2([0, T ]×
R
d) C1

sup
u∈Nε,η(t,x,y,Dϕ,ϕ)

{µY (x, y, u)− Luϕ(t, x)} ≤ 2C1

(t, x) ∈ Bε(to, xo) y ∈ R |y − ϕ(t, x)| ≤ ε,

ε� > 0, η� ∈ [−1, 1] C2

sup
u∈Nε�,η� (t,x,y,Dϕ,ϕ)

�
µY (x, y, u)− Lu

X,Z ϕ̄(t, x, z)
�
≤ 2C1 + |C1|

(t, x, y, z) ∈ [0, T ]× R
2d+2

�
(t, x, z) ∈ Bε�(to, xo, 0)

y ∈ R |y − ϕ̄(t, x)| ≤ ε�,

�
µY (x, y, u)− Lu

X,Z
ϕ̄(t, x, z)

�+

1 + |Nu(x, y,Dϕ)| ≤ C2

�
1 + |σY (x, y, u)|+

d�

i=1

���σi,·
X
(x, u)

���

�

(t, x, y, z) ∈ [0, T ]× R
2d+2

�
(t, x, z1, z2) ∈ Bε�(to, xo, 0)

y ∈ R |y − ϕ̄(t, x)| ≤ ε�,
u ∈ U ∆u,·(t, x, y,ϕ) ≥ η λ

N0,η(·, f)

bruno bouchard
y pas introduit



( N0,η(t, x, y, q, f)) f ∈ C0
�
[0, T ]× R

d
�

η >

0 B [0, T )× ×R×R
d N0,2η(·, f) �= ∅ B

ε > 0, (t0, x0, y0, q0) ∈ Int(B) u0 ∈ N0,2η (t0, x0, y0, q0, f)
B

� (t0, x0, y0, q0) ν B
�

|ν (t0, x0, y0, q0)− u0| ≤ ε ν (t, x, y, q) ∈ N0,η (t, x, y, q, f) B
�

v v∗ v
∗

v

v∗
[0, T )×

H
∗
v∗ ≥ 0.

v
∗

[0, T )×
min {H∗v

∗
, v

∗ + κ} ≤ 0

H
∗

ϕ

NLip

KLip ε
N

(to, xo) ∈ [0, T ]×R
d ϕ

(ϕι)ι ι > 0 ϕι(t, x) := ϕ(t, x) ± ι|x − xo|n
n > 0 ϕ

ι → 0 ϕι(·, X)
n

µY −Luϕ

bruno bouchard
deja dit de virer 2.
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z1

H
∗

z2

X

σX

X ν
|µY (u)|
|σY (u)|

u v∗
[0, T )× (0,∞)d

0 ≤ min

�
−∂tϕ− 1

2
σ2

D
2ϕ, Dϕ · β(·, e)− ϕ (·+ β(·, e)) + ϕ

�
,

λ e ∈ E

v
∗

0 ≥ min

�
−∂tϕ− 1

2
σ2

D
2ϕ, Dϕ · β(·, e)− ϕ (·+ β(·, e)) + ϕ

�

e ∈ E
� ∈ E λ(E�) > 0.

{T} ×

v(T, x) = g(x) x ∈ R
d
,

g v

v∗(T, ·) v
∗(T, ·)

(t, x, y, q,ψ) :=

�
(r, s) ∈ R

d × R : ∃ u ∈ U r = N
u(x, y, q)

s ≤ ∆u,e(t, x, y,ψ) λ e ∈ E

�
,

c

δ := (0, c)− (0, ),

0 ∈ ( (t, x, y, q,ψ)) δ(t, x, y, q,ψ) > 0.

δ δ∗

δ∗ δ∗v(t, x) = δ∗ (t, x, v(t, x), Dv(t, x), v)
δ∗v(t, x) = δ∗ (t, x, v(t, x), Dv(t, x), v) ϕ ∈ C2

�
R
d
�

δ∗ϕ(x) = δ∗ (T, x,ϕ(x), Dϕ(x),ϕ) δ∗ϕ(x)

bruno bouchard
ce n'est pas une equation, plutot assertion. Pas compris pourquoi too strong
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∅ = −∞

δ∗v∗ ≥ 0 [0, T )× R
d

c �= ∅ v

(x, y, q) r ∈ R
d

ū(x, y, q, r) N
u(x, y, q) = r

N
u(x, y, q) = r u = ū(x, y, q, r).

ū

ū0(x, y, q) := ū(x, y, q, 0)
U ϕ, H∗ϕ(t, x) ≥ 0

ū0 (x,ϕ(t, x), Dϕ(t, x)) ∈ U,
ū0(·,ϕ, ∂tϕ, Dϕ, D2ϕ)(t, x) ≥ 0

∆ū0,e(t, x,ϕ(t, x),ϕ) ≥ 0 λ e ∈ E.

H∗ϕ(t, x) ≤ 0

ū0 (x,ϕ(t, x), Dϕ(t, x)) /∈ U,

ū0(·,ϕ, ∂tϕ, Dϕ, D2ϕ)(t, x) ≤ 0

∆ū0,e(t, x,ϕ(t, x),ϕ) < 0 e ∈ E
� ∈ E λ(E�) > 0.

U

{H∗
v∗(T, ·) < ∞}

x �→ v∗(T, x)

min
�
(v∗(T, ·)− g∗)1{H∗v∗(T,·)<∞}, δ

∗
v∗(T, ·)

�
≥ 0 ,

x ∈ �→ v
∗(T, x)

min {v∗(T, ·)− g
∗
, δ∗v

∗(T, ·)} ≤ 0 .



ess sup
u∈N·,e∈E

{|βX (·, u(e), e)|+ |βY (·, u(e), e)|}

E

H ψ ∈ C1,2

ψ ψ(t, x +
βX(x, u(e), e)) H

∗
v∗

ε > 0, (t0, x0) ϕ ∈ C1,2 (v∗ − ϕ)
(t0, x0) ϕε

n ϕε
n = ϕ

Bε(t0, x0) ϕε
n ≤ v∗ ϕε

n ↑ v∗ (B2ε(t0, x0))
c

ϕ v∗ (B2ε(t0, x0))
c

ε → 0

δ(x, y, q) ≤ 0 (N(x, y, q)) �= ∅

U

U βX ≡ βY ≡ 0
v

sup
u∈N0(·,v,Dv)(t,x)

{µY (x, v(t, x), u)− Lu
v(t, x)} = 0,

N0 (x, y, q) := {u ∈ U : Nu(x, y, q) = 0}
N

u(x, y, q) := σY (x, y, u)− σX(x, u)T q,

∅ = −∞ U

R
d U2 = {0}

v

sup
u∈N0(·,v,Dv)(t,x)

�
min

�
Luϕ(t, x), inf

e∈E
Gu,eϕ(t, x)

��
= 0.

U

x ϕ
(t, x)

Gu,e

Nε

ε ≥ 0



(t, x) ∈
[0, T )× {θν , ν ∈ U} [t, T ]−

y > v(t, x) ν ∈ U

Y
ν
t,x,y (θ

ν) ≥ v
�
θν , Xν

t,x (θ
ν)
�
.

−κ ≤ y < v(t, x), ν ∈ U

P
�
Y

ν
t,x,y (θ

ν) > v
�
θν , Xν

t,x (θ
ν)
��

< 1.

[0, T )×

(t0, x0) ∈ [0, T ) × ϕ

min
[0,T )×

( ) (v∗ − ϕ) = (v∗ − ϕ) (t0, x0) = 0.

H
∗ϕ(t0, x0) =: −4η < 0 η > 0

{fι, ι > 0}
R
d ι > 0

fι : x ∈ R
d �−→ 2ι

π

� π|x−x0|

0
sin2 udu1{|x−x0|≤1} + ι1{|x−x0|>1}.

ι > 0

fι ∈ C
2(Rd;R)

0 = fι(x0) = min
x∈Rd

fι(x),

(fι)ι>0 0 ι → 0.

ι > 0

fι(x) ≥ γε,ι := ι

��
ε− sin(2πε)

2π

�
1{|x−x0|≤1} + 1{|x−x0|>1}

�
> 0

ε > 0 x ∈ R
d |x− x0| ≥ ε.

bruno bouchard




ϕι(t, x) := ϕ(t, x) − fι(x) ι > 0 H
∗

ϕι −→
u.

ϕ ι → 0 ε, ι > 0

η > 0

µY (x, y, u)− Luϕι(t, x) ≤ −2η

(t, x, y) ∈ [0, T )× × R






(t, x) ∈ Bε(t0, x0)

|y − ϕι(t, x)| ≤
η

2
,

u ∈ Nε,−η (t, x, y,Dϕι(t, x),ϕι) ,

Bε(to, xo) (to, xo) ε
z := (z1, z2) ∈ × R (t, x) ∈ [0, T ] ×

ϕ̄ι(t, x, z) := ϕι(t, x) − |z|2 (t, x)
ϕ̄ι ϕι u ∈ U, (t, x, y, z) ∈ [0, T ]× ×R× ×R

Luϕ̄ι(t, x, z) = Luϕι(t, x).

u ∈ U (t, x, z) ∈ [0, T ] × 2 × R y ∈ R

Lu

X,Z ϕ̄ι(t, x, z) = Luϕι(t, x)− µX(x, u) · z1 − µY (x, y, u)z2.

C > 0
ε η > 0

µY (x, y, u)− Lu

X,Z ϕ̄ι(t, x, z) ≤ −η

(t, x, z, y) ∈ [0, T )× 2 × R
2






(t, x, z) ∈ Bε(t0, x0, 0)

|y − ϕ̄ι(t, x, z)| ≤
η

4
,

u ∈ Nε,−η (t, x, y,Dϕι(t, x),ϕι)

�
µY (x, y, u)− Lu

X,Z
ϕ̄ι(t, x, z)

�+

1 + |Nu(x, y,Dϕι|
≤ C

�
1 + |σY (x, y, u)|+

d�

i=1

���σi,·
X
(x, u)

���

�

(t, x, z) ∈ Bε(to, xo, 0) y ∈ R |y − ϕ̄ι(t, x, z)| ≤
η

4
u ∈ U ∆u,·(t, x, y,ϕι) ≥ −η λ ,

0 = v∗(t0, x0)− ϕ̄ι(t0, x0, 0) = min
[0,T )× 2×R

( ) (v∗ − ϕ̄ι) .

∂pBε(t0, x0, 0) := {t0 + ε} × Bε(t0, x0, 0) ∪ [t0, t0 + ε) × ∂Bε(x0, 0)
Bε(t0, x0, 0)

ζ := min
∂pBε(t0,x0,0)

(v∗ − ϕ̄ι) ,



ζ > 0
Vε(t0, x0, 0) := ∂pBε(t0, x0, 0) ∪ [t0, t0 + ε) × B

c
ε(x0) × Bε(0) γε,ι

(v∗ − ϕ̄ι) (t, x, z) ≥ ζ ∧ γε,ι =: ξ > 0 (t, x, z) ∈ Vε(t0, x0, 0)

(t0, x0, 0) |x− x0| ≥ ε B
c
ε(x0)

(tn, xn, zn)n≥1 [0, T ) × 2 × R

(t0, x0, 0) v(tn, xn) → v∗(t0, x0) yn := v(tn, xn) + n
−1

γn := yn − ϕ̄ι(tn, xn, zn) → 0.

n ≥ 1 yn > v(tn, xn)
νn ∈ U

Y
n(t ∧ θn) ≥ v (t ∧ θn, X

n(t ∧ θn)) , t ≥ tn,

θon := {s ≥ tn : (s,Xn(s), Zn(s)) /∈ Bε(t0, x0, 0)}

θn :=
�
s ≥ tn : |Y n(s)− ϕ̄ι (s,X

n(s), Zn(s))| ≥ η

4

�
∧ θon,

(Xn
, Y

n
, Z

n) :=
�
X

νn
tn,xn

, Y
νn
tn,xn,yn

, Z
νn
tn,xn,zn

�
,

Z
νn
tn,xn,zn

(s) := zn +
1

2

�
s

tn

�
µY (Xn(u), Y n(u), νnu )

µX (Xn(u), νnu )

�
du.

v ≥ v∗ ≥ ϕι ≥ ϕ̄ι

Y
n(t ∧ θn)− ϕ̄ι (t ∧ θn, X

n(t ∧ θn), Z
n(t ∧ θn))

≥ 1{t≥θn} [Y
n(t ∧ θn)− ϕ̄ι (t ∧ θn, X

n(t ∧ θn), Z
n(t ∧ θn))]

≥ 1{t≥θn}
�
(Y n(t ∧ θn)− ϕ̄ι (t ∧ θn, X

n(t ∧ θn), Z
n(t ∧ θn)))1{θn<θon}

+ (v∗ (t ∧ θn, X
n(t ∧ θn))− ϕ̄ι (t ∧ θn, X

n(t ∧ θn), Z
n(t ∧ θn)))1{θn=θon}

�

≥
�η
4
1{θn<θon} + ξ1{θn=θon}

�
1{t≥θn}

Y
n(t ∧ θn)− ϕ̄ι (t ∧ θn, X

n(t ∧ θn), Z
n(t ∧ θn)) ≥

�η
4
∧ ξ

�
1{t≥θn} ≥ 0.

ϕ̄ι

Y
n

an +

�
t∧θn

tn

(bns + d
n

s ) ds+

�
t∧θn

tn

ψn

s dWs +

�
t∧θn

tn

�

E

c
n,e

s J̃(de, ds)

≥ −
�η
4
∧ ξ

�
1{t<θn},

bruno bouchard
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ensuite tu les remets ensemble en ecrivant en terme de J et non \tilde J. Le faire ici aussi 
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J̃

an := −
�η
4
∧ ξ

�
+ γn, b

n

s := µY (X
n(s), Y n(s), νns )− Lνns

X,Z
ϕ̄ι(s,X

n

s , Z
n(s))

c
n,e

s := ϕι(s,X
n

s−)− ϕι
�
s,X

n

s− + βX(Xn

s−, ν
n

s (e), e)
�

+βY
�
X

n
s−, Y

n
s−, ν

n
s (e), e

�

ψn

s := N
νn (Zn

s , Dϕι(s,X
n

s )) , d
n

s :=

�

E

c
n,e

s λ(de).

an → −
�η
4
∧ ξ

�
< 0 n → ∞.

n ≥ 1 θn s ∈ [tn, θn)

|Y n(s)− ϕ̄ι (s,X
n

s , Z
n(s))| ≤ η

4
.

c
n,e

s ≥ −η λ e ∈ E s ∈ [tn, θn],

Y
n(θn)− ϕ̄ι (θn, X

n(θn), Z
n(θn)) ≤

−3η

4
,

Nε,−η ≥ 1 s ∈ [tn, θn]

|ψn

s | ≤ ε =⇒ b
n

s ≤ −η.

n ≥ 1

An := {s ∈ [tn, θn] : b
n

s > −η} .

n ≥ 1 ψn

|ψn

s | > ε s ∈ An,

αn

αn

s :=
−b

n
s

|ψn
s |2

ψn

s 1An(s).

θn

|αn

s | ≤ C

�
1 + |σY (Xn(s), Y n(s), νns )|+

d�

i=1

���σi,·
X
(Xn(s), νns )

���

�
,



s ∈ [tn, θn)
� θn∧·
tn

σX(Xn(s), νns )dWs� θn∧·
tn

σY (Xn(s), Y n(s), νns )dWs

� θn∧·
tn

αn
s dWs

L
n

· := E
�� ·

tn

αn

s dWs

�

·∧θn

E

Ŵ
n

· := W· −
� ·∧θn

tn

αn

s ds

Q̂
n

Q̂
n

dQ̂
n

dP

���
G·

:= L
n
·

an +

�
t∧θn

tn

b
n

s1Ac
n
ds+

�
t∧θn

tn

ψn

s dŴ
n

s +

�
t∧θn

tn

�

E

c
n,e

s J(de, ds)

≥ −
�η
4
∧ ξ

�
1{t<θn}.

n ≥ 1

M
n

· := E
�� ·

tn

�

E

�
1

nT (|dns |+ 1)
− 1

�
J̃(de, ds)

�

·∧θn
.

� ·

tn

�

E

�
1

nT (|dns |+ 1)
− 1

�
J̃(de, ds) ≥ −1,

M
n

1

nT (|dns |+ 1)
≤ 1

nT
,

�
E
λ(de) < +∞

M
n

dQ̃
n

dQ̂n

���
G·

:= M
n
·

� ·

tn

�

E

J̃
n(de, ds) :=

� ·

tn

�

E

J(de, ds)−
� ·

tn

�

E

1

nT (|dns |+ 1)
λ(de)ds

Q̃
n

Ŵ
n

Q̃
n

an +

�
t∧θn

tn

b
n

s1Ac
n
+

1

nT

d
n
s

(|dns |+ 1)
ds+

�
t∧θn

tn

ψn

s dŴ
n

s +

�
t∧θn

tn

�

E

c
n,e

s J̃
n(de, ds)

≥ −
�η
4
∧ ξ

�
1{t<θn}.



θn θn ≤ T

S
n

t := an +
1

n
+

�
t∧θn

tn

b
n

s1Ac
n
+

�
t∧θn

tn

ψn

s dŴ
n

s +

�
t∧θn

tn

�

E

c
n,e

s J̃
n(de, ds)

≥ an +

�
t∧θn

tn

b
n

s1Ac
n
+

1

nT

d
n
s

(|dns |+ 1)
ds+

�
t∧θn

tn

ψn

s dŴ
n

s +

�
t∧θn

tn

�

E

c
n,e

s J̃
n(de, ds)

≥ S
n

t ≥ −
�η
4
∧ ξ

�
1{t<θn},

An ϕ̄ι x

S
n

an +
1

n
= S

n

tn
≥ E

Q̃
n �

S
n

θn |Ftn

�
≥ −

�η
4
∧ ξ

�
E
Q̃

n �
1{θn<θn}

�
= 0

n

� ·
tn
σX(Xn(s), νns )dWs� ·

tn
σY (Xn(s), Y n(s), νns )dWs� ·

tn
σX(Xn(s), νns )dWs

� ·
tn
σY (Xn(s), Y n(s), νns )dWs

n ≥ 1 s ∈ [tn, θn]

∆X
n(s) := X

n(s)−X
n(s−),

X
n(·−) X

n(·) ϕ̄ι

θn Z
n

n ≥ 1
Kn s < θn

max



|Xn(s)|∞ ;

����
�

s

tn

µX (s,Xn(s), νns ) ds

����
∞
;

|∆X
n(s)|∞



 ≤ Kn.

� θn∧·
tn

σX(Xn(s), νn(s))dWs

τn P [tn, θn]
r ∈ [tn, θn] �→

�
r

tn
σX(Xn(s), νn(s))dWs τn ∈ [tn, θn)

� θn

τn

σX (Xn(s), νn(s)) dWs =X
n(θn−)−X

n(τn)−
� θn

τn

µ
i

X (Xn(s), νn(s)) ds

−
�

s<θn

∆X
n(s)
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bruno bouchard
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����E
��� θn

tn

σX (Xn(s), νn(s)) dWs −
� τn

tn

σX (Xn(s), νn(s)) dWs

�
|Fτn

�����
∞

=

����E
��� θn

τn

σX (Xn(s), νn(s)) dWs

�
|Fτn

�����
∞

=

�����E
�����
� θn

τn

σX (Xn(s), νn(s)) dWs

����
2

|Fτn

������
∞

≤4

������
E



|Xn(θn−)|2 + |Xn(τn)|2 +
����
� θn

τn

µX (Xn(s), νns ) ds

����
2

+

������

�

s<θn

∆X
n(s)

������

2

|Fτn





������
∞

≤Cn



1 +

������
E



J(E, [τn, θn))
�

s<θn

|∆X
n(s)|2 |Fτn





������
∞





≤Cn

�
1 +

��E
�
J(E, [τn, θn))

2
K

2
n|Fτn

���
∞
�
< ∞,

λ(E) < ∞

ϕ ϕι

v∗ ≥ ϕι + ξ Bε(x0)

{T}×

x0 ∈ ϕ ∈ C2( )

0 = (v∗(T, ·)− ϕ) (x0) = min( ) (v∗(T, ·)− ϕ)

δ∗ϕ(x0) ≥ 0.

δ∗

ϕn

(tn, xn) (v∗ − ϕn) (tn, xn) → (T, x0)
lim
n→∞

v∗(tn, xn) = v∗(T, x0)

v∗ (tn, xn) δ∗

[0, T )×

bruno bouchard


bruno bouchard
s>\tau_n
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v∗

(v∗(T, ·)− g∗)1{H∗v∗(T,·)<∞} ≥ 0 .

xo ∈ ϕ

min( ) (v∗(T, ·)− ϕ) = (v∗(T, ·)− ϕ) (xo).

H
∗
v∗(T, xo) < ∞ ϕ(xo) = v∗(T, xo) < g∗(xo)

v(T, ·) = g

g ≥ g∗ η > 0 ϕ− v(T, ·) ≤ ϕ− g∗ ≤ −η Bε(xo)
ε > 0 xo

2ζ := min
x∈∂Bε(xo)

v∗(T, x)− ϕ(x) > 0,

v∗ r > 0

v(t, x)− ϕ(x) ≥ v∗(t, x)− ϕ(x) ≥ ζ > 0

(t, x) ∈ [T − r, T ]× ∂Bε(xo),

v(t, x)− ϕ(x) ≥ ζ ∧ η > 0

(t, x) ∈ ([T − r, T )× ∂Bε(xo)) ∪ ({T}×Bε(xo)) =: Vε,r(T, xo).

ϕι(x) := ϕ(x)−fι(x) ι > 0 fι

v(t, x)− ϕι(x) ≥ ζ ∧ η ∧ γε,ι =: 4ξ > 0

(t, x) ∈
�
[T − r, T ]× B̄c

ε(xo)
�
∪ ({T}×Bε(xo)) .

H
∗ϕ(xo) =: C

2 < ∞

ϕ̃ι(t, x) := ϕι(x) + (C + 2η)(t− T ) ≤ ϕι(x).

r, ι > 0 ε, η > 0

v(t, x)− ϕ̃ι(t, x) ≥ 2ξ > 0 (t, x) ∈ Vε,r(T, xo) ∪ [T − r, T ]× B̄
c

ε(xo),

µY (x, y, u)− Luϕ̃ι(t, x) ≤ −2η u ∈ Nε,−η(t, x, y,D�ϕι(t, x), �ϕι)

(t, x, y) ∈ [T − r, T ]× × R x ∈ Bε(xo) |y − �ϕι(t, x)| ≤
η

2
.

µY (x, y, u) − Luϕ̃ι(t, x) = µY (x, y, u) − Luϕι(x) − C − 2η ≤ −2η
µY (x, y, u) − Luϕι(x) ≤ C Nε,−η(t, x, y,D�ϕι(t, x),ϕι) ⊂

Nε,−η(t, x, y,Dϕ̄ι(t, x), �ϕι)
(t, x, z) ∈ [0, T ] × R

d × R
d+1 ι > 0

bruno bouchard
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ϕ̄ι(t, x, z) := ϕ̃ι(t, x) − |z|2
ε, η > 0 C

�
> 0

v(t, x)− ϕ̄ι(t, x, z) ≥ ξ > 0

(t, x, z) ∈ V̄ε,r(T, xo, 0) ∪ [T − r, T ]× B̄
c

ε(xo)×Bε(0),

µY (x, y, u)− Lu

X,Z ϕ̄ι(t, x, z) ≤ −η u ∈ Nε,−η(t, x, y,D�ϕι(t, x), �ϕι)

(t, x, y, z) ∈ [T − r, T ]× R
2d+2 × R






(x, z) ∈ Bε(xo, 0)

|y − �ϕι(t, x)| ≤
η

4

�
µY (x, y, u)− Lu

X,Z
ϕ̄ι(t, x, z)

�+

|Nu(x, y,Dϕ̃ι|
≤ C2

�
1 + |σY (x, y, u)|+

d�

i=1

���σi,·
X
(x, u)

���

�

(t, x, z) ∈ Bε(to, xo, 0) y ∈ R |y − ϕ̃ι(t, x)| ≤
η

4
u ∈ U ∆u,·(t, x, y, ϕ̃ι) ≥ −η λ ,

V̄ε,r(T, xo, 0) (T, xo, 0) Vε,r(T, xo)
(tn, xn, zn)n≥1 [T − r, T ]× × ×R

(T, xo, 0) v(tn, xn) → v∗(T, xo) yn := v(tn, xn) + n
−1

γn := yn − ϕ̄(tn, xn, zn) → 0.

n ≥ 1 yn > v(tn, xn)
νn ∈ U

Y
n(t ∧ θn) ≥ v (t ∧ θn, X

n(t ∧ θn)) , t ≥ tn,

θon := {s ≥ tn : (s,Xn(s), Zn(s)) /∈ Vε,r(T, xo, 0)}
θn :=

�
s ≥ tn : |Y n(s)− ϕ̄ι (s,X

n(s), Zn(s))| ≥ η

4

�
∧ θon,

(Xn
, Y

n
, Z

n) :=
�
X

νn
tn,xn

, Y
νn
tn,xn,yn

, Z
νn
tn,xn,zn

�
,

Z
νn
tn,xn,zn

= zn +
1

2

�
s

tn

�
µY (Xn(u), Y n(u), νnu )

µX (Xn(u), νnu )

�
ds.

v ≥ v∗ ≥ ϕ̃ι ≥ ϕ̄ι

Y
n(t ∧ θn)− ϕ̄ι (t ∧ θn, X

n(t ∧ θn), Z
n(t ∧ θn))

≥ [Y n(t ∧ θn)− ϕ̄ι (t ∧ θn, X
n(t ∧ θn), Z

n(t ∧ θn))]1{t≥θn}

≥ 1{t≥θn}
�
(Y n(t ∧ θn)− ϕ̄ι (t ∧ θn, X

n(t ∧ θn), Z
n(t ∧ θn)))1{θn<θon}

+ (v (t ∧ θn, X
n(t ∧ θn))− ϕ̄ι (t ∧ θn, X

n(t ∧ θn), Z
n(t ∧ θn))) 1{θn=θon}

�

≥
�
ε1{θn<θon} + ξ1{θn=θon}

�
1{t≥θn}
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Y
n(t ∧ θn)− ϕ̄ι (t ∧ θn, X

n(t ∧ θn), Z
n(t ∧ θn)) ≥ (ε ∧ ξ)1{t≥θn} ≥ 0.

[0, T )×

(t0, x0) ∈ [0, T ) × ϕ

0 = (v∗ − ϕ) (t0, x0) > (v∗ − ϕ) (t, x) (t0, x0) �= (t, x) ∈ [0, T )× .

v
∗(t0, x0) > −κ

H∗ϕ(t0, x0) ≤ 0.

4η := H∗ϕ(t0, x0) > 0.

η > 0 ε > 0 ι > 0

µY (x, y, u)− Luϕι(t, x) ≥ 2η

u ∈ N0,η (t, x, y,Dϕι(t, x),ϕι) (t, x, y) ∈ [0, T ) × × R

(t, x) ∈ Bε(t0, x0) |y − ϕι(t, x)| ≤ η
4 ϕι(t, x) := ϕ(t, x) + fι(x)

0 = (v∗ − ϕι) (t0, x0) = max
[0,T )×

( ) (v∗ − ϕι) .

ε η > 0

min





µY (x, y, ν̂ (t, x, y,Dϕι(t, x)))− Lν̂(t,x,y,Dϕι(t,x))ϕι(t, x),

G ν̂(t,x,y,Dϕι(t,x)),eϕι(t, x)




 ≥ η

λ e ∈ E (t, x, y) ∈ [0, T )× × R

(t, x) ∈ Bε(t0, x0) |y − ϕι(t, x)| ≤
η

4
,

ν̂

ν̂ (t, x, y,Dϕι(t, x)) ∈ N0,η (t, x, y,Dϕι(t, x),ϕι) Bε(t0, x0).



(t0, x0)

−ζ := max
∂pBε(t0,x0)

(v∗ − ϕι) < 0

∂pBε(t0, x0) Bε(t0, x0)
(t, x) ∈ [0, T )×B

c
ε(x0)

(v∗ − ϕι) (t, x) ≤ −γε,ι.

(t, x) ∈ ([t0, t0 + ε)×B
c
� (x0)) ∪

�
{t0 + ε}×Bε(x0)

�

(v∗ − ϕι) (t, x) ≤ − (γε,ι ∧ ζ) =: −ξ < 0.

(tn, xn)n≥1 [0, T )× (t0, x0)
v(tn, xn) → v

∗(t0, x0) yn := v(tn, xn)− n
−1

γn := yn − ϕι(tn, xn) → 0.

yn ≥ −κ n

Z
n := (Xn

, Y
n)

ν̂n := ν̂ (·, Xn
, Y

n
, Dϕι(·, Xn)) Z

n(tn) = (xn, yn)
ν̂

θn := inf
�
s ≥ tn : |Y n(s)− ϕι (s,X

n(s))| ≥ η

4

�
∧ θon,

θon := inf {s ≥ tn : (s,Xn(s)) /∈ Bε(t0, x0)} .

Y
n (θn)− ϕι (θn, X

n (θn)) ≥
η

4

�
|Y n (θn)− ϕι (θn, X

n (θn))| ≥
η

4

�

n Y
n (θn)−ϕι (θn, Xn (θn)) ≥ γn > −ε n

−v ≥ −v
∗ ≥ −ϕι

Y
n(θn)− v (θn, X

n(θn))

≥1{θn<θon} (Y
n(θn)− ϕι (θn, X

n(θn)))

+ 1{θn=θon} (Y
n(θon)− v

∗ (θon, X
n(θon)))

≥η

4
1{θn<θon} + 1{θn=θon} (Y

n(θon)− v
∗ (θon, X

n(θon)))

≥η

4
1{θn<θon} + 1{θn=θon} (Y

n(θon) + ξ − ϕι (θ
o

n, X
n(θon)))

≥η

4
∧ ξ + 1{θn=θon} (Y

n(θon)− ϕι (θ
o

n, X
n(θon))) .



Y
n(θn)− v (θn, X

n(θn)) ≥
η

4
∧ ξ + 1{θn=θon}

�
γn +

� θn

tn

α (s,Xn

s , Y
n

s ) ds

+

� θn

tn

�

E

δ (s,Xn

s , Y
n

s , e) J(de, ds)

�

α(t, x, y) := µY (x, y, ν̂ (t, x, y,Dϕι(t, x)))− Lν̂(t,x,y,Dϕι(t,x))ϕι(t, x)

δ(t, x, y, e) :=βY (x, y, ν̂ (t, x, y,Dϕι(t, x)) (e), e)

− ϕι (t, x+ βX (x, ν̂ (t, x, y,Dϕι(t, x)) (e), e)) + ϕι(t, x)

γn → 0 η, ξ > 0

Y
n (θn) > v (θn, X

n (θn)) n.

Y
n

yn = v (tn, xn)−n
−1

< v (tn, xn)

{T}×

x0 ∈ ϕ

max ( ) (v∗(T, ·)− ϕ) = (v∗(T, ·)− ϕ) (x0) = 0.

η > 0

0 < δ∗ϕ(x0)

0 < 4η < ϕ(x0)− g
∗(x0) = v

∗(T, x0)− g
∗(x0)

ϕι(t, x) = ϕ(x)+fι(x)+ ι
√
T − t

x ϕ ϕι x = x0

ϕι ≥ ϕ ι > 0
η > 0 r, ε > 0 ν̂

ν̂ (t, x, y,Dϕι(t, x)) ∈ N0,η (t, x, y,Dϕι(x),ϕι) .

0 < δ∗ϕι(t, x)

0 < 4η < ϕι(T, x0)− g
∗(x0) = v

∗(T, x0)− g
∗(x0)



(t, x, y) ∈ [T − r, T ) × × R x ∈ Br(x0) |y − ϕι(t, x)| ≤ ε
∂tϕι → −∞ t → T r > 0

µY (x, y, ν̂ (t, x, y,Dϕι(t, x)))− Lν̂(t,x,y,Dϕι(t,x))ϕι(t, x) ≥ η

(t, x, y) ∈ [T − r, T ) × × R x ∈ Br(x0) |y − ϕι(t, x)| ≤ η
4

v
∗ − ϕι (v∗ − ϕι) (T, x0) = 0

r > 0

v(t, x) ≤ ϕι(t, x) +
ε

2
(t, x) ∈ [T − r, T )×Br(x0).

v(T, x0) = g(x0)
x0

v(t, x)− ϕι ≤ − (ζ ∧ γε,ι) =: −ξ

(t, x) ∈
�
[T − r, T ]×Bc

r(x0)
�
∪ ({T}×Br(x0)) r, ε > 0

Ψ R
d+1

R

x

y �−→ Ψ(x, y)

L Ψ

L := � (Ψ ( × [−κ,∞))) = [m,M ],

m < M m,M ∈ [−∞,+∞] p ∈ L

v̂(t, x, p) := inf
�
y ≥ −κ : E

�
Ψ
�
X

ν
t,x(T ), Y

ν
t,x,y(T )

��
≥ p ν ∈ U

�
,

κ ∈ R+ ∪ {+∞}



P
α,χ
t,p

(s) := p+

�
s

t

αr · dWr +

�
s

t

�

E

χs,eJ̃(de, ds), s ∈ [t, T ],

α,χ F χ ∈
H

2
λ α R

d
E

��
T

0 |αs|2 ds
�
< ∞ A

(α,χ) ν̂ := (ν,α,χ) X̂
ν̂ := (Xν

, P
α,χ)

ˆ := × L, Û := U × R
d × L

2
λ Û = U × A

Y
ν̂ = Y

ν

V̂ (x̂, y) := Ψ(x, y)− p, y ≥ −κ x̂ = (x, p) ∈ ( × L).

Ψ
�
X

ν
t,x(T ), Y

ν
t,x,y(T )

�

(t, x, y) ∈ [0, T ]× × [−κ,+∞) ν ∈ U

v̂

E

(t, x̂) := (t, x, p) ∈ [0, T ]× ˆ

v̂ (t, x̂) = u (t, x̂) = w (t, x̂) ,

u(t, x, p) := inf
�
y ≥ −κ : V̂

�
X̂

ν̂
t,x̂
(T ), Y ν̂

t,x,y(T )
�
≥ 0 ν̂ ∈ Û

�

w(t, x, p) := inf





y ≥ −κ : �V

�
X̂

ν̂
t,x̂
(T ), Y ν̂

t,x,y(T )
�
≥ 0

P
α,χ
t,p

∈ L ν̂ ∈ Û




 .

v̂ ≥ u y > v̂(t, x, p) ν ∈ U
p0 := E

�
Ψ
�
X

ν
t,x(T ), Y

ν
t,x,y(T )

��
≥ p

(α,χ) ∈ A

Ψ
�
X

ν
t,x(T ), Y

ν
t,x,y(T )

�
= p0 +

�
T

t

αs · dWs +

�
T

t

�

E

χs,eJ̃(de, ds) = P
α,χ
t,p0

(T ).

p0 ≥ p Ψ
�
X

ν
t,x(T ), Y

ν
t,x,y(T )

�
≥ P

α,χ
t,p

(T )
y ≥ u(t, x, p) u



u ≥ v̂ y > u(t, x, p)

�V
�
X̂

ν̂
t,x̂
(T ), Y ν

t,x,y(T )
�
≥ 0 ν̂ = (ν,α,χ) ∈ Û

E

�
�V
�
X̂

ν̂
t,x̂
(T ), Y ν̂

t,x,y(T )
��

= E
�
Ψ
�
X

ν
t,x(T ), Y

ν
t,x,y(T )

�
− P

α,χ
t,p

(T )
�
≥ 0,

P
α,χ
t,p

E
�
Ψ
�
X

ν
t,x(T ), Y

ν
t,x,y(T )

��
≥ p = E

�
P

α,χ
t,p

(T )
�
,

y ≥ v̂(t, x, p) v̂

u ≤ w

y > u(t, x, p) ν̂ = (ν,α,χ) ∈ Û

Ψ
�
X

ν
t,x(T ), Y

ν
t,x,y(T )

�
≥ P

α,χ
t,p

(T ).

τ := T ∧ inf
�
s > t : Pα,χ

t,p
(s) ≤ m

�

α̃s := αs1{s≤τ},

χ̃s,e :=
�
−
�
χs,e ∨

�
m− P

α,χ
t,p

(s−)
��−

+ (χs,e)
+
�
1{s≤τ} s ∈ [t, T ] .

P
α,χ
t,p

(T ) = P
α̃,χ̃
t,p

(T ) {τ = T} P
α̃,χ̃
t,p

(T ) = m

{τ < T}

Ψ
�
X

ν
t,x(T ), Y

ν
t,x,y(T )

�
≥ P

α̃,χ̃
t,p

(T ).

P
α̃,χ̃
t,p

(T ) ≥ m α̃ χ̃

P
α̃,χ̃
t,p

(T ) ≤ M

P
α̃,χ̃
t,p

[m,M ] = L y ≥ w(t, x, p)

v̂(t, x, p) = inf
�
y ≥ −κ : Y ν̂

t,x,y(T ) ≥ ĝ

�
X̂

ν̂
t,x̂
(T )

�
ν̂ = (ν,α,χ) ∈ Û

�

ĝ V̂ 0

ĝ (x̂) := inf
�
y : �V (x̂, y) ≥ 0

�
.

v̂(t, x, p)
ν ∈ U

E
�
Ψ
�
X

ν
t,x(T ), Y

ν
t,x,y(T )

��
= p

y = v̂(t, x, p)
P

α,χ
t,p

Ψ
�
X

ν
t,x(T ), Y

ν
t,x,y(T )

�

P
α,χ
t,p

(s) = E
�
Ψ
�
X

ν
t,x(T ), Y

ν
t,x,y(T )

���Gs

�
s ∈ [t, T ].



α χ
P

α,χ
t,p

L

Ψ L

[m,M ] p

v̂(·, p) p < m ∞ p > M

v̂ [0, T ]× × [m,M ]

m M P
α,χ
t,p

L χ

m− P
α,χ
t,p

(s−) ≤ χs ≤ M − P
α,χ
t,p

(s−),

P
α,χ
t,p

(s−) ∈ [m,M ]

h

Ψ̌(x, y) = y

h(x) ∧ 1 y

0 = +∞ y ∈ R+ κ = 0

v̌(t, x, p) = inf

�
y ∈ R+ : E

�
Y

ν
t,x,y(T )

g
�
X

ν
t,x
(T )

� ∧ 1

�
≥ p ν ∈ U

�
,

v̌(t, x, p) = inf
�
y ∈ R+ : V̌

�
X̂

ν̂
t,x,p(T ), Y

ν̂
t,x,y(T )

�
≥ 0 ν̂ = (ν,α,χ) ∈ Û

�
,

V̌ (x, p, y) = Ψ̌(x, y)− p

ṽ(t, x, p) := inf
�
y ∈ R+ : P

�
Ψ̃
�
X

ν
t,x(T ), Y

ν
t,x,y

�
≥ 0

�
≥ p ν ∈ U

�
,

Ψ̃ R
d+1

R x ∈ R
d

y �→ Ψ̃(x, y)

ṽ(t, x, p) := inf
�
y ∈ R+ : Ṽ

�
X̂

ν̂
t,x,p(T ), Y

ν̂
t,x,y

�
≥ 0 ν̂ ∈ Û

�
,

Ṽ (x, p, y) = 1{Ψ̃(x,y)≥0} − p



û = (u,α,π) ∈ Û x̂ = (x, p) ∈ ˆ

µ̂(x̂, û) :=




µX(x, u)

−
�

E

π(e)λ(de)



 , σ̂(x̂, û) :=

�
σX(x, u)

αT

�
,

β̂(x̂, û(e), e) :=

�
βX(x, u(e), e)

π(e)

�
.

L̂ûϕ (t, x̂) := ∂tϕ (t, x̂) + µ̂ (x̂, û) ·Dϕ (t, x̂) +
1

2

�
σ̂σ̂T (x̂, û)D2ϕ (t, x̂)

�

Ĝû,eϕ (t, x̂) := βY (x,ϕ (t, x̂) , u(e), e)− ϕ
�
t, x̂+ β̂ (x̂, û(e), e)

�
+ ϕ (t, x̂) .

(x, k, q, A) ∈ R × R ×
R
d+1 × S

d+1
û = (u,α,π) ∈ Û ε > 0 η ∈ [−1, 1]

N̂
û(x̂, y, q) := σY (x, y, u)− σ̂(x̂, û)T q = N

u(x, y, qx)− qpα, q = (qx, qp) ∈ R
d × R,

�∆�u,e (t, �x, y,ψ) := βY (x, y, u, e)− ψ
�
t, �x+ �β (�x, �u(e), e)

�
+ y

N̂ε,η(t, x̂, y, q,ψ) :=





û ∈ Û

���N̂ û(x̂, y, q)
��� ≤ ε, p+ π(e) ∈ [m,M ]

�∆�u,e (t, �x, y,ψ) ≥ η λ e ∈ E






Ĥε,η(Θ̂,ϕ) := sup
û∈N̂ε,η(t,x̂,y,q,ϕ)

ˆ û

(�Θ)

Θ̂ := (t, x̂, y, k, q, A)

ˆ û
�
Θ̂
�
:= −k + µY (x, y, u)− µ̂ (x̂, û) · q − 1

2

�
σ̂σ̂T (x̂, û)A

�

ˆ (t, �x, y, q,ψ) :=





(r, s) ∈ R

d × R : ∃ �u ∈ �U r = �N �u(�x, y, q)

s ≤ �∆�u,e(t, �x, y,ψ) λ e ∈ E




 ,

δ̂ :=
�
0, ˆ

c
�
−

�
0, ˆ

�
.

Ĥ
∗
, Ĥ∗�δ∗ �δ∗ Ĥε,η

�δ H
∗
, H∗, δ∗

δ∗ Hε,η δ

ĝ (x̂) := inf
�
y ≥ −κ : V̂ (x̂, y) ≥ 0

�
, x̂ = (x, p) ∈ × [m,M ] .

v̂



ˆ

ϕ ∈ C
1,2,2([0, T ]× R

d × R;R) û ∈ Û (t, x̂, z1, z2) ∈ [0, T ]× R
2d+3

L̂û

X̂,Z
ϕ̄(t, x̂, z) := Luϕ(t, x̂)− µ̂(x̂, u) · z1 − µY (x̂, y, u)z2,

z =: (z1, z2) ∈ R
d+1 × R ϕ̄(t, x̂, z) := ϕ(t, x̂)− |z|2

ε > 0, η ∈ [−1, 1], (to, xo, po) ∈ [0, T ]×R
d× [m,M ],ϕ ∈

C
1,2([0, T ]× R

d) C1

sup
û∈Nε,η(t,x̂,y,Dϕ,ϕ)

�
µY (x, y, u)− L̂ûϕ(t, x̂)

�
≤ 2C1

(t, x̂) ∈ Bε(to, x̂o) y ∈ R |y − ϕ(t, x̂)| ≤ ε,

ε� > 0, η� ∈ [−1, 1] C2

sup
û∈Nε�,η� (t,x̂,y,Dϕ,ϕ)

�
µY (x, y, u)− Lu

X̂,Z
ϕ̄(t, x̂, z)

�
≤ 2C1 + |C1|

(t, x̂, y, z) ∈ [0, T ]× R
2d+4

�
(t, x̂, z) ∈ Bε�(to, x̂o, 0)

y ∈ R |y − ϕ̄(t, x̂)| ≤ ε�,

�
µY (x, y, u)− Lû

X̂,Z
ϕ̄(t, x̂, z)

�+

1 + |Nu(x, y,Dϕ)| ≤ C2

�
1 + |σY (x, y, u)|+

d�

i=1

��σ̂i,·(x̂, u)
��
�

(t, x̂, y, z) ∈ [0, T ]× R
2d+4

�
(t, x̂, z1, z2) ∈ Bε�(to, x̂o, 0)

y ∈ R |y − ϕ̄(t, x̂, z)| ≤ ε�,
u ∈ U ∆u,·(t, x̂, y,ϕ) ≥ η λ

N̂0,η(t, x, p, y, q, f) B

[0, T ] × × [m,M ] × R × R
d+1

f ∈ C0 ([0, T ]× × [m,M ]) η > 0
N̂0,2η(·, f) �= ∅ B ε > 0 (t0, x0, p0, y0, q0) ∈ (B) û0 ∈
N̂0,2η (t0, x0, p0, y0, q0, f) B

� (t0, x0, p0, y0, q0)
ν̂ B

� |ν̂ (t0, x0, p0, y0, q0)− û0| ≤ ε
ν̂(t, x, p, y, q) ∈ N̂0,η(t, x, y, p, q, f) B

�

U V

Ĥ
∗
U ≥ 0 Ĥ∗V ≤ 0 [0, T )×R

d×R

ϕ ∈ C
1,2([0, T ] × R

d × R,R)
(to, xo, po) ∈ [0, T )×R

d×R min[0,T ]×Rd×R(U−ϕ) = (U−ϕ)(to, xo, po) = 0
max[0,T ]×Rd×R(V − ϕ) = (V − ϕ)(to, xo, po) = 0

H
∗ϕ(to, xo, po) ≥ 0 ( H∗ϕ(to, xo, po) ≤ 0).



v̂∗

Ĥ
∗
v̂∗ ≥ [0, T )× ˆ .

v̂
∗

min
�
v̂
∗ + κ, Ĥ∗v̂

∗
�
≤ 0 [0, T )× ˆ .

v̌∗ ṽ∗
[0, T )×

0 ≤ −∂tϕ− 1

2
σ2

Dxxϕ

− inf
π∈Π(p)
α∈Rd

�
1

2
|α|2Dppϕ+ [σαDxpϕ]− α (Dpϕ)

T σ−1
µ−Dpϕ

�

E

π(e)λ(de)

�
,

Dppϕ > 0

Π(p) :=

�
π ∈ L

2
λ , λ e ∈ E, p+ π ∈ [0, 1]

�
Dxϕ+ σ−1

Dpϕα
�
β(·, e)− ϕ (·, ·+ β(·, e), ·+ π(e)) + ϕ ≥ 0

�
.

X

ν
ν µY (u)

σY (u)
χ α

L
n

�
α̂n
s dWs

α̂n

d = 1
(ν,α,χ) ∈ Û

�
µY − ϕt − µXϕx + ϕp

�

E

χn

s (e)λ(de)− σXαnϕxp −
1

2
σ2
Xϕx2 − 1

2
(αn

s )
2ϕp2

�+

|σY − σXϕx − αn

sϕp|
,

bruno bouchard


bruno bouchard


bruno bouchard
s pas s

bruno bouchard




ϕt,ϕx,ϕp ϕ t, x p

ϕx2 ,ϕxp ϕp2 x
2

x p p
2

µY ,σY , µX σX νn

ν
α µY

σ2
X
,α2 σY σXϕx,αϕp

X ν µY

σY ν µY σY
χn αn

ϕpp > 0
(to, xo, po)

|σY | |σX |
� ·
tn
µX

� ·
tn
µY

P [m,M ] m

M m

M

v̂(·,M) = v v̂(·,m) = −κ,

v(t, x) := inf
�
y ≥ −κ : Φ

�
X

ν
t,x(T ), Y

ν
t,x,y(T )

�
≥ 0 ν ∈ U

�
,

Φ(x, y) := Ψ(x, y)−M.

Ψ y v̂ p

−κ ≤ v̂∗(·,m) ≤ v̂
∗(·, p) ≤ v̂

∗(·,M) ≤ v
∗

p ∈ [m,M ],

v̂
∗(·, p) = −κ p < m v̂

∗(·, p) = ∞ p > M,

v̂∗(·,m) = −κ v̂
∗(·,M) = v

∗

v̂ p = m p = M

v̂



γ ≥ 1, v̂∗(·,m)+

sup
[0,T ]×Rd

|w(t, x)|
1 + |x|γ < ∞.

Λ R
d

x ∈ y > Λ(x) ū ∈ U

βY (x, y, ū(e), e)− Λ (x+ βX (x, ū(e), e)) + Λ(x) > 0 λ e ∈ E.

Λ (x) / |x|γ → +∞ |x| → ∞
Λ ≤ −κ

E λ(e) > 0 e ∈ E

(x, y, q) ∈ × (−κ,∞)× R
d

{u ∈ U : Nu(x, y, q) = 0} � U.

(x, y, q) ∈
R
d × R× R

d

Ñε(x, y, q) := {u ∈ U : |Nu(x, y, q)| ≤ ε} .

D R
d × R × R × R

d × S
d

C > 0

sup
u∈Ñε(x,y,q)

�
µY (x, y, u)− k − µX(x, u) · q − 1

2

�
σXσT

X(x, u)A
��

≤ C
�
1 + ε2

�

ε > 0 (x, y, k, q, A) ∈ D

βX βY ×E ×R×E

u ∈ U βX βY σX

ess sup
u∈U,e∈E

{|βX(·, u(e), e)|+ |βY (·, u(e), e)|+ |σX(·, u)|}

C [−κ,+∞)
v
∗

bruno bouchard


bruno bouchard
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bruno bouchard




• v1 ∈ C
[0, T ]×

• v2 ∈ C
[0, T ]×

v1 ≥ v2

m > −∞
v̂
∗(·,m) = −κ [0, T )× v̂∗(·,m) = −κ [0, T ]×

M < ∞ v̂
∗(·,M)

[0, T ] ×

v̂
∗(·,M) = v̂∗(·,M) = v∗ = v

∗ [0, T ]×

p = 0 p = 1
Ψ

Ψ(x, y) = 1{y≥g(x)} P [0, 1]
v̂ p → 0 p → 1

T v̂∗ v̂
∗

x̂ ∈ ˆ �→ v̂∗(T, x̂)

min
�
(v̂∗(T, ·)− ĝ∗)1{Ĥ∗v̂∗(T,·)<∞}, δ̂

∗
v̂∗(T, ·)

�
≥ 0 ˆ .

x̂ ∈ ˆ �→ v̂
∗(T, x̂)

min
�
v̂
∗(T, ·)− ĝ

∗
, δ̂∗v̂

∗(T, ·)
�
≤ 0 ˆ .



Ĥ
∗
v̂∗(T, ·) < ∞ (α,χ)

Ĥ

(tn, xn, yn, pn, νn)n≥1

[0, T )× ×R+ × [m,M ]× U (tn, xn, yn, pn) → (T, x, y, p) ∈ {T}×
×R+× [m,M ] P

(Qn)
n≥1

dQ
n

dP
=: Hn

(Hn)
n≥1

lim sup
n→∞

E
Q

n �
Y

νn
tn,xn,yn

�
≤ y,

lim sup
n→∞

E
���Hn

D
+
p � ĝ

�
X

νn
tn,xn

(T ), pn
�
−D

+
p � ĝ(xn, pn)

��� = 0

lim inf
n→∞

E
�
H

n � ĝ
�
X

νn
tn,xn

(T ), pn
��

≥ �ĝ(x, p),

D
+
p p v̂∗(T, x, p) ≥ �ĝ(x, p)

(x, p) ∈ × [0, 1]

v̂
∗

p v
∗(T, x) ≤ g(x) v̂

∗(T, x, p) ≤ �ĝ(x, p)
(x, p) ∈ × [m,M ]

(tn, xn, pn)n≥1 [0, T ) × × (m,M)
(tn, xn, pn) → (T, x, p) v̂ (tn, xn, pn) → v̂∗(T, x, p) n → ∞
ν̂n = (νn,αn,χn) ∈ Û

V̂

�
X̂

ν̂n
tn,xn,pn

(T ), Y ν̂n
tn,xn,yn

(T )
�
≥ 0,

yn := v̂(tn, xn, pn) + n
−1 → v̂∗(T, x, p)

Y
ν̂n
tn,xn,yn

(T ) ≥ ĝ

�
X̂

ν̂n
tn,xn,pn

(T )
�
,

ĝ

H
n
Y

ν̂n
tn,xn,yn

(T ) ≥ H
n � ĝ

�
X̂

ν̂n
tn,xn,pn

(T )
�
.



�ĝ

H
n
Y

ν̂n
tn,xn,yn

(T )

≥ H
n � ĝ

�
X

νn
tn,xn

(T ), pn
�
+H

n
D

+
p � ĝ

�
X

νn
tn,xn

(T ), pn
� �

P
αn,χn
tn,pn

(T )− pn

�

= H
n � ĝ

�
X

νn
tn,xn

(T ), pn
�
+D

+
p � ĝ (xn, pn)P

αn,χn
tn,pn

(T )

−H
n
pnD

+
p � ĝ

�
X

νn
tn,xn

(T ), pn
�

+ P
αn,χn
tn,pn

(T )
�
H

n
D

+
p � ĝ

�
X

νn
tn,xn

(T ), pn
�
−D

+
p � ĝ (xn, pn)

�

≥ H
n � ĝ

�
X

νn
tn,xn

(T ), pn
�
+D

+
p � ĝ (xn, pn)P

αn,χn
tn,pn

(T )

−H
n
pnD

+
p � ĝ

�
X

νn
tn,xn

(T ), pn
�

−M
��Hn

D
+
p � ĝ

�
X

νn
tn,xn

(T ), pn
�
−D

+
p � ĝ (xn, pn)

�� ,

P
αn,χn
tn,pn

[m,M ] P

P
αn,χn
tn,pn

P

E
Q

n
�
Y

ν̂n
tn,xn,yn

(T )
�

≥ E
�
H

n � ĝ
�
X

νn
tn,xn

(T ), pn
�
+ pn

�
D

+
p � ĝ (xn, pn)−H

n
D

+
p � ĝ

�
X

νn
tn,xn

(T ), pn
��

−M
��Hn

D
+
p � ĝ

�
X

νn
tn,xn

(T ), pn
�
−D

+
p � ĝ (xn, pn)

��� .

v̂∗(T, x, p) ≥ �ĝ(x, p).

v̂
∗

V̌ 0

ǧ(x, p) := inf
�
y ≥ −κ : V̌ (x, p, y) ≥ 0

�
,

ǧ(x, p) = pg(x)

p

v̌ p Y
ν
t,x,µy(T ) = µY

ν
t,x,y(T ) µ ∈ [0, 1]

v̌∗

v̌∗

v̌∗(·, 1) = v v̌∗(·, 0) = 0 [0, T )×

v̌∗(T, x, p) ≥ pg(x) × [0, 1].

g̃(x, p) := inf
�
y ≥ −κ : Ṽ (x, p, y) ≥ 0

�



ψ̃ Ψ̃ 0

ψ̃(x) := inf
�
y ≥ −κ : Ψ̃(x, y) ≥ 0

�
.

g̃(x, p) = ψ̃(x)1{p>0} x ∈ p ∈ [0, 1] ṽ

g̃ p

� (ĝ) (x, p) = pg(x) g = ψ̃−1

ṽ∗ [0, T ]× × [0, 1]

ĝ(x, p) =
g(x)1{p>0} �ĝ(x, p) = pg(x) D

+
p � ĝ(x, p) = g(x)

lim sup
n→∞

E
���Hn

g
�
X

νn
tn,xn

(T )
�
− g(x)

��� = 0.

P
αn,χn
tn,pn

Q P

m M

p = M

v̂∗(·,M)
v̂∗(·,M) [0, T )×

max {v̂∗(·,M)− v∗, H
∗
v̂∗(·,M)} ≥ 0,

v̂∗(T, ·,M)

max

�
v̂∗(T, ·,M)− v∗,

min
�
(v̂∗(T, ·,M)− j∗)1{H∗v̂∗(T,·,M)<∞}, δ

∗
v̂∗(T, ·,M)

�

�
≥ 0,

j Φ 0

j(x) := inf {y ≥ −κ : Φ(x, y) ≥ 0} ,

(t0, x0) v̂∗(·,M) − ϕ ϕ



• v̂∗(t0, x0,M) < v∗(t0, x0) ϕ (t0, x0)

• v̂∗(t0, x0,M) = v∗(t0, x0) (t0, x0) v∗−ϕ
ϕ (t0, x0) v∗

ϕ [0, T ] ×
× [m,M ] (t0, x0) ∈ [0, T )×

( ) min
[0,T )× ×[m,M ]

(v̂∗ − ϕ) = (v̂∗ − ϕ) (t0, x0,M) = 0,

max
�
ϕ(t0, x0,M)− v∗(t0, x0), Ĥ

∗ϕ(t0, x0,M)
�
≥ 0.

η, ε, ι > 0

max
�
ϕι − v∗(t, x), µY (x, y, u)− L̂ûϕι(t, x, p),

�
≤ −2η

û := (u,α,π) ∈ N̂ε,−η (t, x, y,Dϕι(t, x, p),ϕι)

(t, x, p, y) ∈ [0, T )× × (m,M ]× R

(t, x, p) ∈ Bε(t0, x0)× [M − ε,M ] |y − ϕι(t, x, p)| ≤
η

2
,

ϕι(t, x, p) := ϕ(t, x, p)− fι(x)− gι(p) fι

gι : p ∈ [m,M ] �−→ 2ι

π

� π|p−M |

0
sin2 udu1{|p−M |≤1} + ι1{|p−M |>1},

gι

z ∈ × [m,M ]× R

ϕ̄ι(t, x̂, z) := ϕι(t, x̂)− |z|2.

C > 0
ε, η > 0

µY (x, y, u)− L̂û

X̂,Z
ϕ̄ι(t, x̂, z) ≤ −η

(t, x̂, z, y) ∈ [0, T )× ( × [m,M ])2 × R
2






(t, x̂, z) ∈ Bε(t0, x̂0, 0)

|y − ϕ̄ι(t, x̂, z)| ≤
η

4
,

u ∈ Nε,−η (t, x̂, y,Dϕι(t, x),ϕι)

�
µY (x, y, u)− L̂û

X̂,Z
ϕ̄ι(t, x̂, z)

�+

1 + |Nu(x, y,Dϕι|
≤ C

�
1 + |σY (x, y, u)|+

d�

i=1

��σ̂i,·(x̂, u)
��
�

(t, x̂, z) ∈ Bε(to, x̂o, 0) y ∈ R |y − ϕ̄ι(t, x̂, z)| ≤
η

4
u ∈ U ∆u,·(t, x, y,ϕι) ≥ −η λ



(tn, xn, pn, zn)n [0, T ) × ( × (m,M))2

(t0, x0,M, 0) v̂(tn, xn, pn) → v̂∗(t0, x0,M) yn := v̂(tn, xn, pn) +
n
−1

γn := yn − ϕι(tn, xn, pn) → 0.

n ≥ 1 yn > v̂(tn, xn, pn)
ν̂n := (νn,αn

,χn) ∈ Û

Y
n(θn) ≥ v̂∗ (θn, X

n(θn), P
n(θn)) ≥ ϕ̄ι (θn, X

n(θn), P
n(θn), Z

n(θn))

θon := {s ≥ tn : (s,Xn(s), Pn(s), Zn(s)) ∈ D}
θn :=

�
s ≥ tn : |Y n(s)− ϕι (s,X

n(s), Pn(s))| ≥ η

4

�
∧ θon

(Xn
, P

n
, Y

n
, Z

n) :=
�
X

νn
tn,xn

, P
αn

,χn

tn,pn
, Y

νn
tn,xn,yn

, Z
ν̂n
tn,x̂n,zn

�
,

Z
ν̂n
tn,x̂n,zn

(s) = zn +

�
s

tn




µ̂

�
X̂

n(u), ν̂nu

�

µY

�
X̂

n(u), Y n(u), νn(u)
�



 du

Vε(t0, x0, 0) := ({t0 + ε}×Bε(x0, 0)) ∪ ([t0, t0 + ε)× ∂Bε(x0, 0))

D := (Vε(t0, x0, 0)× [M − ε,M ]) ∪ (Bε(t0, x0)× [M − ε,M ])c ×Bε(0).

ζ := inf
D

(v̂ − ϕ̄ι) > 0.

θn ζ > 0

Y
n(θn)− ϕ̄ι (θn, X

n(θn), P
n(θn), Z

n(θn)) ≥ ζ ∧ η

4
.

ϕ [0, T ] ×
(t0, x0) ∈ [0, T )×

( ) min
[0,T )×

(v̂∗(·,M)− ϕ) = (v̂∗(·,M)− ϕ) (t0, x0) = 0,

max {ϕ(t0, x0)− v∗(t0, x0), H
∗ϕ(t0, x0)} ≥ 0.

x k

ϕk(t, x, p) := ϕ(t, x)−
�
f(x) + (t− t0)

2 + ψk(p)
�
,

bruno bouchard
z_n ...



f ι = 1 ρ > 0

ψk(p) := −ρk

�
M

p

e
2kM

ek(r+M) − e2kM+1
dr, k > 0.

ψk(p) ≥ 0 k > 0, p ∈ [m,M ],

−2ρk ≤ ψ�
k
(p) =ρk

e
2kM

ek(p+M) − e2kM+1
≤ − ρk

2(e− 1)

k

ψ��
k
(p) = −ρk2

e
k(p+3M)

�
ek(p+M) − e2kM+1

�2 < 0 k > 0,

lim
k→∞

(ψ�
k
(pk))

2

��ψ��
k
(pk)

�� = ρ (pk)k [m,M ]

lim
k→∞

k(M − pk) = 0.

(tk, xk, pk) v̂∗ − ϕk [0, T ] × B1 (x0) × [m,M ]
B1 (x0) := B1(x0) ∩ B1(x0) x0

(tk, xk, pk) (t0, x0)

(v̂∗(·,M)− ϕ) (t0, x0)

= (v̂∗ − ϕk) (t0, x0,M)

≥ (v̂∗ − ϕk) (tk, xk, pk)

= (v̂∗(·, pk)− ϕ) (tk, xk) +
�
f(xk) + (tk − t0)

2 + ψk(pk)
�

≥ (v̂∗(·, pk)− ϕ) (tk, xk) +

�
f(xk) + (tk − t0)

2 +
ρk

2(e− 1)
(M − pk)

�
,

k

ψk(M) = 0 v̂∗ ≥ −κ ϕ
(tk, xk, pk)k≥1 (t∗, x∗, p∗)

p∗ = M k(M −pk) → ∞
(t0, x0)

(v̂∗(·,M)− ϕ) (t0, x0)

≥ lim inf
k→∞

(v̂∗ − ϕk) (tk, xk, pk)

≥ (v̂∗(·,M)− ϕ) (t∗, x∗) +

�
f(x∗) + (t∗ − t0)

2 + lim inf
k→∞

ρk

2(e− 1)
(M − pk)

�

≥ (v̂∗(·,M)− ϕ) (t0, x0) +

�
f(x∗) + (t∗ − t0)

2 + lim inf
k→∞

ρk

2(e− 1)
(M − pk)

�
.

(tk, xk, pk) → (t0, x0,M), k(M − pk) → 0,

v̂∗(tk, xk, pk) → v̂∗(t0, x0,M).



v̂∗ (t0, x0,M)− v∗ (t0, x0) < 0

H
∗ϕ (t0, x0) ≥ 0.

v̂∗
(tk, xk, pk)k≥1 v̂∗−ϕk ϕk (tk, xk, pk)−

v∗ (tk, xk) < 0
1

ϕk x p

Ĥ
∗ �

tk, xk, pk,ϕk, ∂tϕk, Dϕk, D
2ϕk, v̂∗

�
≥ 0 k > 1.

ϕk

�
∂tϕk, Dxϕk, D

2
xxϕk

�
(tk, xk, pk) −→

k→∞

�
∂tϕ, Dxϕ, D

2
xxϕ

�
(t0, x0)

�
Dpϕk, D

2
xpϕk, D

2
ppϕk

�
(tk, xk, pk) =

�
−ψ�

k
(pk) , 0,−ψ��

k
(pk)

�
∀ k > 1.

Ĥ
∗ (εk)k≥1

�
x̂
0
k

�
k≥1

(yk)k≥1 (qk)k≥1

(Ak)k≥1 εk > 0, x̂0
k
=

�
x
0
k
, p

0
k

�
∈ × [m,M ], yk ≥ −κ, qk =

�
q
x

k
, q

p

k

�
∈

R
d × R Ak S

d+1
�
A

xx

k
, A

xp

k

�
∈ S

d × R
d

�
A

xpT

k
, A

pp

k

�
∈ R

d × R

εk → 0, x̂
0
k
→ (x0,M)

��(yk, qk, Ak)−
�
ϕk, Dϕk, D

2ϕk

�
(tk, xk, pk)

�� ≤ k
−1

,

�
tk, x̂

0
k

�
(t0, x0,M)

Ĥεk,−k−1

�
tk, x̂

0
k
, yk, ∂tϕ(t0, x0), qk, Ak, v̂∗

�
≥ −k

−1
.

Ĥεk,−k−1

(uk,αk,πk) ∈ N̂εk,−2k−1

�
tk, x̂

0
k
, yk, qk, �v∗

�

−∂tϕ (t0, x0) + µY

�
x
0
k
, yk, uk

�
− µX

�
x
0
k
, uk

�
· qx

k
− 1

2

�
σXσT

X

�
x
0
k
, uk

�
A

xx

k

�

≥ −2k−1 +
1

2
|αk|2App

k
+ σT

X

�
x
0
k
, uk

�
A

xp

k
· αk −

�

E

πk(e)λ(de)q
p

k

βY
�
x
0
k
, yk, uk(e), e

�
− v̂∗

�
tk, x

0
k
+ βX

�
x
0
k
, uk(e), e

�
, p

0
k
+ πk(e)

�
+ yk ≥ −2k−1

λ e ∈ E.



(uk,αk,πk) ∈ N̂εk,−2k−1 (tk, x̂k, yk, qk, �v∗)
uk ∈ Ñεk+|qpkαk|

�
x
0
k
, yk, q

x

k

�

C > 0
k ρ

C

�
1 +

��qp
k
αk

��2
�
≥ 1

2
|αk|2App

k
+ σT

X

�
x
0
k
, uk

�
A

xp

k
· αk −

�

E

πk(e)λ(de)q
p

k

≥ 1

2
|αk|2App

k
− C

��Axp

k

�� |αk|−
�

E

πk(e)λ(de)q
p

k

supu∈U |σX(·, u)|

A
pp

k
→ +∞, A

xp

k
→ 0, q

p

k
→ +∞

�
q
p

k

�2
��App

k

�� → ρ k → ∞.

πk ≤ M − pk λ ,

pk ∈ [m,M ] (πk)k≥1

q
p

k
, A

pp

k
> 0

C

�
1

A
pp

k

+

��qp
k

��2

A
pp

k

|αk|2
�

≥ 1

2
|αk|2 − C

��Axp

k

��2

A
pp

k

|αk|− C
q
p

k

A
pp

k

.

0 ≥ lim sup
k→∞

��
1

2
− Cρ

�
|αk|2 − C

��Axp

k

��2

A
pp

k

|αk|
�
.

ρ

|αk| →
k→∞

0.

k(M−pk) → 0 �k ↓ 0 k(M−pk) ≤
�k πk ≤ �k

k

q
p

k
(πk(e))

+ → 0 k → ∞ e ∈ E.

λ(E) < ∞ q
p

k
> 0

��

E

πk(e)λ(de)q
p

k

�+

→ 0.

|qpk|2
A

pp
k

→ ρ

C

�
1 + ρApp

k
|αk|2

�
≥ 1

2
|αk|2App

k
+

��

E

πk(e)λ(de)q
p

k

�−



C

�
1 +

��qp
k

��2 |αk|2
�
≥ 1

2
|αk|2

��qp
k

��2

ρ
+

��

E

πk(e)λ(de)q
p

k

�−

ρ > 0 ρ

��App

k

�� |αk|2 ≤ C,
��qp

k

��2 |αk|2 ≤ Cρ

C + Cρ ≥
��

E

πk(e)λ(de)q
p

k

�−
.

0 ≥ lim sup
k→+∞

��

E

πk(e)λ(de)

�−
.

�

E

πk(e)λ(de) → 0 πk(e) → 0 λ e ∈ E.

−∂tϕ (t0, x0) + µY

�
x
0
k
, yk, uk

�
− µX

�
x
0
k
, uk

�
· qx

k
− 1

2

�
σXσT

X

�
x
0
k
, uk

�
A

xx

k

�

≥ −2k−1 + σT

X

�
x
0
k
, uk

�
A

xp

k
· αk −

��

E

πk(e)λ(de)q
p

k

�+

,

uk ∈ Ñεk+
√
Cρ

�
x
0
k
, yk, q

x

k

�
.

A
pp

k
> 0

βY
�
x
0
k
, yk, uk(e), e

�
− v̂∗

�
tk, x

0
k
+ βX

�
x
0
k
, uk(e), e

�
, p

0
k
+ πk(e)

�
+ yk

≥ −2k−1 λ e ∈ E,

−v̂∗ βY
p
0
k
→ M k → ∞

βY
�
x
0
k
, yk, uk(e), e

�
− v̂∗

�
tk, x

0
k
+ βX

�
x
0
k
, uk(e), e

�
,M

�
+ yk ≥ −2k−1 − ϑe

k

k λ e ∈ E,

ϑe

k
≥ 0 ϑe

k
→ 0 k → ∞ e ∈ E

ϑk > 0 ϑk → 0 k → ∞
e ∈ E k

βY
�
x
0
k
, yk, uk(e), e

�
−v̂∗

�
tk, x

0
k
+ βX

�
x
0
k
, uk(e), e

�
,M

�
+yk ≥ −2k−1−ϑk.



Hεk+
√
Cρ,−2k−1−ϑk

�
tk, x

0
k
, yk, ∂tϕ(t0, x0), q

x

k
, A

xx

k
, v̂∗(·,M)

�

≥ −2k−1 −
�
σT

X

�
x
0
k
, uk

�
A

xp

k
· αk

�− −
��

E

πk(e)λ(de)q
p

k

�+

,

k → ∞ ρ → 0�
|αk| , Axp

k
,
��

E
πk(e)λ(de)q

p

k

�+� → 0 σX
u v̂∗ ≥ ϕ

v̂∗ (T, ·,M)

max {v̂∗ (T, ·,M)− v∗ (T, ·) , δ∗v̂∗ (T, ·,M)} ≥ 0

v̂∗ (T, ·,M)

max
�
v̂∗ (T, ·,M)− v∗ (T, ·) , (v̂∗ (T, ·,M)− j∗)1{H∗v̂∗(T,·,M)<∞}

�
≥ 0.

1
ϕ̂ × [m,M ] x0 ∈

( ) min
×[m,M ]

(v̂∗(T, ·)− ϕ̂) = (v̂∗(T, ·)− ϕ̂) (x0,M) = 0,

max
�
ϕ̂(x0,M)− v∗(T, x0), (ϕ̂(x0,M)− ĝ∗(x0))1{Ĥ∗ϕ̂(x0,M)<∞}

�
≥ 0.

ϕ x0 ∈

( )min (v̂∗(T, ·,M)− ϕ) = (v̂∗(T, ·,M)− ϕ) (x0) = 0

ϕ(x0) < v̂(T, x0),

H
∗ϕ(T, x0) < ∞.

2

ϕk := ϕ(x)− (f(x) + ψk(p)) ,

ψk 2
v̂∗(T, ·) − ϕk x̂k = (xk, pk)

2 t

H
∗ϕk(xk) ≤ C C > 0 k

2 Ĥ
∗ϕk (x̂k) ≤ 2C k

v̂∗ (T, x̂k) ≥ ĝ∗ (x̂k)
k → ∞ v̂∗ (T, x0,M) ≥ ĝ∗(x0,M)

ĝ∗(x0,M) = j∗(x0) j



p = m

1 2 3
t < T 4 t = T

ϕ̂ [0, T ) × × [m,M ]
(t1, x1) ∈ [0, T )×

( ) max
[0,T )× ×[m,M ]

(v̂∗ − ϕ̂) = (v̂∗ − ϕ̂) (t1, x1,m) = 0,

min
�
v̂
∗ + κ, Ĥ∗ϕ̂

�
(t1, x1,m) ≤ 0.

p = m

4η := min
�
v̂
∗ + κ, Ĥ∗ϕ̂

�
(t1, x1,m) > 0

ε > 0 η > 0

min
�
ϕ̂ι (t, x̂) + κ, µY (x, y, �u)− L̂ûϕ̂ι (t, x̂)

�
≥ 2η

û = (u,α,π) ∈ N̂0,η (t, x̂, y,Dϕ̂ι (t, x̂) , �ϕι)

(t, x̂, y) ∈ [0, T )× ˆ × R

(t, x̂) ∈ Bε (t1, x1)× [m,m+ ε], |y − ϕ̂ι (t, x̂)| ≤ ε,

ϕ̂ι (t, x̂) := ϕ̂ (t, x̂) + fι(x) + gι(p) ι fι gι

x1 m xo

min






ϕ̂ι (t, x̂) + κ,

µY (x, y, ν̂ (t, x̂, y,Dϕ̂ι (t, x̂)))− L̂ν̂(t,x̂,y,Dϕ̂ι(t,x̂))ϕ̂ι (t, x̂) ,

min
e∈E

Ĝ ν̂(t,x̂,y,Dϕ̂ι(t,x̂)),eϕ̂ι (t, x̂)





≥ η

(t, x̂, y) ∈ [0, T ]× ˆ × R

(t, x̂) ∈ Bε (t1, x1)× [m,m+ ε] |y − ϕ̂ι (t, x̂)| ≤
η

4
,

ν̂

ν̂ (t, x̂, y,Dϕ̂ι (t, x̂)) ∈ N̂0,η (t, x̂, y,Dϕ̂ι (t, x̂) , �ϕι)

Bε (t1, x1)× [m,m+ ε].



(t1, x1,m)

− ξ := − (ζ ∧ γε,ι) := max
D

(v̂∗ − ϕ̂ι) < 0,

D :=
�
{t1 + ε}×Bε(x1)× [m,m+ ε]

�
∪ ([t1, t1 + ε)× (Bε(x1)× [m,m+ ε))c) .

v̂ (·,m) = −κ

0 > −η ≥ max
Bε(t1,x1)

(v̂ − ϕ̂) (·,m).

2

ϕ [0, T ]× (t0, x0) ∈ [0, T )×

( ) max
[0,T )×

(v̂∗ (·,m)− ϕ) = (v̂∗ (·,m)− ϕ) (t0, x0) = 0.

v̂
∗(t0, x0,m) ≥ −κ

v̂
∗(t0, x0,m) + κ =: 4η > 0,

ψk m

M

ψk(p) := ρk

�
p

m

e
2km

ek(r+m) − e2km+1
dr, k > 0,

f ι = 1

ϕk(t, x, p) := ϕ(t, x) +
�
f(x) + (t− t0)

2 + ψk(p)
�
.

2 v̂
∗ −ϕk

(tk, xk, pk) ([0, T ]× × [m,M ])

(tk, xk, pk) → (t0, x0,m), k(pk −m) → 0 v̂
∗(tk, xk, pk) → v̂

∗(t0, x0,m),

�
∂tϕk, Dxϕk, D

2
xxϕk

�
(tk, xk, pk) →

�
∂tϕ, Dxϕ, D

2
xxϕ

�
(t0, x0) k → ∞

�
Dpϕk, D

2
xpϕk, D

2
ppϕk

�
(tk, xk, pk) =

�
ψ�
k
(pk) , 0,ψ

��
k
(pk)

�
.

v̂
∗(t0, x0,m) > −κ v̂

∗(tk, xk, pk) > −κ k

1

Ĥ∗(·,ϕk, ∂tϕk, Dϕk, D
2ϕk, v̂

∗)(tk, xk, pk) ≤ 0 k > 1.



Ĥ∗ (εk)k≥1 (x̂k)k≥1

(yk)k≥1 (qk)k≥1 (Ak)k≥1 εk > 0 x̂
0
k
=

�
x
0
k
, p

0
k

�
∈ × [m,M ], yk ≥

−κ, qk =
�
q
x

k
, q

p

k

�
∈ R

d × R Ak ∈ S
d+1

�
A

xx

k
, A

xp

k

�
∈ S

d × R
d

�
A

xpT

k
, A

pp

k

�
∈ R

d × R

εk → 0, x̂
0
k
→ (x0,m),

��(yk, qk, Ak)−
�
ϕk, Dϕk, D

2ϕk

�
(tk, xk, pk)

�� ≤ k
−1

Ĥεk,k−1 (tk, x̂k, yk, ∂tϕ(t0, x0), qk, Ak, v̂
∗) ≤ k

−1
.

u ∈ U π = 0 αk := N
u(x0

k
, yk, q

x

k
)/qp

k
π = 0

(u,αk,π) ∈
N̂εk,k−1 (t, �xk, yk, qk, �v∗)

µY

�
x
0
k
, yk, u

�
− ∂tϕ(t0, x0)− µX

�
x
0
k
, u

�
· qx

k

− 1

2

� �
σXσT

X(x0
k
, u)Axx

k

�
+ |α|2App

k
+ 2σT

X(x0
k
, u)Axp

k
· α

�
≤ k

−1

βY (x
0
k
, yk, u(ek), ek)− v̂

∗ �
tk, x

0
k
+ βX

�
x
0
k
, u(ek), ek

�
, p

0
k

�
+ yk ≤ k

−1
,

(ek)k≥1 ⊆ E

A
pp

k
< 0, q

p

k
< 0 k, lim

k→∞
A

xp

k
= 0 lim

k→∞

�
q
p

k

�2
��App

k

�� = ρ.

��App

k

�� |αk|2 =
��App

k

��
�
q
p

k

�2
��Nu

�
x
0
k
, yk, q

x

k

���2 ≤ C,

C > 0 k ρ k → ∞

ρ−1 |Nu (x0,ϕ(t0, x0), Dϕ(t0, x0))|2 ≤ C.

ρ > 0 0
N

u (x0,ϕ(t0, x0), Dϕ(t0, x0)) = 0 u ∈ U

βY (x
0
k
, yk, u(ek), ek)− v̂

∗ �
tk, x

0
k
+ βX

�
x
0
k
, u(ek), ek

�
, p

0
k

�
+ yk ≤ k

−1
.



k → ∞ u ∈ U

Ǧv̂
∗(t0, x0,m) ≤ 0,

Ǧϕ = sup
u∈U

min
e∈E

{βY (·, u(e), e)− ϕ(·+ βX(·, u(e), e)) + ϕ} .

min
�
v̂
∗ + κ, Ǧv̂

∗� (t0, x0,m) ≤ 0

[0, T )×
(t, x) ∈ [0, T ) ×

(ϕn)n≥1 ϕn ↓ v̂
∗ (tn, xn, pn)n≥1

(t, x,m) (ϕn − v̂
∗)

(tn, xn, pn)

v̂
∗(·,m)

[0, T ) ×

w

min
�
w + κ, Ǧw

�
≤ 0

w
+

w ≤ −κ

v̂
∗(t0, ·,m) t0 ∈ [0, T )

v̂
∗(·,m) = −κ v̂

∗(·,m) ≥ −κ v̂
∗−

v̂∗(T, ·,m) = −κ v̂
∗(t, x,m) = −κ

t < T x ∈ (tn, xn, pn)n≥1 [0, T )× × (m,M)
(tn, xn, pn) → (T, x,m) −κ ≤ v̂(tn, xn, pn) ≤ −κ+ 1

n
n ≥ 0

sup (w + κ) > 0
w

x0 ∈
max(w − Λ) = (w − Λ)(x0) =: ξ > 0.

ū ∈ U

min
e∈E

βY (x0, w(x0), ū(e), e)− Λ (x0 + βX (x0, ū(e), e)) + Λ(x0) > 0.

w Ǧw(x0) ≤ 0
ê ∈ E

βY (x0, w(x0), ū(ê), ê)− w (x0 + βX (x0, ū(ê), ê)) + w(x0) ≤ 0.



w(x0)− Λ(x0) < w (x0 + βX (x0, ū(ê), ê))− Λ (x0 + βX (x0, ū(ê))) ,

x0





X

:= (0,∞) = (0,∞)d

J

λ×dt E = {e} β(·, e) ≡ β
e ∈ E Γ

E

��
T

0
|γs|2ds

�
< ∞.
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ν ∈ U (X,Y
ν)

Xt,x(s) = x+

�
s

t

µ (Xt,x(r)) dr +

�
s

t

σ (Xt,x(r)) dWr +

�
s

t

β (Xt,x(r))N(dr)

Yt,x,y(s) = y +

�
s

t

νrµ (Xt,x(r)) dr +

�
s

t

νrσ (Xt,x(r)) dWr +

�
s

t

νrβ (Xt,x(r))N(dr),

µ,σ β X

Y
ν

ν
X

0

ρ : R →
R

ρ(R) = R ρ−1

R g

ρ
g(Xt,x(T )

w(t, x, p) −κ
ν

p g(Xt,x(T ))
T

Ψ(x, y) := ρ(y − g(x)),

w(t, x, p) := inf
�
y ≥ −κ : ∃ ν ∈ U E

�
ρ
�
Y

ν
t,x,y(T )− g (Xt,x(T ))

��
≥ p

�
.

w g̃

g̃ : (x, p) ∈ (0,∞)× R �−→ inf {y ∈ R Ψ(x, y) ≥ p} ∨ (−κ).

g̃(x, p) =
�
g(x) + ρ−1(p)

�
∨ (−κ).

�

g(Xt,x(T )
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his
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ϕ [0, T ]×(0,∞)×R (α,π) ∈ R
2

Hα,π
1 ϕ := −∂ϕ

∂t
− 1

2
σ2∂

2ϕ

∂x2
+

∂ϕ

∂p
πλt + αµσ−1∂ϕ

∂p
− σα

∂2ϕ

∂xp
− 1

2
α2∂

2ϕ

∂p2

Hα,π
2 ϕ :=

�
∂ϕ

∂x
+ σ−1∂ϕ

∂p
α

�
β(·)− ϕ (·, ·+ β(·), ·+ π) + ϕ.

w






sup
(α,π)∈R2

min {Hα,π
1 ϕ , Hα,π

2 ϕ} ≥ 0 [0, T )× (0,∞)× R

w∗(T, ·) ≥ g̃ (0,∞)× R.

w






sup
(α,π)∈R2

min {Hα,π
1 ϕ , Hα,π

2 ϕ} ≤ 0 [0, T )× (0,∞)× R

w
∗(T, ·) ≤ g̃ (0,∞)× R.

ε > 0, η ∈ [−1, 1] ϕ ∈ C
0([0, T ]× (0,∞)2)

Θ := (t, x, p, y, qt, qx, qp, qxx, qxp, qpp,ϕ) ∈ [0, T ]× (0,∞)× R
8

Nε,η(t, x, p, y, qx, qp,ϕ) =

�
(u, a,π) ∈ R

3 |uσ(x)− aqp − qxσ(x)| ≤ ε

uβ(x)− ϕ(t, x+ β(x), p+ π) + ϕ(t, x, p) ≥ η

�

Hε,η(Θ,ϕ) = sup
û∈Nε,η(Θ)

�
µ(x)(u− qx)− qt + λπqp − σaqxp −

1

2
σ(x)2qxx −

1

2
qppa

2

�
,

û (u, a,π)

B ⊂ [0, T ] × (0,∞) × R
8 η > 0 ϕ ∈ C

0([0, T ] × (0,∞)2)
N0,2η(·,ϕ) �= ∅ B Θo ∈ B

Θo := (to, xo, po, yo, qot , q
o

x, q
o

p, q
o

xx, q
o

xp, q
o

pp),



(uo, ao,πo) ∈ N0,2η(Θo
,ϕ) Θ ∈ [0, T ]×

(0,∞)× R
8

(û, â, π̂) : Θ ∈ [0, T ]× (0,∞)× R
8 �−→

�
qx + ao

qp

σ(x)
, ao , πo

�
,

σ > 0

(û, â, π̂)(Θo) = (uo, ao,πo),

(uo, ao,πo) ∈ N0,2η(Θ,ϕ)

uo = q
o

x + ao

q
o
p

σ(xo)
.

Θ ∈ [0, T ]× (0,∞)× R
8

|ûσ(x)− âqp − σ(x)qx| = 0.

ϕ β Bε (uo, ao,πo)

û(Θ)β(x)− ϕ(t, x+ β(x), p+ π̂(θ)) + ϕ(t, x, p) ≥ η,



Nε,η :=

�
(u, a,π) ∈ R

2 × L
2
λ |uσ(x)− qxσ(x)− qpa| ≤ ε

uβ(x)− ϕ(t, x+ beta(x), p+ π) + ϕ(t, x) ≥ η

�
.

(to, xo, po) ϕ

H
∗ϕ(to, xo, po) < ∞.

H
∗ ε > 0 C > 0

uµ(x)− ϕt − ϕxµ(x) + ϕp

�
E
π(e)λ(de)− 1

2ϕxxσ(x)2 − 1
2ϕppa

2
x,u − σ(x)ax,uϕpx ≤ C

(t, x, p) ∈ Bε(to, xo, po), ζt,x,p, qp ∈ R






|ζt,x,pσ(x)| ≤ ε
qp ∈ Bε(ϕp(to, xo, po))

|qp| ≥ ε/2
(u,π) ∈ R× L

2
λ uβ(x)− ϕ(t, x+ β(x), p+ π) + ϕ(t, x) ≥ η,

ax,u :=
σ(x)

qp
(u− ϕx − ζt,x,p) .

ϕp

�
E
π(e)λ(de) +At,x,p +Bt,x,pu− 1

2ϕpp

σ(x)2

q2p
u
2 ≤ C

(t, x, p) ∈ Bε(to, xo, po), ζt,x,p, qp ∈ R






|ζt,x,pσ(x)| ≤ ε
qp ∈ Bε(ϕp(to, xo, po))

|qp| ≥ ε/2
(u,π) ∈ R× L

2
λ uβ(x)− ϕ(t, x+ β(x), p+ π) + ϕ(t, x) ≥ η,

At,x,p := −ϕt − ϕxµ(x)− 1
2ϕxxσ(x)2 +

σ(x)2

qp
ϕpx(ϕx + ζt,x,p)− σ(x)2

q2p
ϕpp(ϕx + ζt,x,p)

Bt,x,p := µ(x)− σ(x)2

qp
ϕpx + ϕpp

σ(x)2

q2p
(ϕx + ζt,x,p).

σ > 0 C
�
> 0

�
ϕp

�

E

π(e)λ(de)

�+

≤ C
� �1 + u

2
�

...
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(to, xo, po) ∈ [0, T )× (0,∞)2 ϕ ∈ C
1,2,2([0, T ]× (0,∞)2)

H
∗ϕ(to, xo, po) < ∞.

∂ϕ

∂p
(to, xo, po) = 0.

N H
∗ ε > 0 η ∈ [−1, 1]

�
−∂ϕ

∂t
− µ(x)

∂ϕ

∂x
− 1

2
σ(x)2

∂2ϕ

∂x2
− σ(x)a

∂2ϕ

∂xp
− 1

2
a
2

�
∂2ϕ

∂p2
− ε

��
(to, xo, po) ≤ 2C1

(a,π) ∈ R×∆η(a; to, xo, po)

∆η(a; t, x, p) :=





π ∈ R






�
∂ϕ

∂x
(·) +

a
∂ϕ
∂p (·)
σ(x)

�
β(x)

−ϕ (t, x+ β(x), p+ π) + ϕ(·)





(t, x, p) ≥ η





.

∆η(a; to, xo, po) a ∈ R

π ∈ ∆η(a; to, xo, po) a ∈ R

�
−∂ϕ

∂t
− µ(x)

∂ϕ

∂x
− 1

2
σ(x)2

∂2ϕ

∂x2
− σ(x)a

∂2ϕ

∂xp
− 1

2
a
2

�
∂2ϕ

∂p2
− ε

��
(to, xo, po) ≤ 2C1,

C

−1

2
a
2

�
∂2ϕ

∂p2
− ε

�
≤ C (1 + |a|) .

a
∂2ϕ
∂p2 ≥ ε ϕ

∂2ϕ
∂p2 > 0 B (to, xo, po)

(u, a,π)

uβ(x)− ϕ(t, x+ β(x), p+ π) + ϕ(t, x, p) ≥ η.

N
B

� (to, xo, po) B
� ⊂ B qp ζx |σ(x)ζx| ≤ ε

(u,π) ∈ R B
�

uµ(x)−∂ϕ

∂t
(t, x, p)−∂ϕ

∂x
(t, x, p)+

∂ϕ

∂p
(t, x, p)

�

E

π(e)λ(de)−1

2

∂2ϕ

∂x2
(t, x, p)σ(x)2−∂2ϕ

∂xp
(t, x, p)σ(x)ax,u−

1

2

∂2ϕ

∂p2
(t, x, p)a2x,u ≤ C

C > 0

ax,u :=
σ(x)

qp

�
u− ∂ϕ

∂x
(t, x, p)− ζx

�
.

N H
∗

a R

[uµ(x)− La,πϕ(t, x, p)]+���uσ(x)− σ(x)∂ϕ∂x − a
∂ϕ
∂p

��� (t, x, p)
≤ 1

ε
[uµ(x)− La,πϕ(t, x, p)]+

bruno bouchard
deja fait
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(u, a,π) ∈ R

����uσ(x)− σ(x)
∂ϕ

∂x
− a

∂ϕ

∂p

���� (t, x, p) > ε,

ϕ, µ,σ C ≥ 0

[uµ(x)− La,πϕ(t, x, p)]+���uσ(x)− σ(x)∂ϕ∂x − a
∂ϕ
∂p

��� (t, x, p)
≤ C(1 + |π|),

∂ϕ
∂p (to, xo, po) �= 0

B (to, xo, po)
∂ϕ
∂p �= 0 B

C ≥ 0

[uµ(x)− La,πϕ(t, x, p)]+���uσ(x)− σ(x)∂ϕ∂x − a
∂ϕ
∂p

��� (t, x, p)
≤ C(1 + |π|+ |a|),

H
∗

w
∗(T, ·) ≤ g̃ (0,∞)× R

(x, p) ∈ (0,∞)× R y > g̃(x, y) Ψ(x, y) > p Ψ
(tn, xn, pn) → (T, x, p) n → ∞

w(tn, xn, pn) −→
n→∞

w
∗(T, x, p).

E
�
Ψ
�
Xtn,xn(T ), Y

0
tn,xn,y

(T )
��

−→
n→∞

Ψ(x, y).

y > Ψ(x, y) > p E[Ψ(Xtn,xn(T ), Y
0
tn,xn,y

(T ))] > p n

y ≥ w(tn, xn, pn) n y ≥ w
∗(T, x, p)

y > g̃(x, p)

E
����Xtn,xn(T ), Y

0
tn,xn,y

(T )
�
− (x, y)

��p� ≤ C

�
|T − tn|

p
2 + |xn − x|p

�

p ≥ 1 C n

ρ g Ψ
ε > 0 k ≥ 1

ηε
k
> 0

sup
(x,y,x�,y�)∈Γε

k

��Ψ(x, y)−Ψ(x�, y�)
�� ≤ ε,



Γε
k
:=

�
(x, x�, y, y�) ∈ (0,∞)2 × R

2

�
|(x, y)| ∨ |(x�, y�)| ≤ k

|(x, y)− (x�, y�)| ≤ ηε
k

�

P
����Xtn,xn(T ), Y

0
tn,xn,y

(T )
��� > k

�
≤ 1

k
E
����Xtn,xn(T ), Y

0
tn,xn,y

(T )
���� ≤ C

k
,

C

P
����Xtn,xn(T ), Y

0
tn,xn,y

(T )
�
− (x, y)

�� > ηε
k

�
≤ r

ε,k
n

r
ε,k
n → 0 n → ∞ ε, k Ψ

k ≥ |(x, y)|

E
���Ψ

�
Xtn,xn(T ), Y

0
tn,xn,y

(T )
�
−Ψ(x, y)

��� ≤ ε+
C

k
+ r

ε,k
n .

n → ∞ k → ∞ ε → 0

ρ ∈ C
1(R)

✷

(t, x, q) ∈ [0, T ] × (0,∞) × (0,∞)
(Qγ

t,x,q
, X̄t,x)

dQ
γ
t,x,q

Q
γ
t,x,q

(s) =

�
µ(·)
σ(·)

�
X̄t,x(s)

�
+ γs

β(·)
σ(·)

�
X̄t,x(s)

��
dW (s) + γsλJ̃(ds),

dX̄t,x(s) = σ
�
X̄t,x(s)

�
dW (s) + β

�
X̄t,x(s)

�
J̃(ds),

�
X̄t,x(t), Q

γ
t,x,q

(t)
�
= (x, q) ∈ (0,∞)2.

y : (t, x, p) ∈ [0, T ]× (0,∞)× R �→ y(t, x, p)

y(t, x, p) = E
�
g
�
X̄t,x(T )

��
+ sup

γ∈Γ
E

�
ρ−1

�
I

�
Q

γ
t,x,q̂γ(t,x,p)

(T )
���

.

p w∗ w

w̃ : (t, x, q) ∈ [0, T ]× (0,∞)2 �→ sup
p∈R

{pq − w∗(t, x, p)} .

w

w : (t, x, q) �→ inf
γ∈Γ

E
�
Q

γ
t,x,q

(T )I
�
Q

γ
t,x,q

(T )
�
− ρ−1

�
I
�
Q

γ
t,x,q

(T )
��

− g
�
X̄t,x(T )

��
,
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I :=
��

ρ−1
���−1

ψ ∈ C
1,2,2([0, T ]× R× R,R)

Fψ := sup
γ∈(0,∞)






−ψt + γβψx + (qλ− γq)ψq −
1

2
σ2ψxx

− (qµ+ γqβ)ψqx −
1

2

�
q
µ

σ
+ γq

β

σ

�2

ψqq

−γ

�
ψ

�
t, ·+ β, ·+

�
1

γ
qλ− q

��
− ψ

�






.

�
Fψ(t, x, q) ≥ 0 [0, T )× (0,∞)× (0,∞)

ψ(T, x, q) ≥ qI(q)− ρ−1(I(q))− g(x) (0,∞)× (0,∞);
�

Fψ(t, x, q) ≤ 0 [0, T )× (0,∞)× (0,∞)
ψ(T, x, q) ≤ qI(q)− ρ−1(I(q))− g(x) (0,∞)× (0,∞);

C [−κ,+∞)
w

• v1 ∈ C [0, T ]×

• v2 ∈ C [0, T ]×

v1 ≥ v2

w̃

[0, T ]× (0,∞)× (0,∞)

w ≥ y.

w

w w̃ ≤ w

w

γ ∈ Γ w̃γ : (t, x, q) ∈ [0, T ]× (0,∞)× (0,∞) → R

w̃γ(t, x, q) := E
�
Q

γ
t,x,q

(T )I
�
Q

γ
t,x,q

(T )
�
− ρ−1

�
I
�
Q

γ
t,x,q

(T )
��

− g
�
X̄t,x(T )

��
.

w̃γ q q̂γ(t, x, p)

∂w̃γ

∂q
(t, x, q̂γ) = E

�
Q

γ
t,x,1(T )I

�
Q

γ
t,x,q̂γ(t,x,p)

(T )
��

= p.



w(t, x, p) ≥ w∗(t, x, p) ≥ sup
q>0

(pq − w̃(t, x, q))

≥ sup
q>0

(pq − w(t, x, q))

≥ sup
γ∈Γ

�
sup
q>0

(pq − w̃γ(t, x, q))

�

≥ sup
γ∈Γ

{pq̂γ(t, x, p)− w̃γ (t, x, q̂γ(t, x, p))}

≥ sup
γ∈Γ

�
q̂γ(t, x, p)

�
p− E

�
Q

γ
t,x,1(T )I

�
Q

γ
t,x,q̂γ(t,x,p)

(T )
���

+E

�
ρ−1

�
I

�
Q

γ
t,x,q̂γ(t,x,p)

(T )
��

+ g
�
X̄t,x(T )

���

≥ E
�
g
�
X̄t,x(T )

��
+ sup

γ∈Γ
E

�
ρ−1

�
I

�
Q

γ
t,x,q̂γ(t,x,p)

(T )
���

= y(t, x, p),

✷

u [0, T ] × (0,∞) × (0,∞)
�v∗

ϕ (t0, x0, q0) ∈
[0, T )×(0,∞)×(0,∞) (u−ϕ) (u−ϕ)(t0, x0, q0) = 0

ϕ u (t0, x0, q0)
(u − ϕ) Dqqϕ(t0, x0, q0) ≥ 0 ϕε,η

ϕε,η(t, x, q) := ϕ(t, x, q) + ε |q − q0|2 + εη |q − q0|2 (|q − q0|2 + |t− t0|2 + |x− x0|2)
ε, η > 0 (t0, x0, q0) (u − ϕε,η)

Dqqϕ(t0, x0, q0) ≥ 0 ϕ Dqqϕε,η ≥
Dqqϕ + 2ηε

�
|t− t0|2 + |x− x0|2

�
η

Dqqϕε,η > 0 (t0, x0, q0) ϕε,η

(t0, x0, q0) ε > 0 ϕ
ϕε,η (t0, x0, q0)

ϕ ε → 0



−γ

�
ϕε,η

�
t0, x0 + β, q0 +

�
1

γ
q0λ− q0

��
− ϕε,η(t0, x0, q0)

�

= −γ

�
ϕ

�
t0, x0 + β, q0 +

�
1

γ
q0λ− q0

��
− ϕ(t0, x0, q0) + ε |πq|2 + εη |πq|2

�
|πq|2 + |β|2

��

= −γ

�
ϕ

�
t0, x0 + β, q0 +

�
1

γ
q0λ− q0

��
− ϕ(t0, x0, q0)

�
− γε |πq|2 − γεη |πq|2

�
|πq|2 + |β|2

�
,

πq := 1
γ q0λ− q0

α,χ P
α,χ ∈ [0, 1] πq

− γ

�
ϕε,η

�
t0, x0 + β, q0 +

�
1

γ
q0λ− q0

��
− ϕε,η(t0, x0, q0)

�

− γ

�
ϕ

�
t0, x0 + β, q0 +

�
1

γ
q0λ− q0

��
− ϕ(t0, x0, q0)

�
ε → 0.

ϕ q �ϕ
ϕ q

�ϕ(t, x, p) := sup
p∈R

{pq − ϕ(t, x, q)} .

ϕ q �ϕ
p

ϕ(t, x, q) = sup
p∈R

{pq − �ϕ(t, x, p)}

= p
∗(t, x, q)q − �ϕ (t, x, p∗(t, x, q)) (0, T )× (0,∞)× (0,∞) ⊂ ( (ϕ))

p
∗(t, x, q) = J(t, x, q) q �→ J(·, q) p �→ Dp �ϕ(·, p)

q0 > 0 p0 ∈ [0, 1] u(t0, x0, q0) =
p0q0− �v∗(t0, x0, p0) (t0, x0, p0, q0)

u(t0, x0, q0) = p0q0 − �v∗(t0, x0, p0)
ϕ(t0, x0, q0) = sup

p∈R
{pq0 − �ϕ(t0, x0, p)} ≥ p0q0 − �ϕ(t0, x0, p0)

0 = u(t0, x0, q0)− ϕ(t0, x0, q0) ≥u(t, x, q)− ϕ(t, x, q).

p0q0 − �v∗(t0, x0, p0)− p0q0 + �ϕ(t0, x0, p0) ≥ 0 ≥ u(t, x, q)− ϕ(t, x, q),



�v∗(t0, x0, p0)− �ϕ(t0, x0, p0) ≤ �v∗(t, x, p∗)− �ϕ(t, x, p∗),

u

(t0, x0, p0) �v∗ − �ϕ (�v∗ − �ϕ) (t0, x0, p0) ≤ 0.

p0

p0 ∈ (0, 1) �ϕ (t0, x0, p0)

0 ≤ sup
π∈L2

λ
α∈R

�
min

�
H�ϕ

1 (α,π),H
�ϕ
2 (α,π)

��

= sup
π∈L2

λ
α∈R

�
inf

ε∈[0,1]

�
εH�ϕ

1 (α,π) + (1− ε)H�ϕ
2 (α,π)

��

= inf
ε∈[0,1]





sup
π∈L2

λ
α∈R

�
εH�ϕ

1 (α,π) + (1− ε)H�ϕ
2 (α,π)

�




,

f
�ϕ : (ε, (α,π)) ∈ [0, 1]× (R×L

2
λ) �→ εH�ϕ

1 (α,π)+ (1− ε)H�ϕ
2 (α,π) ∈ R

f
�ϕ ε p

�ϕ f
�ϕ (α,π)

f
�ϕ K

R× L
2
λ

sup
(α,π)∈R×L

2
λ

f
�ϕ(ε,α,π) = max

(α,π)∈K
f
�ϕ(ε,α,π).

α α∗

α∗ =
ε
�
�ϕp

µ

σ − σ �ϕxp

�
+ (1− ε) �ϕp

σ β

ε�ϕpp

,

�ϕ a�x2 + b�x = −a�x2 �x
�x := max

�
ax

2 + bx+ c
�

0 ≤ inf
ε∈[0,1]

�
sup
π∈L2

λ

{ε�ϕpλπ − (1− ε)�ϕ(·+ β, p+ π)}− ε

�
�ϕt +

1

2
σ2 �ϕxx

�

+(1− ε) (�ϕxβ + �ϕ) + ε
�ϕpp

2
α∗2

�
.

π ∈ L
2
λ



sup
π∈L2

λ

{ε�ϕpλtπ− (1− ε)�ϕ(·+ β, p+ π)}

= (1− ε) sup
π∈L2

λ

�
ε�ϕpλt

1− ε
(p+ π)− �ϕ(·+ β, p+ π)

�
− ε�ϕpλtp

= (1− ε)ϕ

�
t, x+ β, q +

�
ε�ϕpλt

1− ε
− q

��
.

�ϕt = ϕt

�ϕx = −ϕx

�ϕxx = −ϕxx − ϕxqq
∗
x

�ϕp = q
∗

�ϕpp =
1

ϕqq

�ϕxp = q
∗
x

q
∗
x = −ϕxq

ϕqq

,

γ := 1−ε
ε

0 ≤ inf
γ∈Γ

�
γ

�
ϕ

�
·+ β, ·+ q

�
λ

γ
− 1

��
− ϕ

�
+ (γq − qλ)ϕq

+ϕt +
1

2
σ2ϕxx − γβϕx +

1

2

�
q
µ

σ
+ γq

β

σ

�2

ϕqq + (qµ+ γqβ)ϕqx

�
,

p0 = 1
(t0, x0) (�v∗ − �ϕ) (·, 1) = (v − �ϕ(·, 1)) (v −

�ϕ(·, 1))(t0, x0) ≤ 0 �ϕ(·, 1) (t0, x0)
�ϕ α = 0 π = 0 (t0, x0, 1)

p0 = 0
(t0, x0) (�v∗(·, 0)− �ϕ(·, 0)) = 0− �ϕ(·, 0)

(0− �ϕ(t0, x0, 0)) ≤ 0 (t0, x0) �ϕ (·, 0)
∂t �ϕ(t0, x0) ≤ 0, Dx �ϕ(t0, x0) = 0 Dxx �ϕ(t0, x0, 0) ≤ 0

�ϕ(·, 0) (t0, x0, 0) α = 0 π = 0
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