Master M1 - Mido 13th January 2020
Exam: Portfolio Management ': 1h30

Exercise 1: [8pts]
When there is a risk-free asset of return ry, we remind the Security Market
Line equation for all investment portfolios of returns Rp:

Rp —ro = Br(P)(Rr — 1) + €p (1)

with g7 (P) = % and ep independent from the return Ry of the Tan-
gent, Portfolio.

We assume that o7 = 20%.
Complete the table below and indicate the values of my and ry.

Portfolio ‘ E(Rp,) ‘ Br(P;) ‘ o(Rp,) ‘ o(ep) ‘

P 15% 0.5 20% ?
Py ? 2 ? 0
Ps 25% ? 20% ?
Py 35% 1.5 ? 10%

Correction:
From P, and P, we get ro and mp as
my — 1o = 0.5(my — 1) and my — ro = 1.5(mp — rg), implies 7o = 5% and
Applying the SML to P; we get
Applying the decomposition of risk for P; we get
0*(P3) = p1(Ps)ot + o*(ep,) = 0*(ep,) =0
Applying the SML to P, we get
Applying the decomposition of risk for P, we get
U(PQ) = |BT(P2)|0'T = 40%
Applying the decomposition of risk for P, we get
02(P) = 1.52 x 0.22 4+ 0.12 = 0%(Py) = 0.1 = o(Py) = V0.1
Applying the decomposition of risk for P; we get
0.22 = 0.52 x 0.22 4 0%(ep,) = o(ep,) = 10v/3%
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Portfolio ‘ E(Rp,) ‘ Br(F;) ‘ g(Rp,) ‘ o(ep,) ‘

P, 15% 0.5 20% | 10v/3%
P, 45% 2 40% 0

P 25% 1 20% 0

P, 35% 1.5 V0.1 | 10%

Exercise 2: [8pts]
We consider the factor model R = A + BF + € with

1% 10 f €1
A=[2%] B=10 1 F—(f1>ande— €
3% 11 ? €3
We assume that F' and e are independent, that E[F] = 0, E[e] = 0 and
Var(F) is invertible.

1. [1pt] Show that the model is an APT model and calculate the values
A1

Ao )’

Correction: the model is an APT model if and only it is possible to

find Ao, A1, \g such that E[R] = \gls+ B (il
2

of Ag, A1, Aa. From now on we will note A\ =

) . So, the system to solve

o +MN=1%
is ¢ Ao+ Ao = 2%
Ao+ A1+ A =3%
which has a unique solution Ao = 0%, A\; = 1%, Ay = 2%. Q.E.D.

2. [1pt] In the reduced model R = A + BF find the expressions of the
allocations of the investment portfolios which are without risk and cal-
culate the returns of these portfolios.

Correction: 7 is the allocation of an investment portfolio which is
risk free in the reduced model if an only if 7 satisfies 7’13 = 1 and
Var(R(7)) =0
now, Var(R(mw)) = Var(r'BF') = ' BVar(F)
so, Var(R(7)) =0 <= 7B =0

T+ Ty = 0
so, 7 is a solution if an only if ¢ m + 73 =0

T T+ =1
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which has a unique solution 7 = | 1 |. The return of this portfolio
-1
has to be Ao = 1% which is verified easily as in the reduced economy
E(R(m) =1x2%+1x 2% — 1 x 3% = 0%.

. [1pt] In the reduced model R = A + BF show that there is no self-
financing portfolio which is without risk.

Correction: 7 is the allocation of a self-financing portfolio without
T + 7y = 0
risk in the reduced model if an only if ¢ 5 + 753 =0

T + Ty + T3 = 0
and the only solution is 7 = 0 which is a non-invested portfolio.

. In the factor model, let R(7) be the return of the portfolio 7 and /5*
be the solution of
. Y
arg min Var(R(w) — §'F)

(a) [1pt] express 5* as a function of Cov(F, R(n)) and X g
Correction: Var(R(m)—p'F) = Var(R(n))—2Cov(R(rn), /' F)+
Var(p'F) = Var(R(w)) — 2Cov(R(r), F)5 + f'Var(F)

So, %g)—ﬁ’l’) = 2Cov(R(m), F) — 20’ Var(F)
which cancels for 3* = X' Cov(F, R())

(b) [1pt] express f* as a function of B and 7 and give the expression
of Var(R(m) — p*F) as a function of m and Var(e)
Correction: ¥.'Cov(F, R(r)) = ¥.'Cov(F, R)t = ¥.'Cov(F, F)B'm
so * = B'w and
Var(R(w) — *F) = Var(r’'BF + n'e — ¥ F) = n'Var(e)r
(c) [0.5pt] show that E(R(7)) = Ao + %'\ if m is an investment
portfolio
Correction: E(R(7)) = E(1'R) = 7' (Aols+BA\) = A\’ 13+7' BA
and 7'B = f*and 7’13 = 1 for an investment portfolio. Q.E.D
(d) [0.5pt] show that E(R(7)) = 8%\ if 7 is a self-financing portfolio

Correction: consequence of the previous question as this time
7T/13 =0.



5. [2pt] find a numerical example of a matrix C' and vector A such that
R=A+CF+e¢

is an APT model for which in the reduced model R = A+ C'F there is
no risk-free investment portfolio but some risk-free self-investing port-

folios.
10 2%
Correction: Let C = |0 1| and A = | 4% | then the system
3 3%
Ao+ A1 =2%
Ao+ A2 = 4%

Ao + %)\1 + %)\2 = 3%
has some solutions (not unique). For example \g = 0,\; = 2% and
Ao = 4%, so the model is an APT model and a portfolio 7 has no risk in

1
7T1+§7Tg:0

the reduced economy iff which implies automatically

1 —
To + 571' 3 = 0
that m + m 4+ m3 = 0 which means that the portfolio is self-financing.
Indeed, here the risk-free self-financing portfolios in the reduced econ-

Q
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omy are the portfolios of the form = = | § | where a # 0. Q.E.D.
—

Exercise 3.[6pts]

We consider en economy with d risky assets of vector of returns R and a
risk-free asset 9. We assume that Var(R) is invertible.

1. [2pts] (most diversified portfolio) Show that it is possible to build some
portfolios Rp which have the same correlation of returns with all the
d risky assets, i.e such that, 3c € R,Vi € [1,d], p(R;, Rp) = c.

Correction: the correlation is constant across all risky assets iff
dJANeR,Vi e Hl,d]] COV(RZ‘, RD) = \o;.

which is equivalent to Cov(R Rp) = Ao where o is the vector of com-
ponents the o;.

Now, Cov(R, R)tp = Ao <= 7p = AX"'o which gives the form of
the risky allocation of these portfolios. Q.E.D.
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We assume that R ~ N (M,Y) and remind that the allocation of the

tangent portfolio is
1

S Y M = rol
b—roa ( rola)

. [2pts] (Market Portfolio, Tangent Portfolio) show that once X is fixed
there is a unique value of M for which the Tangent Portfolio coincides
with the Market Portfolio.

Correction: let Cap = (¢1,¢9, -+ ,¢q) be the allocation of the market
portfolio (which represents the relative market capitalisations of all the
risky assets). The Tangent Portfolio is equal to the Market portfolio iff
LYY (M —roly) = Cap <= M = roly + (b — roa)XCap. Q.E.D.

b—roa

. [2pts] (most Diversified Portfolio, Tangent Portfolio) show that the
Tangent Portfolio has the same correlation with all the d risky assets
iff all the d risky assets have the same Sharpe Ratio.

Correction: here the condition is equivalent to mE_l(M —71plyg) x
Y lo <= I\ € R such that M = ryl; + Ao which is equivalent to
saying that all the d risky assets have the same Sharpe Ratio Q.E.D.




