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A structured population model

We consider the following non-local reaction-diffusion model :







∂tn(t, x, θ) = D∂2
xxn(t, x, θ)︸ ︷︷ ︸

①

+α∂2
θθn(t, x, θ)︸ ︷︷ ︸

②

+ rn(t, x, θ) (a(x, θ)− ρ(t, x))
︸ ︷︷ ︸

③

,

(t, x, θ) ∈ (0,∞)× R
d × Θ,

∂n

∂n
= 0 on (0,∞)× R

d × ∂Θ,

n(0, x, θ) = n0(x, θ), (x, θ) ∈ R
d × Θ.

① Spatial diffusion with constant diffusivity D.

② Mutations modeled by a Laplacian operator in the trait variable.

③ Heterogeneous reproduction in space and trait : The optimal trait for repro-
duction can vary with space. Competition independent of genetics : A non-locality
enters into the game.

We want to study propagation using a Hamilton-Jacobi formalism.

Rescaling and Hopf-Cole transformation

We are interested in the following scaling (long time, small mutations) :

t 7→
t

ε
, D 7→ ε2D.

We make use of the following Hopf-Cole transformation :

uε := −ε lnnε, equivalently, nε = exp
(

−
uε

ε

)

.

We want to pass to the limit ε → 0 in






∂tuε = εD∆xxuε +
α
ε
∆θθuε −D|∇xuε|

2 − α
ε2
|∇θuε|

2 − r(a(x, θ)− ρε),

(t, x, θ) ∈ (0,∞)× R
d × Θ,

∂uε

∂n
= 0 on (0,∞)× R

d × ∂Θ,

uε(0, x, θ) = u0ε(x, θ) (x, θ) ∈ R
d × Θ.

The convergence result

Theorem 1 (B. & Mirrahimi). With some additional structural hypothesis,

(i) The family (uε)ε converges locally uniformly towards u : [0,∞)×R
d → R, the unique

viscosity solution of






min(∂tu +D|∇xu|
2 + H, u) = 0, in (0,∞)× R

d,

u(0, ·) = u0(·) in R
d.

(1)

(ii) Uniformly on compact subsets of Int {u < 0} × Θ, limε→0 n
ε = 0,

(iii) For every compact subset of Int ({u(t, x) = 0} ∩ {H(x) > 0}), there exists C > 1
such that,

lim inf
ε→0

ρε(t, x) ≥
H(x)

rC
, uniformly on K. (2)

Formal expansions and heuristics

Write formally
uε(t, x, θ) = u0(t, x, θ) + εu1(t, x, θ) +O(ε2).

Order −2 :

|∇θu0(t, x, θ)|
2 = 0.

Then order 0 :

α
(
∆θu1 − |∇θu1|

2
)
− ra(x, θ) =

[
∂tu0 +D|∇xu0|

2 − rρ0
]
(t, x). (3)

We recognize here a spectral problem in the trait variable θ that defines u1 and H(x):

∀x ∈ R
d, α∆(e−u1) + ra(x, ·)e−u1 = H(x)e−u1.

We now formally compute ρ0 :






ρ0(t, x) = 0 =⇒ ∂tu0(t, x) +D|∇xu0|
2(t, x) + H(x) = 0,

ρ0(t, x) > 0 =⇒ u0(t, x) = 0 and rρ0(t, x) = H(x),

ce qui nous amène directement à la formulation variationnelle:

min
(
∂tu0 +D|∇xu0|

2 + H(x) , u0
)
= 0.
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TRAIT DISTRIBUTIONS

PULSATING WAVE OBTAINED FOR ε SMALL WITH THE FITNESS a2(x, θ) = a1(θ) +
(
sin(x)− 1
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