
,QIHFWLRXV 'HIDXOWV
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� 1RWHKROGHUV
� (TXLW\ ,QYHVWRUV

)LJXUH � VKRZV WKH VWUXFWXUH RI D W\SLFDO &%2 �&ROOHWHUDOL]HG %RQG 2EOL�
JDWLRQ� WUDQVDFWLRQ� 7KH FHQWUDO ER[ ODEHOOHG 639 GHQRWHV D ?VSHFLDO SXU�
SRVH YHKLFOH�� L�H� D FRPSDQ\ ZKLFK LV VHW XS IRU WKLV RQH WUDQVDFWLRQ DQG
GLVVROYHG ZKHQ WKH WUDQVDFWLRQ WHUPLQDWHV� 2Q WKH FORVLQJ GDWH RI WKH WUDQV�
DFWLRQ WKH 639 DFFHSWV SULQFLSDO SD\PHQWV IURP LQYHVWRUV DQG SXUFKDVHV D
SRUWIROLR RI SHUKDSV �� KLJK \LHOG ERQGV� $OO VXEVHTXHQW SD\PHQWV PDGH
WR LQYHVWRUV DUH GHULYHG IURP LQFRPH UHFHLYHG IURP WKH ERQG SRUWIROLR� 7KH
LQYHVWRUV DUH LQ WZR FDWHJRULHV� 1RWHKROGHUV �FRQWULEXWLQJ SHUKDSV ��� RI
WKH WRWDO SULQFLSDO� DQG (TXLW\ ,QYHVWRUV� 7KH IRUPHU UHFHLYH D VSHFLnHG
FRXSRQ � LQWHUHVW UDWH� RQ WKHLU LQYHVWPHQW DQG DUH UHSDLG WKHLU SULQFLSDO
DW PDWXULW\� WKH\ DUH nUVW LQ SULRULW\ RI SD\PHQW� 7KHLU FRXSRQ LV FRQ�
VLGHUDEO\ OHVV WKDQ WKH DYHUDJH FRXSRQ RI WKH ERQG SRUWIROLR� 7KH (TXLW\
,QYHVWRUV DUH SDLG UHVLGXDO UHFHLSWV� ZLWK QR JXDUDQWHHG FRXSRQ RU JXDUDQWHH
RI SULQFLSDO UHSD\PHQW� ,I WKH 639 DFWXDOO\ UHFHLYHV DOO FRXSRQ DQG SULQFL�
SDO SD\PHQWV GXH IURP WKH ERQG SRUWIROLR� WKHQ WKH 1RWHKROGHUV ZLOO UHFHLYH
HYHU\WKLQJ GXH WR WKHP DQG WKH (TXLW\ ,QYHVWRUV ZLOO UHFHLYH D YHU\ KLJK
UHWXUQ ^ SHUKDSV LQ H[FHVV RI ���� ,I DQ\ RI WKH FROODWHUDO ERQGV GHIDXOWV
WKHQ WKH (TXLW\ ,QYHVWRUV ZLOO VXmHU D ORVV RI UHWXUQ� EXW WKH 1RWHKROGHUV
DUH SURWHFWHG ^ XS WR D SRLQW ^ E\ WKH SULRULW\ UXOH� �7KLV LV ZKDW MXVWLnHV
SD\LQJ D ORZHU FRXSRQ WR WKHP�� 7KH (TXLW\ ,QYHVWRUV DUH LQ HmHFW PDNLQJ
D OHYHUDJHG LQYHVWPHQW LQ WKH KLJK�\LHOG SRUWIROLR�

�



&OHDUO\� WKH SHUIRUPDQFH RI D &%2 GHSHQGV HQWLUHO\ RQ WKH GHIDXOW SHU�
IRUPDQFH RI WKH XQGHUO\LQJ KLJK \LHOG SRUWIROLR� 7KH UDWLQJ DJHQFLHV �6	3�
0RRG\
V HW DO�� JLYH FUHGLW UDWLQJV WR FRPSDQLHV RU LQGLYLGXDO GHEW LVVXHV�
DQG SXEOLVK FRPSUHKHQVLYH VWDWLVWLFV RI GHIDXOW SHUIRUPDQFH LQ WKH YDULRXV
UDWLQJ FDWHJRULHV� 5HDVVXULQJO\� LW LV LQGHHG WUXH WKDW WKH KLVWRULFDOO\ H[SH�
ULHQFHG GHIDXOW UDWHV DUH D PRQRWRQH IXQFWLRQ RI WKH UDWLQJ FDWHJRU\� 7KH
\LHOG RQ ORZHU�UDWHG ERQGV LV KLJKHU� WR FRPSHQVDWH LQYHVWRUV IRU LQFUHDVHG
GHIDXOW ULVN� 7KH LGHD RI D &%2 LV WR FRQFHQWUDWH WKLV ULVN� VKLIWLQJ WKH
HTXLW\ LQYHVWRUV WR WKH KLJK�ULVN HQG RI WKH ULVN�UHWXUQ FXUYH� $W WKH VDPH
WLPH� WKH RYHUDOO ULVN LV UHGXFHG E\ GLYHUVLnFDWLRQ� LQ WKDW WKH 639 LQYHVWV
LQ D PHGLXP�VL]H SRUWIROLR RI ERQGV UDWKHU WKDQ MXVW RQH KLJK�\LHOG LVVXH�
7KH PRVW GLpFXOW TXHVWLRQ WR DQVZHU LQ DQDO\VLQJ &%2V LV� KRZ HmHF�

WLYH LV WKLV GLYHUVLnFDWLRQ" 2EYLRXVO\� WKLV GHSHQGV RQ ?FRUUHODWLRQ�� ,I WKH
�� ERQGV GHIDXOW LQGHSHQGHQWO\� WKHQ LW LV DQ HDV\ PDWWHU WR SUHGLFW WKH
GHIDXOW SHUIRUPDQFH RI WKH SRUWIROLR IURP WKH UDWLQJ DJHQFLHV
 GHIDXOW VWDWLV�
WLFV� +RZHYHU� WKHUH LV FOHDUO\ WKH SRWHQWLDO IRU ?FRQFHQWUDWLRQ ULVN�� GHIDXOW
RI D ZKROH VXEVHW RI WKH ERQG SRUWIROLR PLJKW EH WULJJHUHG E\ VRPH FRPPRQ
HYHQW ZKLFK DmHFWV DOO WKH LVVXHUV LQ WKDW VXEVHW� 7KH UDWLQJ DJHQFLHV GHDO
ZLWK WKLV TXHVWLRQ LQ YDULRXV ZD\V� 7KH RQH ZH VKDOO EH LQYHVWLJDWLQJ KHUH
LV WKH ?GLYHUVLW\ VFRUH� DSSURDFK XVHG E\ 0RRG\
V� 0RUH VSHFLnFDOO\� ZH LQ�
WURGXFH D VLPSOH PRGHO GHVLJQHG WR DGG FRUUHODWLRQ HmHFWV WR WKH %LQRPLDO
([SDQVLRQ 7HFKQLTXH �%(7� XVHG E\ 0RRG\
V >�@ WR HYDOXDWH &%2 VWUXF�
WXUHV� ,Q WKH %(7� ZH DVVXPH ZH KDYH D SRUWIROLR RI Q LGHQWLFDO ERQGV�
HDFK RI ZKLFK GHIDXOWV �RYHU VRPH n[HG WLPH KRUL]RQ� ZLWK SUREDELOLW\ S�
LQGHSHQGHQWO\ RI WKH RWKHUV� 7KXV LI 1 GHQRWHV WKH QXPEHU GHIDXOWLQJ� 1
KDV WKH ELQRPLDO GLVWULEXWLRQ

3 >1  N@  &Q
N S

N��b S�QbN� ���

ZKHUH &Q
N LV WKH ELQRPLDO FRHpFLHQW� &

Q
N  Q� N��Q b N��� 7KH H[SHFWHG

QXPEHU RI GHIDXOWV LV RI FRXUVH

(1  QS� ���

,Q WKH 0RRG\
V DQDO\VLV WKH QXPEHU Q LV WKH ?GLYHUVLW\ VFRUH� IRU D
SRUWIROLR FRQWDLQLQJ Q� w Q UHDO ERQGV �VHH 6HFWLRQ � EHORZ�� 7KH LGHD LV WKDW
UHGXFLQJ WKH VL]H WR Q LV D ZD\ RI DFFRXQWLQJ IRU FRUUHODWLRQ EHWZHHQ GHIDXOWV
RI WKH RULJLQDO ERQGV� ,Q WKLV SDSHU ZH LQWURGXFH DQ H[SOLFLW FRUUHODWLRQ
PRGHO� ZLWK D YLHZ WR GHWHUPLQLQJ ZKDW WKH GLYHUVLW\ VFRUH RXJKW WR EH�

� 7KH 0RGHO

$V DERYH� ZH FRQVLGHU Q LGHQWLFDO ERQGV� EXW WKH\ DUH QR ORQJHU LQGHSHQGHQW�
/HW �=L� L  �� � � � � Q� EH UDQGRP YDULDEOHV VXFK WKDW =L  � LI ERQG L GHIDXOWV
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DQG =L  � RWKHUZLVH� 7KXV WKH QXPEHU GHIDXOWLQJ LV

1  =� � =� � c c c� =Q� ���

,Q RXU PRGHO� WKH YDOXH RI =L LV GHWHUPLQHG DV IROORZV� )RU L  �� � � � � Q
DQG M  �� � � � � Q ZLWK M � L OHW ;L� <LM EH LQGHSHQGHQW %HUQRXOOL UDQGRP
YDULDEOHV ZLWK

3 >;L  �@  S

3 ><LM  �@  T�

7KHQ

=L  ;L � ��b;L�

�
#�b<

M� L

��b;M<ML�

�
$ � ���

7KH LGHD KHUH LV WKDW ERQG L PD\ GHIDXOW CGLUHFWO\
 �;L  ��� RU PD\ EH
CLQIHFWHG
 E\ GHIDXOW RI ERQG M� LI;M  � WKHQ UDQGRP YDULDEOH <ML GHWHUPLQHV
ZKHWKHU LQIHFWLRQ WDNHV SODFH RU QRW� ,QGHHG� WKH VHFRQG WHUP RQ WKH ULJKW
RI ��� LV HTXDO WR � ZKHQ ERQG L GRHV QRW GHIDXOW GLUHFWO\ EXW LV LQIHFWHG E\
GHIDXOW RI ERQG M� IRU DW OHDVW RQH M � L�
1RWH WKDW WKH UDQGRP YDULDEOHV =L DUH H[FKDQJHDEOH >�@ LQ WKDW WKH MRLQW

GLVWULEXWLRQ RI �=����� � � � � =��Q�� LV WKH VDPH DV WKDW RI �=�� � � � � =Q�� IRU DQ\
SHUPXWDWLRQ ��c� RI WKH LQGLFHV�

� 'HIDXOW 'LVWULEXWLRQ

��� 7KH 0DLQ 5HVXOW

/HW ) �Q� N� S� T� GHQRWH WKH SUREDELOLW\ PDVV GLVWULEXWLRQ RI WKH UDQGRP YDUL�
DEOH 1 � GHnQHG E\ ��� ZLWK =L JLYHQ E\ ���� L�H�

) �Q� N� S� T�  3 >1  N@� ���

7KHRUHP � 7KH GLVWULEXWLRQ IXQFWLRQ ) GHnQHG E\ ��� LV JLYHQ E\

) �Q� N� S� T�  &Q
Nm

ST
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7KH H[SHFWHG YDOXH LV
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r
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DQG WKH YDULDQFH LV

YDU>1 @  (>1 @ � Q�Qb ��nSTQ b �(>1 @�� ���

ZKHUH
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�b ��b T���b ST�Qb�
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r
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3URRI� 7KH H[SUHVVLRQ IRU mSTQN DULVHV DV IROORZV� 7KH HYHQW �=�  �� � � � � =N  
�� =N��  �� � � � � =Q  �� FDQ EH DFKLHYHG LQ YDULRXV GLVMRLQW ZD\V� )LUVWO\�
ZH PD\ KDYH �;�  �� � � � � ;N  �� ;N��  �� � � � ;Q  �� DQG <LM  �� L  
�� � � � � N� M  N � �� � � � � Q�� L�H� ERQGV � WR N GHIDXOW GLUHFWO\ DQG GR QRW
LQIHFW ERQGV N � � WR Q� 2Q WKH RWKHU KDQG� ERQGV � WR L �IRU VRPH L � N�
PD\ GHIDXOW GLUHFWO\ DQG LQIHFW WKH RWKHU ERQGV RI WKH nUVW N EXW QRQH RI
WKH UHPDLQGHU� 7KHUH DUH &N

L ZD\V LQ ZKLFK L ERQGV RXW RI WKH nUVW N PD\
GHIDXOW� HDFK� E\ H[FKDQJHDELOLW\� KDYLQJ WKH VDPH SUREDELOLW\� mSTQN LV WKH
VXP RI WKH SUREDELOLWLHV RI WKHVH GLVMRLQW HYHQWV� 7KH N ERQGV GHIDXOWLQJ FDQ
EH FKRVHQ LQ &Q

N ZD\V� DQG DJDLQ HDFK DUUDQJHPHQW KDV WKH VDPH GHIDXOW
SUREDELOLW\� +HQFH ���� 7KH H[SHFWDWLRQ ��� IROORZV GLUHFWO\ IURP ��� DQG
��� VLQFH DOO WKH UDQGRP YDULDEOHV RQ WKH ULJKW RI ��� DUH LQGHSHQGHQW� )RU
WKH YDULDQFH� QRWH WKDW (>=L=M@ GRHV QRW GHSHQG RQ L RU M� LW LV JLYHQ E\ nSTQ
DERYH� DV FDQ EH FDOFXODWHG IURP ���� 1RZ

(>1�@  (�=� � =� � � � �� =Q�
�

 Q(=�� � Q�Qb ��(=�=�

 Q(=� � Q�Qb ��nSTQ �

IURP ZKLFK ��� IROORZV�`
1RWH WKDW H[SUHVVLRQV ������� UHGXFH WR WKH FRUUHVSRQGLQJ H[SUHVVLRQV

������� IRU WKH ELQRPLDO GLVWULEXWLRQ ZKHQ T  �� :KHQ T  �� HLWKHU
QRERG\ GHIDXOWV �SUREDELOLW\ �� b S�Q� RU HYHU\ERG\ GHIDXOWV �SUREDELOLW\
��b ��b S�Q��� 7KH H[SHFWHG YDOXH LV Q��b ��b S�Q��

��� ([DPSOH

$V DQ H[DPSOH� FRQVLGHU D SRUWIROLR RI Q  �� ERQGV ZLWK� LQLWLDOO\� S  ����
VR WKDW WKH H[SHFWHG QXPEHU RI GHIDXOWV LI WKH ERQGV DUH LQGHSHQGHQW �L�H�
T  �� LV ��� 7R VWXG\ WKH LPSDFW RI LQIHFWLRQ� ZH FRPSXWH WKH GLVWUL�
EXWLRQ IRU T ! �� NHHSLQJ WKH H[SHFWHG QXPEHU RI GHIDXOWV FRQVWDQW� ZKLFK
FDQ EH GRQH E\ UHGXFLQJ S DV T LQFUHDVHV� &KDUW � VKRZV WKH UHVXOWV IRU
T  �� ����� ���� ���� $V FDQ EH VHHQ� HYHQ D VPDOO LQIHFWLRQ SUREDELOLW\ KDV D
GUDPDWLF HmHFW LQ LQFUHDVLQJ WKH ZHLJKW LQ WKH WDLOV RI WKH GLVWULEXWLRQ� T  �
FRUUHVSRQGV WR WKH ELQRPLDO GLVWULEXWLRQ� 7KH GLVWULEXWLRQ LV VWLOO VPRRWK
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DQG XQLPRGDO IRU VPDOO SRVLWLYH YDOXHV RI T EXW ORVHV XQLPRGDOLW\ IRU ODUJHU
T� 7DEOH � JLYHV WKH VWDQGDUG GHYLDWLRQV� DQG WKH YDOXHV RI S QHHGHG WR
PDLQWDLQ DQ H[SHFWHG YDOXH RI ���

7DEOH �

T ,PSOLHG 6WDQGDUG
S 'HYLDWLRQ

� ��� ����
���� ����� ����
��� ����� ����
��� ����� �����

&KDUW �

� %RQGV LQ 'LmHUHQW ,QGXVWU\ 6HFWRUV

��� &DOFXODWLQJ WKH 'HIDXOW 3UREDELOLWLHV

1RZ VXSSRVH ZH KDYH D SRUWIROLR RI Q  Q� � Q� � c c c � QP ERQGV LQ P
GLmHUHQW LQGXVWU\ VHFWRUV� QL EHLQJ WKH QXPEHU RI ERQGV LQ VHFWRU L� ,W LV
DVVXPHG WKDW ERQGV LQ GLmHUHQW LQGXVWU\ VHFWRUV GHIDXOW LQGHSHQGHQWO\� EXW
WKHUH LV LQIHFWLRQ ZLWKLQ HDFK LQGXVWU\ VHFWRU� 7KH SUREDELOLW\ RI NL GHIDXOWV
LQ VHFWRU L IRU L  �� � � � �P LV

P<
L �

) �NL� QL� SL� TL�� ���

�



ZKHUH SL� TL DUH WKH LQIHFWLRQ PRGHO SDUDPHWHUV IRU VHFWRU L� 7KH SUREDELOLW\
RI H[DFWO\ N GHIDXOWV IRU WKH SRUWIROLR DV D ZKROH LV WKHUHIRUH

;
D�$P�N�

P<
L �

) �NL� QL� SL� TL�� ����

ZKHUH $P�N� LV WKH VHW RI DUUDQJHPHQWV D  IN�� � � � � NPJ� RI N GHIDXOWV LQ
WKH P LQGXVWU\ VHFWRUV� 7R FDOFXODWH WKLV� nUVW QRWH WKDW

$P�N�  
MPD[>
M MPLQ

I$Pb��N b M�� MJ � ����

7KH WHUP LQ EUDFHV RQ WKH ULJKW GHQRWHV WKH VHW RI DOO FRQFDWHQDWLRQV IN�� � � � � NPb�� MJ
IRU IN�� � � � � NPb�J � $Pb��N b M�� 'HQRWLQJ E\

WL  
L;

M �

QM

WKH WRWDO QXPEHU RI ERQGV LQ VHFWRUV � WR L� ZH KDYH LQ �����

MPLQ  PD[�N b WPb�� ��

MPD[  PLQ�N� QP��

(TXDWLRQ ���� VKRZV WKDW WKH QXPEHU RI HOHPHQWV FDUG�P� N� LQ $P�N� LV
JLYHQ UHFXUVLYHO\ E\

FDUG�P� N�  
MPD[;
M MPLQ

FDUG�Pb �� N b M� ����

ZLWK WKH ERXQGDU\ FRQGLWLRQ

FDUG��� N�  FDUG�P� ��  �� ����

$ UHFXUVLYH SURJUDP EDVHG RQ ���� DQG ���� ZLOO OLVW DOO HOHPHQWV LQ $P�N�
DQG KHQFH HQDEOH XV WR FDOFXODWH WKH RYHUDOO SUREDELOLW\ RI H[DFWO\ N GHIDXOWV�
XVLQJ IRUPXOD �����

��� ([DPSOH

$V DQ H[DPSOH� FRQVLGHU D SRUWIROLR RI �� ERQGV EHORQJLQJ WR � GLmHUHQW
LQGXVWU\ VHFWRUV� WKH QXPEHUV LQ HDFK VHFWRU EHLQJ ��� �� �� �� �� �� �� ��� 6XS�
SRVH WKDW� E\ FRQVLGHULQJ WKH FUHGLW UDWLQJ RI WKH ERQGV� ZH KDYH GHWHUPLQHG
WKDW WKH LQGLYLGXDO GHIDXOW SUREDELOLW\ IRU HDFK ERQG LV S  ���� :H ZLOO DV�
VXPH WKDW WKH LQIHFWLRQ SDUDPHWHU T LV WKH VDPH IRU HDFK VHFWRU ^ WKLV LV MXVW
WR VLPSOLI\ WKH SUHVHQWDWLRQ� :H FDQ QRZ FRPSXWH WKH LPSOLHG YDOXH RI ?S�
IRU HDFK LQGXVWU\ VHFWRU VR WKDW WKH PDUJLQDO GHIDXOW SUREDELOLW\ LV ��� IRU
HYHU\ ERQG� 7KHVH YDOXHV DUH VKRZQ LQ 7DEOH ��
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7DEOH �� ,PSOLHG ?S� IRU T  ���� ���

6HFWRU T  T  
6L]H ��� ���

� ����� �����
� ����� �����
� ����� �����
� ����� �����
� ����� �����
� ����� �����
� ����� �����

+DYLQJ REWDLQHG WKHVH YDOXHV� WKH GLVWULEXWLRQ RI WKH QXPEHU RI GHIDXOWV
FDQ EH REWDLQHG IURP IRUPXOD ����� 7KH UHVXOWLQJ GLVWULEXWLRQV DUH VKRZQ
LQ &KDUW �� $V FDQ EH VHHQ� WKH HmHFW RI LQIHFWLRQ LV VLPLODU WR WKH SUHYLRXV
H[DPSOH� WKH YDULDQFH DQG WKH ZHLJKW LQ WKH WDLOV DUH LQFUHDVHG� %HFDXVH RI
WKH ?GLYHUVLW\�� KRZHYHU� WKHUH LV VWLOO D FRQVLGHUDEOH DPRXQW RI LQGHSHQGHQFH
HYHQ DW KLJK LQIHFWLRQ UDWHV�

&KDUW �

,Q D W\SLFDO &%2 VWUXFWXUH� WKH VHQLRU WUDQFKH H[SHULHQFHV QR ORVVHV XS
WR VRPH GHIDXOW WKUHVKROG DQG VXmHUV LQFUHDVLQJ ORVV DV GHIDXOWV LQFUHDVH
EH\RQG WKH WKUHVKROG� 7R JHW VRPH FRPSDULVRQ EHWZHHQ RXU WHFKQLTXH DQG
0RRG\
V� OHW XV FRQVLGHU WKH H[SHFWHG YDOXH RI DQ RSWLRQ�W\SH ORVV IXQFWLRQ
DV VKRZQ LQ &KDUW � �WKLV FDSWXUHV WKH WDLO RI WKH GLVWULEXWLRQ� VLQFH WKH
H[SHFWHG QXPEHU RI GHIDXOWV LV �  �� d ��� ZKHUHDV WKH ORVV LV ]HUR XS WR
�� GHIDXOWV�� &KDUW � VKRZV WKH H[SHFWHG ORVV DV LQIHFWLRQ LQFUHDVHV�
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&KDUW �

&KDUW �

&KDUW �
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7KH 0RRG\
V WHFKQLTXH LV WR UHSODFH WKH SRUWIROLR RI �� ERQGV E\ D SRUW�
IROLR RI G � �� LQGHSHQGHQW ERQGV� HDFK GHIDXOWLQJ ZLWK SUREDELOLW\ ��� DQG
KDYLQJ D QRWLRQDO DPRXQW �� G �VR WKDW WKH H[SHFWHG GHIDXOWLQJ DPRXQW LV
VWLOO ��� 7KH QXPEHU G LV WKH GLYHUVLW\ VFRUH� ,W LV GHULYHG IURP WKH IROORZLQJ
WDEOH� )RU WKH VSHFLnF SRUWIROLR LQ WKLV H[DPSOH WKH GLYHUVLW\ VFRUH LV ���

7DEOH �� 0RRG\
V 'LYHUVLW\ 6FRUH 7DEOH >�@

1XPEHU RI )LUPV LQ 'LYHUVLW\
WKH 6DPH ,QGXVWU\ 6FRUH

� ���
� ���
� ���
� ���
� ���
� ���
� ���
� ���
� ���
�� ���
�� (YDOXDWHG

RU PRUH FDVH E\ FDVH

&KDUW � VKRZV WKH H[SHFWHG ORVV DV D IXQFWLRQ RI GLYHUVLW\ VFRUH� DV
DQWLFLSDWHG� ORVVHV LQFUHDVH DV WKH VFRUH LV UHGXFHG� &KDUWV � DQG � HQDEOH XV
WR GHWHUPLQH ZKDW LQIHFWLRQ SDUDPHWHU FRUUHVSRQGV WR D SDUWLFXODU GLYHUVLW\
VFRUH RQ DQ ?HTXLYDOHQW H[SHFWHG ORVV� EDVLV� ,Q RXU H[DPSOH� WKH GLYHUVLW\
VFRUH RI �� JLYHV DQ H[SHFWHG ORVV RI ������ ZKLFK FRUUHVSRQGV� LQ WKH LQIHFWLRQ
PRGHO� WR DQ LQIHFWLRQ SDUDPHWHU T  ������ 7KH PDLQ RXWVWDQGLQJ SUREOHP�
RI FRXUVH� LV KRZ WR HVWLPDWH T REMHFWLYHO\ IURP KLVWRULFDO RU PDUNHW GDWD�

� &RPSXWDWLRQ DQG 6XSHUER[HV

,Q GHIHUHQFH WR WUDGLWLRQDO SUREDELOLVWLF WKLQNLQJ� OHW XV FDOO WKH ERQGV ?EDOOV�
DQG WKH LQGXVWU\ VHFWRUV ?ER[HV�� 7KH QXPEHU FDUG �P� N� LQWURGXFHG LQ 6HF�
WLRQ ��� LV WKH QXPEHU RI ZD\V RI GLVWULEXWLQJ N EDOOV LQ P ER[HV RI JLYHQ
FDSDFLWLHV �Q�� Q�� ��� QP�� 7KH SUREDELOLW\ RI HDFK RQH RI WKHVH DUUDQJHPHQWV
LV WKHQ FDOFXODWHG E\ IRUPXOD ���� 7KH SUREOHP ZLWK WKLV FRPSXWDWLRQ LV
WKDW FDUG�P� N� FDQ EH FRORVVDO HYHQ IRU PRGHUDWH P� ,I WKH LQIHFWLRQ SD�
UDPHWHUV �SL� TL� DUH GLmHUHQW IRU HDFK ER[� QRWKLQJ PXFK FDQ EH GRQH WR
UHGXFH WKLV QXPEHU� EXW LI WKHUH DUH ER[HV RI HTXDO VL]H DQG ZLWK WKH VDPH
�SL� TL� WKHQ FRQVLGHUDEOH JDLQV LQ HpFLHQF\ FDQ EH PDGH� )RU H[DPSOH� FRQ�
VLGHU GLVWULEXWLQJ � EDOOV LQ � ER[HV RI VL]H �� 7KH �� SRVVLEOH DUUDQJHPHQWV
DUH
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7KHUH DUH KRZHYHU RQO\ � EDVLF DUUDQJHPHQWV� QDPHO\

� � � &�� &��  �
� � � &�� &�� &��  �
� � � &��  �

$OO RWKHU DUUDQJHPHQWV DUH MXVW SHUPXWDWLRQV RI WKH EDVLF RQHV� WKH QXP�
EHU RI VXFK SHUPXWDWLRQV EHLQJ JLYHQ E\ WKH H[SUHVVLRQV RQ WKH ULJKW� $OO
SHUPXWDWLRQV RI RQH EDVLF DUUDQJHPHQW KDYH WKH VDPH SUREDELOLW\ LI WKH ER[
SDUDPHWHUV DUH HTXDO� :H FDQ WKXV UHGXFH WKH QXPEHU RI IXQFWLRQ FDOOV IURP
�� WR ��
7KLV VXJJHVWV WKDW LQVWHDG RI OLVWLQJ DOO DUUDQJHPHQWV $P�N� ZH VKRXOG

WKLQN LQ WHUPV RI ?VXSHUER[HV�� D VXSHUER[ EHLQJ D FROOHFWLRQ RI ER[HV RI
HTXDO VL]H� )RU H[DPSOH D JLYHQ SRUWIROLR PLJKW EH DV IROORZV

VL]H RI ER[ � � � �
QXPEHU RI ER[HV � � � �

7KH WRWDO FDSDFLW\ KHUH LV ��� :H FDQ OLVW WKH DUUDQJHPHQWV RI N  N� �
N� � N� � N� EDOOV LQ WKH � VXSHUER[HV DV LQ 6HFWLRQ �� DQG WKHQ FRPSXWH
WKH VXSHUER[ SUREDELOLWLHV XVLQJ RQO\ WKH EDVLF DUUDQJHPHQWV DV GHVFULEHG
DERYH�
7KH UHPDLQLQJ SUREOHP LV KRZ WR OLVW WKH EDVLF DUUDQJHPHQWV� 7KHVH DUH

VLPSO\ WKH PRQRWRQLF RQHV� LI ZH KDYH N EDOOV WR EH GLVWULEXWHG LQ P ER[HV
RI VL]H Q WKHQ D EDVLF DUUDQJHPHQW LV D VHW RI LQWHJHUV D�� ��� DP VXFK WKDW

Q w D� w D���� w DP w �3P
� DL  N

7KLV LV UHODWHG WR WKH FODVVLFDO SUREOHP LQ QXPEHU WKHRU\ RI ?SDUWLWLRQV
RI DQ LQWHJHU�� $ JUHDW GHDO RI LQIRUPDWLRQ FDQ EH IRXQG� LQ &KDSWHU � RI

�WKDQNV WR -LP 0DVVH\ IRU WKLV UHIHUHQFH

��



5LRUGDQ >�@ EXW WKHUH LV QR VLPSOH IRUPXOD IRU WKH QXPEHU RI DUUDQJHPHQWV�
+RZHYHU� ZH KDYH DQ DOJRULWKP WKDW GHPRQVWUDEO\ OLVWV DOO RI WKHP� 7R
GHVFULEH WKLV ZH QHHG WKH IROORZLQJ QRWDWLRQ�

/HIW3DFN �L� M� N� LV WKH DUUDQJHPHQW RI N EDOOV LQ ER[HV �L� ��� P�� ZLWK DW
PRVW M EDOOV LQ HDFK ER[� REWDLQHG E\ SXWWLQJ WKH PD[LPXP QXPEHU RI
WKH UHPDLQGHU LQ ER[ L� WKHQ WKH PD[LPXP QXPEHU LQ ER[ L � �� HWF� �L�H�
?ORDGLQJ IURP WKH OHIW��� )RU DQ DUUDQJHPHQW D�

,QGH[�D�  

�
� LI D� � DP � �
PD[IL � DL ! DP��J RWKHUZLVH

7KH DOJRULWKP IRU SULQWLQJ RXW DOO WKH EDVLF DUUDQJHPHQWV LV QRZ DV
IROORZV�

D  /HIW3DFN ��� Q� N�
3ULQW D
:KLOH �,QGH[ �D� ! ��

L  ,QGH[�D�
M  DL�� � ��DP
D  ID�� � � � � DLb�� DL b �� /HIW3DFN �L� �� DL b �� M � �� J
3ULQW D

$V DQ H[DPSOH� IRU P  �� Q  �� N  � ZH KDYH

$UUDQJHPHQW ,QGH[
� � � � /HIW3DFN������� �
� � � � I���� /HIW3DFN������� J �
� � � � I������ /HIW3DFN������� J �
� � � � I�� /HIW3DFN������� J �

,W LV FOHDU WKDW WKH nUVW FROXPQ �L�H� WKH VHTXHQFH RI nUVW HOHPHQWV D��
GHFUHDVHV IURP WKH PD[LPXP WR WKH PLQLPXP QXPEHU SRVVLEOH IRU QD\ DU�
UDQJHPHQW� )RU DQ\ n[HG D�� WKH VHTXHQFH RI HOHPHQWV D� DJDLQ GHFUHDVHV
IURP PD[LPXP WR PLQLPXP� $QG VR RQ� ,W IROORZV WKDW DQ\ IHDVLEOH PRQR�
WRQLF DUUDQJHPHQW PXVW DSSHDU LQ WKH OLVW JHQHUDWHG E\ WKH DOJRULWKP�
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5HIHUHQFHV

>�@ 0RRG\
V ,QYHVWPHQW 6HUYLFHV� 7KH %LQRPLDO H[SDQVLRQ PHWKRG DSSOLHG
WR &%2�&/2 DQDO\VLV� �����

>�@ 6�&� 3RUW� 7KHRUHWLFDO 3UREDELOLW\ IRU $SSOLFDWLRQV� :LOH\� 1HZ <RUN�
�����

>�@ -� 5LRUGDQ� $Q ,QWURGXFWLRQ WR &RPELQDWRULDO $QDO\VLV� :LOH\� 1HZ
<RUN������
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