
Master M1 - Mido 28th October 2019
Exam: Portfolio Management 1: 2h

Notations: We consider a risk-free asset S0 of risk-free rate r0 and d risky
assets S1, S2, · · · , Sd of vector of returns R which verifies :

R = M + ε with R =

 R1

...
Rd

 , M =

 m1

...
md

 et ε =

 ε1

...
εd


where M is a vector of Rd, and ε is a Gaussian vector of expectation zero

and of variance-covariance matrix Σ invertible.
We note,

Π =

(
π0

π

)
a portfolio allocation for which,

π0 is the allocation in the risk-free asset S0 and

π =

 π1

...
πd

 is the allocation in the risky assets Si.

R(Π) is the return of the portfolio of allocation Π, mΠ its expectation and σΠ

its standard deviation.

1d is the vector of Rd with all components equal to 1.
An investment portfolio Π satisfies, π0 + π′1d = 1
A self-financing portfolio Π satisfies, π0 + π′1d = 0
We note, a = 1′dΣ

−11d and b = 1′dΣ
−1M .

For any function L(π) we note ∂L
∂π the raw vector ( ∂L∂π1 , · · · , ∂L∂πd )

Exercise 1: [5pts]

1. For an investment portfolio Π, calculate as a function of π, R, r0, M and
Σ the quantities

(a) [0.5pt] R(Π),

(b) [0.5pt] E(R(Π)),

(c) [0.5pt] Var(R(Π)).

2. For a self-financing portfolio Π, calculate as a function of π, R, r0, M and
Σ the quantities

(a) [0.5pt] R(Π),
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(b) [0.5pt] E(R(Π)),

(c) [0.5pt] Var(R(Π)).

3. [1pt] If ΠP , and ΠQ are two risky investment portfolios of return RP and
RQ calculate min

α∈R
Var(RP − αRQ) as a function of Var(RP ) and of the

correlation ρ between RP and RQ.

4. [1pt] If A is a matrix of Rn×d and B is a matrix of Rm×d prove that
Cov(AR,BR) = AΣB′

Exercise: [6pts]
We consider the economy with only the d risky assets and we consider the op-
timisation problem,

(Pλ)

{
sup
π∈Rd

E(R(π))− λVar(R(π))

π′1d = 1

1. [1.00pt] Without any calculation explain why the sup is reached. We
note πλ the allocation which maximises (Pλ).

We remind that the Lagrangian for (Pλ) is,
Lλ(π, µ) = E(R(π))− λVar(R(π))− µ(π′1d − 1)

2. [1.00pt] Show that, ∂Lλ
∂π (π, µ) = 0⇔ π = 1

2λΣ−1(M − µ1d).

3. [1.00pt] Calculate the expression of πλ.

4. [1.00pt] Express E(R(πλ)) as a function of a, b and λ and ‖M − b
a1d‖Σ−1

5. [1.00pt] Express Var(R(πλ)) as a function of a, b λ and ‖M − b
a1d‖Σ−1 .

6. [1.00pt] What is the value of lim
λ→+∞

πλ ? what can you say about of this

portfolio ? Was the result predictable ?

Problem: [12pts]
If π is the risky allocation of a portfolio, different from the risk-free asset,

the Diversification Ratio for π is defined as,

D(π) =
π′σ

σ(π)

where,
σ = (σ1, σ2, · · · , σd)′ is the vector of the standard deviation of the assets returns
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and
σ(π) =

√
π′Σπ is the standard deviation of the portfolio of risky allocation π.

Let,
Σ be the matrix of variance-covariance for the returns of the assets
Λ be the matrix of correlation for the returns, of general teem ρi,j and
diag(σi) be the diagonal matrix of diagonal term i the quantity σi
We note, 〈., .〉Σ−1 the scalar product defined by 〈x, y〉Σ−1 = x′Σ−1y

1. [0.5pt] Find z(π) such that π′σ = 〈z(π),σ〉Σ−1 and π′Σπ = 〈z(π),Σπ〉Σ−1 .

2. (Geometric method) Show that,

(a) [1pt]

D(π∗) = sup
σ(π)=1

D(π)⇐⇒ π∗ =
Σ−1σ

‖σ‖Σ−1

(b) [1pt]

D(π∗) = sup
π∈Rd\{0}

D(π)⇐⇒ ∃α > 0, π∗ = αΣ−1σ

3. (Analytic method)

(a) [1pt] For π ∈ Rd \ {0} calculate ∂D
∂π (π).

(b) [1pt] Find {π ∈ Rd \ {0}, ∂D∂π (π) = 0}.

From now on you can admit that the solutions of

sup
π∈Rd\{0}

D(π)

are the vectors πα = αΣ−1σ with α > 0.

4. [0.5pt] Calculate D(πα) for α > 0.

5. [1pt] Establish the relationship between Σ, Λ and diag(σi).

6. [1pt] Show that, sup
π∈Rd\{0}

D(π) =
√

1′dΛ
−11d.

7. (a) [1pt] Show that, Σ invertible =⇒ ∀i 6= j ρi,j 6= 1.

(b) [1pt] Show that, ∀π ∈ (R+)d \ {0}, D(π) ≥ 1.

(c) [0.5pt] Show that, ∀π ∈ (R+)d \ {0}, D(π) = 1 if and only if the
allocation π is reduced to a single asset.

8. (a) [2pt] Let πP be the risky allocation of an investment portfolio P .
Show that,

correl(R(πα), R(πP )) =
D(πP )

D(πα)
.

(b) [0.5pt] Show that, for any risky asset Si, i ∈ J1, dK

correl(R(πα), Ri) =
1

D(πα)
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