A Hamilton-Jacob1 approach tor a model of population
structured by space and trait
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A structured population model The convergence result

We consider the following non-local reaction-ditfusion model : Theorem 1 (B. & Mirrahimi). With some additional structural hypothesis,

(i) The family (u.). converges locally uniformly towards u : [0, 00) x R — R, the unique

om(t,xz,0) = DO n(t,z,0 O-on(t, x. 0 t.x. 0 0) — p(t viscosity solution o
tn( y L ) \ :c:cné ; L ),_I_\CV 88”((@7377 ),_I_Tn( y L )(a(;a ) /0( 737)),7 [y f
(t,2,0) € (0,00) x R x ©, min(@u + DIV, + Hu) =0, in (0,00) x R, N
5, D = (- n RY
a—z:() on (0,00) x R? x 90, w(0;-) = uol") K
n(0,z,0) = n’(z, 0) (2,0) € RY x O. (ii) Uniformly on compact subsets of Int {u < 0} x ©, lim._,yn® =0,
(iii) For every compact subset of Int ({u(t,z) = 0} N {H(x) > 0}), there exists C > 1
@ Spatial diffusion with constant diffusivity D. such that, H(z)
. | . o liminf p.(t, x) > —, uniformly on K. (2)
@ Mutations modeled by a Laplacian operator 1n the trait variable. e—0 rC
€) Heterogeneous reproduction in space and trait : The optimal trait for repro-
duction can vary with space. Competition independent of genetics : A non-locality
enters into the game. Formal expansions and heuristics
We want to study propagation using a Hamilton-Jacobi formalism.
Write formally
. us(t, =, 0) = up(t, z,0) + cuy(t, x, 0) + O(e”).
Rescaling and Hopf-Cole transformation Order —2 -
Voot z,0) =0. |
. . . . . . Then order O :
We are interested in the following scaling (long time, small mutations) :
2 _ 2
t— Ea D+ e°D. Q (Agul — |Vuy ) —ra(x, ) = [ﬁtuo + D[V up|” — 7“,00} (t, ). (3)
- We recognize here a spectral problem in the trait variable ¢ that defines u; and H(x):

We make use of the following Hopf-Cole transformation

[ Vr € R, al (e™") 4+ ra(x, - )e”" = H(x)e ™. l

u. = —elnne, equivalently, Ne = exp (——) .
We now formally compute p" :
We want to pass to the limit ¢ — 0 in

po(t,z) =0 == Owy(t,z) + D|V,ul*(t,x) + H(x) =0,

atug — gDACL’CL’U’E T %Aeeug — D\quE\Q — %‘V@U(SP — T(CL(ZIZ, 9) — ,05),
(t,2,0) € (0,00) x R x © polt,z) >0 = w(t,z)=0 and rpy(t,z)=H(z),

Ou,. p ce qui nous amene directement a la formulation variationnelle:
5 =0 on (0,00) X R% x 006,
n

u(0,z,0) = ul(x,0) (2,0) € RY x ©.

[ min (&5%0 + D|vaQ|2 + H(i) : UO) = 0. l
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