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Mean Field Games Theory is a branch of mathematics introduced by J.-M.
Lasry and P.-L. Lions in 2006, in order to describe Nash equilibria in differential
games with infinitely many agents.

In non-cooperative differential games with N players, each agent chooses his
own strategy in order to minimize a certain cost functional.

Dynamic of the player j, 1 < i< N:

{dx;' = b(X{,al) dt +20(X))dBI,

P
Xty = X0 -

Here, x; € RY, o} is the control, b and o are the drift term and the diffusion
matrix and (B;)" are independent d-dimensional Brownian motions.
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Cost for the player i:
T . .
I (to, x0, ) = E U (L(s, X{,08) + F(s, X5)) ds + G (X7) | |
to

where F' and G are the cost functions of the player i and L is the
Langrangian cost for the control.
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where F' and G are the cost functions of the player i and L is the
Langrangian cost for the control.
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i.e., each player chooses his optimal strategy, if we “freeze" the other players’
strategies.
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Cost for the player i:

;
IN(to, x0, ) = E U (L(s, X{,08) + F(s, X5)) ds + G (X7) | |

to
where F' and G are the cost functions of the player i and L is the
Langrangian cost for the control.

We say that a control o provides a Nash equilibrium if, for all controls a. and
for all i we have

I (to, xo0, ™) < N (o, x0, cviy (] )4)

i.e., each player chooses his optimal strategy, if we “freeze" the other players’
strategies.

Value function:

v (to, x0) = J (o, x0, ™).
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Using Ito’s formula and the dynamic programming principle, one can prove that
v solves the so-called Nash system:

—0nv( Ztr(a(xj 2 v (t, %))+ H(xi, Dyv(t, x))

+ZH x5, Dy vl (x))- Dy v (t,x) = Fl(x), (1)
J#i
VIN(Tu X) = GIN(X) )

for (t,x) € [0, T] x RV, Here H is the Hamiltonian of the system and
a=o0".
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Using Ito’s formula and the dynamic programming principle, one can prove that
v solves the so-called Nash system:

—0nv( Ztr(a(xj 2 v (t, %))+ H(xi, Dyv(t, x))

+ZH x5, Dy vl (x))- Dy v (t,x) = Fl(x), (1)
J#i
VIN(Tu X) = GIN(X) )

for (t,x) € [0, T] x RV, Here H is the Hamiltonian of the system and
a=oo".

The idea of Lasry and Lions is to simplify the Nash system, with suitable
symmetry conditions for the agents and their dynamics, for N > 1. This leads
us to the study of the so-called Mean Field Games System.
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Heuristically, when N — +o00, the Mean Field Games system takes the
following form:
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We suppose that F¥ and G are of this form:

F,-N(x) = F(x;,my"", GN(t,x) = G(x;, m{"",
where mY i Z . with &, the Dirac function at x.
J#i

Heuristically, when N — +o00, the Mean Field Games system takes the
following form:

—Gtu—tr(a(x)D2 )+ H(x, Du) = F(x, m),
Oem — 28 a;(x)m) — div(mH,(x, Du)) =0, ()

m(0) =mo,  u(T)= G(x,m(T)),

with a Hamilton-Jacobi-Bellman equation for u coupled with a Fokker-Planck
equation for the law of the population m.

In order to describe this limit problem, Lasry and Lions introduced the Master
Equation, which summarizes the MFG system in a unique equation.
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We consider the solution (u, m) of (2) with m(ty) = mo € P(RY), where
P(RY) is the set of Borel probability measures, and we define

U:[0,T] xR x P(R)) - R, U(to, x, mo) = u(to, x), (3)

provided MFG system has a unique solution.
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We consider the solution (u, m) of (2) with m(ty) = mo € P(RY), where
P(RY) is the set of Borel probability measures, and we define

U:[0,T] xR x P(R)) - R, U(to, x, mo) = u(to, x), (3)
provided MFG system has a unique solution.
Formulation of the Master Equation

—0:U(t, x, m) — tr (a(x)DiU(t“,x7 m)) + H(x, D«U(t, x, m))

_/tr(a(y)DmeU(t,x,m,y))dm(y) @
4
+ DmU(t7X7 m, .y) : Hp(yu DX U(t7y7 m))dm(y) = F(X7 m) ’

U(T,x,m) = G(x,m).

Here, D, U is a suitable derivative of U with respect to the measure m.
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Introduction

Usually in the literature: x € R or x € T? (periodic solutions).

But in many applied models it is useful to work with a process that remains in
a certain domain of existence.

This can be obtained in two ways:

@ Prescribe Neumann boundary conditions at the equation (2) (reflected
processes) ;

@ Choose the drift-diffusion term in order to satisfy the required restriction
(Invariance condition or State constraints).

In this talk | will be focused on the first aspect.

iardi



Introduction - In the Literature

Mean Field Games system: Lasry, Lions; Huang, Caines, Malhamé, .. .;
Neumann boundary conditions:

o Achdou, Bardi-Cirant (2018), Porretta (2015), Gomes, .. .;
o Achdou-Dao-Ley-Tchou (2019), Camilli-Carlini-Marchi (2015) (Mean
Field Games on Networks);

The Master Equation

Lions (Derivation, Finite state space, Short time existence);
Gangbo-Swiech (2015) (First order and no Diffusion);
Chassagneux-Crisan-Delarue (2014, 2015) (First order);
Cardaliaguet-Delarue-Lasry-Lions (2015) (Second order in the Torus);
Carmona-Delarue (2014) (Second order, in the whole Space); . ..

The convergence problem:

o Lasry-Lions, Fischer (2017), Lacker (2016),... (Open loop strategies)
o Cardaliaguet-Delarue-Lasry-Lions, Lacker (2018), ... (Closed-loop)
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Outline

@ 7he Master Equation in a Bounded Domain with Neumann
Conditions
@ Preliminaries and Assumptions
@ Stochastic interpretation and Equations involved
@ Notations and Derivatives
@ Main Hypotheses

@ Well-posedness of the Master Equation
@ Linearized system and C! character of U
@ Existence and uniqueness of solutions

@ The convergence problem
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Stochastic interpretation and Equations involved

We analyze the asymptotic behaviour of an N-players differential game, where
each player chooses his own control and plays his dynamic in a closed bounded
domain Q C RY.

The results are clearly inspired by the ideas of Cardaliaguet, Delarue, Lasry,
Lions, but many technicalities have to be handled in order to take care of the
boundary conditions.

As already said, here the invariance of the domain is obtained by adding a
reflecting process on the boundary 0%Q.

Hence, the dynamic of the single player i becomes

{dx;' = b(X{, at) dt + V20 (X{)dB] — dk{
Xty =55

where k! is a reflected process along the co-normal.
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This reflected process is defined in the following way (see Lions, Snitzman,
1984).

t

t
K= [ ) dikle, K = / 1siconm dIKs,
0 0

where v is the outward normal at 0X2.
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This reflected process is defined in the following way (see Lions, Snitzman,
1984).

t t
K = / XWX dki], K = / 1siconm dIKs,
0 0

where v is the outward normal at 9Q2. This reflection along the co-normal
forces the process to stay into Q for all t > 0.

The Nash system (1) for the value function becomes in this case

_6tViN - Ztr(a()g)D)%ij ViN) + H(Xl'7 DX[ ViN)
j
+ZHP(XMDXJV )-Dygv" = Fxi, m"),
J#i
(T X) - G(lemx )7
(XJ)DXJV V(XJ)\XJEBQ 0, j=1-,N,

with Neumann boundary conditions for the functions (v/"),.
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We recall that the solution of the Master Equation is defined from its
trajectories, which are the solutions of the MFG system (2).

So, if (u, m) solves (2) with Neumann boundary conditions and with
u(to) = mo, mo € P(2) we define

U(to,X,mo):U(t07X)7 x €.

The Master Equation, in this case, takes the following form

—0:U(t,x, m) —tr (a(x)Di U(t, x, m)) + H(x, D.U(t, x, m))

—/tr (a(y)Dy D U(t, x, m,y)) dm(y)+

DnU(t,x,m,y) - Hy(y, DxU(t,y, m))dm(y) = F(x, m)
in'(0,T) x Q x P(Q),

U(T,x,m) = G(x,m) inQxP(Q),
a(x)DcU(t,x,m)-v(x) =0 for (t,x,m) € (0, T) x 902 x P(),
a(y)DmU(t,x,m,y) -v(y) =0 for (t,x,m,y) € (0, T) x Q x P() x 69.
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@ Condition a(y)DnU(t, x, m,y) - v(y) = 0 is completely new in the
literature!. It relies on the fact that we have to take care of the boundary
condition in the variable m.
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@ Condition a(y)DnU(t, x, m,y) - v(y) = 0 is completely new in the
literature!. It relies on the fact that we have to take care of the boundary
condition in the variable m.

@ Boundary conditions of the Nash system and the Master Equation are
closely connected. Roughly speaking, the symmetrical structure of the
problem implies .

v (t, x) ~ v (t, X, miTy

Hence,

a(x;) Dy, v,-N -v(x;)) =0 — a(x)DxU(t,x,m)-v(x) =0,
a(>g) Dy v - v ()i = 0 — a(y)DmU(t, x, m, y) - v(y) = 0.
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Notations and Derivatives

Let Q be the closure of an open bounded set, with C>** boundary for some
O<a<l.
We introduce some tools we will use in this part of the talk.

In particular, we have to define
@ A topology on the probability space P(Q2);
@ A suitable definition of the derivative of U with respect to m;
@ A definition of the spaces of functions used in the following results .

The topology on P() is defined from the so-called Wasserstein distance.
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The Master Equation in a Bounded Domain with Neumann Conditio "

Notations and Derivatives

Let Q be the closure of an open bounded set, with C>** boundary for some
O<a<l.
We introduce some tools we will use in this part of the talk.
In particular, we have to define
@ A topology on the probability space P(Q2);
@ A suitable definition of the derivative of U with respect to m;
@ A definition of the spaces of functions used in the following results .

The topology on P() is defined from the so-called Wasserstein distance. For
mi, m € P(Q), we set

di(mi, m) := sup /¢(x)(m1(dx) — my(dx)) .
0

¢ 1—Lip.

This distance set a topology on P(2) and allows us to talk about continuity of
U with respect to m.
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We introduce two notions of derivation with respect to the measure.

Definition 1.1

Let U:P(Q) — R. We say that U is of class C if there exists a continuous
map 32 : P(Q) x Q — R such that, for all my, my € P(Q) we have

. U(my +s(m—m)) — U(m) [ oU
im - = [ Sty = m(a)).

with the normalization convention

[ 2ot yyamty) =o.
Q
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We introduce two notions of derivation with respect to the measure.

wtion 1.1

Let U:P(Q) — R. We say that U is of class C if there exists a continuous
map 32 : P(Q) x Q — R such that, for all my, my € P(Q) we have

. U(my +s(m—m)) — U(m) [ oU
im - = [ Sty = m(a)).

with the normalization convention

/ 2U (. y)dm(y) = 0.
Q

Then, if g—g is of class C* with respect to the space variable, we define the
intrinsic derivative of U with respect to m as

ou
D""U(my.y) = D,V(sim(my.y)

ele Ricciardi
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Then, we give a suitable definitions of the Banach spaces we will use
throughout the talk.

For n > 0 and a € (0,1), we denote with C"*® the space of functions
¢ € C"(2) with bounded norm

4 4
SN (ol s ID'6(x) = D'6(y)]
18ll,0e = D D%+ :ii‘y’

— (e}
le|<n lel=n =yl

We call C"™"*N the set of functions ¢ € C"™"® such that aD¢ - Vjaa =0,

endowed with the same norm [|¢][ . ..
. . nta

In the same way we can define the parabolic spaces C 2 "<, C%% and C1*T« .

We also need to define a structure for the dual spaces of regular functions.

The space C~("*) s the dual space of C""*, endowed with the norm

1ol —nsay = SUP (p: ).

l¢llnra<1
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Then, we give a suitable definitions of the Banach spaces we will use
throughout the talk.

For n > 0 and a € (0,1), we denote with C"*® the space of functions
¢ € C"(2) with bounded norm

l Dz
H¢Hn+a- 5 HDZ(bH -+ E SUp ¢( )l )
2y

— y|e
[e|<n |¢]= n ‘X y|

We call C"™"*N the set of functions ¢ € C"™"® such that aD¢ - Vjaa =0,
endowed with the same norm ||¢||

n+a’
. H o pto 0, 1,24«
In the same way we can define the parabolic spaces C 2 """, C™% and C“7%.

We also need to define a structure for the dual spaces of regular functions.

—(n+a)

The space C is the dual space of C""*, endowed with the norm

1ol —nsay = SUP (p: ).

lllnsa <1

With the same notations we define the space ¢~ ("N
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Main Hypotheses

We conclude this section stating the main hypotheses we will need for this work.

@ a uniformly elliptic with |[a(-)[,,, < oo;
@ H smooth, Lipschitz and strictly convex with respect to the last variable;

@ F and G smooth and non-decreasing in the last variable, with

) +up(30) < ¢,
a,2+a 6m
a,1+a> ’

and G satisfies the same estimates with o and 1 + « replaced by 2 + «;

oF
sup <|F(-,m)||a+ |5-Cm.)

meP(Q)

with

oF _
Lip (éim) ‘= sup (dl(m1,m2) !

oF oF
67,,”(’7 my, ) - 57m(7 mo, )

myF#my
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Main Hypotheses

We conclude this section stating the main hypotheses we will need for this work.

@ a uniformly elliptic with ||a(+) < 00;

H1+a
@ H smooth, Lipschitz and strictly convex with respect to the last variable;

@ F and G smooth and non-decreasing in the last variable, with

) +up(30) < ¢,
a,2+a 6m
a,1+a> ’

and G satisfies the same estimates with o and 1 + « replaced by 2 + «;

oF
sup <|F(-,m)||a+ |5-Cm.)

meP(Q)

with

oF _
Lip (éim) ‘= sup (dl(m1,m2) !

myF#my

oF oF
67,,”(’7 my, ) - 57m(7 mo, )

@ The following Neumann boundary conditions are satisfied:

(0D 3E (o) vn) =0, (a)D,So (e m ) ny)) =0,

|09 |89
<a(X)D><G(X7 m)» V(X)>\BQ =0,

for all m € P(Q).
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Well-posedness of the Master Equation

In this section we prove the well-posedness of the Master Equation.
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Well-posedness of the Master Equation

In this section we prove the well-posedness of the Master Equation.
—0:U(t,x, m) —tr (a(x)Df U(t, x, m)) + H(x, D.U(t, x, m))
- [ @)D, Dt x ) )+

Q

DnU(t,x,m,y) - Hy(y, DxU(t,y, m))dm(y) = F(x, m)
in'(0,T) x Q x P(Q),

U(T,x,m) = G(x,m) inQxP(Q),
a(x)DcU(t,x,m)-v(x) =0 for (t,x,m) € (0, T) x 92 x P(Q),
a(y)DmU(t,x,m,y)-v(y) =0 for (t,x,m,y) € (0, T) x Q x P(Q) x 9.
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Well-posedness of the Master Equation

In this section we prove the well-posedness of the Master Equation.
—0:U(t,x, m) —tr (a(x)Di U(t, x, m)) + H(x, D.U(t, x, m))
- [ @)D, Dt x ) )+

Q

DnU(t,x,m,y) - Hy(y, DxU(t,y, m))dm(y) = F(x, m)
in'(0,T) x Q x P(Q),

U(T,x,m) = G(x,m) inQxP(Q),
a(x)DcU(t,x,m)-v(x) =0 for (t,x,m) € (0, T) x 92 x P(Q),
a(y)DmU(t,x,m,y)-v(y) =0 for (t,x,m,y) € (0, T) x Q x P(Q) x 9.

Suppose main hypotheses are satisfied. Then there exists a unique classical
solution U of the Master Equation.

Ricciardi
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@ Core of the section: Prove that U is C! with respect to m.
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@ Core of the section: Prove that U is C! with respect to m.

Also, we need to prove that %(t,x, m, -) is twice differentiable .
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@ Core of the section: Prove that U is C! with respect to m.
Also, we need to prove that %(t,x, m, -) is twice differentiable .
Preliminary results

@ If (u,m) is a solution of the MFG system with Neumann conditions, then

1
lulliy g 2ra = €, sipdl(m(tL m(s)) < Clt —s|2;
t#s
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@ Core of the section: Prove that U is C! with respect to m.
Also, we need to prove that %(t,x, m, -) is twice differentiable .
Preliminary results
@ If (u,m) is a solution of the MFG system with Neumann conditions, then

1
lulliy g 2ra = €, sipdl(m(tL m(s)) < Clt —s|2;
t#s

@ If (u, m) and (&, i) are solutions of the MFG system with initial
conditions mg and ri, then

=il p.0 + sup di(m(t), M(t)) < Cdi(mo, i)
te[0,T)
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@ Core of the section: Prove that U is C! with respect to m.
Also, we need to prove that %(t,x, m, -) is twice differentiable .
Preliminary results
@ If (u,m) is a solution of the MFG system with Neumann conditions, then

1
lulliy g 2ra = €, sipdl(m(tL m(s)) < Clt —s|2;
t#s

@ If (u, m) and (&, i) are solutions of the MFG system with initial

conditions mg and rfip, then

=il p.0 + sup di(m(t), M(t)) < Cdi(mo, i)
te[0,T)

We have to prove the existence of the derivative 2Y

om*
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@ Core of the section: Prove that U is C! with respect to m.
Also, we need to prove that %(t,x, m, -) is twice differentiable .
Preliminary results
@ If (u,m) is a solution of the MFG system with Neumann conditions, then

1
lulliy g 2ra = €, sipdl(m(tL m(s)) < Clt —s|2;
t#s

@ If (u, m) and (&, i) are solutions of the MFG system with initial
conditions mg and ri, then

=il p.0 + sup di(m(t), M(t)) < Cdi(mo, i)
te[0,T)

We have to prove the existence of the derivative g—g.

Idea: For (u, m), (&I, i) defined before, linearize the equation of
(& — u, M — m). We obtain the following linear system
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Linearized system and C' character of U

General linearized system:

—z; — tr(a(x)D?z) + Hp(x, Du)Dz = g—,:(x, m(t))(p(t)) + h(t,x),
pe — div(a(x)Dp) — div(p(Hp(x, Du) + b)) — div(mHpps(x, Du)Dz 4 c) = 0,

2T = 9 G m(THAT) + 2r(x), plts) = po.
aDz - vjpq =0, (aDp + p(Hy(x, Du) 4 b) + mHyy(x, Du)Dz + c) “Vjga =0,
(6)

where z1, po, h and c are small if mg and g are "close".

Michele Ricciardi
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Linearized system and C' character of U

General linearized system:

—z; — tr(a(x)D?z) + Hp(x, Du)Dz = g—,:(x, m(t))(p(t)) + h(t,x),
pe — div(a(x)Dp) — div(p(Hp(x, Du) + b)) — div(mHpps(x, Du)Dz 4 c) = 0,

2T = 9 G m(THAT) + 2r(x), plts) = po.
aDz - vjpq =0, (aDp + p(Hy(x, Du) 4 b) + mHyy(x, Du)Dz + c) “Vjga =0,

(6)

where z1, po, h and c are small if mg and g are "close".

Actually, we will have

ou
m(tovxa mO,y) = z(t0>X)>

where z solves (6) with po = d,, h = ¢ = zr = 0 (Pure linearized system).
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Linearized system and C' character of U

General linearized system:

—z; — tr(a(x)D?z) + Hp(x, Du)Dz = g—,:(x, m(t))(p(t)) + h(t,x),
pe — div(a(x)Dp) — div(p(Hp(x, Du) + b)) — div(mHpps(x, Du)Dz 4 c) = 0,

2T = 9 G m(THAT) + 2r(x), plts) = po.
aDz - vjpq =0, (aDp + p(Hy(x, Du) 4 b) + mHyy(x, Du)Dz + c) “Vjga =0,

(6)

where z1, po, h and c are small if mg and g are "close".
Actually, we will have

ou
m(tovxa mO,y) = z(t0>X)>

where z solves (6) with po = d,, h = ¢ = zr = 0 (Pure linearized system).

Suppose zr € C*t* | po € C™F)  he €™ ([to, T] x Q), , ¢ € L*([to, T] x Q) .
We have a regularity result for the system (6).

Michele Ricciardi
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Proposition

If main hypotheses are satisfied, and then there exists a unique solution
(z,p) € CH2T* x (C([O, T, c~(HNy LI(QT)) of system (6). This solution
satisfies, for a certain p > 1 and C > 0,

Izl 21 + 50 1D ot + ol < M, )

where M := ||zr 5 o + llpoll_14ay + hllg o + llell,r -

Michele Riccia
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If main hypotheses are satisfied, and then there exists a unique solution
(z,p) € CH2T* x (C([O, T, c~(HNy LI(QT)) of system (6). This solution
satisfies, for a certain p > 1 and C > 0,

Izl 21 + 50 1D ot + ol < M, )

where M := ||zr 5 o + llpoll_14ay + hllg o + llell,r -

6G

Neumann boundary conditions for £ and % are crucial in order to obtain the
desired estimate for p.
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Proposition

If main hypotheses are satisfied, and then there exists a unique solution
(z,p) € CH2T* x (C([O T, c~(HNy LI(QT)) of system (6). This solution
satisfies, for a certain p > 1 and C > 0,

HZH1,2+a + SL:p Hp(t)||—(1+o<),N + ”p”Lp < CM, (7)

where M := ||zr 5 o + llpoll_14ay + hllg o + llell,r -

Neumann boundary conditions for 2—2 and O—F are crucial in order to obtain the

desired estimate for p.

These estimates allows us to prove the following Theorem.

Theorem 1.3

Suppose main hypotheses are satisfied. Then U is C* with respect to m, and
the following boundary condition holds true:

a(y)DmU(to, x, mo,y) - v(y) =0, y €0Q.

ele Ricciardi
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Sketch of the proof:

@ Prove that the system (6) with zr = ¢ = h = 0 admits a fundamental
solution: 3K such that, if (z, p) is the solution,

z(to, x) = / K(to, x, mo, y) po(dy) .
Q
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Sketch of the proof:

@ Prove that the system (6) with zr = ¢ = h = 0 admits a fundamental
solution: 3K such that, if (z, p) is the solution,

z(to, x) = / K(to, x, mo, y) po(dy).
Q
@ The couple (T — u — z, M — m — p), with po = riig — mo, solves (6).
Applying (7), we have

S Cdl(mo, n':lo)2 .
2+«

Q

H U(t, ’ rﬁo) — U(t, ° mo) — / K(t, * mo,y)(rﬁo — mo)(dy)
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Sketch of the proof:

@ Prove that the system (6) with zr = ¢ = h = 0 admits a fundamental
solution: 3K such that, if (z, p) is the solution,

z(to, x) = / K(to, x, mo, y) po(dy) .
Q

@ The couple (T — u — z, M — m — p), with po = riig — mo, solves (6).
Applying (7), we have

S Cdl(mo, n':lo)2 .

H U(t, ’ rﬁo) — U(t, ° mo) — / K(t, * mo,y)(rﬁo — mo)(dy)
2+«

Q

|
sie

@ This proves that U is C* with respect to m and K =

iardi



The Master Equation in a Bounded Domain with Neumann Conditio Well-posedness of the Master Equation

Sketch of the proof:

@ Prove that the system (6) with zr = ¢ = h = 0 admits a fundamental
solution: 3K such that, if (z, p) is the solution,

z(to, x) = / K(to, x, mo, y) po(dy) .
Q

@ The couple (T — u — z, M — m — p), with po = riig — mo, solves (6).
Applying (7), we have

S Cdl(mo, n':lo)2 .

H U(t, ’ rﬁo) — U(t, ° mo) — / K(t, * mo,y)(rﬁo — mo)(dy)
2+«

Q

su
om*

@ This proves that U is C* with respect to m and K =

The boundary condition a(y)D,U(t,x, m,y) - v(y) = 0 is obtained in this way:

iardi
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Sketch of the proof:

@ Prove that the system (6) with zr = ¢ = h = 0 admits a fundamental
solution: 3K such that, if (z, p) is the solution,

z(to, x) = / K(to, x, mo, y) po(dy) .
Q

@ The couple (T — u — z, M — m — p), with po = riig — mo, solves (6).
Applying (7), we have

S Cdl(mo, n':lo)2 .
2+«

H U(t, ’ rﬁo) — U(t, ° mo) — / K(t, * mo,y)(rﬁo — mo)(dy)
Q

@ This proves that U is C* with respect to m and K = g—m.

The boundary condition a(y)D,U(t,x, m,y) - v(y) = 0 is obtained in this way:

@ We prove that the solution (z, p) of (6) with h = c = zr =0 and
po = —0a, 6, satisfies z=10;
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Ezistence and uniqueness of solutions

@ This reduces to prove, using boundary conditions on F and G, that

Michele R:
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Ezistence and uniqueness of solutions

@ This reduces to prove, using boundary conditions on F and G, that

@ We conclude observing that a(y)DmU(t,x, m,y) - v(y) is equal to

Dyg%(to,X, mo,y) - (a(y)v(y)) = <ngrJ7(t°’X’ mo, .)7p0> = z(to,x) =0.

Michele Ricciardi
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Ezistence and uniqueness of solutions

@ This reduces to prove, using boundary conditions on F and G, that

@ We conclude observing that a(y)DmU(t,x, m,y) - v(y) is equal to
ou ou
Dy S0 %, m0,) - (a)V(y) = (5 (0 x,m0, ). 0 ) = 2(t0,) = 0.

The regularity of % in the last variable is closely related to the regularity of p.

Michele R:
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Ezistence and uniqueness of solutions

@ This reduces to prove, using boundary conditions on F and G, that

@ We conclude observing that a(y)DmU(t,x, m,y) - v(y) is equal to
ou ou
Dy S0 %, m0,) - (a)V(y) = (5 (0 x,m0, ). 0 ) = 2(t0,) = 0.

The regularity of % in the last variable is closely related to the regularity of p.

Improving the estimates on the linear system from C~(17%) to ¢~?*%) we have

ou
H (Sim(t’ '7m7')

<C.

2+a,24+a

This allows us to prove the main theorem of this section.

Michele R:
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The convergence problem

Now we are able to prove that the solution U of the Master Equation
approximates the N-players differential game, readapting the ideas of
Cardaliaguet, Delarue, Lasry, Lions.
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The convergence problem

Now we are able to prove that the solution U of the Master Equation
approximates the N-players differential game, readapting the ideas of
Cardaliaguet, Delarue, Lasry, Lions.

To do that, we consider, for 1 < i < N, the solutions v{¥ of the Nash system:

—ovl — Ztr(a(xj)ijXj v¥) + H(xi, D, V)

+3 Ho(, Dgv}*)- Dy = F(xi, mi)
J#i
V,-N(T,X) G(lemx )7
a()g)DXjVi 'l/(XJ‘)\XjE@Q:O7 J:17 aNa
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The convergence problem

Now we are able to prove that the solution U of the Master Equation
approximates the N-players differential game, readapting the ideas of
Cardaliaguet, Delarue, Lasry, Lions.

To do that, we consider, for 1 < i < N, the solutions v{¥ of the Nash system:

—ovl — Ztr(a(xj)ijXj v¥) + H(xi, D, V)

J
N,i

+3 Ho(, Dgv}*)- Dy = F(xi, mi)
) J#i
ViN(T7 X) = G(Xf7 m)I(V,I) P
a(XJ‘)DXjViN'l/(XJ‘)\XjE@Q:O7 J:17 aNa
and the auxiliary functions
ul(t,x) = U(t,xi, my"").

We want to prove that u! and vV are close if N is sufficiently large.

iardi
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ence problem

@ Thanks to the regularity of U, we prove the following representation
formulas for the derivatives of u: for all j # i,

1 i
DXjU,'N(t,X) = mDmU(inymi\l’ 7Xj)7
1 .
D)%,‘,Xjul!v(t7x) = meDmU(tyxh m)l(v”7xj)7
1

Dﬁj,xj- ul(t,x) —

i C
DmeU(t,X,-,miv’ 7XJ) S m .

N—-1
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ence problem

@ Thanks to the regularity of U, we prove the following representation
formulas for the derivatives of u: for all j # i,

1 i
iju,-N(t,x) = mDmU(t,xi,m,’(\” X)) s
1 ,
D} ui' (t,x) = g DxDOnU(t, %, m %),
1 i
Dﬁj,XjulN(t»X) - mDmeU(t,x,,mi"v )| < N

Using these representation formulas and the equation satisfied by U, we obtain
that u} is "almost" a solution of (5). Actually, u satisfies almost everywhere
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nvergence problem

@ Thanks to the regularity of U, we prove the following representation
formulas for the derivatives of u: for all j # i,

iju,-N(t,x) = DmU(t,x,-,m,’(V"’,xj),

N-1
1 .
D)%,,xj I!V(t7x) = meDmU(tyxivm)l(VM:Xj)v

1 i
‘Dx xJUI (t X) N_lD}’DmU(taXivm)l(V’7Xj)

<

Using these representation formulas and the equation satisfied by U, we obtain
that u} is "almost" a solution of (5). Actually, u satisfies almost everywhere

—0eulN — Ztr a(x; DXX uM) + H(xi, D, ul) + ZH xj, Dx; uj M. iju,
J J#I
= F(t,xi,m )+r (t,x),

uM(T ,x):G(x,-,mx ,
a(Xj)DXjulN'V(XJ')\XjGBQZ()v Jj=1,-- N,

where /Y € L with H r;

N|| C
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ence problem

We consider the optimal dynamic Y of the N-players system, starting from mg:

dY] = —Hp(Y!, Dyv¥(t, Y+)) dt + 20(Y!)dBi — dki,
i — ZI'
to )

with Z = (Z"); a family of i.i.d random variables of law my.
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The convergence problem

We consider the optimal dynamic Y of the N-players system, starting from mg:

{mﬁ_—mnﬁawmnvmduq@dem—du,
i — Zi
to )

with Z = (Z"); a family of i.i.d random variables of law my.

Theorem 1.4

Assume main hypotheses hold. Then, for any 1 < i < N, we have
T 2 C
N N
EUM&wmn)@Mmhﬂmgm. (8)
to
N N C
|U,‘ (t(),z)—V,' (to,Z)‘ S N P—as.. (9)
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We consider the optimal dynamic Y of the N-players system, starting from mg:

{dvg = —Hp(Y!, D vV (t, Y+)) dt + 20 (Y/!)dBi — dki,
i — Zi
to )

with Z = (Z"); a family of i.i.d random variables of law my.

Theorem 1.4
Assume main hypotheses hold. Then, for any 1 < i < N, we have
T C
E U |Dy v/ (t, Ye) — Dqul'(t, Yt)| dt| < . (8)
ty
6 (10, 2) ~ (10, 2)| < 7 B as. (9)

@ The functions u approximate in L? the optimal control;

ele Ricciardi
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The convergence problem

We consider the optimal dynamic Y of the N-players system, starting from mg:

{mﬁ_—mnﬁawmnvmduq@dem—du,
i — Zi
to )

with Z = (Z"); a family of i.i.d random variables of law my.

Theorem 1.4

Assume main hypotheses hold. Then, for any 1 < i < N, we have
T 2 C
N N
EUM&wmn)@Mmhﬂmgm. (8)
to
N N C
|U,‘ (t(),z)—V,' (to,Z)‘ S N P—as.. (9)

@ The functions u approximate in L? the optimal control;

@ Idea of the proof: Estimate the term (u,[\’(t7 Y.) - v(t, Yt))2, using
Ito’s formula and the equations satisfied by v and v/ .
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Finally, we can state the main convergence result of the Nash system towards
the Master Equation.

Theorem 1.5

Suppose main hypotheses hold true. Then, if we define my = % Z Ox; , We

i

. (10)

have

=0

Sup |ViN(t07X) - U(t07Xf7 miv)‘ <
]

Moreover, if we set

W,-N(to,x,-,mo) = / v,-'\’(to,x)l_Imo(de)7
QN-1

J#i

. N
then H W,-N(to, -, mo) — U(to, -, mo) H 11(mp) < Cwy, with wy " 230

(11)
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The convergence problem

Open problems

@ Study the convergence of the trajectories: if X/ and Y; are defined in this

way:
dX{ = —Hy(X!, DyuM(t, X+)) dt + 20 (X!)dBi — dki,
Xy =2',
dY{ = —Hp(Y{, Dxv{'(t, Y+)) dt + 20 (Y{)dB; — dki
Yo=2',

prove that

]E{ sup ]v;’-x;’@ g%.

t€(ty, T]

(done when a(x) = ldgxd);
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The convergence problem

Open problems

@ Study the convergence of the trajectories: if X/ and Y; are defined in this

way:
dX{ = —Hy(X!, DyuM(t, X+)) dt + 20 (X!)dBi — dki,
Xy =2',
dY{ = —Hp(Y{, Dxv{'(t, Y+)) dt + 20 (Y{)dB; — dki
Yo=2',

prove that

]E{ sup ]v;’-x;’@ g%.

t€(ty, T]

(done when a(x) = ldgxd);

@ Well-posedness of the Master Equation and Convergence problem in a
framework of invariance condition.
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