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Introduction

m The Mean-Field Game (MFG) model:

m Coupling (a la Cournot) via endogenous price variable P
m Price related to the distribution of (states,controls).

— MFG of controls
= extended MFG, strongly coupled MFG...

m Topics:
m Existence (2nd order case)
m Duality
m Lagrangian approach (1st order case).
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Cournot equilibria

Consider N producers, buy some raw material on a market.

Quantity bought by producer i: v;

m Benefit resulting from v;: —L;i(v;)

m Unitary price of raw material: P = \U(Z, 1 Vi)
m Nash equilibrium: a vector v € RV such that

Vi € arg min {L Vi +\IJ(ZJ 1\/J)v,}
vieR

fori=1,...,N.

The producers do not take into account their contribution to the
equilibrium price P.
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Potential formulation

Assumptions:
m Ly,...,Ly are strongly convex
m V=V, with & convex

Potential formulation:
Let B: v e RN — B(v) = SN, Li(vi) + ®(N, vi). Then,

v € RN is a Nash equilibrium
< VLi(V) + w(z 1) =0=V,B(¥), Vi=1,.,N

<= V minimizes B.

Implies existence and uniqueness (B is strongly convex).

MFG model: a dynamic version with infinitely many agents. \
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MFG model

Coupled system:

( (i) —Ow—oAu+H(Vu+P)=0 (x,t) € Q,
(i) 0¢m —oAm+ div(vm) =0 (x,t) € Q,
(iii)  P(t) = W (fga v(x, t)m(x, t) dx) tel0,T], (MFGC)
(v) v=-=VH(NVu+P) (x,t) € Q,
(v)  m(x,0)=mo(x), u(x,T)=g(x) x€T
Unknowns: u(x, t) vglue. fur'1ct|on v(x,t) fegdback
m(x, t) distribution P(t) price
H Hamiltonian | W price function
Data: e .
mg initial distrib. | g terminal cost
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MFG of controls

m Equation (i): Hamilton-Jacobi-Bellman (HJB) equation.

Associated stochastic optimal control problem:

. T
u(x, t) = aeﬁQ(faT)E[ /t L(0s) + (P(s), ) ds + g(Xr)].

s.t.. dXs = asds + V2o dW;, X = x.

Xs stock at time s
as  bought/sold quantity
P(s) unitary price.

m Equation (ii): Fokker-Planck equation.
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MFG of controls

m Equation (iii): price relation.

P(t) = w( Jrav(x, )m(x, t) dx)

— Demand

m Equation (iv): optimal feedback law.

v(x,t) = =VH(Vu(x,t) + P(t)).

m Given m and u, the feedback v cannot be recovered in an
explicit fashion — MFG of controls'.

m Equilibrium problem for each time t (involving P and v).

!Graber & Bensoussan '15, Gomes & Voskanyan '16, Cardaliaguet &
Lehalle '18, Kobeissi '19, Graber, Ignazio & Neufeld '20,...



Model
000®00

An example

An idealized model from electrical engineering?:
Large population of storage devices
State variable x € (0,2): State-of-charge

|
|
m Control a: Relative loading speed
m Reference demand Dief(t)

|

Price function:
P(t) = BDrei(t), Drel(t) = Dref(t) + f02v(x, t)ym(x, t) dx

Cost: L(a) = 102, g(x) = —BDresx
Deterministic dynamics: 0 =0

2Couillet et al. '12, De Paola et al. '16, Alasseur, Ben Tahar & Matoussi
'20, Gomes & Saude '20
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Figure: Equilibrium results § = 0.25 (small coupling)
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Functional framework

Given a € (0,1) and X = [0, T], X = T, or X = Q,
Ct(X) :={u e C(X)|3C >0, Vx,y € X,
ID7u(y) = D'u(x)|| < Clly = x[I%, Vi <Jj}
Cxe/2(Q) :={ue C(Q)|3C >0, Vx,y € X,
u(e, 1) — u(a, 0)] < C(lbe —x|* + |2 — ta|*/?) }
c2rottel2(Q) :=={u € C**/2(Q)|deu € C*/*(Q),
Vue C*%(Q), Viu e C**/2(Q)}.

We fix p > d 4+ 2 and define the Sobolev space
W2LP(Q) := LP(0, T; W2P(Q)) N WHP(Q).

Embedding: ||u||Ca(Q) + ||VU||Ca(Q) S CHUHWZ’LP(Q)-
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Assumptions

Monotonicity assumptions:
m V=V, where ¢ is convex

m L is strongly convex.

Growth assumptions:
m L(v) < C(1+v?)
m V(z) < C(1+ ||z]).

Regularity assumptions:
mHe Cz(Rd), H, VH, V?H are locally Holder continuous
m V is locally Holder continuous
m mg € C>T(T9), g € C?>T(T9)
m mo € Dy(T9) := {h € L°(T?) | h >0, [ps h(x)dx =1}
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Auxiliary mappings

We analyse (iii) and (iv) to eliminate v and P from (MFGC).

Lemma

For all m € D1(T?), for all w € L°(T?,RY), there exists a unique
pair (v, P) = (v(m, w),P(m,w)) € L=(T9 RY) x RY such that

(%)

{ v(x) = —VH(w(x)+P), VYxeT?,
P= W([rav(x)m(x)dx).

Elements of proof. If m > 0, then (v, P) satisfies () if and only if
v minimizes the following convex functional:

4

J(v): v = & [rav(x)m(x) dx) +/1rd (L(v(x))+{w(x), v(x))) m(x) dx,

which possesses a unique minimizer.
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Auxiliary mappings

Reduced coupled system:

—0ru—oAu+ H(Vu+P(m(-,t),Vu(-,t))) = 0,
Orm — o Am + div(v(m(-, t), Vu(-, t))m) = 0,
u(x, T) =g(x), m(x,0) = mo(x).
(MFGC")

Lemma (Stability lemma)

Let R >0, let m; and mo € D1(T9), let wy and wy € L%°(T9, RY)
with [|wi| oo (1e rey < R. There exists C > 0 and a € (0, 1),
depending on R only such that

[P(m2, wa) — P(my, wi)|
< C(lwe — wallfoc gy + lm2 — mu 13 ).

Idea of proof: stability analysis for convex optimization problems.
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Potential formulation

Consider the cost function B: W?1P(Q) x L=(Q) — R,

(m,v) // m(x, t)dxdt+/Td g(x)m(x, T)dx
+/ & ([rav(x, t)m(x, t) dx) dt.

Lemma
Let (&, m,v,P) € W2LP(Q)% x L®(Q,RY) x L=(0, T;R¥) be a
solution to (MFGC). Then, (m, V) is a solution to:

|

Orm — o Am + div(vm) = 0,
m(x,0) = mo(x).
(P)

min ~ B(m,v) s.t.: {

meW?LP(Q)
veL®(Q,RK)

V.
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Result and approach

There exists a classical solution to (MFGC) with

= C2+a,1+a/2(o)’ m e C2+a71+o¢/2(Q)7
v e CYQ),Dgv e CHQ), PeC0,T).

Theorem (Leray-Schauder)

Let X be a Banach space and let T: X x [0,1] — X satisfy:
T is a continuous and compact mapping,
x e X, T(x,0) =X for all x € X,
3C >0, VY(x,7) € X x [0,1],

T(x,7)=x= ||x||x < C.

Then, there exists x € X such that T (x,1) = x.
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Construction of T

Let X = (W21P(Q))?. For (u,m,7) € X x [0,1],
(i, m) = T(u,m,7) € W2LP(Q)? where:
m (i is the solution to
—0¢ldl — o Ad+TH(Vu+ P(p(m),Vu)) = 0,
i(T,x) = 7g(x),

m M is the solution

{ Oe — o A + rdiv(v(p(m), Vu)m) = 0,
m(x,0) = mg(x),

Here p: L>°(T9) — D;(T9) is a kind of regular projection operator
(p(m) = m for m € Dy).



Existence result
[e]e] Yolole}

Parabolic estimates

Consider the parabolic equation:

Otu —oAu+ (b,Vu)+ cu= h, (x,t) € Q,
u(x,0) = wp(x), x €T

Assume that ug € C2+(T9).

Assume that b € LP(Q), c € LP(Q), and h € LP(Q).
Then, u € W2LP(Q), u € C*(Q), and Vu € C%(Q).
Assume that b € CPP8/2(Q), c € CPP/2(Q), and
he CAA2(Q).
Then, u € C2+‘”’1+0‘/2(Q).
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Regularity of T

The mapping T is continuous.

For all R > 0, there exist C > 0 and « € (0, 1] such that for
all (u,m) € W2LP(Q) and for all T € [0, 1],

lullware(@) + Imllwzip@) < R
— Hlj”c2+a,1+a/2(Q) + ’lm“c(2+a,1+a/2(o) S C.7

where (i, m) = T (u, m, 7).

Consequence: T is compact, by the theorem of Arzela-Ascoli.
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Estimates for fixed points

There exist C > 0 and « € (0,1) such that for all
(u,m,7) € X x [0, 1] satisfying (u, m) = T (u, m,7), we have

||U||C2+a,1+a/2(0) S C, ||m||c2+a,1+a/2(Q) S C,
IVlica(@) + IDxVlca(@) < €, [IPllcaqo,m) < €,

where P = P(m,Vu) and v = v(m,Vu).

Proof. For 7 = 1. The pair (m, v) is a solution to (P). Thus,
C// [v(x, t)||>m(x, t)dxdt — C < B(m,v) < B(mg, v = 0) < C.
Q
Thus,

.
HPH%Z(O,T) < C(l—i—/ ||devmdx||2dt) < C(l—i—// Hv||2mdxdt) <C.
0 Q
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Estimates for fixed points

u,Vu e L*(Q)

u value function of opt. control pb.

P e L=(0, T;R¥)

Stability lemma

H(Vu+ P) € L=(Q)

Regularity of H

u e Wr(Q) HJB: parabolic eq. with LP coeff.
v € L>(Q,RY) Stability lemma

Dyv e [P(Q,R¥*9) | Dov = —V2H(Vu + P)V2u

m € W2LP(Q) FP: parabolic eq. with LP coeff.
Pe C*Q) Stability lemma

H(Vu+ P) e C*(Q)
ue C2+a,1+a/2(Q)

Regularity of H
HJB: parabolic eq. with Holder coeff.

v,Dyv € C¥(Q)

Stability lemma

me C*Q)

FP: parabolic eq. with Holder coeff.
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Convexity of the potential problem

Reformulate the potential problem:
m Change of variable (m,v) — (m, w) := (m, mv).
m New variable A and new constraint
A(t) = [pa v(x, t)m(x, t)dx = [1q w(x, t)dx.

Yields an equivalent problem:

T
min // mdxdt—i—/ gm(-,T)dx+/ O(A(t))dt
(m,w,A) Td 0

Orm — o Am+div(w) = 0,
s.t.: m(x,0) = mg(x),
A(t) = [pa w(x, t)dx.

with convex cost function and affine constraints.
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Duality

Consider the following criterion:

-
D(u,P) = —/ u(x, 0)mg(x) dx — / o*(P(t))dt,

Td 0
for u € W2LP(Q) and P € L°°(0, T), and the dual problem:

—0uy —oAu+ H(Vu+ P) = 0,
u(x, T) = g(x).

sup  D(u,P), s.t
uEW2L(Q)
PeL>(0,T)

For all solutions (i, m, v, P) to (MFGC), the pair (i, P) is a
solution to the dual problem.




Duality

Proof. Let (u, P) be feasible.

/ u(x,0)mg(x) dx — / u(x, TYm(x, T)dx

//3umdxdt // udymdxdt
// (cAu— H(Vu+ P))mdxdt — // (cAm—div(vm))dxdt
// + (Vu+ P,v))mdxdt — / (Vu,vymdxdt
// mdxdt

Therefore,

/w u(x,o)mo(x)dx</ m(x, T) dx+// L(V) ))mdxdt.



Duality
oooe

Duality

We also have:

T

_/OT¢*(P(t))dt< —/OT<P(t)7de\7r71dx>+/o & (fravm)dt.

Therefore,

D(u,P) < //Q L(V)ﬁ?dxdt+/1rdg(x)r71(x, T)dx-l—/OTdJ(deVrﬁ)dt

= B(v, ).

Equality is reached for (u, P) = (&, P). O

Allows use of dual methods for numerical resolution3. \

3Benamou, Carlier, Santambrogio '17.
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Deterministic optimal control

m Let [ = H(0, T;R"). Given x € R? and P € L*>(0, T;R"),
the representative agent solves:

;

min [ LOG.(60) + (P(2)3(2) de + g4(T)).
Vel (0)=x Jo

Set of optimal trajectories: '] [x].

m Lagrangian formulation*: description of equilibrium via a
probability measure n on I'. Consider

Py = {n e PO [Inllran(2) < 0. et = mo}.

where ey: v € T — eg(y) = 7(0).

“Benamou, Carlier & Santambrogio '17, Cannarsa & Capuani '18.
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MFG equilibrium

m Given 1 € Py, define the price
P"(t) = W(A(t)), forae. te(0,T), where:

= /rﬁdn(fy) € L(0, T;R").

Definition

We call MFG equilibrium any 7 € Pp,, such that

n€ E(n) == {f € Pm

supp() C UXER”rZ)nt[X]}'

Difficulties:
m Here P7 € L°°, thus optimal trajectories have low regularity.

m Kakutani's fixed point theorem does not apply to n € E(n)
— lack of compactness.



Lagrangian formulation
00®000

Extended equilibria

m Key idea: consider the adjoints of the representative
agents®. Given x and P, for any v € Ffpt[x], let p be the
solution to

—p(t) = VL(¥(t),9(t)),  p(T)=Veg((T)). (%)
We define
Pl = { (7, ) € Tul] X T | (7, p) satisfies (+) |
m Consider

Py = {r € PO 0| [ Il dn(s.p) < cx. @t = mo}.

where &: (v,p) € T x T +— eo(y, p) = 7(0).

®Gomes & Voskanyan, '16
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Extended equilibria

m Appropriate definition of the price via an auxiliary mapping;:
Pr=P(t,uf), pt = étr,
where &: (7, p) — (7(t), p(t)). Now P is Holder!

We call extended MFG equilibrium any « € 75m0 such that

k€ E(k) := {/% € Pmo

supp(%) € Unenl opul] }-

v
Theorem

There exists an extended MFG equilibrium . Moreover, its first
marginal is an MFG equilibrium.
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