Master M1 - Mido: 15th January 2019
Exam: Portfolio Management !: 2h

Notations: We consider d risky assets Si, Sz, ...S4, whose returns over
[0, T] verify R, = m; + ¢;. We note in vector form:
R, my €1
R =M +ewith R= , M = and € =
Ry mgq €d
where M is a vector of R%, € is a Gaussian vector of expectation zero and of
matrix of variance-covariance ¥ invertible (and therefore definite positive). We
also assume that there is a risk-free asset Sy of return rg.
1
For a portfolio, we note m = its allocation in the risky assets S; and

Td
II= ( 7;? > its allocation in both the risk-free and the risky assets.

We note R(IT) the return of this portfolio over [0,T]. E(R(II)) its expectation
and U(R(H)) its standard deviation. When there is no allocation in the risk-free
asset (mp = 0) we simply call 7 the portfolio and note R(w) instead of R(II).

We also note:
14 the vector of R? with all components equal to 1,
a=1,%"14and b =1,5"'M and we assume that ro # 2.

We remind the Security Market Line equation for an investment portfolio IIp
of return Rp:

Rp —ro = pr(P)(Rr —ro) +€p

with E(ep) = 0 and Ry and ep independent.
We note (3; the beta of the risky asset S; with respect to the tangent portfolio

ief; = %&’f@ and 8 the vector of components the §;, i.e 8= (81, -+, 8a)’

Exercise : [6pts]
In this exercise we consider only portfolio made of the d risky assets .S;. There-
fore, we represent a portfolio only by the vector m, as 7 is always zero here.
Answer to the following questions without giving any demonstration.

1. [0.5pt] Express Cov(AX, BY) as a function of Cov(X,Y), A and B.
Correction: ACov(X,Y)B’

2. Let m = S71(M — 21,).
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(a) [0.5pt] Does 7 represent an investment or a self-financing portfolio
and why ?

Correction: 7'1; = 0, so self-financing
(b) [0.5pt] Express E(R(r)) as the norm of a vector.
Correction: ||M — 2142,

(c) [0.5pt] Express Var(R(r)) as the norm of a vector.
Correction: ||M — 214Z_,

3. We consider two investment portfolios (with no allocation to the risk-free
asset) m4 and wp with E(R(74)) # E(R(np)). Let,

F= {(E((g(@))))) = Mra+ (1= Mg\ e R} .

Let pa,g = Correl(R(m4), R(m4)). What is the geometric nature of F if:

(a) [0.25pt] pa B = —1,
Correction: A cone.

(b) [0.25pt] -1 < pap <1
Correction: An hyperbole.

(C) [0.25pt] PAB = 1.
Correction: A cone.

(d) [0.25pt] What would be the geometric nature of F if E(R(74)) =
E(R(rp))?

Correction: A line (or potentially a single point).

4. Let mp be an investment portfolio and 7 be the tangent portfolio and
p = Correl(Rp, Rr).

(a) [0.5pt] Express the systematic risk of Rp as a function of p,o(Rp)
and o(Rr).

Correction: |p|o(Rp)
(b) [0.5pt] Express the specific risk of Rp as a function of p,o(Rp) and

U(RT).
Correction: /1 — p2c(Rp)
5. Let X be the matrix of variance-covariance for the risky assets S, S2,- -+, S4.

Let m4 be the portfolio of minimum variance.

(a) [0.5pt] Express m4 as a function of d if ¥ = Idga.
Correction: m4 = éld

(b) [0.5pt] Express w4 as a function of d and the o; if ¥ = diag(c;) with
g; > 0.
Correction: mq = —1— (L ... L)
> o
i=1




6. Let ¥ be a matrix of variance-covariance definite positive of R**¢ and
(ui)ieq1,q) be an orthonormal basis of R? formed by eigenvectors of 3 of
eigenvalues \;.

(a) [0.25pt] Express ¥ as a function of the (u;) and \;.
i=d
Correction: ¥ = > \uu;
i=1
(b) [0.25pt] Express ¥~ ! as a function of the (u;) and \;.
i=d
Correction: ¥ = Y S-u;u}.
=N
7. [0.5pt] If X is a random variable of R?, express E(|| X||?) as a function of
Trace(Var(X)) and E(X).
Correction: E(||X|?) = |[E(X)|? + Trace(Var(X))

Exercise 2: [4pts]

We consider for the investment portfolios Py, Ps, -+ , Ps the table below:
’ Portfolio ‘ E(Return) ‘ Br(P;) ‘ o(Rp,) ‘ o(ep,) ‘
Py 12% 2 7% 60%
P, 4% ? % 10%
P ? 1 ? 0%
P, 8% 1 50% 30%
P 10% ? ? 0%

1. [3.5pt] Calculate all the missing values of the table.
Correction:
o from P1 and P4 we get rqg = 4% and mp = 8%
o for Py, mg =19 = Br(P2) = 0 and therefore o(Rp,) = o(ep,) = 10%
o for Pg, BT(PS) =1=m3= 8%
o for P, the SML gives 0.5% = 02 + 0.3% therefore or = 40%
o for P3, (o0 = 40%, Br(Ps) = 1,0(ep,) = 0) = o(Rp,) = 40%
o for Ps, ms = 10% = pr(ps) = 1.5 and therefore o(Rp,) = 60%.
ofor Py o(Rp,) =4 x0.42 4+ 0.6 = 1 s0 o(Rp,) = 100%.

’ Portfolio ‘ E(Return) ‘ Br(P;) ‘ o(Rp,) ‘ o(ep,) ‘
P 12% 2 100% 60%
P 4% 0 10% | 10%
Ps 8% 1 40% 0%
Py 8% 1 50% 30%
Ps 10% 1.5 60% 0%

2. [0.5pt] What is 7o and mp ?
Correction: as seen above rg = 4% and mp = 8%



Exercise 3 : [6pts]
Let (u;);eq,qp be an orthonormal basis of eigenvectors of ¥ associated with the
eigenvalues \;.

1. [0.5pt] Prove that Vi, A; > 0.
Correction: Let u; be an eigenvector for the eigenvalue \;.
Su; = Nuy = uiSu; = uidu;. As X is definite positive u;Xu; > 0 and
therefore \; > 0.

Let,

fi= (R ) = JruiR
F =(f1,---, fa) be the vector of components the f;,

F[k] = (f17 i)
RIK] = z fi/Au; amd
k] = R~ R[K].
2. [0.5pt] Prove that R = R[d].

d
Correction: The u; form an orthonormal basis of R? so R = > (R, u;)u;
i=1

d
= 7§1<R, 24 )V/Aiu; = Rld]. QE.D.

3. [1pt] Prove that R[k] is Gaussian and independent from e[k].
Correction: (R, R— R[k]) is a linear transformation of the Gaussian vec-
tor R and therefore is Gaussian. So, if the covariance is zero the two com-

k d
ponents are independent. Cov(R[k], R—R[k]) = Cov()_ wiRu;, Y, ujRu;)
i=1 j=k+1
ko d ko d
=> > Cov(wuRujuiR) =% > wuu;Cov(R,R)u;uj
i=1 j=k+1 i=1 j=k+1

but Vi # j, u;Cov (R, R)u; = 0 so, Cov(R[k], R — R[k]) =0 Q.E.D.

4. [0.5pt] Prove that F' is Gaussian and that Var(F') = Idga.
Correction: F' is obtained from R by a linear transformation so is Gaus-
sian. Cov(f;, f;) = \/ril\/)\ijQZuj so if 4 = j this is ﬁ)\, =1 and if
i # j it is zero. Q.E.D.

5. [1pt] Calculate Trace(Var(R[k])) as a function of the A;.
k
Correction: Var(R[k]) = Var(z fiv/Aiu;) as the f; are independent
. i=1
Var(R[k]) = > \;Var(f;u;) and Var(f;u;) = u; Var(f;)u; = u;u}
i=1

k
Now, Trace(u;u}) = Trace(uiu;) = 1 so finally Var(R[k]) = > A

i=1



k
6. [0.5pt] Rewrite R = > fiu;v/A; + €[k] matricially under the form:
i=1

R = BF[k] + ¢€[k] where B is a R"** matrix and find the expression of the
i-th vector column b; of B as a function of the u; and ;.
Correction: B = [by|---|by] with b; = u;v/A;

7. [0.5pt] Show that Cov(F[k],e[k]) = 0.
Correction: for i € [1,k] and j € [k + 1,d], Cov(fi, f;) =0
d

so, Cov(f;,elk]) = Cov(f;, > fiujy/A;) =0 which proves the result.
j=k+1
8. [1pt] Show that (R = BF[k] + ¢[k] and R = CF[k] + ¢[k]) = C = B.
Correction: Cov(R, F[k]) = Cov(BF[k], F[k]) + Cov(e[k], F[k])
= BCov(F[k|, F[k]) = B so, B is determined in a unique way as Cov (R, F[k]).
Q.ED.

9. [0.5pt] From what precedes find a factor decomposition of R in the format
R = A+ HG[k] + n[k] where: Var(G[k]) is an invertible R¥** matrix,
Cov(G[k],n[k]) = 0 and E(nlk]) = 0.

Correction: n[k] = ¢[k] — E(¢[k]), H = B, G[k] = F[k] and
A = E(e[k]) = E[R] — BE|[F] satisfy the conditions.

Exercise 4: [4pts]
Let @ be a self-financing portfolio, with a vector of allocation ¢ to the risky

assets. We note 87 (Q) = % and §; = % for the risky assets,

S, Sa, ...S4. We note 3 the vector of components the 3;, i.e 8= (81, ,B4)-

1. (a) [1.5pt] Express 87 (Q) as a function of mg and 3.

Correction: COV(RQ,RT)m = Cov(mgy R, Rr)

= 1o Cov(R, RT)W =708

(b) [0.5pt] Express R(Q) as a function of mg, R, and ry.
Correction: R(Q) = noR+7gro = 1R —nplare = np(R—7ola).

1
VaP(RT)

2. [2pt] Is the SML equation satisfied for Rg or how does it have to be
modified? (do not forget to check the properties of independence and zero
expectation in the decomposition obtained).

Correction: if R is the vector of returns of the risky assets and e the
vector of the ¢;, then according to the SML: R — roly = (R — ro)8 + €.
From this we get: 7R — o7 la = (Rr — 10)m0 8 + e

so, Ro = Br(Q)(Rr — ro) + €q with eg = wbe and still Ry and eg are
independent and E(eq) = 0 as E(mge) = mE(e).



