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Consider N players, each adjusting its state to maximise/minimise a given cost criterion over
a finite or infinite time horizon.
o Mean field game (MFG): agents know the current and future distribution of all others
- anticipate the future.?
o Best reply strategy (BRS): agents determine their locally best action by minimising
their cost over a short receding time horizon; also known as model predictive (MPC) or
receding horizon control.?

MP
N-player stochastic differential game —C> BRS for the N-player game

N — oo N — oo

MPC
MFG BRS for MFG

?Lasry and Lions, CR Math 343 2006 and Jap. J. Math. 2, 2007; Huang, Caines and Malhame CIS 6 2016 and
J. Sys. Sci. Comp. 20, 2017
bDegond, Herty and Liu, CMS 15, 2017; Barker, J. Dyn. Games 6, 2019
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Focus of the talk

We will focus on (MFG) and (BRS) problems in case of a quadratic Hamiltonian as well as
congestion cost and a confinement potential on a bounded domain.

@ How do solutions of BRS and MFG models compare ?

@ Under which conditions are solutions close ?

o When should we prefer one to another ?
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Consider N interacting agents on the torus T9, each agent with state X; is trying to optimise

T O[2
J(a;m)=E [/ (75 + h(Xs, m(Xs))) ds} .
0
subject to the constraint that
dX: = atdt + odB; with initial condition £(Xo) = myo.

Functions and parameters:
o m: T — [0, 00) is the density of the agent distribution
o h:T9 x(0,00) — R is a density dependent cost
o a:: [0, T] — T9 is a control chosen by a representative agent
@ 0 > 0 the amplitude of the noise and dB; a d-dimensional Wiener process.

Then the optimal cost trajectory u(x, t) is

u(x,t) = inf E {/fT (%2 + h(Xs,m(Xs))) ds

acA

Xt:X:| o

and the optimal control by af = —Vu(Xt, t).
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The limit N — oo:

MFG

Then the distribution of agents m(x, t) and the optimal cost trajectory u = u(x, t) solve the

2
P L
2

2
— h(x, m) — %Vzu

o2
Orm =YV - [mVu] + 7V2m

m(x,0) = mo
u(x, T)=0.
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Best reply strategy: the idea

Agents consider a rescaled cost functional over a short time

St m) = B { /t e (% + ih(xs, m(Xs))> ds

Xt:X:| o

Taking the limit At — 0, yields the optimal control
ar = — [Vh(x, m(x))]],—x,

Then the distribution of agents evolves according to the Fokker—Planck equation

o2
Orm =V - [(Vh(x, m(x))) m] + ?Vzm

m(x,0) = mg.
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The stationary problems

o MFG: triple (m, u,\) € C2(T?) x C3(T9) x R solves
o2
—?V2m —V-(mVu)=0

_0_2V2u+ M

> 5 —h(x,m)+X=0

/ mdx =1

Td

/ udx=0.
Td

o BRS: setting 9:m = 0 gives
52
V - [(Vh(x, m(x))) m] + ?VQm =0
mdx=1.

We will consider the stationary MFG and BRS on Q with no flux boundary conditions in
the following.
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General assumptions:
(A1) Q C R? is an open bounded set with a C%“ boundary, for some « € (0,1) and d > 1.

(A2) h(x,-) is an increasing function for every x € Q.
(A3) There exists a continuous function g : (0,00) — [0, o) such that

sup |h(x, m)| < g(m) for every m € (0, 00)
x€Q

BRS assumptions:
(BRSy) he€ C?(Q2 x (0,00)) N C (€ x (0, 00)).
(BRS2) There exists a continuous function f : (0,00) — [0, 00) such that

sup |Vxh(x, m)| < f(m) for every m € (0, c0).
x€Q

MFG assumptions:
(MFG1) he C(22x (0,00))

(MFGy) limpm 0 sup,cq h(x, m) < infyeq h (x, ﬁ)

(MFG3) sup,eqh (X, ﬁ) < limm— o infyeq h(x, m).

8/19

M.T. Wolfram (Warwick)



Definition of classical BRS solutions: Let assumptions (A1)-(A3) and (BRS1)-(BRS2) be
satisfied. Then a function m : Q — (0, 00) is a classical solution if it satisfies

me C*(Q)n ct(Q)
J’;v% — V- (mV[h(x,m)]) =0, xcQ

2
—U?Vmw/—mV[h(x,m)]ﬂ/:O7 x € 0Q
/mdx:l.
Q

Theorem:

There exists a unique solution m : Q — (0, 00) to the stationary BRS.

M.T. Wolfram (Warwick) MFG vs. BRS 9/19



Definition of classical MFG solutions: Let assumptions (A1)-(A3) and (MFG1)-(MFG3) be
satisfied. Then the triple m: Q — (0,00), u: Q2 — R and X € R is a classical solution if it

satisfies
me C2(Q)N ' (Q) and ue C2(Q)N C* (Q)
2
—?V2m—v.(mvu):o, x€Q
2 \v4 2
—%V%—l—%—h(x,m)—f—)\zo, x €
2
77Vm-V:Oanqu-1/:0, x € 0
/mdx:l and /udx:O.
Q Q
Theorem:

There exists a unique solution (m, u, \) to the MFG system.
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Idea of the proof

_2 -2 - L .
Introduce Z = er 2" dx, then m = %e 22" and finding a MFG solution is equivalent

to finding a unique solution (u, X, Z) € [C2(2) N C* (Q)] x R x(0, 0) to
ue C2(Q)nct(Q)

2 2 1 2

—%V2u+@—h<x,ze_azu) +A=0, x€Q

—Vu-v=0, xe€dN

2

/le_azudle, and /udx:0.
aZ Q
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Specific example with quadratic potential and logarithmic congestion: ?

h(x, m) = Bx? + log m, with 8 < 0.

Then the stationary MFG on the real line
2
9" 2
—aXXerax (moxu) =0, xE€R,
0,
|X2u| + log m + x> +—8§Xu+)\_0 x€R,

with [ m dx =1 has the explicit solution

m(x) = (;)1/2 efaxz, u(x) = bx? and \ = log <g> —o?b,

Stationary BRS:

2
Ox (mOx(log m + ,8x2)) + %éfxm =0, x€eR

28,2

. .. . 23 /R = 5 X
with [, m dx =1 has the explicit solution m(x) = (m> e (0%

?Gomes, Pimentel and Voskanyan, Springer Briefs in Mathematics, 2016; Gueant, J. Math. Pures Appl. 92, 2009
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Comparison:

For o > 0, the stationary distributions of the MFG system and the BRS are given by normal
distributions, with mean 0 and variances a; and ap respectively, where
ot 2402

- dap=""2
—2+2(l 2B T Tap

Then, for fixed 8 > 0

. az X ax 1
lim — =1and |m —=——r.
020 a1 0200 a1 (2,3)1/2
While, for fixed o > 0
2 2
im 2 =142 and I|m (2ﬁ)1/2 S +2a
L B—0 a1 al g J
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Simulation results
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Trapped in wells:
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Trapped in wells:
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Trapped in wells:
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Trapped in wells:
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Conclusions:

Comparison of stationary (MFG) and (BRS): first insights in concrete example, but no
general statements.

Dynamics (MFG) vs. (BRS): to come....

Thank you very much for your attention !
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