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Calibration versus Prediction
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Background

We distinguish several type of statistical problems :

@ Regression problems where Y and X are quantitative variables and
where Y is inferred by a function f(X)

@ Classification problems where Y is a qualitative variable and where
the class of Y is inferred from X

o Clusterization problems where a quantitative variable X is observed
and classified into groups of similar features.

Remarks : Often a qualitative variable will be "coded” for modelisation
purposes into a quantitative variable but usually without any implicit order
relationship or proximity notion between the values coded, and this
contrarily to what would happen for " native” quantitative variables.
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Calibration versus Prediction

We will focus mainly on classification problems where :
@ Y is a binary variable and X is a quantitative variable in RY.
o (XL, Y1), (X2,Y2),.--(X", Y") are observations

The issue is to choose :

@ a particular class of models F € {F,}
@ a function f within F to estimate Y by f(X)

We define a measure of error between Y and f(X) as :
o ||Y — f(X)|| for a regression problem
@ lyf(x) for a classification problem

Mathematically in a classification problem the goal is to find f which
minimizes the risk E[1¢(x)£y]
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Calibration versus Prediction - Risk Measure

Definition : Calibration Error and Expected Error

For any f in F we note :
° R(f) = E[lf(X);éY]

o Ry(f) :_Zlf(X);&Y

Calibration associates to a sample (X, Y;);c[1,,) @n element £, of F which
minimizes R,(f). i.e Ry(fy) = 1r(n|]r]_ R,(f) and we define for f, :
€

° Ry(fn) = % 1¢,(x)Y; the calibration error for f,

I
:

1
—

e R(fp) = E[l,r(XnJr1 £v,,.] the expected error for f,

Remark : We do not study here the problem of existence and choice
(when there are several solutions) of Arg 1r(n|]r_1 Rn(f) for every (Xi, Yi)ic[1,n]
€
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Calibration versus Prediction - Risk Measure

Proposition : Calibration Error and Expected Error

E[Rn(f2)] < R(f,) which means (not surprisingly) that the expected error
on calibration is less than the expected error on prediction, i.e that it is
easier to calibrate than to predict...

Demonstration : E[R,(f,)] = E[?QJQ_ Rn(f)] < min E[R.(F)] = min R(f)
but V(X,', Y")ieﬂlvnﬂ fne Fso:

;gi]rg E[Le(x,01)# Vo] < ElLfy(Xpin)2 Yo/ (Xis Yiierinl

by taking the expectation we get :

péi]']_ E[lf(X,,H);AY,,H] < E[lfn(XnH)#Ynﬂ] = R(fn)

so in conclusion
EIR()] < min R(F) = min ElLy(x,..)4v,..] < R(f;). QED
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Calibration versus Prediction - Risk Measure

Example : Let (X, Y) be random variables with X ~ #/([0,1]) and
Y = 1x<, with a €]0,1[.
We assume that we do not know the existing relationship between X and
Y but want to build a classifier based on some sampling (X;, Y;)ic1,n and
a machine F = {1X§a7 1X2a}a€R-
If we assume that when observing (Xj, Yi)jc[1,n) we choose the classifier
fn = 1XSM3X(X11{Y1:1}7X21{Y2:1}7--7Xn1{Yn:1}) of F show that :
e Ry(fn) =0

o R(fy) = LA™

Hint : R(f,) = E[1pax (Xilx <s) <Xpi1<a) = fP ( max Xl{x<a} < u> du
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Calibration versus Prediction

Our goal is :

@ not so much to explain perfectly what has happened (calibration) but
@ to be as precise as possible in the prediction
So we face a dilemma as :
@ a model which has too many parameters may enable perfect
calibration but lead to over-fitting and a poor quality of prediction

@ a too simplistic model which fits only very poorly the sample data has
no chance to predict accurately

The Vapnik Chernovenkis theorem enables to control R(f,) based on :
o Ry(fn)
@ the complexity, noted VC(F), of the model F
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Calibration versus Prediction - VC dimension

Remarks : in Machine Learning
@ each family F, of estimators is called a machine
@ the phase of calibration is called the learning phase

o if the Y; are known in the sample and thus an error of calibration can
be calculated, the learning is said to be supervised

Definition : VC dimension of R? classifiers

Let F = {fy}ace be a family of classificators, each f, being a function
from RY to {0,1}.

The Vapnik Chervonenkis dimension of F noted VC(F) is the maximum
number of points of RY that can be classified in all possible different ways
by some classificators of F.

Pierre Brugiere (copyrights Pierre Brugiere ) Machine Learning in Finance 21 avril 2019 10 / 182



Calibration versus Prediction - VC dimension

Remarks : VC(F) > k if and only if it is possible to find k points
(Xi)ieLeg i RY such that for any of the 2% possible labelling (Vi)ieqLeg in
{0,1}* it is possible to find f in F such that Vi € [1, k], f(x;) = yi.

VC Theorem (admitted) : Confidence interval for the risk of prediction

We note (X;, Yi)ig[1,s @ i-i.d sample of (X, Y) (a learning sample)

Let 7 = {fy}ace be a machine with VC(F) < n

Let f, be defined by R,(f;) = 1rcn|; Ry (f) for the learning sample, then :
€

v € [0,1), P (R(fr) > Ralfa) + énn (Y22 ) <
where ¢, ,(x) = \/x(l +In(2)) + %/n(%) so,
0, Ra(fn) + (]5,,,77(%)] is a confidence interval at level 1 — 7 for R(f,)

v

11/ 182
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Calibration versus Prediction - VC dimension

Example 1 : If we assume VC(F) = 20, n = 10,000
then with 7 = 1% we obtain P(R(f,) > Rn(f,) + 12.81%) < 1%

Example 2 : In the previous example of classification with

F ={li<a,lx>a}acr it is easy to check that VC(F) = 2.

With 10,000 observations the VC-theorem then guarantees that at 95%
confidence level R(f,) (for estimators with minimum empirical risks)
should be within the interval [0, 4.98%)] (as R,(f,) = 0 and

$10,000,5% (T5.600) = 4-98%).

We note that the estimation of the confidence interval for this particular
problem is quite loose because as seen previously

R(f,) = % < n_lu = 0.01%.
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Calibration versus Prediction - VC dimension

0 0.1 02 03 0.4 0.5 0.6 07 0.8 0.9

n = 10000, = 5%
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Calibration versus Prediction - VC dimension

Example : We consider the following machine (of {0, 1}-classifiers) in
R?: F= {1ax+by+c20a (a, b) eR? {0}, cc R}

Each classifier, classifies points in R? according to their positions relatively
to the line ax + by + c = 0.

We notice that :

@ we can find 3 points in R? that can be {0, 1}-classified in all possible
ways with classifiers from F

e it seems impossible to find 4 points in R? that can be {0, 1}-classified
in all possible ways

If the later assumption is true, it will prove that VC(F) = 3.

We are going to prove this result as a particular case of a more general
result.
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Calibration versus Prediction - VC dimension

Three points from R? being {0, 1}-classified in all possible ways by the machine F (blue=1,red=0)
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Calibration versus Prediction - VC dimension

Theorem : VC dimension of oriented hyperplanes of R

Let x1, 0, -+ , X, be n points of RY

Let Fg = {1{cwx>+c>0p, w € RY N {0}, ¢ € R} be the family of

{0, 1}-classifiers defined by the oriented hyperplanes of RY.

Then, x1,x2, -+ , X, can be {0, 1}-classified in all possible ways by Fy if
and only if xo — x1,x3 — x1,- -+, X, — x1 are linearly independent.

VC(Fgq)=d+1

Remarks : From the corollary, for an " affine classifier” in R? the VC
dimension is the number of parameters.
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Calibration versus Prediction - VC dimension

Demonstration theorem : Let's assume that xo — x3,x3 — x1, -+ , Xp — X1
are linearly independent and let (y;)jc[1,,) be a {0, 1}-classification of the
(Xi)ie[[l,n]]-

let /; be the indices of the x; with the same classification as x;

let /> be the indices of the x; with a different classification from x;
we want to prove that we can separate the {x;}ic;, and the {x;}icy,
Let C1 (resp C2) be the convex envelope of the {x;}icy, (resp {xi}ich)
Let's start proving that C1 N Cr = &

If this was not the case we could find (\j)ie, ()\J)JG/2 such that :
ViE/l)\,'ZO,VjE/Q)\jZO, Z)\,'Zl, Z)\J

ieh Jj€bh
and Z )\,'X,' = Z )\ij (1)
ieh j€h
by substracting x; from both terms of (1) we would have :
> Ailxi = x1) = > Aj(x; — x1) which would be in contradiction with
ieh\{1} Jj€h
the assumption of independence in the theorem
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Calibration versus Prediction - VC dimension

So necessarily C1 NCr = .

By compacity we deduct that we can find z; € C; and z € C» such that

|z1 — zo| = distance(C1,C2) > 0. If now we consider the hyperplane

orthogonal to z — z; and containing %ﬂ it is easy to check that :

@ this hyperplane separates C; and Cy and has for equation
(x,20— 1) = (352, 7 — 71)

o (z1,z0—z21) < (B2 7 — 71) < (z3, 20 — 71)
@ the points of C; satisfy (x,z0 — z1) < (z1,20 — 71)
@ the points of C; satisfy (x,z0 — z1) > (22,20 — 71)

So C; and Cy are separated by an hyperplane and so the (xi)icr, (Xi)iek-

So the independence condition shows that the points can be classified in
all possible ways.

Machine Learning in Finance
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Calibration versus Prediction - VC dimension

Let's prove now that :
(the points can be classified in all possible ways) =

( x2 — x1,x3 — x1,++ ,Xp, — x1 are linearly independent).
For this we show the contraposition.
If we assume that xo — x1,x3 — X1, -+ ,Xp — x1 are linearly dependent then

we can find (Aj)ie,n) € R" 1\ {0} such that i Ai(xi —x1) =0 (2)
i=2

we then note :
| = {i S [2,”]],/\,‘ > 0} J= {i S [[2,”]],/\,‘ < 0}
A= )\fif)\,- >0and \; = —A; if\; <0 and we can rewrite (2) as
SN G- xa) = XA (g — ) =0 (3)
i€l j€Jd
a) We assume in a first case that the \; are not all of the same sign and
without loss of generality that > A/ > > A
i€l =
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Calibration versus Prediction - VC dimension

If the (xi)ic[2,n] can be separated with Fy4 we can find w and c such that :
Viel, (w,x;) > cand Vj e J, (w,x;) < c but from (3) :

SN woxi) = AT (wyx) = (0N = A ) (w,xa) (4)

icl jeJ icl j€d

implies that x; cannot be separated from the (x;);cs as

SN woxi) = A (wyx) > (A = XA )e

icl jed il j€J

implies from (4) that (w,x;) > ¢ Q.E.D

b) If we assume now that the A; are all of the same sign and without loss
of generality that this sign is positive then (2) can be rewritten as

i Aixi = (i Ai)x1 (5) with i Ai > 0. This proves that no classifier in
i=1 i=1 i=1
Fq4 can separate the (x,-),-e[p "]] from x as :

Vi€ [2,n], (w,x;) > c = z A%, %) > (3 A\j)c and from (5) this
=1 i=1
implies (w,x1) > c. Q.E. D
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Calibration versus Prediction - VC dimension

Demonstration corollary :

In RY if we take d vectors x1,xo, - - - X4 independent then according to the
theorem, the vectors : 0, x1, x2, - - - x4 can be classified in all possible ways
by F4. This proves that VC(Fy) > d + 1.

Conversely we know that if x1, xo, - - - x, can be classified in all possible
different ways by F4 then the n — 1 vectors x4 — x; must be independent
and therefore n —1 < d and VC(Fy) —1 <d.

Consequently VC(F4) =d+ 1. QE.D
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Calibration versus Prediction - VC dimension

Remarks : For hyperplane classifiers VC(Fy) is the number of parameters
of the hyperplanes, but in general the VC dimension is something different
from the number of parameters of the model.

Exercice :

We consider on R the machine 7 = {1gjp(ax)>0, @ € R}

and the (x;);cqy, defined by x; = 10—,

Show that for any {0, 1}-classification (yi)jcf1,i of the (x;)icqy, the

i=l .

classifier 1,ax)>0 With o =7 <1 +> (1- y,-)lO’) classifies perfectly all
i=1

the points. Conclude that VC(F) = 400

Demonstration :

For any indice 1 < j < [ we have :

i=j—1 ) ) i=/ L.
axj=m (1 + (1- y;)lO’) 1077 +7(1 —y;) +7 > (1 —y;)10"~/
i=1 i=j+1
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Calibration versus Prediction - VC dimension

We notice that the last term is a multiple of 27 and thus can be noted
2k and that the first term is always between 0 and 7 and thus can be
noted B with 0 < 8 < 1so:

if yj = 1, sin(ax) = sin(fm + 0 + 2knw) = sin(fm) > 0

if yj =0, sin(ax) = sin(fm + 7 + 2km) = sin(fm +7) <0

S0 Lgin(ax)>0 Classifies x; correctly.

We can prove the same for x; and x; which proves that whatever the
labels are for the (x;)jc[1, we can classify them correctly.

Now VI, VC(F) > | = VC(F) = +o0. Q.E.D

Remarks : In the exercise above the classifiers depends only on one
parameter but the VC dimension of the machine is infinite. So the
complexity of a model, as measured by its VC dimension, and the number
of parameters can be quite different in the non-linear case.
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Maximum Margin Classifiers
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Maximum Margin Classifiers

Definition

Let (xi, Yi)ic[1,n) be a sample of (X, Y) with x; € R? and y; € {0,1}
Let Hyp = {x € RY, (w,x) + b =0}

We say that H,, , separates totally the (x;, yi)ic1,n iff

for one class of points (w, x) + b > 0 while for the other class
(w,x) + b <0.

| .

Proposition
Let H,, », be an hyperplane of R then for any x € RY,
d(x, Hyp) = Lo 48]

[[wil

\

Notation :
We note Xy = {x;, i € [1, n] such that y; = 0},
X1 = {x;, i € [1,n] such that y; = 1} and S = {(xi, i) }ie[1,n]
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Maximum Margin Classifiers

Demonstration :

Let y = pr,b(x) be the orthogonal projection of x onto H,, ; then,
JNe R, y—x=Aw and d(x, Hy p) = |A|||w]]

but, y — x = )\W :> (w,y —x) = A|w|? = —b— (w,x) = \||w|?
this implies A = — <H2 %) and |A|||w|| = EEx Q ED

Cwll
Exercise : Show that
® d(Hu by, Hu ) = 2201

[wli

° Hw,b = H—W,—b
o d(Hwpys How—b,) = | — b |
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Maximum Margin Classifiers

Definition : Margin, Maximum Margin Hyperplane

Let (xi,yi)ie[1,n] be a sample of (X, Y) with x; € R? and y; € {0,1}.
if Hy » separates totally the (x;, yi)ic[1,n]-

o We call margin of H, , and note A(H, ) the quantity :
max d(Hw,c,, H-w,~c,)
H,

C1,C2
w1y H-w,—c, separates totally the (x;, yi)ic[1,n]
o We say that H,, ;, has maximum margin iff any other hyperplane H
separating totally the (x;, yi)icqu,n], Verifies A(H) < A(Hy,p)

v

Exercise : Show that if the (x;, yi)ic[1,,) are a sample of (X, Y) separable
by an hyperplane, then the margin of the maximum margin hyperplane is
d(Co, C1) where Cy and C; are the convex envelopes of the two classes.
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Maximum Margin Classifiers

Exercise : Let (x;,¥;)ic[1,n) be a sample of (X, Y). Let Hy c be an
hyperplane which separates the convex envelopes Cy and C;
a) show that J¢p and ¢,

e Vx € Cop, (w,x)+co>0

e Vx €y, (—w,x) —c; >0 and

b) show that,

d(H H 222 el _ |52
o ( + ): =
w, Q5L Fwsco Wl Twl
d(H H 9 —al _ |25
° d(H, wta,H-w-c) = =
w, 28> How—cr T Twl

o Wx € Co, (w,x) + @ > Alte) )y (5)

o Vx €Cy, (w,x)+ 22 < — A(ch [w (6)
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Maximum Margin Classifiers

Maximum Margin Hyperplane H,,
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Maximum Margin Classifiers

Remarks :
® H  «+q lies at equal distance from the two hyperplanes, orthogonal
T2

to w, separating, with maximum distance between them, Cy and C;.
We note this hyperplane H,,

o If we define w = %2 and b= 2t<
Twl & Aflw]]

we can write (5) and (6) in the standard form :

Vx € Cp, (w,x) +b>1(5)

Vx € C1, (w,x) + b < —1(6)

The three (parallel) hyperplanes defined previously can now be noted

Hw,b—l: H—w,—b—l and Hw,b and d(H—w,—b—L Hw,b—l) =
@ Therefore, in practice to search for an hyperplane with maximum

margin search for w and b which solve :

max
wb ||w||

(P) Vx; € Xo, (w,x>+b21
Vxi € X1, (w,x) +b < —1

2
l[wll
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Maximum Margin Classifiers

Remarks : w and b also solve :
min [|w]|?
w,b
(P) Vxi€Xo, (w,x)+b>1
Vx; € X1, <w,x,-> +b< -1
which is a quadratic problem with affine constraints, which can be solved
using the Karush-Kuhn-Tucker theorem.

Pierre Brugiere (copyrights Pierre Brugiere ) Machine Learning in Finance 21 avril 2019 31 /182



Structural Risk Minimization and Gap Tolerant Classifiers
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SRM and Gap Tolerant Classifiers

In the Structural Risk Minimization method :

@ we define nested ensembles of classifiers (machines),
FiCFp--- C Fi---, with VC(F1) < VC(F2) < --- < VC(Fk)

o for the sample (x,-,y,-),-e[[lv,,], we calculate for each machine F the
best classifier f, x and its empirical risk R,(fy )

@ to control in the best possible way the error of prediction at
confidence level 5%, we pick the estimator f, x which minimizes

Rn(fn,k) + ¢n,5%( VC(]:k))

n
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SRM and Gap Tolerant Classifiers

Definition : A-Gap Tolerant Classifier of Diameter D

For w € RY, b € R and Bp a ball in R? of diameter D we define hf/DBA
as :

hBD’ (x)=1iff x € Bp and (w,x) + b > AHW”

hBD A(x) =0 iff x € Bp and (w, x)
if x ¢ Bp or |(w,x) + b| < A”W” then hBD’ is not defined

Such a {0, 1}-classifier is caIIed a A- Gap ToIerant classifier of diameter D

v

Remarks :

@ For the A-Gap tolerant classifier of diameter D the two hyperplanes

H ajw) and H alwl Which separates two distinct classes of
W,b—T w,b+ 5

points are distant of A.

@ We allow in the definition that the classifier may classify some points
incorrectly
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SRM and Gap Tolerant Classifiers

Only one Gap Tolerant Classifier classifies all the points here
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SRM and Gap Tolerant Classifiers

Theorem admitted : VC of A-Gap Tolerant Classifier of Diameter D

Let Fap = {hf/’?éA, w €R? b e R and Bp is a ball of diameter D}
then VC(Fa,p) < 1+ Min(25, d)

Remark :

@ the notion of margin was introduced to classify as robustly as possible
(i.e to minimize the risk of misclassification in case of a small errors in
the measurements).

@ using classifiers with a fixed margin may reduce significantly the VC
dimension of the Machine when observing data in large dimension.
For example if d = 1,000,000, D =1, A = 0.1, the VC dimension of
hyperplane classifiers is 1,000, 001 while the same hyperplane
classifiers with a margin of 0.1 and a diameter of 1 have a VC
dimension of no more than 101.
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SRM and Gap Tolerant Classifiers

Theorem admitted : Max Margin (Husch Scovel)

In R¥, the margin A at which a family of k + 1 points within a ball of
radius 1 can be classified in all possible ways by a family of A- Gap tolerant

classifiers (of radius 1) cannot be more than \/%\/[é] + k+1_1[%]

where [%] denotes the integer part of % This maximum can be
attained for some particular choices of families of k 4+ 1 points.

Remarks :

We know that is is possible to find k + 1 points of R that can be classified
in all possible ways by hyperplane classifiers. By renormalizing these points
we can put them inside a ball of radius 1 and the hyperplanes renormalized
will continue to classify them in all possible ways. This family of classifiers
exhibits a certain margin and the theorem above gives us a limit in terms
of the maximum margin we can expect. Later on we will show that the
maximum margin is attained when the points form a simplex of the affine
space R¥ i.e can be seen as an othonormal family of vectors of R*+1.
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SRM and Gap Tolerant Classifiers

The strategy to predict with Gap Tolerant Classifiers after observing a
(learning) sample (x;, i)ic[1,n] is as follows :

o define a ball Bp that is most likely to contain most realizations of X

@ build a set of nested Gap Tolerant machines
Fao,0 C Fa;.0 C -+ C Fq,p With decreasing margins
Qg > Qg > > Qp

o for each machine select a gap tolerant classifier f, ,, with minimum
empirical error R(f,.o,) (When an observation is within the gap or
outside the ball, the machine does not classify and the error of
classification for this point is zero)

e using the fact that VC(F,, p) <1+ Min(g—;, d) choose a machine
for which the error of calibration R(f,q,) and the complexity term,
estimated by 1+ Min(%z7 d) are providing the best control on the
error of prediction. I
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Trade-off between Margin and Errors
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Trade-off between Margin and Errors

Theorem and Definition :

The set {x € RY, |(wx + b)| < 1} consists of points in R? between H,, 51
and H_,, _p_1.
As d(Hw p—1, H-w,—b-1) = ﬁ this ensemble is called hyperplan of

2

3 2 i Twil
thickness W] and is noted HW7b.

When the sample points {(x;, yi) }ic[1,5] are separable (with y; € {—1,1})
we search for an hyperplane of maximum thickness separating the points

and solve
min ”WH2
b

('D) Vxi € X1, (w,x;)) +b>1
Vxi € X_1, (w,x;) + b< —1
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Trade-off between Margin and Errors

(P) can also be written as :

min ||w/||?
w,
V(xi, yi) € S,yi[{w, xi) + b] > 1
When the points cannot be totally separated (i.e the domain of (P) is & )
we search for w, b and & = (&;)jc[u,n) € R" solutions of :

min wl2+ C ’:nf,-
(PC) W7b7{£i}i6|ll,n]] || || I;
V(xi,yi) €S, yil{w,x;) +b] > 1 ¢
Vi e [[17n]]7§i 2 0
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Trade-off between Margin and Errors

Remarks :

o the (§i)icqu,n are (slack) variables which enable the relaxation of the
constraints of strict separability of the (x;,y;) € S

@ the parameter C > 0 is a cost of not separating a point correctly,

based on the distance between this point and the frontier of the
hyperplane defining its class

@ other cost functions could have been used for mis-classification such
1=n =n
as C Y &2 or C Y 1g,~0 but with slightly different solutions and
i=1 i=1
interpretations for (P¢)
@ at this point we have not defined what would be the strategy of
classification for a new observation x lying between H,, ,_1 and
H—W —b—1 -

Pierre Brugiere (copyrights Pierre Brugiere ) Machine Learning in Finance 21 avril 2019 42 /182



Trade-off between Margin and Errors : Resolution

to solve :

min_[w[*+C Z i
(PC) w,b,£e
V(xi,yi) €S, y,[(W xi) + b] > 1-& (1)
Vi€ [1,n],& >0(2)
we consider the Lagrangian :

Lw, b.& a.r) = [wIP+C Y & Za: il{w, xi) + 6] = 1+ &)~ Zu,&

i=1 i=1 i=1
Wlthf (517627" 75”) (a17a27' gEye ) and/’L (:u’lv/*@? o 7:“’”)

Lemma 1 : (property of the Lagrangian)

L(w,b Is :
L O (w, b, &, a, 1) equals

+o0 if either (1) or (2) are not satisfied
i=n
|w||> + C 3 & if both (1) and (2) are satisfied
i=1
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Trade-off between Margin and Errors : Resolution

Demonstration :
yillw,x;)y + b—1+&] < 0= .

(< 0=
o

iI_i)nJﬂﬂ() L(w, b, &, a, ) = +oo and
iﬂmoo L(w, b, &, a, pu) = +00o. This proves the first part.
Now, if both (1) and (2) are satisfied then Vor € (RT)",Vu e (RT)"
- If:n aj (yillw,xi) + b—14+¢&]) — If:n,u,'f; > 0 and so the minimum (of
zell'c:>)1 is attained for o = p = O.. =

=n
As L(w, b,&,0,0) = ||w||?> + C 3 & this proves the result.
i=1
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Trade-off between Margin and Errors : Resolution

max L(x. 1)

min £(x)
g(x) =0

= minmax L(x, n)
x 020

—
g(x)>0

Pierre Brugiere (copyrights Pierre Brugiere )

Lagrangian principle illustrated
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Trade-off between Margin and Errors : Resolution

Lemma 2 : (mini-max theorem)

For any domains ) and Z and real function g defined on YxZ :

max [min , < min |ma ,
ZGZ)’( [yelyg(y Z)] - yely Lez%(g(y Z)}

Demonstration :

min ,Z2) < ,Z) = max |min , < ma , 1

ming(y,z) < g(y, ) = max [yelyg(y Z)} maxg(y,z) (1)

As (1) is true for all y the inequality stands for the min of the right term

f (1). So, ing(y,z)| <mi , ED
of (1). So, max [;neljn;g(y Z)] min [gnea;g(y Z)] Q
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Trade-off between Margin and Errors : Resolution

TABLE — example for mini-max

glyz) | y=1 y=2 y=3
z=3 | 3 3 1
z=2 | 2 1 3
z=1 | 1 2 3

for the example here :

. 1
max [rynelg gy, Z)]

. 2] =3
min [Teagg(y Z)]
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Trade-off between Margin and Errors : Resolution

Lemma 3 : (Lagrangian method)

Solving Pc is equivalent to solving :

i a L 7b7 ) )
. [(T() 75,6, W]

Demonstration : this follows directly from lemma 1

Definition : Duality

min max L(w, b,¢, a, is called the primal problem
AR LE(Rﬂ"uE(Rﬂ" i M)] P P

max min_ L(w, b,§,a,u)] is called the dual problem
ac(RT)pe(RT)" | w,b, €R
The dual problem is noted Pr
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Trade-off between Margin and Errors : Resolution

Remarks :
o if d is the value obtained for the dual problem and p for the primal

problem then according to the mini-max lemma d < p
according to the KKT theorem, a way to guarantee that d = p is,
when solving the dual problem, g]gian L(w, b, &, a, p) to impose

"My

some additional constraints, known as the " complementary slackness”
conditions, defined here by :

(KKT1) : Vi € [1,n], aj (yi[{w,xi) + b] =1+ &) =0

(KKT2) : Vi € [1,n], & = 0.

The effect of these complementary constraints is to increase d up to
d* such that d* = p.

some convex analysis results guarantee that here (convex function
optimized under affine constraints on a domain with a non empty
interior) d = d* = p. So (KKT1) and (KKT2) are automatically
satisfied when solving PZ and will not be added to the constraints for
P¢ but will just be used as auxiliary equations when useful.
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SVM and C-SVM
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SVM and C-SVM : Solving the Dual Problem

To solve max [ min_ L(w, b,£,a,,u)} we first solve
ac(RT)pe(RH)" |w,b, €R

min  L(w, b,&, a, 1) as a function of a and p.

W7b7§ER
L(W7 b7 67 «, :u’) =
i=n i=n i=n i=n
= Iwl]> + > &(C — i — i) — (w, X aiyixi) — b > ciyi + >«
i=1 i=1 i=1 i=1
%LV is defined as (%,%,--- ,8‘9‘/5")

I=n I=n
A — 2w — Zla,-y,-x{ =w=13 _Zlaiy,'Xi (C1)
i= =

i=n
I =0= 3 ajyi=0(C2)
i=1
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SVM and C-SVM : Solving the Dual Problem

so by duality :
=n =n
QjyiX + o
e A S il S
(’DC) <~ C - Qj — )u’l =0
1=n
> aiyi=0
i=1
=n
max —3l Z aiyixi||? + Z o
s O g a; < C which can be solved numerically
i=n
> aiyi=0

i=1
we note o the solution of this system
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SVM and C-SVM : Interpretation

Remarks :

i=n
e from (C1) : w* =1 'Zjly,-a;fx,-
=

e from (KKT1), (KKT2) and (C3):
{ vie [Ln], (C—a})& =0 (as u} = C —af)
Vie [1,n], af (yi[(w*, x;) + b] =1+ &) =0
so b* can be determined by picking indices i for which 0 < o7 < C as
in this case : & = 0 and consequently y;[(w*, x;) + b*] — 1 =0,
leading to : b* = y; — (w*, x;).
Note that in practice, as in the determination of a* there may be
some approximation errors, b* is calculated as the average of
yi — (w*, x;) for the indices i for which 0 < a; < C .

o we will see later (with v-SVMs) how to control further the
optimization problem to make sure that we get some «; satisfying
0<a;<C.
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SVM and C-SVM : Interpretation

Remarks :
two types of vectors x; are used to determine w*
e the x; for which 0 < af < C
in this case (KKT2) and (C3) = & =0 and y;[(w*,x;) + b] —1 =0
and these x; are well classified and belongs to one the two separating
hyperplanes H,, 1 and H_,, _p_1
@ the x; for which af = C which can be misclassified, as in this case
there is no constraint of nullity on &; derived from (KKT2) and (C3)

Definition : Support Vector, Support Vector Machines

The vectors x; for which o # 0 (and which are used for the expression of
w*) are called "support vectors”. The method of classification is then
called " Support Vector Machines” and noted "SVM".

When some errors are permitted in the classification, with the introduction
of the "slack variables” £ and the cost C the method is called C-SVM.
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SVM and C-SVM : Interpretation

Remarks :

When the points from the sample are perfectly separable the solution of
(P) correspond to the solutions of (P¢) for C large enough. Indeed if the
cost C is large enough the solution of (P¢) will maximize the margin while
constricting the &; to zero.
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The Kernel Trick
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The Kernel Trick

Classification after a change of variable
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The Kernel Trick

In some situations the (Xi,}/i);e[[l,n]] cannot be separated by an hyperplane
in RY but it is possible to find a transformation ¢ such that the
(¢(xi): ¥i)ieqr,n are separable in Vect{¢(x;), i € [1,n[} C h(R).

Example : Consider in R? the classification of (X, Y) where
X = (X, X?) and Y = L(x1)24(x2)2<1- In the graph we represent the x;
for a sample of 6 points (x,-,y,-),-e[[mﬂ. The blue points are the points for
which Y; =1 and the red points the points for which Y; = 0.
It appears that we cannot separate correctly these points in R?.
If we consider now,
!
o <g> — Ié] then the points (¢(X;), ¥i);eqr,q) can be
a? + 2

separated by the hyperplane H of R3 defined by :

a
H = Bl eRd~=1

Y
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The Kernel Trick

We now consider transformations ¢ : X C RY — (R) where h(R) is the

vector space of sequences (z;)ien such that >~ z? < 400 and (, )y is

defined by ((zj)ien, (tj)jen)n = ZNZ,'t,' and I/'\e,’Nis a compact subset of RY.
ic

In the space Vect{¢(x,-), i €[1,n]} a C-SVM classifies a point y according

to the values of : Iin alyi(o(x*), y)n + b*

;nd we will now ci:;sify a new observation x based on the values of :

I=n 1=n

Yo adyi(d(x), #(x))n + b* that we can write as ) o y;Ky(x, x) + b*
i=1 i=1

where Kj : RIxRY — R is defined by Ky(x,z) = (¢(x), ¢(z))n

To determine what flexibility we earn by using classificators based on
functions K, we are going to determine what the set of functions {Kj} is.
For this purpose we use Mercer's theorem.
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The Kernel Trick

Theorem and Definition : Mercer's Theorem

Let X be a compact set of R? and let
K : XxX — R be such that,

° Vx,y € X, K(x,y) = K(y,x)
o Vf € L2(X,R), [K(x,y)f(y)dy € L?(X,R)
If we define (., )k : L2(X,R)xL?(X,R) — R by,
(f.g)k = | K(x,y)f(x)g(y)dxdy
then the two following propositions are equivalent :
e (P1): 3¢ : X — h(R) such that K(x,y) = (¢(x), d(¥))n
o (P2) : the bilinear symmetric form (.,.)x is positive on L?(X,R).
A function K satisfying these properties is called a Kernel (or also a
similarity measure).
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The Kernel Trick

Demonstration (hint) :

If we assume (P1), then Vf € [2(X,R) :

(f, ik = ffK X,¥) (x)f(y)dxdy = [ [{s( ¢(y)>Nf(x)f(y)dxdy
= ([ o()f(x)ax, [ d(y)f(v)dy)n = || [ ¢(x)F (x)dx]f.

So (., .)k is posmve (and b|||near and symmetnc as well)

If we assume (P2). As (.,.)x is symmetric it can be diagonalised so
J(ei)ien € L2(X,R) and ()\;)jen elements of R such that :

4] <e,-, eJ')Lz = (5,"j

o Vf € L2(X,R), (f, ey = Ni{f, &) 2
So, if f and g are in L?(X,R), after decomposing f and g on the
orthonormal basis (&j)jcn we get :

(f.g)k = (2 (f,ei) e, Do (g g)2e)k = 2 (f,e)2(g, e) 2.
ieN jeN ieN
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The Kernel Trick

(f. gk = Z Ai( ff )ei(x)dx)([ &(y)ei(y)dy) and by Fubini

=Y N[ [f(x) g(y)ei(y)dxdy and by inversions of the sums
ieN

=/ %Aiei(X)ei(Y)f (x)g(y)dxdy
e
as the equality holds for any function f and g we can identify K as :

Kxoy) = 32 Neil)eily) = (60x) 6(1)hs with
(x) = (\/>e,( ))ien (as (.,.)k is assumed to be positive A; > 0). Q.E.D

Remarks :
o [o(X)IIf = X Aief(x)
ieN

o [lle(x)llfdx =3 A

ieN
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The Kernel Trick : Radial Basis Functions

Theorem : Example of Kernels in RY

a) Vk € N: (x,y) — (x,y)% is a kernel
b) (x,y) — exp(—|lx — y||3) is a kernel

Demonstration : oy
J J{x ) §E()f (y)dxdy = ff(;X’yf)kf(X)f(y)dxdy
=[] 3 xix2...xikyhyl. .. yif(x)f(y)dxdy

ityin,e ik
= Z . (fX”X'z .. 'X”‘f(X)dX) (fyllym .. -y’kf(y)dy)
1502, 5k
= Y ([ xixke .Xikf(X)dX)2 >0
1502, ik

As the form is positive, according to Mercer's Theorem (x,y)% is a kernel.
Q.E.D
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The Kernel Trick : Radial Basis Functions

I/ exp(—HX - yl!?;)f(X)f(y)dxdy

= J ] exp(20x, y)g)exp(=IIxI[3)exp(~IlyIIG)f (<) (v)dxdy
= ngfok 2 [exp(—1xI2) ()] [exp(~ly[3)F(y)] dxdy

as (x,y)d is a kernel, each of the terms are positive, so the sum is
positive, so exp(—||x — y||2) is a kernel. Q.E.D

Remarks :

2
lIx—yll5
202

@ h(x,y) is called radial basis function i.i.f we can find 1 such that
h(x,y) = ¥(lIx = ylla)
@ the Gaussian kernel is a radial basis function

e Vo € R, exp(— ) is a kernel, called the " Gaussian Kernel”

® k(x,y)= ||<)|<|Hy>|| = cos(x, y) is also a "similarity measure” which is
often used.
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The Kernel Trick : Radial Basis Functions

Theorem and Definition

For any (xj)jeq1,nq of RY it is equivalent to classify a point x of R :

=
@ based on the sign of (3 afé(x;), #(x))n + b*
j=1

j=I
@ based on the sign of ZlajK¢(>g,x) + b*
J:

These classifiers parametrized by the x;, a; and b are called classifiers of
Kernel K and form a machine noted F¥

Demonstration : simple
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The Kernel Trick : Radial Basis Functions

Remark 1 : The dual formulation of (P¢) is well suited to the application
of the "Kernel Trick” as for after the change of variable ¢(x) the dual
problem (while the primal problem was not).

I=n 1=n
max — | El aiyiyp(x)l* + 21 a;
1= 1=

acR"
0<;<C
i=n
> aiyi=0
. i?l
can be written simply as
1 i=nj=n i=n
max —z > > aiajy;yiK(xi, x;) + > «;
acR” i=1j=1 i=1
& 0<a;<C
i=n
> aiyi=0
i=1
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The Kernel Trick : Radial Basis Functions

Remark 2 : for a C-SVM the margin of the hyperplane in ¢(RY) is defined

I=n
by —2— where w* = afyid(x;). This quantity can be calculated from
flwo* [l i

=1

=n
the kernel K as || Z atyid(x)|1Z = BY[K(xi, x)]8* where [K(x;, x;)] is
=
the matrix of R"xR" formed by the {K(x;, x;)}i je1,n] and 5% is the vector
of components o y;.

Remark 3 : in RY the hyperplanes (w, x)y + b = 0 have an infinite VC
dimension therefore we may wonder if the Kernel method is going to lead
to some over-fitting (even if strictly speaking we are in fact solving the
problem in Vect{¢(R9)} and not the whole RY).

Taking K, (x,z) = exp(— M) we can make the following remarks :
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The Kernel Trick : Radial Basis Functions

o Vx € RY, |lp(x)|ln = 1 because ||¢(x)||3 = K(x,x) = exp(—%) =1
so ¢(R9) is included in the sphere of RY centred on zero and of
radius 1 (which is an important restriction).
#(RY) is inside a single orthant of RY as :
Vx,z € RY, (6(x), 6(z)n = 0
all the points ¢(x;) can be separated from 0 as :

j=

vie L], <i: 6(x7), 6(x)) > (6(xi, d(x1)) > 1

j_
if we note FX the classifiers of Kernel K such that m > A

then the corresponding classifiers in Vect{p(R9)} are
A-GAP-tolerant classifiers of radius 1 and margin at least A and for
this reason VC(FK) <1+ %.
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The Kernel Trick : Radial Basis Functions

Exercice : .
. Rd _ _ol(5,. .
Let F7 = h:RY — {-1,1}, h(x) = © <,_21 wiKy(x, zi) + b) ,

zi€RY u; eR,bER,
where, ©(u) =1 if u > 0 and otherwise ©(u) = —1 be a machine of
{—1,1}-classifiers and let (x;);c[1,, be n distinct points of R?, and d be
the minimum distance between the points i.e d = rlr;iy lIxi = xj|ld-

Let o be such that (n — 1)exp(—%) <1

Let (vi)ic1,m be a {—1,1} labelling of the (x;)ic[1,n)-

a) show that © (i y,-KU(x,x,-)> classifies correctly the (x;, yi)ic[1,n]
i=1

b) deduct from a) that VC(F)) > n
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The Kernel Trick : Radial Basis Functions

Remarks :
o Let (xj)ie[1,n be n distinct points of RY, then Vi # j
(Do (xi), Do (xj))N —6 0 so in the limit the (¢4(x;))icq1,qn are
o—

orthonormal in RY and thus independent and therefore separable by
an hyperplane of the vector space they generate in RY. So if o is
small enough the (x;);c[1,,) can be labelled as desired in R,

@ as we will see later if n™ points are labelled 1 and n™ are labelled -1
on a sphere of radius 1 and are orthogonal they can be separated by

an hyperplane of margin «/n% + n% So if o is very small it is easy to
separate the points with such a margin as random orthogonal points

on the sphere with random labelling could be classified with this
margin.

@ If there is a real structure the classes should be separable without
having to totally "orthogonalize” the observations

@ In general cross-validation will be used to justify that the model is
adequate.
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¢U2(zl)

‘256"1 (21)

The margin increases as o decreases (02 < o1) and the points on the sphere are " orthogonalized”
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The Kernel Trick : Radial Basis Functions

Example :
We consider the A-classifier h in R? defined by :
i=4
h(x) =14 Y aiyiKs(x,z) + by > 0
s
h(x) = —1 & 3 aiyiKs(x,2;) + by < 0 with
i=1
5 0.2 . 0.2 . 0.8 . 0.8
7 \o2) 2 \os) 2 \02)* \os
ap=ar=a3=o4 =1 and y1i= 1:}/2 — 7]_’}/3 — ,1’},4 =1

We colour in green the region classified {—1}, in blue the region classified
{1} and leave in white the rest of the space.
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The Kernel Trick : Radial Basis Functions

@ in all the examples here the 4 points z; are classified correctly but
with different margins

@ to understand how ¢(.) spreads apart the points z;, on the sphere of
radius 1, we calculate : m;éin d(ps(zi), p5(2j)) = m;r_l Ko (zi, zj).
i#] i#]
For o = 0.1 we have m;n d(¢s(zi), ¢s(2;)) = 1.414, which means that
i#]

the ¢, (z;) are "almost” orthogonal (they would be orthogonal for the

value v/12 4 12 = /2 which is their maximum value).

For 0 = 1 we have m;n d(¢s(zi), ps(2j)) = 0.574, and the points are
i#]

not "orthogonalized” as previously.

@ in terms of the margins at which we separate the (transformed)

i=4
points with w = ) «;yid,(z;) we get ||w||ny = 2 then :
i=1
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The Kernel Trick : Radial Basis Functions

for 7 =1, by = —0.00164, by = 0.00164 we get A = =2l =01

[l
for 0 = 0.1, by = —0.80, b, = 0.80 we get A = l2-21l — 0.8
as we will see later, the maximum margin at which we can separate 2 group
of two points all orthogonal and on a sphere of radius 1 is 11 - =1
2t

and in the two numerical examples here :

for o = 0.1 (where the points have almost been orthogonalized) we can
come close to this limit while

for o = 1 even with a margin at only around 0.1 it is starting to become
challenging to classify the points
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The Kernel Trick : classifications for various parameters

Mindl(z_i,4le_i) = o= 1 Mindgz ) = 0574 &= 0.01

+ Label 1} o tabelt)

0= 01 Minddl i) = 1aia

e

;
os
i
03 EEies
02 - i
e
-
e
ot o
° 02 os os 0s : 1

Lobel 1) o Lobel1)

various classifications
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Shattering Orthogonal Vectors
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Shattering Orthogonal Vectors

x2
) x3
Ve Hu 1
/
1 1 1 3
\ w=3x+30-3 2
x1
/ 9\
) \
y
S - _”_f,/ @
Hue 1 H, 1

x1

Maximum margin for separation of orthogonal points of 5&1
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Shattering Orthogonal Vectors

Remarks :

@ For two vectors xj, xo of 51%1 orthogonal and classified 1 and —1, the
maximum margin of an hyperplane separating them is /2. The
hyperplanes forming the borders of the separation set are : H,, _; and
Hy 1 with w = x1 — xo.

@ For three vectors x1, x», x3 of 51%1 orthogonal and classified —1 for x3
and 1 for the others, the maximum margin of an hyperplane

separating them is \/g The hyperplanes forming the borders are :

H, _1and Hy 1 with w = %xl + %xz — X3
’ 2
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Shattering Orthogonal Vectors

Proposition : Maximum Margin on S}

Let {x;}ier,n+] be nT vectors of S} labelled 1 and {z}eqr,,-] be n™
vectors of S} labelled —1. If we assume that the {x;, zj} form a family of
i=nT j=n—
orthogonal vectors and define w = 1 >~ x; — nl_ >~ zj then:
i=1 =1

@ Any hyperplane of margin A which separates the {x;} from the {z}

. . 1 1
satisfies A < \ o=t

@ H, 1 and H, _ 1 are the borders of the maximum margin

' F =

hyperplane classifier which separates the {x;} from the {z} and
d(H, 1, H, _1)=/Lt+%

WaF, w,

Pierre Brugiere (copyrights Pierre Brugiere ) Machine Learning in Finance 21 avril 2019 79 / 182



Shattering Orthogonal Vectors

Demonstration :
=n
wt = L 3" x belongs to the convex envelope of the {x;} and
i=1
j=n~
wo ==L 21 zj belongs to the convex envelope of the {z;}.
J:
As the maximum margin is the distance between the two convex envelopes
we have : A < MaxMargin = d(Cx,C;) < d(w*,w™) and
dwr,w™) = \/ni_ + n% which proves the first bullet point.
As the vectors are orthogonal we have :
Vxi, (w,x;) = L and Vz, (w,z) = —-L so H, 1 and H, 1 separate

nt

the points. We also have :

11
d(H, _ 1+’HW%) = ”ﬁ’T‘"" = \/-= 4+ % which means that the

maximum margin is reached for H,, — and H,, 1 which therefore

constitute the borders of the maximum margin hyperplane classifier.
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Shattering Orthogonal Vectors

Remarks :

If we note k +1 = n" 4+ n~, {pi}ticp1,144) = {Xi}icpnt] YLz} jep,n-7 and
i=1+k
p= % Z pi then :

=1

Vie[l,k+1], d(p,pi) = ,/ﬁ so p and the k + 1 points p; are in
an affine space of dimension k and the p;'s are on the sphere of

center p and radius ,/ﬁ of this affine space
- 1 1 1 1
° oV s =t e

o the k+ 1 points g; = 4/ k“p, are orthogonal on a sphere of radius 1

and according to the previous proposition can always be classified
(whatever there Iabel is) with a margin equal to :

\/m\/[k+1] k+1— [k+1]
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Shattering Orthogonal Vectors

Corollary : Maximum Margin on S}

The maximum margin for a Gap tolerant classifier of radius 1 for kK + 1
points is attained by taking k + 1 points p; forming an orthogonal family
with norms \/% of Rk*1. Seen from the affine space of dimension k

they generate these points lay on a sphere of radius 1 and can be
separated with the maximum possible margin.

Demonstration :

According to the previous remarks the points g; can be classified with Gap
classifiers reaching the maximum margin according to the admitted
theorem in the section on Gap classifiers

Remarks :

The k 4+ 1 points g; form a simplex in the affine space of dimension k that
they generate as Vi # j, d(qi, ;) = V2
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Shattering Orthogonal Vectors

Example :
Let z1, z», z3 be three orthogonal vectors of norms 1. We note
w = %(21 + 2z, + z3) and H,, 1 the hyperplane of the vector space
Vect(z1, 2o, z3) defined by H,, 1 = {x € Vect(z1, 2, z3), (w, x) = £}
then :
® zj, 7, z3 and w belongs to H,, _1 as they all verify (w,x) = %
@ z1, 2», z3 lay on a circle of center w and radius \/g as they all verify
d(zi,w) = /3P + (3P + (3
@ 71, zp, z3 form a simplex / equilateral triangle as for all i # j,
d(zi,z) = V2
@ the distance between the segment (convex envelope) formed by any 2

points z;, z; and the third one z, which is also the maximum margin
of an hyperplane classifier separating the points, equal :

d(%(z;-l—Zj),Zk):\/%-i-%-l-l:\/g
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v-SVM
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v-SVM : Scholkopf, Smola, Williamson, Bartlett

Definition : v-SVM
For any learning sample {(x;, yi)}ic[1,] and v > 0 we call -SVM the
min 3wl —2p+% 5 &
solution of : P, s =i
PN yillwos +5) = p— &
>0

Remark 1 : The definition is similar to the definition of a C — SVM but
the new parameter p is introduced to enable a better geometric
interpretation of the problem and to have an upper bound on the fraction
of misclassified points (£; > 0) and a lower bound on the fraction of
support vectors («; > 0). We did not put the condition p > 0 which is
automatically verified as a solution with p < 0 would lead to a strictly
positive minimum which could be beaten by the null value obtained by
taking w = b =0 (and the §; = 0).
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Remark 2 :
In (P,) the two hyperplanes which classify the points are H,, 5, and
H_,,—b—p and the distance between them (which represents the margin of

the classifier) is ﬁ. In the minimization the quantity @ does not

appear but instead the quantity ||w|| — p which leads to simpler numerical
implementations and geometric interpretations of the results.
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Proposition : Dual Problem

=n
min 31| 3 aiyixi|3
o =

I=n
(P,) < (D,) where (D,) i:ZIa,-y,- =0

I=n
dYaj=2
i=1
([ 0<a; <%
and between the solutions w* of (P,) and a* of (D,) we have :
=
Wt =) aiyix
i=1
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Demonstration (hint) :
The Lagrangian L(w, b, p,&, o, 8) of (P,) is :

Liw|? = 25 + 2 -3 ailyi(lw,xi) +b) —p+&] - 2 Biti.

i=1

=n
sowe get : 95 =w/ — 3" qjyix/ =0 (C1)
i=1

oL

ob —

—ila,-y,-:O(cyz)
%:—2+I;a,=0(cy3)
gle_:Z—a,-—,B,-:O:>O§a,-§%(Cy4)

n

From these equations we see that (D,) is the dual of (P,) and that
consequently (due to the form of the problem) the solutions will be the
same each time (D,) has a finite solution. We note also that for (D,) to
have a finite solution we need v > 2 otherwise the last two constraints of
(D,) cannot be satisfied simultaneously.
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Theorem and Definition : Reduced Convex Envelope

Let {(xi, yi)}ic[1,n] be a sample. We assume that the two classes X1
Xy are represented in this sample (i.e X_1 # () and X1 # 0 ).

Let £,(X1) = { Z a;jx; such that Z aj=1land 0 < a; < %}
{i7yi:1} {’7}’::1}

v
(X_1) = iXi h that i=land 0 < q; < —} th
E(X_1)=A{ Z ajx; such tha Z a and 0 < « n} en

{i,yi=—1} {i,yi=—1}

e &,(X1) and &,(X_1) are convex sets and are called reduced convex

envelopes of X_; and A7

e finding d(&,(X1),&,(X_1)) and solving (D,) is the same problem

and

and
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Demonstration (hint) :
Proving the convexity of £,(X1) and &,(X_1) is straightforward.
The points on which d(&,(X1),E,(X_1)) is attained are the solutions of :

1=n
(min||l Y axi— Y aixl} min || 3= aixiyil|3
@20 i y=1} {i,yi=—1} @i =1
> ai=1 S iy =
{iyi=1} o] Zayi=0 Q.ED
Z o = 1 i=n
{i,yi=—1} Z ajp =2
<<t i=1
Osaisg 0<aq <%
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Corollary : Geometric Interpretation

Ifwenotez1 = > alxandz= >  afx then:
{i,yi=1} {i,yi=—1}

° ||z1 — z[| = d(&(X1), £(X-1))
® Hy»« p—p+ and H_« _p«_,« derived from (P,) are both orthogonal to

Z1 — 22
Demonstration :
=n
71 — zp = Y alyix; which is the expression of w* for (P,). Q.E.D
i=1
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v-SVM

Corollary : Number of Support Vectors, Number of Errors for (P,)

For the classification problem (P,) (v > 2) :
° —#{/ £&#0}<2 = (majoration of the proportion of points from the
sample misclassified)

° %#{i, aj #0} > % (minoration of the proportion of points from the
sample used as support vectors)

Demonstration : The KKT conditions for (P,) are :
(KKT,1) : ailyi((w, xi) + b) —p+£] =0

(KKT,2) : Bi§i =0

(KKT2)and (C4) (Z—a,-)ﬁ,-:Osog,-;éO:a;:%
using (C,3) : Za,f2:> Yoo 2= #{i,§#0}L <2

i=1 1,€i7#0
so 14:{i,& # 0} < 2 which shows the first point.
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Accordingto(C 4)0<a;<¥
using (G,3) : Zoz,— = > %Z {la,#0}> Q.ED

Remark : The v-SVM enables to control the number of errors committed
by the classifier through the parameter v.

Theorem (admitted) : B Schoelkopf, A Smola, R Williamson, P

Bartlett

Under certain conditions of continuity on Px y)
° %#{i,ﬁ; #0} — I% (convergence in probability)
o L4f{i aj # 0} — 2 (convergence in probability)
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Proposition : Relationship between C — SVM and v — SVM

Let w(v), b(v),p(v),£(v) be the solutions of the v¥-SVM (P,) with

p(v) # 0, then :

'z((yy)) 28; igug are the solutions of the C-SVM (P¢) with C = np(y)
As a consequence these two classifiers have the same decision boundaries.

Demonstration :

min 3l|lw|> —2p+% Z &i

w,b,p,;
PN yilwo) +5) 2 p— &

§& >0
First note that p(r) = 0 would correspond to a trivial solution for (P,)
because in this case the function to minimize would always be positive and
would then reach its minimum value of zero for the trivial solution
w =0,b=0,£ =0. So we consider here v — SVM for which p(v) # 0.
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If we assume now that (P,) has a non trivial solution (i.e p(v) # 0) then if
w(p(v)), b(p(v)),&(p(v)) are the solutions of
(

min 31wl ~ 20(0) + 5 . &

tgiN]

yi({w, x;) + b) > p(v) — §,
\ fi > 0
then as p(v) > 0, w(p(v)), b(p( )) §( (v)) are also the solutions of :
. 2
min 511565 1° = 6
il Gy i) + 5iy) 2 1 pf’m
gl > 0

p(v)
and of

p(V)
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so compared with the solution w*(v), b*(v) of the C-SVM
min Wl +C 26

sy I H _ 2l/
yillwox) +8) =1 - VMt C=ai
& >0
we get w*(v) = Wg(())) and b*(v) = b(p‘zgjy)))
So:

@ the hyperplane borders for the v- classifier (P, problem) are :
Huw(),b(0)=p(v) and H_w(v),~b(v)p(v) and
@ the hyperplane borders for the C- classifier (P¢ problem) are :

Huw) b0y _y and H we) )4
p(v) ' p(v) p(v)’  p(v)

These hyperplanes are the same, so the two problems are equivalent !
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Single Class SVM, Unsupervised Learning
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Single Class SVM, Unsupervised Learning

Background :

e For a learning sample (x;)ic1,n] issued from a probability Px we
search a subset of RY as "simple” and "small” as possible containing
the (Xi)ie[[l,n]]-

@ The embedding is done after an immersion into RY via a function ¢
based on a Kernel K. Some points may be allowed to be misclassified
(i.e left outside the domain) in RY but at a cost. In this case a
trade-off is made between the size and complexity of the domain
chosen to embed the x; and the measure of the errors of classification
made.

@ For a new observation z in R? the hypothesis that z is issued from
the probability distribution Px will be accepted (with a certain
confidence level) if ¢(z) is in D.
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Single Class SVM, Unsupervised Learning

Remarks :

o Dk = {x € RY ¢(x) € D} may appear as a single or several clusters
of RY.

@ As the sample (x;)c[1,n) consists here of unlabelled data, the problem
of determining Dy is called unsupervised learning

2
e From now on we will use the Kernel K,(x,y) = exp (—%) and

note ¢, the associated transformation.
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Single Class SVM : Clusterization without errors

We consider first for the sample (x;);c[1,, of R? the problem :

minN%||W||2

(Uo) PN eR
Vi€ [[17’7]]’ <W7¢U(Xi)> > 1

Remarks :

@ as mentioned previously, Vx € RY, ¢,(x) € Sk (the sphere of center 0
and radius 1 of RY)

@ (U,) has a domain of definition which is not empty because

w = jin ¢ (x;) verifies
=1 -
(W 0a()) = 32 Kol ) =1+ T Kalgox) > 1
j=1 i

e we admit that the min for (U,) is attained. We note w, such a
solution for (U,)
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Single Class SVM : Clusterization without errors

ol = 1 because 1 < (wo, do(xi)) < [[Wollllgo(xi)ll = [lwe
{¢s(x), x € RY (w, ¢(x;)) > 1} are the points in the portion of the
sphere delimited by H,, _1

the distance between the center of the sphere S} and H,,, 1 is o

By minimizing ||w,|| we minimize the portion of S} delimited by
Hy,,—1 which defines D

o defines the complexity of the model and of the domain Dy,

|we ||y defines the size of the domain in RN and at o fixed the size of
the domain in RY

in the graph below we see w, and Dk, for various values of o. Note
that despite the fact that D (the slice of the sphere) increases (in
RN) when o decreases, Dk, decreases (in RY) as o decreases.
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Single Class SVM : Clusterization without errors

Hyperplane separating the points with maximum distance to the origin (delimiting the smallest portion of the sphere)
if ¢ (z) is on the (green) hyperplane then (w, ¢ (z)) = 1 (which gives a geometric construction of w)
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Single Class SVM : Clusterization without errors

Remark : in the previous graphic we have used the fact that

AB? = AH.AC
B
<N
N
- 1 N
///// I \\\
i ,
//// : \'\\
,/// | \\\
P | \
pd L AN
R —— N
A H C

Demonstration : AB? + BC2 = AC?2 — AB? + BH? + HC? = AC?
= AB? + BH? + (AC — AH)? = AC?
— AB? + BH? + AH? = 2AC.AH — AB? = AC.AH Q.E.D
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Single Class SVM : Clusterization without errors

Example : we consider the points :

= 0.327 o — 0.673 X3 = 0.5 which form an equilateral
17103 )2 03 )"  \os6 |

triangle in R? (with sides of lengths d = 0.346).

The problem is symmetric in RN as Vi # j, (6 (xi), oo (x;)) = exp(%)
and the solution w, of (U,) will be a linear combination of the ¢,(x;) with
equal coefficients (o) and the three ¢,(x;) will be on the hyperplane.

j=3
We determine a(o) such that ) a(0)Ky(xj, xi) =1
j=1
_ i=3
s0, a(0) = [1+2exp(52)] " and Di, = {x € R, Y a(0) K, (x;, x) > 1}
i=1
We plot below Dy for various values of o.
The parameter o defines the complexity of the domain and a(c) defines

the domain of minimum size that contains the {x;};c[1 3]-
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Single Class SVM : Clusterization without errors

=014 alpha=0514 1/lwl =0.603 Area=4.92% 0=0145 alpha 0897 1/|lw| =0610 Area=1188%

02 Y X 08 02 08
+inside D oz +Outside D +Inside D oz +Outside D

18

02 X 02 z 08
+Inside D oz + Outside D + Inside D o + Outside D
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Single Class SVM : Clusterization without errors

TABLE — Size of the domain D, for various levels of complexity

o (complexity) | «a(o) m A(Dk, ) (size of the domain)
0.140 0.914 | 0.603 4.92%
0.145 0.897 | 0.610 11.88%
0.150 0.878 | 0.616 14.24%
0.180 0.761 | 0.662 20.46%

Remarks : Generally

@ as 0 — 0, the domain Dy in RY " converges” to the set formed by
the sample points only, while the ¢,(x) for all points of RY get
"orthogonalized” i.e verify Vx # y, (¢po(x)ps(y)) — 0O

Pierre Brugiere (copyrights Pierre Brugiere ) Machine Learning in Finance 21 avril 2019 106 / 182



Single Class SVM : Clusterization without errors

i=n
0asc —0, w, ~ Y ¢,(x;) as all points from ¢,(RY) becomes
i=1
orthogonal on 51% resulting in all points z; from the sample to verify
(W, ¢5(x;)) ~ 1 while any other point x in RY satisfies

<Wo’ ¢U(X)> ~0
e aso — 0, d(Hw,,—1,0) ~ % so it is not an achievement to be able
to separate the ¢,(x;) by an hyperplane of distance only in because

any random set of n points "sufficiently orthogonalized” could have
been separated with the same distance to the origin

o generally the adequation of the model chosen will be tested by cross
validation.
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Single Class SVM : Clusterization with errors

We consider now the problem :

=n
min Fllw[® = 2p+ % 3 &
(Uy) weRN, p.&; i=1

7 <W7 ¢O’(Xi)> > p_fi

£ >0

which is the extension of the previous clustering problem but this time
with some errors &; allowed in the classification. A v formulation has been
chosen instead of a C-formulation in order to have a better-interpretability
of the parameters.
This problem is the same as the problem (P,) studied previously but this
time without the variable b and with all the y; equal to 1 so the dual
problem here is the same as the dual of (P,) but without the condition

I=n

related to b (which was > «ajy; = 0) and with all the y; taken equal to 1
i=1

in the equations
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Single Class SVM : Clusterization with errors

So we obtain,

Proposition : Dual Problem for »-SVM

) 1i:nj:n
min 3 > > ajak(xi, Xj)
i Ti=1j=1
(Usp) = (U7,) ¢ =0

and between the solutions w* of (Us,y) and o* of (U; ) we have

I=n
w* = Z:l o} o (xi)
=
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Single Class SVM : Alternative Geometric Approach

Consider the problem

min 2RZ 4+ ¥
(B ) RER,ceRN ¢cRn Z &i
o,V

lo(xi) — clif < R? + &

£ >0
where we search the ball of RN of minimum radius which contains the
#(x;). The cluster in R? will be defined as the points whose images ¢(x)
belongs to this ball. Some errors are permitted (some points from the
sample are left outside the domain) in order to minimize the radius.

Proposition

When applied to the same vectors ¢(x;), (Bs,,) and (U, ) are two
formulations of the same problem and ¢* =
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Single Class SVM : Alternative Geometric Approach

Demonstration : we consider the Lagrangian

L(R.c,& a,B) = 2R? + £ '; 63 iR +& — 60s) — clB) - z Biéi
so we get : - =

i=n i=n
GL—4R-2RY aj=0= > a; =2

i=1 i=1
oL i=n . ' , i=n i=n
B =23 aifolx) ~ ) =0 = (T ay)e = T aio(x)
and so from the previous equation ¢ % i io(xi)
i=1

Sé—z—oz, Bi=0=0<qa; <+
We can now rewrite L(R, ¢,§, a, 3) as :

(2R? - IZ a;iR?) + an:(y - Bi) + E aill¢(xi) — cll? and the first

two terms are zero when the conditions are satlsfled
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Single Class SVM : Alternative Geometric Approach

=n

replacing c by its expression we get : Z aillo(x;) — clZ
i—1
i=n 5 i=n 5 I i=n
= X ailloGa)lf + (X o) lelly =2 < 3 (), >
i=1 i=1 '
i= nj j=n
=2+2|c|Z -4l =2-3 Z Z ajajK(xj, xj) so the dual problem is
i=1j=
i=nJ j=n
max 2= 3 T 5 as0K (5.)
i=1j=
B* i=n
( O',I/) Z al — 2
i=1
0<a; <7
i=n
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Single Class SVM : Alternative Geometric Approach

¢f72(22)

Equivalent geometric approaches for clusterization
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Trees and Ensemble Methods
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Biais Variance Tradeoff

Background :

Let (X, Y) be a random variable of (R, F, P) with Y € [?(Q,R?, P).
Let F be a set of measurable functions such that

vE e F, [If(X(w))|[PdP(w) < +oo.

Let g(X) = E[Y/X] and e = Y — g(X).

We are going to study how an estimator calibrated on a sample of (X, Y)
depends on the sample and the uncertainty this creates in terms of the
prediction function.

Let Z[n] = {(Xi, Yi)}je[u,n) be a n-sample of (X, Y) and fz;(.) be the
estimator calibrated with this sample. So Vw € Q, fz{5(.)(-) € F and we
study the prediction error E[||Yni1 — fz{n(Xnt1)|[?]-
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Bias Variance Trade-off

Theorem and Definition

With the previous notations where : B
Z=(X,Y), 8(X) = E(Y/X), =Y — g(X) and (x) = E(fz()(x))
we have :
E(||Ynt1 — fZ[n](Xn+1)’_|2/Xn+1 = x) .
= E([ell?) + llg(x) = FOP + E(Ilfzga (x) = F()I1%)
= E(|lell?) + llg(x) = F(x)I* + Trace(Var(fz(q(x)))
We call :
o E(||€||?) the irreducible error

o ||g(x) — f(x)||? the (bias)? of the model when predicting at x

o E(||fz[s(x) — f(x)|[?) the variance of the model when predicting at x
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Bias Variance Trade-off

Demonstration :

E(||Yn+l - fZ[n](Xn+1)’|2/Xn+1 = X)

— E(/|g(x) + ent1 — o (¥)[2/Xns1 = %)

= E(|lg(x) - fZ[,,](x)||2 + |lent1|[?) because €,41 is centered and
independent from Z[n] and X1 B

= E(llensall2) + E(|Ifz(x) — FGOI) +1F(x) — g(x)|I? because for any
random vector U and vector b

E(IlU— blP) = E(|lU— E(U)|?) +||E(U) - bl QED.
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Bias Variance Trade-off

Remarks :

o The term E[||f(x) — fzn] (x)|[?] reflects the variance of predictions
resulting from the randomness of the calibration samples. As different
learning samples produce different predictor functions we do not know
which predictor will be the more accurate.

o The term E[||f(x) — f71s)(x)]|?] shows that once we have defined the
calibration process : Z[n] — fz[; the "theoretical” estimator f
would be better (from a quadratic error point of view) than using a
"random” predictor fz[, as it would avoid the "dispersion effect” in
the prediction linked to the randomness of fz(,.

e In practice it is usually not possible to calculate f but if we have
different learning samples of size n noted {Z/[n]};cp1, (or split one
learning sample in / several learning samples) we can approximate f

=
by 7 > fzifn-
=
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Bias Variance Trade-off

Remarks : (continued)
j=!
@ In ensemble methods, the average predictor % Zl fzil) In general is
J:

not built based on several distinct and independent training sets Z/[n]
but on a single training set Z[n] which is re-used several times
according to the bootstrap method.

@ In the bias-variance formula we see some analogy with the Vapnik's
paradigm for estimation. Using a large/complex universe of estimators
F will make it more likely to find functions f close to g (i.e verifying
||f — g|| small) but the complexity of F may also have the effect of
creating predictors exhibiting large variances to the calibrating
parameters (i.e having large E[||f — f21a|1%]-

We will see later on how this principle is used for the construction of
random forests...
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Bias Variance

variance fz(x)

variance e

Bias Variance illustrated
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Boosting, Bagging

Definition : bootstrap method

If Z[n] = ((X1, Y1), (X2, Y2),--- ,(Xh, Yn)) is a learning set, the bootstrap
method consists in building n new learning sets Z/[n] by picking samples

(Xj, Y;) from the original training set Z[n] with replacements.

| \

Proposition

If we call N(n) the number of distinct samples from the original training
set Z[n] that are picked at least once when building a new training set
Z'[n] we have E[@] =1—(1-1)"and so E[@] fod 1-1=0.6321.

v
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Boosting, Bagging

Demonstration : Let 1; be the random variable which takes the value 1 if
the sample (X, Y;) is picked for the new training set Z/[n]
P(1;=0)=(1- 1)

The number of distinct samples picked to build (X, Y;) is N = i 1;
i=1

s0 E[N] = I:j:E[l,-] — [l - (1- 1) QED

Remarks :
@ Random Forests are built, by training trees on bootstraped samples

@ in case of a regression problem an average is made over all the
random trees created. When averaging, the variance is reduced while
the bias stays constant

@ in case of a classification problem some majority decision rules or
others will be taken depending on the classifications made by the
various trees
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Bootstrap Principle

Bootstrap Method
Let Z be a random variable on probability space (2, P) taking its value in
RY and Z[n] = (Z1, 2, -- Z,) be a sample of Z.
Let 8(Z[n]) be an estimator of a characteristic c(Z) of the distribution of
Z.
For example 6(Z[n]) = £ "~ Z; is an estimator of ¢(Z) = Ep(Z).

i=1
Ideally we would like to know the law of 6(Z[n]) to derive from it some
confidence intervals for c(Z).
For this purpose the following approach is often used :
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Bootstrap Principle

First step :

Let Pz, be the empirical distribution derived from Z[n] and Y be a
random variable having this distribution.

Let Y[n] = (Y1, Y2,--- Ys) be a sample of Y. The idea is to approximate
the distribution of #(Z[n]) which is unknown by the distribution of 8(Y[n])
which can be calculated. The rationale behind this approximation being
that as Pz[,) is expected to be a good approximation of Pz the law of
6(Y[n]) is expected to be a good approximation of the law of 6(Z[n]).
Second step :

As Pz[, takes a finite number of values, it is possible to calculate the law
of (Y[n]) by calculating 6(Y[n]) for all the n" possible outcomes (if all
the Z; are distinct) of Y[n]. As this solution is not practicable for n > 10
usually a second approximation is made here by estimating the law of
9(Y[n]) by a sample of size B noted 8(Y*[n]), ..., 6(YE[n]). This Method
is called the Bootstrap method.

Pierre Brugiere (copyrights Pierre Brugiere ) Machine Learning in Finance 21 avril 2019 124 / 182



Bootstrap for VAR calculation : " Historical Simulation”

We consider a portfolio with d risky assets.

We call Z; = (Z},Z2,--- , Z9) the (column) vector of the i*" daily returns
for the d risky assets.

We assume that the n vectors of daily returns considered are i.i.d and
therefore can be seen as the realisation of a standard variable Z.
Therefore we note (Z1,- -+, Z,) = Z[n] and each d-uple, Z; is called a
cross-section of the sample Z[n].

To calculate a Vargge, over ten business days for the value of a portfolio
where a quantity g; of asset i is held during the period, we can then use
the bootstrap principle in the following way.
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Bootstrap for VAR calculation : " Historical Simulation”

B simulations are run by using Z[n] as the base distribution.

Each simulation U; consists of a 10-uple (Z7,(1),- -+, Z7,(10)) by picking
with replacements 10 vectors of returns Z; from Z[n].

For each U; the Z7,() represent the successive vectors of returns of the d
assets, over a 10 day period, from which we can calculate the final value of
the portfolios.

So we got B simulations for the 10 days return of a portfolio, from which
we can calculate a VaR.
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Regression, Ridge Regression and Bayesian Statistics
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Definition : Linear Regression

We solve (Rg) < in ||Y — X3|2
2 zallve ({f5) < e i | Bl

where Y is a vector of R” and X is a n X p matrix with full column rank

Remarks :

@ X is considered to be full column rank otherwise some explanatory
variables would be redundant

o if X was not full column rank 8 would not be determined in a unique
way

o if we consider X as a linear application from RP to R” we have :
X full column rank <= ker(X) = {0}

@ here f : RP — R, f(x) = X’ is the linear function of parameter 3

to estimate in order to minimise 3 (Y7 — £(X'))?

=
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Proposition : Linear Regression

In the problem (Rg) with the hypothesis X full raw rank
@ X'X is invertible and
e the solution is 8* = (X'X)"1X'Y

Demonstration :

X'Xx=0= (X'Xx,x) =0 = (Xx,Xx) =0 = || Xx|[°? =0= x =0

as Ker(X) = {0} which shows the invertibility.

It is clear that X3* is the orthogonal projection of Y on Im(X) therefore
XB* is defined in a unique way by Vz € RP(y — X(3*, Xz) =0

but,

Vz e RP(y — Xp*,Xz) =0

—VzeRP(X'Y — X'X3*,2) =0

— X'Y-X'XB*=0

«— B* = (X'X)"1X'Y Q.E.D
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Property
Let's assume that Y = X + € with € independent from X and
€ ~ N(0,0°Id,) and that the observed X is full raw rank then :
° E(5*[X) =5
o Var(B*|X) = o?(X'X)71

Demonstration

E(5*1X) = E((X'X)"1X"Y|X)

= (X'X)IX'E(Y|X) = (X'X)"1X'XB = 5.

Var(8*|X) = Var((X'X)1X'Y|X)

= (X'X) X Var(Y|X)X(X' X))t = o?(X' X)X/ X(X' X)L
=o?(X'X)"1. QED
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Ridge Regression

To avoid the hypothesis of full rank for the predictor variables X we
introduce a term called "regularisation” or " penalisation” term, in the
quantity to minimise.

Definition : Ridge Regression

We solve (RRg) <= arg g”éiél 1Y = XBI2 + AlITB|I3
where :

@ Y is a vector of R"

e X is a n X p matrix

e A>0

o [ is a p X p invertible matrix

Remark : Usually I is the identity matrix.
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Ridge Regression

Proposition : Ridge Regression

In the problem (RRg)
o X'X + AI''T is invertible (even if X is not full raw rank) and
e the solution is * = (X'X + A['T)~1X'Y

Demonstration :

The sum of a symmetric positive matrix with a symmetric definite positive

matrix is a symmetric definite positive matrix and therefore is invertible.
Y
0

- - X
Let Y = in R™P and X =
: VAT

]be a (n+ p) X p matrix

0

then (RR ists in solvi in ||V — Xp|2
en (RRg) consists in solving argﬂné}@’ I B

n+p
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Ridge Regression

It is easy to show that I invertible =— X is full rank

So, the solution of the problem is as before g* = (X'X)~"1X'Y.
Now we remark that :

X'X = X'X + A\['T and XY = X'Y which finishes the proof.

Remark : If A = 0 the solution obtained for (RRg) is the same as for (Rg).

Definition

The quantity Trace(X(X'X + A['T)~1X’) is sometimes called the effective
degrees of freedom of the model (see Tibshirani 1990).
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Degrees of freedom

o If X is full raw rank and A = 0 the number of degrees of freedom is p
which is the number of components of 3.

o If A > 0 then Trace(X(X'X + AI'T)~1X’) <

p
P
o If A > 0 then Trace(X(X'X + Md)1X') = 3 25

Demonstration

Trace(X(X'X)71X') = Trace(X'X(X'X)™1) = p.
X'X is symmetric positive and can be diagonalised with diagonal terms );
X'X + \ld in the same basis is diagonal with diagonal terms \; + A

so, in this basis X'X(X’X + A['I)~1 is diagonal with diagonal terms /\,-/\J;/\

p
so, Trace(X(X'X + AI'M)71X) =Y A.ﬁ,\ <p
i=1""
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Ridge Regression and Bayesian Statistics

By diagonalisation, let (ei)ie[[l,pﬂ be an orthogonal basis of RP such that
(X’X + AT )e; = pje;. By property of the trace
P
Trace(X(X'X + A['T)7IX") = ST(X'X(X'X + AX['T) " Le;, &)
i=1
Now, (X'X + AI'T) e = ie,- and
(XX(X'X +AT'T) e, e) = (i, X' Xer) =1 — 2 |[Teff* < 1
and the results follows. Q.E.D
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Remarks : In the ridge regression problem the solution is expressed as
B* = (X'X + Md,)~1X"Y but if the number of features p is more
important than the number of observations n it may be more convenient
to express 3* in the following way 3* = X'(XX’ + Ald,)~*Y which
requires the inversion of a matrix of dimension n instead of p.

Property

With the assumptions from the ridge regression theorem
(X'X + Mdp) 71X = X' (XX + Md,,) 7t

Demonstration :

[(X'X + AMdp)71X1(XX! + Ald,,)

= (XX + Mdp)"H(X'XX" + AX"Id},)

= (X'X 4+ Mdp)"Y(X'X + Mdp) X' = X" and
[X/(XX" + Mdp) (XX + Md,) = X'
which proves the result.
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Ridge Regression and Bayesian Statistics

Definition : Bayesian Statistics and Maximum Posterior

If 5 has a prior law p(f) and
if the likelihood of the observed sample D knowing (3 is p(D|53) then :

e we note p(|D) the posterior likelihood of /5 knowing D
o we call Maximum Posterior (MAP) for 3 the value arg g%); p(8|D)
€

Remark :
@ according to Bayes Formula p(5|D) = %

@ in Frequentist statistics we are interested in the MLE arg /gn% p(D|B)
€

@ in Bayesian statistics we consider the posterior distribution for 5 and
the MAP D) = D
e arg max p(|P) = arg max p(D|5)p(5)
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Ridge Regression and Bayesian Statistics

Proposition

If [ is invertible the solution 3* of the ridge regression problem (RRg) with
A > 0 is the MAP of the Bayesian model where :

o the prior distribution of /3 is a normal law N(0, %(F/F)_l)
o the law of Y knowing X and 3 is N'(Xf,02Id,).

Demonstration , o
p(D|B)p(B) = Cte x exp(— 55 I )exp(— ATET0Y
but 8/(F'T)B8 = ||FB|? so
_ H o 2 2
arg max p(D|B)p(B) = arg min 1Y = X85 + Alrs(1* Q.E.D.
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Ridge Regression and Yield Curve Approximation
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Problem 1
Perfect price calibration + Max smoothness for discount factors
Ref : Filipovic, Willems
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We consider :
n Bonds of prices (p')c1,,) and we note p = (pt,---,p")
(tj)jeq1,n] the set of all times of all cash flows of all the bonds

T = max _t; the last payment date for the bonds
JELN]

cj the cash flow paid by bond i at time t; (zero when no payment)
C= (Cf)(iJ)e[[l,n}]x[[l,N]] the matrix of cash flows paid by the bonds.

Assumptions :

We assume that no Bond can be replicated by the others (otherwise it
would be redundant) therefore the raws of the matrix C are independent
and the rank of C is equal to n.

Modelization :

We search here for a discount curve g : [0, T|] — R two times
continuously differentiable which enables to match the price of the bonds
and with this constraint has maximum smoothness.
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Remarks :
@ the pricing of the Bond i according to the discount curve g is given
. N
by pv'(g) = >_ cjg(t))
j=1
e if we note pv(g) = (pvi(g), -+, pv"(g)) the raw vector of the
g(t1)

pricings of the Bonds we get pv(g) = C

g(tn)
o if we note H the space of two times continuously differentiable
functions on [0, T] taking values in R then :
pv: H—R"
g — pv(g) is a linear application
@ we can define a scalar product on H by
(f,g)s = f(0)g(0) + f'(0)g’(0) + fo (s)g )ds W|th the
corresponding norm ||g||2 = g2(0 )+ [ g
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Remarks (continued) :
o for the (discount) function g to price perfectly the Bonds we need
pv(g)=p
@ we also impose two extra conditions conditions on the function g
(which are natural for a discount factor)
o g(0) =1 (there is no discount for an immediate payment)

t
o g'(0) = —ry (by deriving exp(— [ fsds) and using that ry = f)
0
We define as a measure of smoothness of the curve g the quantity

fo )?ds (which is an usual definition) therefore we are going to solve
the foIIowmg mathematical problem :

RS .
min [y g *(s)ds min | g3

(P) pv(g) =p which is equivalent to pv(g) =p (1)
g(0)=1 g(0)=1
g'(0) = —ro g'(0) = —ro
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Notations :

pv(g) p
we define pv(g) = [g(0) |and p= |1
g'(0) L

Remark :

pv:H — R"2

g — pv(g) is a linear application.

So, the problem to solve is a quadratic optimisation under linear
constraints (so classic problem...).

We are now going to show that the solution function g can be
decomposed on a cubic spline family of H.
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Lemma (writing the constraints as scalar products of cubic splines)

Let0<t1 <trp <---<ty=T thenVie[1,N]

@ according to Riez's theorem (for the representation of a linear form)
Vi € [1,N], Je, € H such that Vg € H, (e, g)s = g(ti)

it is easy to verify that
e Vte [0, T], et(t)—
2
1-— mm(t 8 4 & Ymin(t, ;) — %"min(t, ti) + ti(1+ %)t

Remarks :

@ the function e;, defined in the lemma is a cubic spline i.e a piecewise
polynomial function of degree 3 on [0, T] which is two times
continuously differentiable on its knot t;.

° <et17g>5
the constraint pv(g) = p can be expressed as C |: =p

<etN7g>5
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Remarks (continued) :

@ it is the choice of the scalar product (,)s and therefore associated
smoothness criterium which is going to determine the spline family
(et;)icp1,n] based on which the solutions of (P) are going to be
expressed.

Demonstration Lemma : Hint integrating by parts (Taylor formula with

integral remainder) g(t;) = g(0) + t;g’(0 f t)dt i.e

g(t)) = g(0) + tig’ 0)+f ; —t) 1t<tg (t)dt
and (e, 8) — e4(0)(0) + ¢, (0)&(0) + gT‘ . ()¢ (t)dt

so, Vg € H,(er;, 8) = g(ti) <= { e.(0) = t;
e;,(t) = (t’ )1t<tl
and by integrating this differential equation we find e, in the lemma
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Remarks :
@ ¢ is the function constant equal to 1
o (e0,8)s = g(0)
o (Id,g)s =g'(0)

Lemma : Independence

Lettp =0<t;1 <tp <---<ty=T then (ey,es, €, e, Id) is an
independent family of functions of H.
N
Let (oo, 1, -+, an, ant1) be such that > ajer, + anyild =0.
i=0
For all t, we can find g, such that g{ (0) =0 and g, (t;) = 5k
N

Now, < > ajer, + anti1ld), g, >= 0= ax =0.

i=0
Therefore Yk € [1, N, ax = 0 and as a consequence apy1 = 0 as well.
Q.E.D.
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Proposition : Standard Form

( . 2
min llells

<et1’g>5

(P)<—=<«C

<etN7g>5
(e0,8)s =1

=p

K<Id’g>5 =—h

Demonstration : Direct consequence from previous remarks
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Proposition

A solution of (P) is necessarily a linear combination of the cubic splines
€0, e, - - €, and Id

Demonstration :

Let V = Vect{ep, e, - e, Id}.

All g € H can be decomposed as g = ¢ + 1 with ¢ € V and ¢ € V* for
the scalar product defined by (,)s.

As a consequence pv(g) = pv(@) and [|6]2 < g3
so a solution of (P) is necessarily an element of V.

Remark :
@ This property can also be obtained by calculating the Lagrangien of

(P)

@ we can now solve totally the problem in a parametric way
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To find a solution of (P) we consider the linear transformation

A RN+2 N RN+2

ap <elaga>5
(5] C :
=1 - <eN7goz>S (4)
Qn (€0, 8a)s
_aNJrl_ _<ld7ga>5

N
where g, = > ajer. + ays1ld
\ i=0

the problem (P) is then to find « such that Aa = p and the corresponding
n

8 = Y ajey, + any1ld will be the cubic spline solution of the problem.
i=0
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Proposition
Ker(A) = {0} and A is invertible

Proof C is full raw rank so :
<et1aga>5

<etN7ga>S =
(€0,8a)s
</dago¢>5

= g, € Vect{ey, er,, - ey, ld}*+

but g, € Vect{eg, es,, - er,, ld}+ N Vect{eo, ey, - - - e, Id}
= g, =0

= o = 0 (according to the independence lemma)

so Ker(A) = {0} and A is invertible. Q.E.D.
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Corollary (Linear Smoother)

The solution g, of the optimization problem (P) is obtained for & = A~1p

Remark 1 :

The matrix A depends only on the cJ’ and the t; and not on the inputs p
and rp so the (cubic splines) solution g, depends on § in a linear way.
Therefore the smoothing technic is called a linear smoother.
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Problem 2
Tradeoff : calibration error, max smoothness for the discount factors
Ref : Leif Anderson
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We consider now the problem with e—calibration error

arg?eilg foT g 2(s)ds arg;nei’r_wl gl
(P.) [pv(g) —pll <€ e Jllpv(g) —pll <€ (5)
g(0)=1 (g,e0) =1
g'(0)=-n (g,1d) = —rg
with (er,8)s
pv(g) =C
(ery:8)s
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Proposition
The solutions of (P¢) are in V = Vec{ep, e, - - e, Id}

Demonstration :

Let f =g + h where g € V and h € V= for (., .)s.

g satisfies the same constraints as f but ||g||s < ||f||s if h # 0 so the
solutions are in V.

It is easy to determine g in V such that (g, e)) =1 and (g, Id) = —rp.
Let g be the orthogonal projection on the orthogonal of Vect{ep, Id} in V
for (.,.)s. Let us note W = q(V). For g in V, we search gc + q(g) which
satisfies

arg min [|gc + q(g)|% arg min [|gc[|* + [|q(g) %
gev = gev

Ipv(ge +a(g)) —pl* < € I(p — gc) — pv(a(e))* < €
(6)
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: 2
a
g min llells
(P — &c) — py(g) [ < €
Taking the Lagrangian the problem is equivalent to solving :
arg min max [|g[|3 + A(ll(p — gc) — pv(g)]I* — €)
gew A>0 218
and by calling (g, A(€)) the solution as a function of .
= arg min [lg]|5 +A)(I(p — &) —pv(g)[* )

<= arg min ||g[|3 + A(e)|(p — &c) — pv(8)]*-
gew
If A\(€) # 0 the problem is equivalent to

1
: N 2 2
arg min, (P —gc) —pv(g)llI° + Ne) Il

which is a parametric ridge regression problem (as g is in the N — 2 space
of the spline W).
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Remark 1 :
There are many different approaches for these yield curves models
depending on :
@ the curve to smooth : discount factors, zero coupon rates or other
factors

@ the smoothness criterium

@ the target : perfect calibration or not

@ possible conditions imposed : convergence to a long term rate, rate of
convergence (Smith and Nelson)...etc

Usually, the smoothness criteria expressed as a L?([0, T]) norm of a
derivative of g will transform the non-parametric problem into a
parametric problem where g is to be searched in the space of some spline
functions and the splines have for knots the payment dates of the
instruments considered.
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Definition

When the solutions Y of the estimation problem depends linearly on the
value of the variables Y (the price inputs) then the solution of the problem
is called a linear smoother.

As we will discuss in the next chapter, a " penalisation” or "regularisation”
term in a calibration problem can :

@ solve some potential problems of multicollinearity and
@ reduce the dimension : in particular some non parametric problems
will transform into parametric problems.

@ in these cases the problem is sometimes equivalent to a ridge
regression problem in RV.
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Dimension Reduction through Penalization
Transforming a non parametric Problem into a parametric Problem
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Let us consider a non parametric problem where we search for a function f
to estimate y by f(x). Based on the sample {(x;, yi)}ic[1,n) We want to

n

minimize > (y; — f(x;))?. We introduce an objective of smoothness by
i=1

assuming that f is two times differentiable and solve :

n

(Py) < arg mfin Z(y,- — f(x,-))2 + )\/ fnz(x)dx
i=1

Then we have the following result :

Theorem (for the proof see Tibshirani)

The solutions of (P,) in the space of functions two times continuously
differentiable on [a, b] are linear combinations of cubic splines on [a, b]
with knots at the x;.
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Let e1,ep, -« , e, be the cubic splines of knots x1, x2, - - - xp,.
n
According to the theorem we search f(x) as > ajej(x) and the parametric

problem we end up with is the following one .

(Py) <= arg min |y — Aa|® + Ao/Za
acR?

where y = (y1,y2, -+ yn)', X = (x1, %2, - Xp)’
. er(x1), -+ ,en(x1) | and X has for general term [ e; (x)e; (x)dx

e1(xn), -+ en(xn)

Demonstration : Simple calculation

Remark : the non parametric problem of finding a function f is
transformed, thanks to the penalisation term, into a parametric ridge
regression problem of finding some «;.

Pierre Brugiere (copyrights Pierre Brugiere ) Machine Learning in Finance 21 avril 2019 161 / 182



Remark :

Other penalisation formula can be used, leading to other family of spline
functions.

For yield curve fitting in the Smith and Nelson model (which is wildly used
in actuarial science) the penalisation term is of the form

J f2(x) + 02f2 ( )dx and leads to a decomposition of the zero coupon
curve f on some "tension spline” functions.

Some interesting results can also be obtained when the regularisation
criteria is based on a Kernel K and on a particular scalar product on
L?(X,R) linked to K.

According to Mercer Theorem for a kernel K we can write :

+00
K(x,y) = Z Aiei(x)ei(y) where the e; form an orthonormal basis of

i=1
(L2(X,R),(.,.)) and the ); are strictly positive.
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We then define for any f and g in L2(X,R) the quantity :
“+o00
(f.8)rk = D, %(f, ei){g, ei). We then have the following results :

=

Proposition

(., .YrK defines a scalar product on L?(X,R)

Demonstration bi-linearity, symmetry and positiveness are trivial and
(f,flYrk =0=Vi, (f,e;) =0=F =0 Q.E.D.

Definition

(L2(X,R), (., .)rK) is called a Reproducing Kernel Hilbert Space for K.
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Proposition (very important) Representer Evaluation

VF € (L2(X,R), (., Jri) and Vx € X (K(.,x), F)rx = F(x)

Dem+oorgstration : . .
f= J;(f, ej)ej so (K(.,x),f)rx = </§1 )\,-e,-(x)e,-,J;(f, €/)€j)RK
= J'ij)\,-e,-(x)(f, ei)(ei, e)rx = %:A;ei(x)/%i(f,e;) = f(x) Q.E.D.
Property
(K(x), K(.,y))re = K(x,y)
Demonstration : . .
(K(x), K(., ) re = <§1 A;e;(X)ei,J; Aiej(y)ei) ri
+00 +00 +oo
= Izl JZ Aei(x)Ajej(y)(ei, &) ric = i:zl Aei(x)Aei(y)x = K(x,y).
Q.E.D.
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Remark : As a consequence, when we consider functions of the form

=n
>~ aiK(x;j,.) based on the n observations x; we have :
i=1
i=n Jj=n i=nj=n ,
(20 aiK(xi, ), 22 BiK(x, )Rk = 22 22 iBiK(xi, xj) = o'Kf
i=1 =1 i=1j=1
where « and 3 are the vectors of components the a; and 3; and K is the
matrix of components the K(x;, x;).

Property

V(xi)ie[1,n the matrix of components K(x;, x;) is symmetric definite
positive.

Demonstration : Positiveness results from the fact that

’Ka—(ZaK( )Za, (,xi))rk >0

=1

To demonstrate that K i |s deflnlte positive we do a reasoning by the absurd
K not definite positive = Ja # 0 such that o’Ka =0
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- <Z Oé,'K(.,X,'), Z Oé,'K(.,X,')>RK =0
i=1 i=1
= > «;iK(.,x;) = 0 because (.,.)rk is a scalar product
i=1
n
= Vf, <f, Z a,'K(.,X,')>RK =0
i=1

n
:>Vf,2a,-f(x,-):0
i=1
= a=0Q.ED.
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Representer Theorem

The solution of the problem

(Py) argmlnz i — F(xi)2 + A%k

is of the form f(.) = > a;K(x;,.)
i=1

Demonstration : we can decompose any function f as

n
f=> aiK(xi,.) + ¢ where ¢ is in the orthogonal, for the scalar product

i=1
(., )Rk, of the vector space generated by the K(., x;).
As d(xi) = (K(xi,.), d)r = 0 and [|f||Z, = | ;aiK(Xi, ek + [Vllze

n
the function > «;K(x;,.) is always a strictly better solution than the
i=1
n
solution > a;K(x;,.) + .
i=1
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So the solution of the optimisation problem is in the space generated by
the K(.,x;). Q.E.D.

Remark : the results work the same way as for spline functions.

In practice to solve a non parametric problem any family of functions

(bo(.))ecx can be considered and if K(01,62) = by, (62) defines a Kernel

then the solution of the optimization problem among the functions of the
+00 +00

form Y a;bg,(.) having for penalisation term > a?K(6;,0;) will be a
i=1 i=1

linear combination of the by.(.).
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From the " Representer theorem” we can deduct the following result :

Proposition

The non parametric problem (P)) is equivalent to the parametric problem :
arg min ||y — Ka||? + A\d/Ka
a€cR”

where K is the definitive positive symmetric matrix of general term
K(xi, x;) and the solution of (Py) is o = (K + \d)ly.

Demonstration : .
Vi e [1,n], f(x) = > ojK(xj,xi) = (f(x1),- -+, f(xn)) = Ka
j=1

n
S0, ;(y,- —f(x))?>=||Y — Kal|?> where Y = (y1,--- , yn)' and

Hf”2 = <'Zlal'K(Xl'7 ‘)7 Zla_]K(X_/, -)>RK = O/Koz.
1= Jj=
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According to the theorem of ridge regression the solutions of (Py) verifies
a=(K'K+MK)1K'Y. As K is symmetric we get
a=[K(K+Md)] 1KY = (K + Md) K KY = (K + Ald)~'Y. Q.E.D.
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Lasso Regression
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model selection in Lasso

Theorem : Dual Lasso, Regression on the B factors

i=d

The problem (P)) min Iy = Bx|[2+ A3 [x'| where y € R" and B is a
xeR i=1

full rank matrix in R"*9 is equivalent to

1,02 _ 1 2
P0) { e sIyl1* = 3llpe(y) — Pe(B)]
1BBll400 < A
where
a) pg is the orthogonal projection on the sub vector space of R" generated
by the column vectors of B
b) the solution x* of (Py) is linked to the solution 3* of (P5) by

Bx* = pg(y) — ps(83*)

Reminder :
B full rank = B'B is invertible and pg(z) = B(B'B) 1B’z
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model selection in Lasso

Remarks : if A = 0 the solutions are %||y||2 — |lpe(y)||? for the dual and
Bx = pg(y) for the primal and we can verify that the values of the two
problems are equal as by orthogonality
3112 = 3llps)I? = 3lly — pe()II?
if A = 400 for the dual we can egalize pg(y) and pg(3) and the solution
is {|y||2. For the primal A = 400 = x = 0 which gives the same value
|ly||? for the problem
Demonstration theorem :
min 1
xERYI xt+eRd x— R
— st

(P) = X =x! =

xT >0

x~ >0
the Lagrangian L(x,x",x™,a, 8,7) is
Ly — BxJP + (Mg, x* +x) + (@, x — x* £ x7) — (8,x7) — {7,x7)
=Ly — Bx[|2+ (a,x) + (\lg —a — B,xT) + (A\lg + o — v, x7)

y — BX||2 + Mg, xt +x7)
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model selection in Lasso

we solve the dual

max [ minL(oxtxm,a06,9)]
aeRd,BER+d7'yeR+d XER",X*GR",X*ER"

51& =0= Alg—a—f=0(Cl)

BX —0:>Ald+05 ’y—O(Cz)

9L _0— —B'y + B'Bx+a =0 (C3)

under (C1) and (C2)
L(X X+* N 7a’ B?’Y)
=y = Be'IP + (o %)
%||yH2 (y, Bx*) + %<BX*, Bx*) + (a, x*) and using (C3)
%Hyﬂz %<BX*, Bx*) as (=B'y,x*) + (B'Bx*, x*) + (o, x*) =0
sllylI? — 511Bx* ||2
accordlng to (C3) x* = (B'B ) YB'y —a)
so Bx* = pg(y) — B(B'B)ta
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model selection in Lasso

1,02 1 rpy=1. 12
max = — = — B(B'B) '«
a€RY BER+ yeR+d 20yl = 3llpa(y) (B'B)al

and (Py) < My —a=2

Alg+a=v
{ max 3llyl* = 3llpe(y) — B(B'B)'alf?
]| 400 < A

as a = (B'B)(B'B)la

we can write « = B’ with 8 = B(B'B) !« and
B(B'B)'a = B(B'B)1B' = pa(8)

Solving in 3 instead of o and we get

Py | Sy I? = 3llps(y) — pe(B)I QED
4 BBl o < A -
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model selection in Lasso

Remark 1 :

the decomposition x = a — b with a > 0 and b > 0 is not unique but in
the minimisation here we will get a’ 4+ b’ = |x'| as other decompositions
would not achieve the minimum.

Remark 2 :
the first term being constant, to solve (Py) we solve in fact

{ min |lpe(y) — pe(B)I1?
BBl 400 < A
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Appendix

Pierre Brugiere (copyrights Pierre Brugiere ) Machine Learning in Finance 21 avril 2019 177



Quadratic Problems with Linear Constraints

Let C: RN — R” be a linear application with C(RV) = R”.
(this is what happens with full raw rank matrices like C)

. | min x|
then CC'is invertible and the solution of (P;) <= { x€R (8)
Clx) =y

is x = C'(CC)~L(y).

Demonstration :

First, let's demonstrate that CC' : R” — R" is a bijection.
Cy=0=V¥xecRN(C'y,x) =0 = Vx € RN(y,Cx) =0
:>y€lm(C)l = y = 0. So, ker(C') = {0}.

Now, CC/(y) = 0 = (CC/(y),y) = 0 = (C'(y),C'(y)) =
= C'(y) =0 =y = 0 from the previous result.
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As CC' is invertible we can write y = CC'[(CC")~1](y)

and x = C'[(CC")71](y) satisfies C(x) = y.

Let ze RV, C(z) =y = C(z—x) =0 = z — x € Ker(C)

but Ker(C) = Im(C")*

s0, z=x+ (z — x) with x € Im(C’) and (z — x) € Im(C')*

so ||z||? = ||x||> + ||x — z||*> so the minimum norm is attained for z = x
Q.E.D.

{x} is the orthogonal projection of the subspace C~1({y}) on Im(C’)

Demonstration :
Immediate from what precedes.
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