Master M1 - Mido: 29th October 2018
Midterm Exam: Portfolio Management ': 2h

Notations: We consider d risky assets Si, S2, ...Sq, whose returns over
[0, T] verify R* = m" + €'. We note in vector form:
R! m! el
R =M + ¢ with R = , M = and € = :
R? m? e?
where M is a vector of R?, € is a Gaussian vector of expectation zero and
of matrix of variance-covariance ¥ invertible. We also assume that there is a
risk-free asset Sy of return rg.

‘We note:

0
II = ( 7; ) an asset allocation where 70 is the allocation in the risk-free

7.‘.1

asset and 7 = : is the allocation in the risky assets S;

e

Ry the return of the portfolio IT over [0, T|. E[Ry] its expectation and o[ Ry]
its standard deviation

14 the vector of R? with all components equal to 1

e; the vector of R¢ with all components equal to zero except for the i
component which equals 1

a=1,5"11,4and b = 1,37 M and we assume that ry # g and M # rgly

We note ® the cumulative distribution function for a normal law A(0,1) so
if Z ~N(0,1) then Vz € R, ®(z) = P(Z < z) and ®~! its inverse from ]0, 1] to
R. We note ¢ the derivative of ®, i.e the density of the distribution function of
Z.

Problem : [20pts] Risk Measures and Capital Allocation
For any vector 7 € R? we define : RMy(7) = —7'(M — r9lg) + \W/7'S7 which
is called the Markowitz risk measure of parameter A for the risk exposure 7.
RM,(7) can be interpreted as the capital required for a company to hold the
risky positions defined by .

1)

[0.5pt] a) what is the relationship between 7° and 7 for an investment
portfolio II of risky allocation 7 7

[0.5pt] b) express as a function of 79, M and 7 the expected return for an
investment portfolio IT of risky allocation m
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[0.5pt] c) express as a function of m and ¥ the standard deviation of the
returns for an investment portfolio IT of risky allocation m

[0.5pt] d) show that for any 7 € RY RMy(n) = —E[Ry — ro] + Ao (Rm)
where II is the investment portfolio of risky allocation w

For any vector 7 € R? we define the random variable L, = —7'(R — ro14)
and for « €]0, 1] we define VaR,(Ly) by: VaR(Ly) = inf{z, P(L, <) > a}
which is called the value at risk for the risk exposure 7.

2)

[0.5pt] a) express the law of L, as a function of F[Ry], ro and o[Ry] where
IT is the investment portfolio of risky allocation 7

[1pt] b) show that P(L, < VaR,(L,)) =«

[1pt] c) express VAR, (L,) as a function of E[Rn], ro,o(Rm), « and ®

[0.5pt] d) for which value of A(a) do we have V& € R RM, () (7) =
VaRy (L)

For any 7 € R? we define the quantity E,(L,) = E(Ly|Lr > VaR, (L))
which is called the expected shortfall for the risk exposure 7.

3)

[0.5pt] a) show that if a € R and Z ~ N(0,1) then E(Z|Z > a) = {250

[0.5pt] b) show that if a € R and X ~ N(m,0?) then E(X|X > a) =

P(5™)
mY eem)
[1.5pt] ¢) express E, (L) as a function of E[Ryl, 70, 0[Rn), a, ¢ and @

[0.5pt] d) for which value of A(v) do we have V7 € RY, RM), () (7) = Eqo(Lx)

In this section we consider the derivative 61;24* () as a row vector represent-

ing the derivative, calculated at point 7, of RM A(7) in the direction of vector
€;.

4)
d

[1pt] a) show that V7 € RY, RM(7) < Y RM,(7'e;)
i=1

d.
[1pt] b) show that Vr € RY, RM)\(7) = ;#%(ﬂ')

[1pt] c¢) how can you interpret the results 4a) and 4b) in terms of capital
allocation and diversification effect 7

5)
[2pt] a) show that 3\¢ € R such that
inﬂgd RM(m) = —c0 if A < Ap and
S
inf RMA(T(') =0if A Z )\0

mERD
and express A\g as a function of M,rg, 14 and X
[0.5pt] b) show that if A > \g then Vr € R\ {0}, RMy(7) >0
[0.5pt] c) show that 37 € R? such that F(Ry — ) > 0



From now on we consider that A > Ao (as defined in 5a)) and for any
7 € R%\ {0} we define the Return on Risk-Adjusted Capital as the quantity
RORAC\(m) = 7o) and we call D = {n* € R?\ {0}, RORAC\(r*) =
sup RORAC,\(m)}
mERE

6)

[1.5pt] a) show that 7 € R?\ {0} maximizes RORAC)(n) if and only if

the investment portfolio II of risky allocation 7 maximizes the Sharpe Ratio
E(Rn—ro)
O'(Rr[)

[1.5pt] b) using a) determine D and % for m* € D

[1pt] ¢) calculate RORAC)(n*) for m* € D as a function of A and Ag

2pt] d) for 7* € D calculate # when m® # ry and 7% # 0 as a
A

*i DN ()

function of A and g



