Master Masef - Mido 2017-2018
Examen : Machine Learning in Finance! : Durée 1h30

Exercice 1. [10]pt

1. In supervised learning which hypothesis is made on the learning sample
(sz Yl)iel[[l,n]]
a) the (X*,Y") have all the same laws
b) the (X%, Y?) are independent
c) the X have all a normal distribution
Answers : a,b

2. for a learning sample (X*,Y");c[1,,] how is the calibration error the most
likely to be defined in a classification problem
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Answers : ¢

3. which one of these relationships is true for the classification error R, (f,)
and the prediction error R(f,)
a) R(fn) < Rn(fn)
b) E(R(fn)) = Bn(fn)
¢) E(R(fn)) < Rn(fn)
d) R(fn) = E[Rn(fn)]

Answers : d

4. which one of these expressions is the correct Vapnik Chervonenkis for-
mula

a) P (B(fa) > Bu(fa) + 6nn (Y52
b) P (Rulfa) > R(fs

&) P (Rulfa) > R(fs
a) P (R(fa) > Ro

Answers : a
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5. if we find k points of R? which can be classified in all possible ways by
the family C; of classifiers and not by the family Co, does it mean auto-
matically that VC (C;) > VC (Cy)?

1. Pierre Brugiere Université Paris 9 Dauphine



10.

11.

Answers : no

what is the geometric configuration of d + 1 points of a sphere of R
which enables to classify them in all possible ways with the maximum
margin

Answers : a simplex

in R% under which condition(s) can we for sure separate with an hyper-
plane the null point 0 from the points z1,xs, -z,

a) if 21,9, -z, are independant

b) if xg — 1,23 — 21, - - T, — 21 are independent

c) if xg — 21,23 — 21, - - T, — 21 are dependent

Answers : a)

which one of these assertions is (are) true for two sets of vectors (x;);er
and (2;);cs of R4?

a) the two sets of vectors can be separated by an hyperplane if and only
if the two convexe envelopes of these two sets can be separated by an
hyperplane

b) it may be possible that the two sets can be separated by an hyperplane
but not their convexe envelope

¢) if may be possible that the two convexe envelopes have a nul intersec-
tion but cannot be separated by an hyperplane

d) if the two sets of points can be separated by an hyperplane there is in
fact an infinity of hyperplanes that can separate them

Answers : a, d)

if a family of classifiers F is defined by d parameters d > 1 which propo-
sition(s) are always true

a) VC(F)=d

b) VC(F)=d+1

¢) there may be some cases for which VC(F) = 400

Answers : ¢)

what is the distance between the two hyperplanes of equations :
(w,z) +b=0and (—w,z) +¢c=0

lb=c|
a) Tu?

o]
) ot
Answers : b)

which assertion(s) is\are true in R?
a) the VC dimension of GAP tolerant classifiers of radius 1 and margin



1.81is 3

b) the VC dimension of GAP tolerant classifiers of radius 1 and margin
lis 3

¢) the VC dimension of GAP tolerant classifiers of radius 1 and margin
1.81is 2

d) the VC dimension of GAP tolerant classifiers of radius 1 and margin
1is 2

Answers : b, ¢)

12. which formula is true for a family F of GAP tolerant classifiers of radius
R

a) VC( (

b) VC(Fa,p) <1+ Min(

(

(

]:A7D) <14+ Min

)

c) VC(Fap) <1+ Min
)

c

,d)
d)
,d)
>, d)

)
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d) VC(Fa,p) <1+ Min
Answers : c¢)

&)

13. in a C-SV M if x; is a support vector which is not well classified what is
the value of «;
Answers : ¢

14. which of these inequalities is correct

. < mi
a) max [%Brilg(y, z)} < min [rzneagg(y, z)]

b a i R > i a. s
) max [x;ggg(y z)] > min {rznezxg(y Z)}
Answers : a)

15. which of the following assertions are true :
a) if the KKT conditions are satisfied the primal and dual problems have
the same value
b) if the primal and dual problems have the same value the KKT condi-
tions are satisfied
¢) in the SVMs problems we studied the KKT conditions may not be
satisfied
Answers : ab

16. which of the following assertions are true :
a) (z,y)* + (z,y)? is a Kernel
b) (z,y)* — (x,9)? is a Kernel

c) exp(—|lz — yl|3) is a Kernel
Answers : a,c

17. if ¢, (.) is the transformation linked to the Kernel K (z,y) = exp(—”xﬁg”i)



18.

a) what is the value of ||¢,(2)|| 7

b) is is true that Va,y ||¢. (z) — ¢o (y)|| < V2

¢) is is true that Vz,y the angle between ¢, (x) and ¢, (y) is strictly less
than 90°

Answers : 1, yes, yes (assuming = # y)

if {#;}ie1,n is a family of orthormal vectors of R¢ with nt > 0 vectors
labelled {1} and n~ > 0 vectors labelled {—1} with what maximal mar-

gin can we separate the two classes
. 1o 1
Answers : /& + =
1

19. gives the expression of g—i when L(w) = 3|w|? — a(w, z)
Answers : w— ax

20. if {w;}ieq1,n] is a family of orthormal vectors of the affine space R? what
is the minimum distance between an hyperplane which separates these

points from the origin and the origin

Answers : —=
Vd

Exercise 1. [5pt]
+oo

Let (.) be defined on I5(R) by (z,y) = >_ x'y’ where z° and y’ are the compo-

=1
nents of x and y

N

+oo
Let ||.||l2 be the corresponding norm defined by [|z[2 = ( 3 (z%)?)

i=1

For w € I3(R) we define f,(.) on l2(R) by

fulzr) =11 (w,z) > 1

fulz) =—-11if {(w,x) < -1

folz) =01 —1<(w,z) <1
and we define a classification linked to f,(.) by :
x is classified in class {1} iff f,(z) =1
x is classified in class {1} iff f,(x) = —1
x is not classified by f,(.) iff fu(x) =0

For A > 0 we defined the family Fa of classifiers of lo(R) by :
Fa={fu() Iwll < X}

Let By = {z € L(R), ||z| < 1}
Let (x);eq,q) be a family of d distinct vectors in By

We make the assumption that the (x;);c[1,4) can be classified perfectly (no point
unclassified and all points with their correct classification) in all possible ways

by the classifiers of Fa.

1. [0.5pt] how many different ways are there to label the (x;);c1,q With

the labels {—1,1}7



Answer : 2¢

2. [1pt] if y = (yi)ie[[l,dﬂ € {—1,1}¢ is a labelling of the (7i)ieq1,q) and
Jwv(.) is a classifier of Fa which classifies all the (2;);cp1,4) perfectly,
show that the classification is done with a margin of at least A (we
assume there is at least one x; in each class)
Answer : f,v(.) classifies all the z; so for all x; either (W%, x;) > 1
or (w¥, x;) < —1 which means that the hyperplanes (w¥,z;) = 1 and
(WY, x;) = —1 separate the two classes of points defined by the labels y.
The distance between the two hyperplanes is ”i > A QED

wy”

3. [1.5pt] if y = (y)iep,qp € {—1,1} is a labelling of the (2;);e1,4) show
i=d
that || - y'ai]| > d3
i=1

Answer : Let f,u(.) classifies all the z; with the labelling y correctly
_ i=d i=d
then Vi, y*(w¥, z;) > 1 = > y" (WY, x;) >d = (WY, > y'a;) > d
i=1 i=1

i=d
= ||w¥||| > y'z;]| > d (Cauchy-Schwarz)
i=1

i=d d
— XN L w2 d = || T y'ail 2 d3 QED

i= =1
4. [1.5pt] Show that
. i=d i=d
Yy = (y)ienq € {-1,1}% | 2 y'aill 2 a3 = 2 lzil* > (%)?
Answer : Let Y be independent and be defined by P(Y? = 1) = 0.5
i=d
and P(Y" = —1) = 0.5. According to the hypothesis || Z:l Yiz,|| > d5 so
i=d , i=di=d .
| 3 Yiz;||> > d*4 and so > Y YVI(xy,25) > d* 45
i=1 i=1i=1

taking expectations we get
E[Y'Y(x;z;)] = 0if i # j and E[Y'Y"(x;,z;)] = ||z;||* leading to the
result

5. [0.5pt] Deduct from what precedes a majorant for VC(Fa)

i=d
Answer : Y [|z;]? > ()2 = d > (L2 —=d< 4
i=1

2 2 = A2
so VO (Fa) < %

Exercice 2. [5pt]
We consider a family of d + 1 points (M;);eq1,q) of RY which forms a simplex,
iedC >0,Vi 75] d(Mi,Mj) =C.
We note G the barycentre of the (M;);e,qp and (2;);eq1,q) the vectors of R¢
defined by z; = GM;.



. [0.5pt]show that Vi € [1,d + 1], ||, (M)| = 1.

Answer : |1, (M)|?* = ||¢o(2)? = (¢s(), ¢ (2)) = exp(0) =1

. [0.5pt]show that 3Cy > 0,Vi # j, ||¥e(M;) — o (M;)|| = C1

Answer : |95 (M;) — o (M))|[* = |¢o(2:) — do(z))|I* = lldo(:)]|* +
6 (@) = 2(60 (@), d0(,)) = 2 — 2eap(~125520) QED

. [2pt]show that if H is an hyperplane of Io(R) which separates the v, (M;)
from the null vector 0 then d(0, H) Vg(d+1,C) with

c?
g(d+1,0) = d+1 + d+1 exp(—g,7)
Answer : Let H be an hyperplane and (w, z;) + b = 0 its equation we
can take w pointing out and thus

Vi € [1,d] (w, ¢o(z;)) +b>0
d+1
= (w, d+1 Z oo (1)) +b >0 (by averaging the d + 1 equations)

= |Jwl||l dT-l Z ¢o(x;)|| > |b] (by Cauchy Schwartz)

we use that || d+1 Z bo()|* = Z o (i) 1> + Z<¢a( )0 (75))

i=1
2
d+1 + d+1e:z:p( ?) which implies that |Jw]|| > %
as d(0,H) = h we get the result
. [1pt] find explicitly an hyperplane H* which separates the ¢, (z;) from
0 with maximum margin
d+1
Answer : Let w* = 25 +1 Z ¢o(x;). We have seen previously that for any

hyperplane which separates the points from 0 we have d(0, H) > [Jw*||
Now by symmetry and averaging the relations

d+1
VJ € [[Ld+ 1]]7 <w*7¢a(xj)> = <’LU*, di—‘rl il ¢U(xj)> = <W*7w*> >0
j=

so the hyperplane H* of equation (w*,¢,(z;)) = ||w*||? separates the
* 12
points from 0 and as max margin as d(0, H*) = I“"II° — ||w*||. [Q.E.D]

w1l
. [1pt] Let F be the curve in R% which corresponds to the hyperplane
H*. Show that if 0 < —=%—— the curve F is made of several distinct

2¢/2In(d+1)

components

2

Answer : F = {z € R?, 1 T Z exp(— M) = d+1+d+16xp( £}

= {r € RY, Z exp(— M) =1+ dexp(— )}

Let’s show that o< = F C UB(:U“ %) (strict inclusion) and

\/zn(d+1)

as UB(z;, %) is not connexe this will show that F is made of several
distinct components

h ___<c
when o < 24/2In(d+1)



1 2 5
w ¢ UB(x, §) = Y eap(— 20y < (14d)eap(—n) < 1 = a ¢ F

d+
i=1
. . C C .
so in conclusion —_— —> T, 5) — is made of
o <3 T F C UB(z4, 5) F

several distinct components Q.E.D

ps by symmetry there is either one single or d+1 connexe components and
when there is one single connexe component by symmetry the barycentre
r¢ must be inside so the limit case for one single component is when
(d+ 1)emp(—%) =1+ dexp(—%) (and it is not too difficult to
express ||z; — z¢| as a function of C') and thus get the value o.



