Master M1 - Mido: 15th January 2018
Exam: Portfolio Management !: 2h

Notations: We consider d risky assets S', S2, ...S% whose returns over
[0, T] verify R* = m" + €. We note in vector form:

R! m! €l
R=M + e with R = , M = and € =

R md e

where M is a vector of R?, € is a random vector of expectation zero and of
matrix of variance-covariance 3 invertible.

‘We note:

= an allocation, at time 0, in the risky assets S°,

o R, the return of the portfolio 7 over [0, T

o 14 the vector of R* with all components equal to 1

oa=1,Y"1",and b=1,2"1M

o 1Y the risk free rate of the risk free asset S° and we assume that r° # 3

Exercice 1: [10pts]
Give without any justification the answers to the following questions
[0.25pt] 1) Express Cov(Ry,, Rr,) as a function of 7, m and ¥
Correction: 7} Xy
[0.25pt] 2)if P is an investment portfolio and 7p its vector of allocation in the
risky assets, express its allocation in the risk free asset 7% as a function of 7p
and 14
Correction: 1% =1— 7)1,
[0.25pt] 3)if @ is a self financing portfolio and mq its vector of allocation in the
risky assets, express its allocation in the risk free asset 7r9Q as a function of mg
and 14
Correction: ﬂ% = —7r’Qld
[0.25pt] 4) what represents the portfolio m, = 1711, ?
Correction: the portfolio made of the risky assets of minimum variance
[0.25pt]  a) express F(R,,) as a function on a and b
Correction: g
[0.25pt] D) express Var(R,,) as a function on a and b
Correction: %
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[0.25pt] 5) If an investment portfolio C is of the form 7— L%~ (M — r01,)

a) what is the value of a ?
Correction: a =b —r°
[0.25pt] a) what is the name of this investment portfolio ?
Correction: the Tangent Portfolio
[1pt] 6) From the Security Market Line theorem which says that for any in-
vestment portfolio P: Rp — r° = Cov(Rp, Rr)(Rr —19) + €p deduct a similar
equation satisfied by a self financing portfolio @) of return Rq
Correction: Rg = Cov(Rg, Rr)(Rr —10) +€g with Ry and ¢g Gaussian and
independent
[0.5pt] 7) In a factor model R = A+ BF + & with Cov(F,E) = 0 what is the
expression of Var(R) as a function of B, Var(F) and Var(&)
Correction: Var(R) = BVar(F)B' + Var(€)
[0.5pt] 8) if ¥ is a matrix of R? x RY which is symmetric definite positive with
eigenvalues (Ai)ie[[l,d]] and a corresponding basis of orthonormal eigenvectors
(ui)ie[1,q] express X with the \* and v;

i=d
Correction: ¥ = Y Nu;u!
i=1
Exercice 2: [3pts]
1) We consider the following table :

’ Portefeuille ‘ E(Return) ‘ Br(P;) ‘ o(Rp,) ‘ o(ep,) ‘

P, 7% 0.5 5% 0%
Py ? 1 10% 10%
Py 16% 2 20% 0%
P, 6% ? ? 10%

We remind the Security Market Line equation: Rp, —rg = Br(P;)(Rr—70)+€p,

[1.50pt] a) from the table deduct rg, my and or
Correction:
From P; and P3 we get 7% — 19 = 0.5(m7 — %) and 16% — roy = 2(mr — 1Y)
S0, 176;% 5 =4 and thus 1% = 4% and my = 10%.
For portfolio 1: o(ep,) =0 = o(Rp,) = Br(P1)or = or = 10%
[1.50pt] b) complete the table
E(Rp,) — 4% =1 x (10% — 4%) = E(Rp,) = 10%
E(Rp,) — 4% = Br(Ps)(10% — 4%) = Pr(Ps) =
o(Rp,)* = Br(Pa)*cf + o(ep,)? = o(Rp,)* = %(10%) + (10%)*
— o(Rp,) = Y210%
Exercice 2: [3pts]
We consider the factor model R= )\013 + BF + & with,

R! €l
R=| R? |,B= and E=| €&
R? €3

with the assumptions: Var (F) invertible, E 5 (§) =0 and Cov(F,€) =0



1)
[1pt] a) exhibit a self financing portfolio mg such that Cov(R,,, F) = 0 and
calculate for this self financing portfolio F(Ry,)

Correction:
2

s = | —1 | works and F(R,,) = 0 (it will be the case for all self financing
—1

portfolio in this model)

[1pt] b) Is it possible to find in this model an investment portfolio 7 such that

Cov(R,,F) =07

Correction:

Cov(R,,F)=7n'BVar(F) so Cov(R;,F) =0<«= 7B =0 but
1 1

7"B=0=7"| 0 | =0andn’ | 2 | =0= 7’13 = 0so it is not possible
2 0

to find and investment portfolio such that Cov(R,, F) =0

[1pt] ¢) we assume that Var(F) = 0.01 x Idg2 and that Var(€) = 0.01 x Idgs
calculate the correlation between R' and R?

Correction:

Var(R') =3 x 0.01, Var(R?) = 3 x 0.01

Cov(RY, R?) = Cov(f' + f2 +€',2f? +€?) =2x 0.0l so p = %

Problem: [10pts]
We assume that E(R) is not colinear to 14 and for A € R we call (Py) the
problem to determine (B, f) solutions of
(P){ E(R—MXg—B(f—-X)=0
MU Cou(R—Mg—B(f =\, f)=0
where B is a vector of R and f a random variable not constant taking values
in R

[2pt]1) Show that: (B, f) solution of (P\) = M —\14 = C‘fz(rl(%’{) (E(f)—\)

Correction:
Cov(R—Alyg—B(f—)N),f) =0« Cov(R—-Bf,f)=0

= Cov(R, f) = BCou(f, f) = 0 = B = S20tD
E(R—Mg—B(f - X)) =0<= E(R) — \lq— B(E(f) —\) =0
< B = %}7;‘_1; (necessarily we must search f such that E(f) — A # 0 as
B(R)— A £0)

So, if (B, f) is a solution, necessarily E(f) # A and S2UbD) — M_dlg which

Var()) — BO)-X
implies M — My = B (B(f) - A) QED

The result of question 1) can be admitted for the rest of the problem.

[0.5pt]2) Show that: (B, \) solution of (Py) = E(f) # A
Correction:



by absurd: E(f) = A and (B, f) solution = M — A1z = 0 which is in contra-
diction with the hypothesis. Q.E.D

For z € R? we note f, = 2’R (if 7 is a portfolio allocation we have then
f= =7 R = R, and we use the notations indifferently)

[1pt] 3) Show that:
M — g4 M( E(fs) — A) => x and X' (M — A1) are colinear

Var(f)
Correctlonc o

ov(R, fx ov(R,z’R
M-\, = VT(ff)(E(fz) A= M-Aq= W( (fz) =)
= M-Aly= Var (E(fz)_ ) <:>1‘=E_1(]\/[_)‘1d) V;Tgf))\ QED

From now on until the end we assume that \ # g

4)
[0.5pt] a) show that 37y investment portfolio colinear to X' (M — Ag)
Correction:
we search my as aX (M — \l,)

1051 (M = Mg) =1 <= o(B—Xa) = 1 50 @ = - and m, = 2 M2l

[1pt] b) express E(my R) — X as a function of 3", M, A, b and a.

Correction: ‘

, , , , (M-Ag)' S (M-Aly) _ 1M =21all? s
E(myR)—A = my\M=Am\1q = m\(M—Ala) = b Aa = v

[0.5pt] c) express Var(mh R) as a function of 3", M, A, b and a.

Correction:

/ e IM=ALa]%

Var(mhR) = gobar (M = Ma) SR SpSE! (M = AMa) = —gosme

[1pt] d) show that M — Ay = S0 ) (B(f, ) — )

fr
Correction: §
Cov(R, fr,) = Cov(R,m\R) = Cov(R, R)my = LpXjx 11\{ iid = A/é iid S0,
1M —=X1gl?_,
Cov(R,fr,) _ M-\l b—Xa)? R _
TAA( (fra) = A) = F=5a* |\M(—/\1d\|;71 pxa - = M~ Ala QE.D
R

[0.5pt] e) calculate By such that (By, fr,) is a solution of (Py)
Correction:

—1 M=)l _ Cou(R,fx,) _ M-)1 (b—Xa)?
™= ER Soaet and By = o5t = By = St s
R
=(b—a) 22 QED

M—X14]2
=Xl

[1pt] f) deduct from a) that for (B, f) solutions of (P) we can write:
R=MAly4+ B(f—X)+ & with
E(&)=0, Cov(f,&) =0 and Trace(Var(€)) < Trace(Var(R))

Correction:
E=R—\lg— B(f— ) so by definition of (Py) id (B, f) is a solution E(£) = 0



and Cov(f,€) =0

in such a situation Var(R) = Var(Aolg+ B(f — Xo) + &) = Var(Bf + &) =
Var(Bf)+ Var(E) = BVar(f)B' + Var(E)

but by hypothesis Var(f) > 0 and B # 0 so Trace(B'Var(f)B') > 0 and so
Trace(Var(€)) < Trace(Var(R)) QE.D

[1pt] g) show (using what has been demonstrated so far) that for any in-
vestment portfolio of return Ry we have

Cov(Rq,fry)
E(Rq) = A = o3 (B(fm) = A)
Correction:

if we call mg the allocation of the portfolio () we can multiply by 7r’Q each term
of the equation M — A\ly = %(E(fm) — A) and using the fact that
¥

Tola=1, ToR = R%ani ToM = E(RQ) we get
Wé?M —Amgla = Wb%(E(fm) - A)

LN
= B(Rq) — A = “Ca ) (b1, ) - )

KDY

= B(Rq) — A = G2 (B(fr,) ~ )

Y
[0.5pt] h) show (using what has been demonstrated so far) that for any self
financing portfolio of return Ry we have

Cov(RQ,fxy)
E(Rq) = S ln) (B(fy,) - )

Correction:
if we call mg the allocation of the portfolio @) the calculation is the same as
previously but this time 7r’Q1d = 0 which leads to the new equation

[0.5pt] i) tell (without demonstration) what is the geometric interpretation
of the portfolio 77

Correction:
it is the tangent portfolio obtained by taking ¥ = A



