A short course on Mean field games and Mean field control
problems

Pierre Cardaliaguet!

January 15, 2025

LCEREMADE, UMR CNRS 7534, Université de PARIS DAUPHINE-PSL, Place du Maréchal De Lattre De
Tassigny 75775 PARIS CEDEX 16 - FRANCE. e-mail : cardaliaguet@ceremade.dauphine.fr






Contents

|2

An appetizer: Nonatomic games|

[2.1 Nash equilibria in classical differential games| . . . . . ... ... ... ... ... ... ..

2.2 mmetric functions of many variables| . . . . ... ... 0o 0oL
2.3 Limits of Nash equilibria In pure StTategies] . . . . . . . o v v v v v v e e e
2.4 Limit of Nash equilibria in mixed strategies| . . . . . . . . .. . .. .. ... ... ... .
2.5 A uniqueness result|. . . . ... L oL e
2.6  Example: potential games| . . . . . . .. Lo

[3.1 Om the space of measures| . . . .. ... ... ... ... ...
BI1 _The Wasserstein distaniCesl . . « « « v v v v v v o e e e e
3.1.2 Duality| . . . . . o e e e e
[3.1.3  Characterization through random variables.| . . . . . . . ... ... ... ... ...
[3.1.4  Symmetric functions of many variables[. . . . . . .. .. 0oL
[3.1.5 The Glivenko-Cantelli law of large numbers| . . . . . . .. ... ... ... ... ..
BI6 Furtherreading]. . . . . . . . . .. ..

[3-27 Dynamics of Jlarge particle SyStems| . . . . . . . o v v i
[3.2.1  Deterministic particle systems|. . . . . . . . . ... Lo
[3.2.2  Stochastic particle systems| . . . . .. ..o oo
[3.2.3  The well-posedness of the McKean-Vlasov equation.| . . . . . .. ... ... .. ..
B24 Themean fieldTimitl . . . . . . . ... Lo L
[3.2.5  Further reading|. . . . . . ... ... ...

B3 Optimal controll . . . . . . . . . . .
[3.3.1 The controlled problem| . . . . . ... ... ... o
[3.3.2  Dynamic programming and the verification Theorem|. . . . . . . . ... ... ...

[3.3.4  Further reading|. . . . . . . . . ..

Mean field control problems|

4.1 Statement of the problem and main result| . . . . . . ... ... ... ... ... ... ..
4.2 An elementary exemple] . . . . ... oo oL
M3 Proofof the exisfence of a minimized . . . . . . . . ... ... ... ... L.
4.4 Optimality conditions: case of classical solutions| . . . .. .. ... .. ... ... .. ...
4.5 Optimality conditions: case of general solutions| . . . . .. ... ... ... ....... ..
4.6 (Sketch of) proof of the sufficient conditions| . . . . . .. .. ... Lo Lo

15
15
15
18
18
19
20
21
21
21
23
24
25
26
26
26
27
29
30



[F The second order MFQG systems| 43
b.1  Description of the system| . . . . . . . . .. L 43

43

1. 46

5.2 nalysis of a second order quadratic MFG|. . . . . . . ..o o000 48
[5.2.1  On the Fokker-Planck equation| . . . . . . . .. ... .. .. ... ... 49

0.2.2  Proof of the existence Theorem| . . . . . . . . .. ... ... ... 51

5.2.3  Uniqueness| . . . . . . . . e e 52

B24 Potentlal MEGHE . . o o o ottt e e e 53

[5.2.5  Application to games with finitely many players| . . . . ... .. ... ... .. .. 55
............................................. 57
[6_Differentiability of maps on the Wasserstein space| 59
6.1 The various notions of derivatives! 59

59

[6.1.2 W —differentiability]. . . . . . . . ..o 61

[6.1.3  Link with the L— derivativel. . . . . . . . . . .. ... . 62

6.1.4 Higher order derivatives| . . . . . . . . . . . . .. 64

6.1.5  T0 g0 TUTTRCI] . . . . v v e e o e e e 64

[6.2 Calculus on the Wassersteln Space]l . . . . . . v v v v v v i i e e e e e 65
[6.2.1  Optimality conditions| . . . . . . . . . ... Lo 65

[6.2.2  Projection over finite dimensional spaces|. . . . . . . . . ... ... L. 66

623 Ttd'sformulal . . . . . . . . . . 67

|7 The master equation| 69
[7.1 The first order Master equation| . . . . . . . . . . .. ... Lo o 69
7.2 An elementary problem with common noise| . . . . . . . ... ... ... ... ... 71
F3Commentl . . . . . o oot 72

|8 The Hamilton-Jacobi equation| 73
8.1 e value function and its associate equation| . . . . . ... 73
[8.1.1  Dynamic programming|. . . . . . . . . . . .0 e e e 73

8.1.2  Verification Theoreml. . . . . . . . . . . . . . .. 74

[8.1.3 Mean field limit in the smooth casel. . . . . . . .. ... ... .. ... .. ..... 75

8.2 Problems with no diffusionl . . . . . . . . . . ... 76
[8.2.1 Mean field limit: a direct proof] . . . . . . ... ... oo oo 76

3.2.2 ome variational principle] . . . . . . . . . ... 78

[R:2.3 Viscosity solutions in terms of L-derivatives| . . . . . . . . v v v v v v v i 80

[8.2.4  Mean field imit: proot by viscosity solutions] . . . . .. ... .. ... ... ... . 83

8.3 Further reading| . . . . . . . . . L 85

19 Bibliography| 87




Chapter 1

Introduction

Mean field game theory is devoted to the analysis of differential games with infinitely many players. For
such large population dynamic games, it is unrealistic for a player to collect detailed state information
about all other players. Fortunately this impossible task is useless: mean field game theory explains that
one just needs to implement strategies based on the distribution of the other players. Such a strong
simplification is well documented in the (static) game community since the seminal works of Aumann [4].
However, for differential games, this idea has been considered only very recently: the starting point is a
series of papers by Lasry and Lions [44] [45] [46], who introduced the terminology in around 2005. The
term mean field comes for an analogy with the mean field models in mathematical physics, which analyse
the behavior of many identical particles (see for instance Sznitman’s notes [59]). Here the particules
are replaced by agents or players, whence the name of mean field games. Lions’ ideas have been largely
developed during his lectures at the College de France, available online. Related ideas have been developed
independently, and at about the same time, by Caines, Huang and Malhamé [37, B8] [39] [40], under the
name of Nash certainty equivalence principle. This analysis led also to a renewal of the interest of mean
field control, in which a global planer aims at controlling a system made of a large number of particles.

This text aims at a short (and very incomplete) presentation of mean field games and mean field
control problems, as self-contained as possible. Besides the papers already quoted, the main and central
reference on these topics is the monograph by Carmona and Delarue [14].






Chapter 2

An appetizer: Nonatomic games

Before starting the analysis of differential games with a large number of players, it is not uninteresting
to have a look at this question for classical (one-shot) games.

The general framework is the following: let N be a (large) number of players. We assume that the
players are symmetric. In particular, the set of strategies @ is the same for all players. We denote by
FN = FN(xy,...,7x) the payoff (= the cost) of player i € {1,..., N}. Our symmetry assumption means
that

Fﬁi)(xa(l)’ . ,.%U(N)) = Fi($1, ey :vN)
for all permutation o on {1,..., N}. We consider Nash equilibria for this game and want to analyze their
behavior as N — +o0.

For this we first recall the notion of Nash equilibria for one shot games. In order to proceed with
the analysis of large population games, we describe next the limit of maps of many variable. Then we
explain the limit, as the number of players tends to infinity, of Nash equilibria in pure, and then in
mixed, strategies. We finally discuss the uniqueness of the solution of the limit equation and present
some examples.

2.1 Nash equilibria in classical differential games

In this section, we introduce the notion of Nash equilibria in one-shot games.
Let S1,...,SN be compact metric spaces, Ji, ..., Jy be continuous real valued functions on Hfil S;.

Definition 2.1.1. A Nash equilibrium in pure strategies is a N—tuple (51,...,8n) € Hf\il S; such that,
foranyi=1,...,N,
Ji(§1;~~7§N) <J; (Sia(gj)j;éi) Vs; €.5; .

Unfortunately Nash equilibria in pure strategies seldom exist and we have to introduce the notion of
mixed strategies. For this we denote by P(S;) the compact metric space of all Borel probability measures
defined on S;.

Definition 2.1.2. A Nash equilibrium in mized strategies is a N—tuple (71,...,7nN) € Hfil P(S;) such
that, for anyi=1,..., N,

(2.1) Ji(ﬁ'l,...,ﬁ'N) < J; ((ﬁ'j)j#iaﬂ-i) Y, EP(Sl) .

where by abuse of notation

By i) = [ Ji(51- -y sn)dmy(s1) . dmn (sw) -
Sl><~~' SN

Remark 2.1.3. Note that condition (2.1]) is equivalent to
Ji(ﬁ'l,...,ﬁ'N> < J; ((ﬁj)j#,si) Vs; €5 .

This later characterization is very convenient and used throughout the notes.
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Theorem 2.1.4 (Nash (1950), Glicksberg (1952)). Under the above assumptions, there exists at least
one equilibrium point in mized strategies.

Proof. Tt is a straightforward application of Fan’s fixed point Theorem [29]: let X be a non-empty,
compact and convex subset of a locally convex topological vector space. Let ¢ : X — 2% be an upper
semicontinuous set-valued map such that ¢(x) is non-empty, compact and convex for all z € X. Then ¢
has a fixed point: 37 € X with € ¢(Z).

Let us recall that the upper semicontinuity of set-valued function ¢ : X — 2% means that, for every
open set W C X, the set {x € X, ¢(x) "W} is open in X.

Let us set X = vazl P(S;) and let us consider the best response map R; : X — P(S;) of player i
defined by

Rel()ym...0) = {1 € PIS) L I(m)pwer) = it I(m)5507) )

Then the map ¢((7;)j=1,..n) = Hf\il Ri((mj)j=1,...,n) is upper semicontinuous with non-empty, compact
and convex values. Therefore it has a fixed point, which is a Nash equilibrium. O

We now consider the case where the game is symmetric. Namely, we assume that, for alli € {1,..., N},
S; =S and Ji(s1,...,58) = Jo(s,)(S0(1), - - - » Se(vy) for all and all permutation 6 on {1,..., N}.

Theorem 2.1.5 (Symmetric games). If the game is symmetric, then there is an equilibrium of the form
(7,...,7), where T € P(S) is a mized strategy.

Proof. Let X = P(S) and R : X — 2% be the set-valued map defined by

R(n) = {JGX, Jiloym,...,m) = mir)l{Ji(O'/,’iT,...,’/T)} .
o’'e

Then R is upper semicontinuous with nonempty convex compact values. By Fan’s fixed point Theorem,
it has a fixed point 7 and, from the symmetry of the game, the N—tuple (7,...,7) is a Nash equilibrium.
O

2.2 Symmetric functions of many variables
Let @ be a compact metric space and uy : QY — R be a symmetric function:
un(T1, .., TN) = UN(To(1)s - - To(n)) for any permutation ¢ on {1,...,n}.

Our aim is to define a limit for the uy.
For this let us introduce the set P(Q) of Borel probability measures on (. This set is endowed with
the topology of weak-* convergence: a sequence (my) of P(Q) converges to m € P(Q) if

li]{fn/ng(ac)dmN(x) = /ng(x)dm(x) Ve € CY(Q) .

Let us recall that P(Q) is a compact metric space for this topology, which can be metrized by the distance
(often called the Kantorowich-Rubinstein distance)

di(p,v) = sup{/ fd(p —v) where f: @ — R is 1—Lipschitz continuous} .
Q

Other formulations for this distance will be given later (section [3.1]).
In order to show that the (uy) have a limit (at least up to a subsequence), we assume the following:

1. (Uniform bound) there is some C' > 0 with

(2.2) [unllp=(q) <C

8



2. (Uniform continuity) there is a modulus of continuity w independent of n such that
(2.3) lun (X) —un(Y)] <w(di(m¥,md)) VX, Y e N, VN €N,

where my = 4 Zivzl 6z, and my = & ZZI\; Oy, it X = (z1,...,2n) and Y = (y1,...,yn).
Theorem 2.2.1. If the uyn are symmetric and satisfy and , then there is a subsequence (up, )
of (un) and a continuous map U : P(Q) — R such that

li X)—Umy*)|=0.
Wm, b, Jun, (X) = U(my")]

Proof of Theorem[2.2-1. Without loss of generality we can assume that the modulus w is concave. Let
us define the sequence of maps UV : P(Q) — R by

U™ (m) :XianN {uN(X)er(dl(m%,m))} Ym € P(Q) .
€
Then, by condition (2.3), UM (m%) = un(X) for any X € QV. Let us show that the UV have w for
modulus of continuity on P(Q): indeed, if m1,ms € P(Q) and if X € Q¥ is e—optimal in the definition
of UM (msy), then
U™ (m) un (X) +w(di(m¥,m1))

UM (ms) + € + w(di (my, m2) + di(m1, m2)) — w(di(m¥, m2))
UN(’ITLQ) + w(dl(mh mg)) +e

INININ

because w is concave. Hence the U™V are equicontinuous on the compact set P(Q) and uniformly bounded.
We complete the proof thanks to Ascoli Theorem. O

Remark 2.2.2. Some uniform continuity condition is needed: for instance if @) is a compact subset of
R? and uy (X) = max; ;| then uy “converges” to U(m) = SUp,e gps(m) 4| Which is not continuous. Of
course the convergence is not uniform.

Remark 2.2.3. If Q is a compact subset of some finite dimensional space R%, a typical condition which
ensures ([2.3) is the existence of a constant C > 0, independent of N, such that

C
sup || Dz un]|co < N VN .
i=1,.,N

2.3 Limits of Nash equilibria in pure strategies

Let @ be a compact metric space and P(Q) be the set of Borel probability measures on Q.

We consider a one-shot game with a large number N of players. Our main assumption is that the
payofts FN, ..., F ]]\\/ of the players are symmetric. In particular, under suitable bounds and uniform
continuity, we know from Theorem that the FV have a limit, which has the form F(z,m) (the
dependence on z is here to keep track of the fact of the dependence in i of the function FV). So the payoffs
of the players are very close to payoffs of the form F(zq, ﬁ ijz 0z;), -+ Fln, ﬁ ngN—l Oz;)-

In order to keep the presentation as simple as possible, we suppose that the payoffs have already
this form. That is, we suppose that there is a continuous map F : Q x P(Q) — R such that, for any
1e{l,...,N}

1
FiN(l‘l,...,.TN):F x“ﬁzéa% V(Il,...,QZN)GQN.
J#i
Let us recall that a Nash equilibrium for the game (F}Y,..., FY) is an element (z¥',...,z%) € QV such
that
EN@Y, . 2N Ly T, an) > FN@EY, . 2N) Y eqQ.
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We set

N
_ ) ) 1
XN =(zV,...,zV) and mgN:N;dﬂv.

Theorem 2.3.1. Assume that, for any N, XN = (zVV, ... ,i%) is a Nash equilibrium in pure strategies
for the game F{N,. .. ,FJ{\/. Then up to a subsequence, the sequence of measures (m%N) converges to a
measure m € P(Q) such that

(2.4) /QF(y,m)dm(y) = inf /QF(y,m)dm(y) )

meP(Q)

Remark 2.3.2. The “mean field equation” (2.4)) is equivalent to saying that the support of m is con-
tained in the set of minima of F(y,m).

Indeed, if Sptm C arg — min, o F'(y,m), then clearly m satisfies (2.4). Conversely, if (2.4) holds, then
choosing m = &, shows that fQ F(y,m)dm(y) < F(x,m) for any x € Q. Therefore fQ Fly,m)dm(y) <
mingeq F(z,m), which implies that m is supported in arg — min, ¢ F'(y, m).

Remark 2.3.3. The result is not completely satisfying because it requires the existence of Nash equilibria
in the N —player game, which does not always hold. However there always exists Nash equilibria in mixed

strategies, i.e., when the player are allowed to randomize their behavior by playing strategies in P(Q)
instead of Q). We discuss this point below.

Proof. Without loss of generality we can assume that the sequence (m% ~) converges to some m. Let us
check that m satisfies (2.4)).
For this we note that, by definition, the measure §;~ is a minimum of the problem

1
inf Fy, —— dzn)d .
it [ PO Y imG)
J#i
Since
1 N 2
| Fop iy | <y
J#i
and since F' is uniformly continuous, the measure ¢~ is also e—optimal for the problem

inf F(y,m%\)dm
mEP(Q)/Q (y, mx~)dm(y)

as soon as N is sufficiently large. By linearity, so is m% N

/F(y,m%N)dmgN(y) < inf /F(@m%lv)dm(y)—i—e.
Q meP(Q) Jo

Letting N — +oo gives the result. O

2.4 Limit of Nash equilibria in mixed strategies

We now assume that the players play the same game F{¥, ..., F{ as before, but there are allowed to play
in mized strategies, i.e., they minimize over elements of P(Q) instead of minimizing over elements of @
(which are now viewed as pure strategies). If the players play the mixed strategies m1,...,7n € P(Q),
then the outcome of Player i (still denoted, by abuse of notation, F%;) is

1
(2.5) FiN(wl,...,wN):/NF g;N_lgém dmy(21) ... drn(zN) .
J7
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Let us recall that the notion of Nash equilibria in mixed strategies is defined in Definition and that
we explained in Theorem [2.1.5] that symmetric Nash equilibria do exists.

Theorem 2.4.1. We assume that F is Lipschitz continuous. Let, for any N, (zV,...,7N) be a sym-
metric Nash equilibrium in mized strategies for the game FN, ... FY. Then, up to a subsequence, (")

converges to a measure m satisfying .

Remark 2.4.2. In particular the above Theorem proves the existence of a solution to the “mean field

equation” ([2.4).

Proof. Let m be a limit, up to subsequences, of the (7). Since the map z; — F(y, v > ji Ox;) 18
Lip(F)/(N — 1)—Lipschitz continuous, we have, by definition of the distance dj,

1 N 1 ]
(26) /N—l F(yvmz(swj)ndﬂ- (Z‘]) —/QNl F(y7mzéwj)l_[dm('r])
J#i J#i J#i J#i
< Lip(F)dy (7Y, m)  VYyeQ.
A direct application of the law of large numbers (see Theorem below) gives
. 1 _ _
(2.7) Nl_lg_loo o1 F(y, N_1 ; 5mj)gdm(xj) = F(y,m),

where the convergence is uniform with respect to y € @ thanks to the (Lipschitz) continuity of F. Since
(m1,...,7n) is a Nash equilibrium, inequality (2.6)) implies that, for any e > 0 and if we choose N large
enough,

1 _ _ 1 _
J#i J#i JF#i J#
for any m € P(Q). Letting N — 400 on both sides of the inequality gives, in view of (2.7)),

/ F(x;,m)dm(z;) < / F(z;,m)dm(z;)+e  YmePQ),
Q Q
which gives the result, since € is arbitrary. (]

We can also investigate the converse statement: suppose that a measure m satisfying the equilibrium
condition (2.4)) is given. In what extend can it be used in N —player games?

Theorem 2.4.3. Let F be as in Theorem [2.].1 For any € > 0, there exists No € N* such that, if
N > Ny, the symmetric mized strategy m,-,m) is e—optimal in the N—player game with costs (FN)
defined by (2.5). Namely,
Proof. Indeed, as explained in the proof of Theorem [2:4.1] we have

] N . M) s ) — 27

NETM F (x4, (1) j:) = F(x;,m)
and this limit holds uniformly with respect to x; € Q. So we can find Ny such that
(2.8) sup |FN (x5, (M) j2i) — F(x,m)| < €/2 VN > Np.
Q

X4

Then, for any z; € @, we have
Q

where the last inequality comes from the equilibrium condition (2.4) on m. Using again (2.8)) we finally
get

EN(QSH (ﬁl)j?gl) Z / F(yl, m)dm(yz) — 6/2 Z EN(T?L7 [N ,’ﬁ’L) — €.
Q

11



2.5 A uniqueness result

One obtains the full convergence of the measure m%N (or V) if there is a unique measure m satisfying

the condition (2.4]). This is the case under the following (very strong) assumption:

M)

Proposition 2.5.1. Assume that F' satisfies
(29) [ (Fm) = Flg.ma)d(ms —ma)@) >0 Yy £ ma.
Q

Then there is at most one measure satisfying .

Remark 2.5.2. Requiring at the same time the continuity of F' and the above monotonicity condition
seems rather restrictive for applications.

Condition is more easily fulfilled for mapping defined on strict subsets of P(Q). For instance, if
Q is a compact subset of R? of positive measure and P,.(Q) is the set of absolutely continuous measures
on @ (absolutely continuous with respect to the Lebesgue measure), then

F(y,m) = { G(m(y)) if m € Pue(Q)

+00 otherwise

satisfies as soon as G : R — R is continuous and increasing.
If we assume that @ is the closure of some smooth open bounded subset  of R, another example is
given by
F@mw_{umw if m € Pac(Q) N 17(Q)

1 4o otherwise

where u,, is the solution in H'(Q) of

AU, =m in
U, = 0 on 0f)

Note that in this case the map y — F'(y, m) is continuous.
Proof of Proposition[2.5.1] Let mq,ms satisfying (2.4]). Then

/meM%MS/meMm@
Q

Q
and
/ F(y,ma)dma(y) < / F(y,m2)dmi(y) .
Q Q
Therefore
[ (Fms) = Flyomadtim - m)) <0,
Q
which implies that m; = ms thanks to assumption (2.9)). |

2.6 Example: potential games

We now consider a class of nonatomic games for which the equilibria can be reached by minimizing a
functional. To fix the idea, we now assume that Q C RY. The heuristic idea is that, if F(x,m) can
somehow be represented as the derivative of some mapping ®(z,m) with respect to the m—variable, and
if the problem

inf / O(z,m)dx
meP(Q) Jq

12



has a minimum m, then

/Qq)’(x,m)(mm) >0 Ym € P(Q) .

So

/QF(;mm)dm > /QF(as7m)dm Vm e P(Q) ,

which shows that m is an equilibrium.
For instance let us assume that

| V(@)m(z) + G(m(x)) if m e Pue(Q)
Fz,m) = { 400 otherwise

where V' : @ — R is continuous and G : (0,+00) — R is continuous, strictly increasing, with G(0) = 0
and G(s) > cs for some ¢ > 0. Then let

O(xz,m) =V(z)m(x) + H(m(x)) if m is a.c.

where H is a primitive of G with H(0) = 0. Note that G is strictly convex with G(s) > §s® — ds. Hence
the problem

meg}i(Q)/QV(x)m(x) + H(m(z)) dx

has a unique solution m € L?(Q). Then we have, for any m € Pu.(Q),

/ (V(@) + G(m(a)))m(z)de > / V(@) + Glin(x))m(z)dz
Q

Q

so that /m satisfies (a slightly modified version of) the mean field equation (2.4). In particular, we have
V(z)+ G(m(z)) = min, V(y) + G(m(y)) for any « € Spt(m). Let us set A = min, V(y) +G(m(y)). Then

m(z) = G7H(A = V(2))+)
For instance, if we plug formally Q = R?, V(x) = % and G(s) = log(s) into the above equality, we get
m(x) = e 1#1°/2 ) (27)4/2,

2.7 Comments

There is a huge literature on games with a continuum of players, starting from the seminal work by
Aumann [4]. Schmeidler [56], and then Mas-Colell [49], introduced a notion of non-cooperative equilibrium
in games with a continuum of agents and established several existence results in a much more general
framework where the agents have types, i.e., personal characteristics; in that set-up, the equilibria are
known under the name of Cournot-Nash equilibria. Blanchet and Carlier [8] investigated classes of
problems in which such equilibrium is unique and can be fully characterized.

Theorem is borrowed from [48]. The variational approach described in sectionpresents strong
similarities with the potential games of Monderer and Shapley [50].

13
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Chapter 3

Preliminaries

In this section we give a crash course on the space of probability measures, mean field limits and optimal
control. As mean field control problems consist in a combination of these three topics, it is important to
have a hint on all these domains separately.

3.1 On the space of measures

3.1.1 The Wasserstein distances

Most results of this part are given without proof: we refer to the classical monographs by Villani [61], [62],
Ambrosio-Gigli-Savaré [3] and Santambrogio [55] for a general introduction.

We fix d € N, d > 1 and will work in R?. We denote by P(R?) the set of Borel probability measures
on R?. Let us recall that two Borel probability measures m and m’ on R? are equal if and only if

¢(z)m(dz) = | ¢(z)m/(dz) Vo € CP(RY),
R4 R4

where CP(R?) is the set of continuous and bounded maps on R?. We say that a sequence (m,,) of P(R%)
narrowly converges to a measure m € P(R?) if, for any test function ¢ € C (R?), we have

lim [ ¢(x)my,(dx) = o(z)m(dx).
n Rd Rd
Let us recall Prokhorov compactness criterium: a subset K of P(R) is relatively compact for the sequential
narrow convergence if and only if it is tight: for any € > 0 there exists a compact subset K of R? such
that
sup m(RN\K) < e.
HEK

Fix p > 1, we denote by P,(R?) the set measures m € P(R?) such that
/ |z|Pm(dz) < +o0.
X

We endow P,(X) with the Wasserstein distance: for any m1, ms € P,(R?),

1/p
d,(mi1,mg) = inf {/ |x1 — 22|Pm(day, dxs) ,
Rd xRd

H(m1 71‘!12)

where II(m;,ms2) is the set of Borel probability measures 7 on R? x R? with first and second marginals
are m; and my respectively, i.e., m(A x RY) = m;(A) and m(R? x A) = my(A) for any Borel set A C R
The set II(my,ms) is the set of couplings between my and my. We will mostly work with p = 1 and
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p = 2. Note that, by Cauchy-Schwartz inequality, d; < ds. Note finally that the set II(mq,m2) being
compact for the narrow convergence, there exists at least a minimizer for d,(mq,m2) (often called an
optimal transport plan).

Theorem 3.1.1. d,, is a distance on P,(R?) and, for any sequence (my,) of Pp(RY) and m € P,(RY),

My, — m narrowly

limdy(mp,m) =0 & { Jra lelPmn (da) = [oo |2|Pm(dz)

An example of explicit computation of the distance is the case of empirical measures. Fix N € N|
N >1 (N is seen as the number of particles). Givenx = (z',...,2") € (R)N, we set m¥ = % ZZ]\LI Os
Note that m%’ is a probability measure on R%. In fact, mL belongs to P,(R%) since

N
1 A
/Rd lz[PmY (dz) = N E |z < o0.
i=1

Proposition 3.1.2. Given x = (z!,...,2V),y = (y',...,y"V) € RHN

N 1/p
d,(m¥, mé,v) = Ueig(fN) (]1[ ; |2t — yo(i)|p> 7
where S(N) is the set of permutations over {1,..., N}.
Proof. Let us fix o € S(N) and define the coupling m € II(mZ', mY) by

y
1 N
= 7 2 St o):
i=1

Then
N

d”NN</ — y|Pr(dz, dy) —yo@D)p,
p(my,my) < Rdedlx ylPr(d, dy) Z |

Thus

N N J(i)
db(my ,my ) < aelng) N Z |zt — P.

Conversely, let 7 € II(m% s My N). As 7 has for marginals m’ and m respectively, its support is contained
in the set {(x%,y7), i,7 € {1,...,N}}. Thus

N N
1 . .
T= DY Mibys  withmy = Nr({(@',y))})

i=1 j=1

and

/Rd y | — y|P 7(dx,dy) = Zm”x — 7P,
X

Note that the matrix (m; ;) is bi-stochastic: its entries are non—negatlve and Zj, Ty = 9 M, = 1 for
any 14, j. Let us denote by My the set of such matrices. There is a one-to-one correspondance between
this set and IL(my, ml), so that

N N
Blmemy) =, }?efMNNZm,Az P

The set My is a compact convex subset of R2V and the criterium is linear: the infimum in the optimization

problem above is achieved at an extreme point (7; ;) of My. Birkhoff Theorem says extreme points of
My are permutations and thus 7; ; € {0,1} for any 4, j. This completes the proof. |
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We will repetitively use the following remark (see also Theorem below): if mq,ms € P,(RY) and
¢ : R4 — R is Lipschitz continuous with Lipschitz constant L, then

g ¢(x)(m1 — mz)(dx) < Ldp(mi, ma).

Indeed, for any coupling 7 € II(mq, ms),

[ ota)ms = ma) ) = /RdXRd(qs(xl) — ¢(w2))m(das, dza) < L/ (o1 — 2ol (day, dzs)

R4 xRd
1/p
<L {/ |z — x2|p7r(dx1,dx2)} .
R4 xRd

We conclude by taking the infimum over 7.

We will also repeatedly use the following compactness criterium:
Lemma 3.1.3. Let r > p and K C P,(R?) be such that
(3.1) sup/ |z|" p(dz) < +o0 .
pe JRd
Then K is relatively compact for the d,, distance.

Note that bounded subsets of P,(RY) are not relatively compact for the d,, distance. For instance, if
p = 1, the sequence of measures ., = ”T_léo + %571 converges narrowly to dg, but di (ptn,dp) = 1 for any
n>1.

Proof of Lemma[3.1.3 By (3.1] , the set K is tight. By Prokhorov Theorem, it is therefore relatively
compact for the narrow convergence. Let (m,,) be a sequence in K converging to a probability measure
m for the narrow convergence and let us check that (m,,) converges to m for d,: this will show that K
is relatively compact for the d, distance. For this it is enough to check that

lim/|x|pmn:/|x|pm.
n

Note that, by narrow convergence, for any M > 0,

1i£n/(|x|pAM)mn - /(|x|p/\M)m

hmmf/|x\pmn > suphm/ |z|P A M)m,, = sup/(|z|p A M)m /|x|pm

On the other hand, if C':= sup,,¢x Jga |z|" p(dz), then, for any M > 0,

‘/ (|z|P A M)m /|:U|pmn :/ (|z|P—M)my, §/ |x|Prmg, §/ — My < ——.
{Jz|>M1/7} {|z|>M1/P} M7 M

Thus

Thus

C
limsup/ |x|Pm, < limsup/(|x|p ANM)my + —— = /(|x|p ANM)m+ ——.
n n M M

P

As this holds for any M > 0, letting M — oo we find:

limsup/|x|pmn S/\J;V’m.
n

Whence the result. O
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3.1.2 Duality
We only sketch here—again without proof—this important aspect of optimal transport.
Theorem 3.1.4. Fizp > 1, m',m? € P,(R?). Then
dy(m',m?) = sup | ¢(wym!(dz) + | (@)m?(da)
¢7w Rd Rd

where the supremum is taken over all continuous, bounded maps ¢,v : R4 — R such that
¢(x) +o(y) <o -yl Vo,y e R

In particular, if p =1, then

di(m',m?) = sup o(x)(m" — m?)(de).
¢ 1—Lipschitz J R4

Heuristic explanation of Theorem [3.1.4 Let M(R??) be the set of Radon measures on R??.

1 2 :
dymt m?) = it [ o= ylPn(de.dy)

mell(m!,m?) Jr

— if s / (o — ylP — ¢(w) — v(y)) 7(da,dy) + [ ola)ym(dz) + [ (x)m?(da)
R2d Rd Rd

TEM(R*) ¢ yeCP (R)

w _n . _ _ _ 1 2
R S [ o= = ot = vl wida.d) + [ otam! (o) + | i(oymi(da)

- sup o(aym (de) + [ b(@)m?(dz).
¢, peCY(RY), |z—y|P—¢(x) = (y) >0 JRE R4

The justification of the “ =7 requires a careful application of the min-max theorem.
If p = 1, one can replace ¢(z) by sup, [z —y| —1(y) without changing the cost, so that we can assume

that ¢ is 1—Lipschitz continuous. Then we can replace ¥ (y) by
sup [z — y| — ¢(x) = =¥ (y) + sup(jz — y| — ¢(x) + ¢(y)) = —(y)

so that we can also assume that the supremum is taken over the pair (¢, —¢) with ¢ 1—Lipschitz contin-
uous. (]

3.1.3 Characterization through random variables.

We refer here to the monograph by Carmona-Delarue [15].

Let (2, F,P) be an atomless probability spaceﬂ In such a space, for any Polish space F and any
Borel probability measure m on E, there exists a random variable on E with law m: namely there exists
a measurable map X : Q — E with law m: L£(X) = X{P =m.

The following characterization of the Wasserstein distance will be useful:

Proposition 3.1.5. For any m1,ma € Pp(R?),

(32) dp(ml,mg) = Xin}f{ E [|X1 — Xg‘p] 5

p
1,42

where the infimum is taken over random variables X1 and Xy (with values in ]Rd) such that the law of

1This means that, for any A € F with P(A) > 0, there exists B € F such that B C A and 0 < P(B) < P(A).
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Proof. If X; and X5 have law m; and mq respectively, then the law 7 of (X, X5) belongs to II(mq,ms).
Hence

EHXl — X2|p] = / |£C1 — 5[,'2|p’/T(d£C1,d£K2) Z dg(ml,mg).
R4 xR

Conversely, if 7 € II(my,ms), then there exists a random variable X on RY x R? with law 7. We
write X = (X1, X2) with X; and X5 random variables on R¢. We note that, as the first marginal of 7 is
myq, the law of X7 is m;. The same argument shows that X5 has law ms. Hence

/ |21 — zo[Pm(der, doz) = E[| X1 — XofP] > inf E[|X] - X3[7],
R x R4 XI.X}

where the infimum is taken over random variables X{ and X} with law m; and mg respectively. Taking
the infimum over 7 concludes the proof. O

3.1.4 Symmetric functions of many variables
Let Q be a compact subset of R and uy : QN — R be a symmetric function:
(3.3) un (21, .., TN) = UN(To(1)s - - To(n)) for any permutation o on {1,...,n}.

Our aim is to define a limit for the uy. For this, we assume in addition to the symmetry condition the
following:

1. (Uniform bound) there is some C > 0 with

(3.4) lun L) <C

2. (Uniform continuity) there is a modulus of Continuityﬂw independent of N such that
(3.5) lun (X) — un (V)] < w( Z lzi —y;]) VX, Y €@V, VN eN.

where X = (z1,...,zn) and Y = (y1,...,YN)-

Theorem 3.1.6. If the un are symmetric (i.e., satisfy condition (3.3)) and satisfy and , then
there is a subsequence (up,) of (un) and a continuous map U : P(Q) — R such that

li X) - U@my*)|=0.
Wm, b, Jun, (X) = U(my")]

Proof of Theorem[3.1.6. Without loss of generality we can assume that the modulus w is concave. Using
Proposition and the symmetry of uy, condition (3.5 can be rewritten as

(3.6) lun (X) —un(Y)[ < Gelg(fN) N Z |z = w(di(my,my")).

Let us define the sequence of maps UV : P(Q) — R by
UN(m) = Xian {un(X) +w(di(my,m))} Ym e P(Q) .
c N

Then, by condition (3.5), UM (m%) = uy(X) for any X € QV. Let us show that the UY have w for
modulus of continuity on P(Q): indeed, if my, ms € P(Q) and if X € QV is e—optimal in the definition
of UN (my), then

UN(my) un (X) + w(dy (m¥,my))
Ngmz) —w(dy(m, ma2)) + e+ w(dy (Mm%, ma) + di(m1, m2))

N(mg) + w(di(my, ms)) + ¢

VARVANIYAN

2This means that the w : R4 — R4 is continuous, nondecreasing and vanishes at 0.
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because w is concave. We now claim that
UNm) =un(y) VY eQV.

Indeed,
UN(m¥) =un(Y) + XleanN {un(X) —un(Y) +w(di(my,m§))}.
By (3.6),

un (X) = un (V) + w(di(m¥, my)) > —w(di(m¥,my)) - w(di(m¥, my¥)) > 0,

so that it is optimal in the definition of UN (m¥) to take X =Y. Hence UN (m¥) = un(Y).

We now check that the UV are uniformly bounded. As P(Q) is compact, it has a finite diameter D.
Fix ¢ € Q and note that un(q,...,q) = UN(d,). By (8.4), the (un(q,...,q)) are bounded in N, so that
the UN(§,) are also bounded in N. As the UV are uniformly continuous on P(Q) which has a finite
diameter, this implies that the U" are uniformly bounded.

Hence the U™ are equicontinuous on the compact set P(Q) and uniformly bounded. By Ascoli-Arzela
Theorem, there exists a subsequence (UN*) and a continuous map U : P(Q) — R such that (UMx)
converges uniformly to U. Then

I X)—U(m¥*)| = 1 UNs(X) = U(miy*
G, s, [un (X0 = Uyl = lim | sup [U7H(E) = Ulmi)|

< lim  sup |[UM(m)—U(m) =0
k—+o00 meP(Q)

O

Remark 3.1.7. Some uniform continuity condition is needed: for instance if uy(X) = max; |z;|, then
uy “converges” to U(m) = SUpP,cgpi(m) [#| Which is not continuous. Of course the convergence is not
uniform.

Remark 3.1.8. A typical condition which ensures (3.5)) is the existence of a constant C' > 0, independent
of N, such that

C
sup || Dz un]|co < N VN.
i=1,...,N

3.1.5 The Glivenko-Cantelli law of large numbers

We consider (X,,) a sequence of i.i.d. random variables on R? on a fixed (atomless) probability space
(Q, F,P), with E[|X1]] < +00. We denote by m the law of X; and note that m € P1(X). The law of
large numbers states that, for any continuous map ¢ : X — R with at most a linear growth, we have, a.s.
and in L',

W~ Z P(Xn) = E[p(X1)].
Our aim is to show that a slightly stronger convergence holds: let
N
=~ > ox,
n=1

Note that m)]\(] is a random measure, in the sense that m% is a.s. a measure and, for any Borel set A C X,

m¥ (A) is a random variable. The following result is known as the Glivenko-Cantelli Theorem:

Theorem 3.1.9. A.s. and in L,

N
N1—1>r—10—100 dl(mX7 ) =0.
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Sketch of proof. Let ¢ : RY — R be continuous with at most a linear growth (i.e., |¢(z)| < ad(z,x0) + b
for some constants a,b). Then, by the law of large numbers,

. 1l
lim g o(z)m¥ (dz) = lim ~ ; #(X,) =E[p(X1)] a.s..

By a separability argument, it is not difficult to check that the set of zero probability in the above
convergence can be chosen independent of ¢ € CP(X). So (m¥) converges weakly to m a.s. Choosing

now ¢(z) = |z|, we also have
/ |lz|m¥ (dz) — / |z|m(dx) a.s..
X X

Therefore, by Theorem (m%) converges a.s. in d; to m. It remains to show that this convergence
also holds in expectation. For this we note that

N
1
dl(m)]\([,m) = dl(mg,éo) +d;(6g,m) < i E | X:| + di(do, m).
i=1

As the right-hand side converges in L! to 2E[|X1]] a.s., di(m¥,m) is uniformly integrable which implies
its convergence in expectation to 0. (|

3.1.6 Further reading

Classical references on the distances over the space of probability measures are the monographs by
Ambrosio, Gigli and Savaré [3], by Rachev and Riischendorf [53], Santambrogio [55], and Villani [61],
[62]. See also Chap. V in the monograph by Carmona and Delarue [15].

It is often useful to quantify the convergence speed in the law of large numbers. Such results can be
found in [53] or, in a sharper form, in [I5].

3.2 Dynamics of large particle systems

In this part we discuss the dynamic of systems made of a large number of particles in interaction. As
in the largest part of the text we assume that particles interact through a continuous function of their
empirical density.

3.2.1 Deterministic particle systems

We first investigate the case of systems of ordinary differential equations. Let b : R? x P;(R?) — R? be a
C' and globally Lipschitz continuous vector field, with Lipschitz constant L. We denote by N the number

of particles, and fix x = (z},...,z}) € (R?)" the initial configuration. We investigate the system

(1) — i N .
(3.7 { X: t) = b(X .(t),mx(t)% t>0,i=1,...,N

Proposition 3.2.1. Let x = (z},...,2)),y = W, .-, '), € (RYN be two initial configurations, and

X(t) = (XYt), ..., XN®), Y(t) = (YL(t),...,YN(t)) be the associated solutions to (3.7). Then
(

(3.8) d; m)]\(’(t), mg(t)) < dl(mffo,m;,\g)ezu, t>0.

Moreover, m¥ is a weak solution in C°(R,P1(R%)) to the continuity equation

(3.9) Oym + div(mb(z,m)) =0 in (0,00) x R?,
' m(0) = m&, in R?,
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Proof. Recalling Proposition we can assume without loss of generality that the labelling of the
particles is arranged in such a way that

di (g, my)) Z 6 — yol-
In view of the equation satisfied by X and Y, we have
1M _ A A . ,
¥ XX O-Y 0I5l -+ [ D IO (6) )~ (5.l
i=1 i=1 j

<aimm)+ 1 [ ZL X(5) = V()] + i (m ) ds

< di(m&,md +2L/ Z|Xl (s)|ds.

By Gronwall Lemma and Proposition [3.1.2] we obtain

|< dl(mN mN )62Lt.

d, (mg(t) mY t) x0° "y

uMz

For the rest of the proof, we assume for simplicity that b is bounded (and leave the general case as an
exercise). We note that, for 0 < s <,

N
di(m¥ (s, MX (1) < ~ Z - X'(s)] < *Z/ B(X (1), m ()] dr < [[blloo (t = 5).

Thus m¥ € CO(Ry,P1(RY)). Finally, for any test function ¢ € C2°([0,00) x R%),

d

B(t, X(t
dt

¢(t x)mx(t) (dx)

I
=] = &}&
=
=
M |\Mz

Qe (t, X' (1)) + Do(t, X' (2)) - (X" (t), mX 1))

i=1

= /Rd (8t¢(t,x) + Dé(t, x) - b(x,mg(t))) my o (da).

Integrating in time over [0, 00) gives (as ¢ has a compact support)

(o)
— | (0, 2)m¥ (dz) = / (6t¢(t, z)+ Do(t,x) - b(axmg(t))) mg(t)(dx)dt.
R4 0 Jrd
Thus m¥ is a weak solution to (3.9). O

Given an initial condition mq € P;(R?), we now consider the weak solution to:

(3.10) { dym + div(mb(z,m)) =0 in (0,00) x RY,

m(0) = mg in RY.

Theorem 3.2.2. For any mg € P1(R?), there exists a unique solution to (3.10) in CO(Ry,P1(RY)). In
addition, if mo 1, mo2 € P1(R?) and if m',m? € CO(Ry,P1(RY)) are the associated solutions, then

(3.11) dy (ma(t),ma(t)) < di(mo1, moq1)e* vt > 0.
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Proof. Existence of a solution and Estimate are an easy consequence of Proposition indeed,
Let (Z™) be a sequence of independent random variables on R? of law mg. Set ZN = (Z1,..., ZN). By
the law of large numbers, mg ~ converges to mg in d;. We fix a realization for which this holds. We
denote by XV = (XNt .. XN:N) the solution to associated with the initial condition ZV. Note

that, for any integer k < [, mZZV th can be considered as system of N particles, by looking at each particle

in the N* empirical measure as N'~* identical particles. We can thus use inequality (3.11]) in Proposition
[3.2.1] to assert that

N* N! —Lt N* N!
§1>110) dl(mek (t)’mXNl(t))e < dl(msz7mle)'

Therefore (m?{f;k) is a Cauchy sequence in C°(R, P;) for the norm d(m, m’) = sup, e~td; (m(t), m’(t)).

As this space is complete, (mgka) has a limit which can be easily seen to solve (3.10). Then (3.11)) is a
simple consequence of (3.11)) and of the construction above.

Let us now prove the uniqueness of the solution to (3.10]). Let m!, m? be two solutions to ([3.10]). Set

1 =m" —m?2. Then p solves in the sense of distribution

{ O + div(b(z, mt(t))p) + div(ma(b(z, m*(t)) — b(z,m(t))) =0 in (0,00) x RY,
w(0,dr) =0  inR%

Fix Ty > 0, T € (0,Tp] and ¢ € C°(RY). By the method of characteristics, there is a C'! solution to

Oh + bz, m(t)) - DY =0 in (0,00) x R4,
(T, x) = in RY.

Note that 1 is continuous on [0, 7] x R%, has a compact support, with || Dt||o. < C||D¥r||s, the constant

C depending on the C* regularity of b and on Ty. We use 1/ as a test function in the equation satisfied
by p: we obtain

T
()T, dz) = / / (Dr(t, 2) + Dis(t, @) - (s m (£))) m (&, de)dt
Rd 0 Rd

T 2 _ 1 2
[ [ Dutta) - (b m?(0) = bla,m! (0)) m )i,
0 R4

Using the equation for 1, the regularity of b and the fact that m?(t) is a probability measure, we obtain
T
Pr@n(T.ds) < LDl [ dy(m(®)m (1)ds
R 0

T
< ClDwrlL [ dim (o) m! (@)t
0
We take the supremum over 1—Lipschitz continuous maps to obtain, thanks to Theorem [3.1.4]
T
di (m?(T),m*(T)) < C||DwT||ooL/ dy(m?(t),m'(t))dt ¥t €0, To).
0

We conclude that m! = m? in [0, Tp] thanks to Gronwall Lemma. As Ty is arbitrary, the proof is complete.
O

3.2.2 Stochastic particle systems

We complete this preliminary part by the analysis of large particle systems. We consider a system of
N —particles (where N € N* is a large number) and we want to understand the behavior of the system
as the number N tends to infinity. We work with the following system: for i =1,..., NV,

=N

N
7 i % 1
(3.12) dX{ = b(X{,m¥,)dt +dBi,  m¥, = <> by
. =~

Xi=27
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where the (B?) are independent Brownian motions, the Z¢ are i.i.d. random variables in R? which are also
independent of the (B?). The map b : R? x P;(R%) — R? is assumed to be globally Lipschitz continuous.
Note that, under these assumptions, the solution (X?) to exists and is unique, since this is an
ordinary system of SDEs with Lipschitz continuous drift. A key point is that, because the (Z%) have
the same law and the equations satisfied by the X* are symmetric, the X* have the same law (they are
actually “exchangeable”).

We want to understand the limit of the (X?) as N — +o0. The heuristic idea is that, as N is large,
the (X*) become more and more independent, so that they become almost i.i.d. The law of large numbers
then implies that

bOXG )~ B XL X)) = | 60K )P ),

where £(X) denotes the law of a random variable X. Therefore we expect the X ? to be close to the
solution X* to the McKean-Vlasov equation

dX! =b(X}, L(X}))dt + dB},
(3.13) { iyl

This is exactly what we are going to show. For doing so, we proceed in 2 steps: first, we prove the existence
and the uniqueness of a solution to the McKean-Vlasov equation (3.13) and, second, we establish the
convergence.

3.2.3 The well-posedness of the McKean-Vlasov equation.

Theorem 3.2.3. Let us assume that b : R? x P1(RY) — R? is globally Lipschitz continuous and let
Z € L*(Q). Then the McKean-Vlasov equation

dX; = b(Xy, L(Xy))dt + dBy
Xo=2
has a unique solution, i.e., a progressively measurable process such that & [fOT |XS|2ds} < 400 for any

T>0.

Remark 3.2.4. By It6’s formula, the law m; of a solution X; solves in the sense of distributions the
McKean-Vlasov equation

Oymy — %Amt + div(mb(z,my)) =0 in (0,7) x R4
mo=L(Z) inRY

One can show (and we will admit) that this equation has a unique solution, which proves the uniqueness
in law of the process X.

Proof. Let @ > 0 to be chosen later and E be the set of progressively measurable processes (X;) such
that

oo
||XHE =E |:/ e_at|Xtdt] < +00.
0

Then (E, || - ||g) is a Banach space. On E we define the map ® by
t
(X)), = Z +/ b(Xs, L(X,))ds + By,  t>0.
0

Let us check that the map @ is well defined from E to E. Note first that ®(X) is indeed progressively
measurable. By the L—Lipschitz continuity of b (for some L > 0),

B(X),] < |2] + / IB(X,, £(X,))|ds + | By

t
<121+ (0. 60)| + £ [ (1] + du(£0X).80))ds + B,
0
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¢
where one can easily check that d;(£(Xs),d0) =E {/ |Xs|ds} . So
0

IE[/OJrOOe_“tkI)(X)Adt} < o 'E[|Z[] + a~|b(0, 50)| + 2LE [/ /|X |dsdt] /Ooe‘“tEHBtHdt

+
= ™ 'E{12] + a2[b(0,50)| + 2°E [ / -%|Xs|ds} e / /2ot gy,
0 0

where Cy depends only on dimension. This proves that ®(X) belongs to E.
Let us finally check that ® is a contraction. We have, if X,Y € E|

B(X), — DY) < / (X, £(X,)) — b(Ya, £(Y2))] dt

t t
< Lip(b) (/ dl(IP’XS,}P’yS)dt—I—/ X, —Ys|dt) .
0 0

Recall that d;(Px,,Py,) <E[|Xs — Ys|]. So multiplying by e~ and taking expectation, we obtain:
—+oo
o0x) o)z =E | [ e a(x), - o).l
0

—+oo t
< 2Lip(h) / e-ot / E[|X, — Yi[] dsdt
0 0

< 2P0y,

If we choose o > 2Lip(b), then ® is a contraction in the Banach space F and therefore has a unique fixed
point. It is easy to check that this fixed point is the unique solution to our problem. O

3.2.4 The mean field limit

Let (X?) be the solution to the particle system (3.12)) and (X*) be the solution to (3.13). Let us note
that, as the (B?) and the (Z*) are independent with the same law, the (X}) are i.i.d. for any ¢ > 0.

Theorem 3.2.5. We have, for any T > 0,
lim sup E| sup |X;—X/|| =0.
N—=too j=1,..,N |te[0,T]

Remark: a similar result holds when there is a non constant volatility term ¢ in front of the Brownian
motion. The proof is then slightly more intricate.

Proof. We consider
t
Xi =Xt = [ (X)X LX)

By the uniqueness in law of the solution to the McKean-Vlasov equation we can denote by m(t) := L(X})
N

1
(it is independent of 7). Then, setting mg = Z 1) < and using the triangle inequality, we have

Xi = X< [ b)) - o(Kmd ) ds+/ oL mY ) — (XL ()| ds
§Lip(b)/ (X%~ X’|—|—d1(m)1¥t,mX ))ds—!—sz(b)/O dl(mgs,m(s))ds
(3.14) < Lip(b )/ (X - X! |+fZ\XJ X]|)ds+sz(b)/o dl(mgs7m(s))ds,

Jj=1
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since
1 N
dl(th mX NZ

Summing over i = 1,..., N, we get

N t N t
1 i i ; 1 i _ X ; N
i E |X; — X;| < 2sz(b)/ N E | X7 — X/lds + sz(b)/o di(mx_,m(s))ds.

i=1 0 j=1
Using Gronwall Lemma, we find, for any T' > 0, and for some constant Cp depending on Lip(b),
T
(3.15) sup — Z |Xi — Xi| < CT/ d;(m¥ ,m(s))ds,
telo, T] 0 ¢

where Cr depends on 7" and Lip(b) (but not on N). Then we can come back to (3.14)), use first Gronwall
Lemma and then (3.15)) to get, for any T > 0, and for some (new) constant Cr depending on Lip(b) and
which might change from line to line,

T N
S 1 o
sup |X; — X{| < CT/ (N E | X! — X! —|—d1(mgs,m(s)))ds
t€[0,T 0 j=1

T
<Cp / dy(mY, m(s))ds.
0

We now take expectation to obtain

E| sup |X;—Xj|

te[0,T

< Cr /OTE [dl(mgs,m(s))ds] .

One can finally check exactly as in the proof of Theorem that the right-hand side tends to 0. O

3.2.5 Further reading

An introductive exposition of the topic can be found in the notes of Villani [60]. Classical references for
the mean field limit of particle systems are the monographs or texbooks by Sznitman [59], Spohn [58]
and Golse [34].

3.3 Optimal control

3.3.1 The controlled problem

Let us consider a stochastic controlled problem where the state (X) of the system is governed by the
stochastic differential equation (SDE) with values in R%:

s s
(3.16) Xs=a+ / b(r, X, o )dr + / o(r, X, a,)dB;.
t t

In the above equation, B = (Bs)s>0 is a N—dimensional Brownian motion (starting at 0) adapted to a
fixed filtration (F;)i>0, b:[0,7] x R4 x A — R? and o : [0,7] x R? x A — RN satisfy some regularity
conditions given below and the process a = («y) is progressively measurable with values in some set A.
We denote by A the set of such processes. The elements of A are called the control processes.

The controller controls the process X through the control « in order to reach some goal: here we
consider optimal control problems, in which the controller aims at minimizing some cost J. We will
mostly focus on the finite horizon problem, where J takes the form:

T
J(t,z,0) = E / L(s, Xo, a0)ds + g(X7)
t

26



Here T' > 0 is the finite horizon of the problem, L : [0,7] x R x A — R and g : R? — R are given
continuous maps (again we are more precise in the next section on the assumptions on L and g). The
controller minimizes J by using controls in A.

We introduce the value function the map w : [0, 7] x R? — R defined by

u(t,z) = ég& J(t,x,a) .

3.3.2 Dynamic programming and the verification Theorem

The main interest of the value function is that it indicates how the controller should choose her control in
order to play in an optimal way. We explain the key ideas in a very informal way. A rigorous treatment
of the question is described in the references indicated below.

Let us start with the dynamic programming principle, which states the following identity: for
any tl S tQ,

ta
(3.17) u(tr, ) = inf E U L(s, X,, ay)ds + u(ts, Xy, )
a t

The interpretation is that, to play optimally at time to, the controller can forget the past trajectory and
only remember the position X;,, thus reducing the problem to the computation of u(te, X4,).

Fix now ¢t € [0,T). Choosing t; = t, to = ¢ + h (for h > 0 small) and assuming that u is smooth
enough, we obtain by It6’s formula and that

u(t,z) = oilrelfAE[/tH_h L(s, X5, a5)ds + u(t,z) + /tH_h(atu(s, X,) + Du(s, X,) - b(s, Xs, as)
n %Tr(aa*(s,Xs, as)Dzu(s,Xs)))ds]
Simplifying by u(t, z), dividing by h and letting h — 0% gives (informally) the Hamilton-Jacobi equation
0= ;Ielg [L(t, x,a) + Owu(t, ) + Du(t,z) - b(t, z,a) + %TI(UO'*(LL,.’L‘, a)DQu(t,x))} )
The proof of this fact is delicate in general, even more since the solution u is seldom enough differentiable
to fully justify this computation. Let us explain the argument in the case where u is assumed to be twice

differentiable in # and once in ¢ with bounded derivatives. Fix a (time independent) control a. Then, by
dynamic programming principle and h > 0 small, we have

t+h
u(t,x) <E [/ L(Sasta')dS+u(t+h7Xt+iz)] :
t
We now use It6’s formula to expand the term in u in the right-hand side:

u(t,z) <E

t+h
/ (L(s, Xs,a) + Owu(s, Xs) + Du(s, Xg) - b(s, Xs,a) + %Tr(acr*(s,Xs,a)DZU(s,XS)))ds + u(t, :z:)] .
t
We simplify by u(t, z) and divide by h to get:

0<E
- h

t+h 1
- / (L(s, Xs,a) + Oru(s, Xs) + Du(s, Xs) - b(s, Xs,a) + §Tr(00*(s,X8, a)D*u(s, X,)))ds| .
t

As h — 0 and for s € [t,t + h], we have by continuity of the trajectories of the SDE that X; — X; = x.
So we can let h — 0" and obtain

0<E {(L(s,x, a) + Owu(s, z) + Du(s,z) - b(s,z,a) + %Tr(aa*(s,x, a)D%uf(s, I))):|

= L(s,x,a) + Owu(s,x) + Du(s,x) - b(s,x,a) + %Tr(oa*(s, z,a)D?u(s, x)).
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This can be rearranged into
1
—0wu(s,z) — Du(s,x) - b(s,x,a) — L(s,x,a) — §Tr(cra*(s,x, a)D?u(s,z)) <0.
Taking the sup over the controls a € A gives the first inequality. The reverse inequality is slightly more
technical to obtain and we omit the argument.

Let us introduce the Hamiltonian H of our problem: for p € R and M € R?*¢,

1
H(t,z,p,M):=sup |—L(t,z,a) —p-b(t,z,a) — iTI‘(O'O'*(t, x,a)M)
a€A

Then the Hamilton-Jacobi equation can be rewritten as a terminal value problem:

{ —Ou(t,x) + H(t,z, Du(t, z), D*u(t,z)) = 0 in (0,7) x R,
uw(T,z) = g(x) in R,

The first equation is backward in time (the map H being nonincreasing with respect to D?u). The
terminal condition comes just from the definition of u for t =T

Let us now introduce a*(¢,z) € A as a maximum point in the definition of H when p = Du(t,z) and
M = D?(t,r). Namely

H(t,z, Du(t,z), D*u(t,z)) = —L(t,z,a*(t,z)) — Du(t,z) - b(t, z,a*(t,z))
(3.18) - %Tr(aa*(t,:c, o (t,z))D%u(t, x)).

We assume that a* is sufficiently smooth to justify the computation below. We are going to show that

o™ is the optimal feedback, namely the optimal control to play at time ¢ in the state z. Indeed, one

has the following “Verification Theorem”:
u(t,z) = J(t,z, ™).
Proof. Let us denote by X™* the solution to
S S
X't / b(r, X7, 0" (r, X2))dr + / o(r, X2, a*(r, X2))dB,
t t

*

and set, to simplify the expression, a* := a*(s, X¥) (note now that (o) is a control, namely it belongs
to A. Strictly speaking, (o) is the optimal control, a* = a*(¢,z) being the optimal feedback). By Itd’s
formula, we have
T
g( X)) =uw(T, X7}) = u(t,x) +/ (Oru(s, X))+ Du(s, X7) - b(s, X7, k)
1 t T
+ i’I‘r(UU*(s,Xg,a:)DQu(s,XL:)))ds —|—/ o (s, X7, aX)Du(s, X}) - dBs.
t

Taking expectation, using first the optimality of a* in (3.18) and then the Hamilton-Jacobi equation
satisfied by u, we obtain

T
Elg(X7)] = ult,z) + E /t (Qpu(s, X7) = H(s, X7, Du(s, X7), D*u(s, X)) — L(s, X, ))ds

T
/ L(s, XX, ak)ds| .
¢

T
[ psxzands + gxp)]
t

=u(t,z) — E

Rearranging, we find

u(t,z) =E

which shows the optimality of o*. O
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The above arguments, although largely heuristic, can be partially justified. Surprisingly, the dynamic
programming principle is the hardest step to prove, and only holds under strong restrictions on the
probability space (but these restrictions are merely theoretical, and one can most often assume that they
are met in practice). In general, the value function is smooth only under very strong assumptions on the
system. However, under middler conditions, it is at least continuous and then it satisfies the Hamilton-
Jacobi equation in the viscosity sense. Besides, the Hamilton-Jacobi has a unique (viscosity) solution so
that it characterizes the value function. If the diffusion is strongly non degenerate (i.e., M = d and o is
invertible with a smooth and bounded inverse) and if the Hamiltonian is smooth, then the value function
is smooth as well. In this setting the verification Theorem makes perfectly sense.

3.3.3 Estimates on SDEs

In the previous parts, we were intentionally very fuzzy about the assumptions and the results. A complete
rigorous treatment of the problem is far beyond the aim of these notes. However, we need to clarify a
bit the definition of our problem. For this, we assume the maps b and o to be continuous and Lipschitz
continuous in z independently of ¢ and a: There is a constant K > 0 such that

|b(t, z,a) — b(t,y,a)| + |o(t,z,a) —o(t,y,a)| < K|z —y| Vr,y €RY t€[0,+00), a€ A.

Under these assumptions, for any bounded control o € A, there exists a unique solution to (3.16)). By a
solution we mean a progressively measurable process X such that, for any 7" > 0,

T
E V | X,|%ds
t

and (3.16]) holds P—a.s. More precisely, we have:

< 400

Lemma 3.3.1. Let a be a bounded control in A. Then there exists a unique solution X to (3.16) and
this solution satisfies, for any T > 0 and p € [2,+00),

E| sup | X,

te(t,T)

< C(l + |$|p + ||b('70504~)HIo)o + ||U('7O’a-)||go)7

where C = C(T,p,d) depends only on T, p and d.

Remark 3.3.2. In view of the above result, the cost J is well-defined provided, for instance, that the
maps L :[0,7] x R¢ x A — R and g : R? — R are continuous with at most a polynomial growth.

Proof. The existence can be proved by a fixed point argument, exactly as for the McKean-Vlasov equation
(see below). Let us show the bound. We set M := ||b(-,0,a.)|lcc + ||o(+,0,@.)||co. We have, by Holder’s

inequality
)

/ o(u, Xy, an,)dBy,
t

X.JP < 300 (w + [ b X anlar +
t

/ o(r, X,, a,)dB,
t

Thus

E { sup |Xr|p] <3t <|:17|p +/ E[|b(r, Xy, o) [P] dr + E [ sup
¢

t<r<s t<r<s

D

Note that
|b(s, X5, as)] < 10(s,0,05)| + L| Xs| < M+ L| X,

and, in the same way,
(3.19) lo(s, Xs,a5)] < M + L| X,
So we have

/:IE [b(r, X, )] dr < 271 (MP(s — t) + L? /:IE [1X,7] dr).
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By the Burkholder-Davis-Gundy inequality (see Theorem IV.4.1 in [54]), we have

<][S'rrowa*<r,zcr,ar>>dr)p/2],

where the constant C), depends on p only. Combining Hélder’s inequality (since p/2 > 1) with (3.19), we
then obtain

P
E{sup } < C,E

t<r<s

/ o(u, Xy, )dBy,
t

E [ sup p} < Cp(s —t)p/2-1gp—t (Mp(s —t)+ LP /ts E[| X, "] dr) .

t<r<s

T
/ o (t, Xy, 0y )dBy
t
Putting together the different estimates we get therefore, for s € [t, T,

E { sup Xr|p} <C(p,T,d) (1 + |zP + MP +/ E[|X,|7] dr)
t

t<r<s

gcmﬂm@+mmwﬂ+/ﬁ[wpwmhﬁ,
t

t<u<r

where the constant C(p, T, d) depends only on p, T and d. We can then conclude by Gronwall’s Lemma.
O

3.3.4 Further reading

Classical references on stochastic optimal control problems are the monographs by Fleming and Rischel
[30], Fleming and Soner [31], Yong and Zhou [63]. Several introductory courses on optimal control can
be found online: for instance

e B. Bouchard, “Introduction to stochastic control of mixed diffusion processes, viscosity solutions
and applications in finance and insurance”,
https://www.ceremade.dauphine.fr/ “bouchard /bouchard.htm

e N. Touzi, “Deterministic and Stochastic Control, Application to Finance”,
http://www.cmap.polytechnique.fr/ “touzi/#Lecture
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Chapter 4

Mean field control problems

We study here mean field control problems, in which a global planner controls a large number of devices
(for instance drones, or robots, or electric devices). Having in mind the behavior of large particle systems,
we formalize the problem as an optimal control of a McKean-Vlasov equation. Namely, in a general
situation, we aim at minimizing a cost of the form

T
J(a) = /0 /]R Lz, alt, ), m{t))dedt + Gm(T))

where a : [0,T] x RY — A is a distributed control taking values in some space A and m solves a controlled
McKean-Vlasov equation of the form

Oym — Am + div(mb(z, o, m)) = 0, m(0) = my.

Here b : R x A x P(R?) — R? is a vector field. The diffusion term could also be more complex, involving
a control. Our aim is to show—at least for a simplified problem—the existence of an optimal solution
and to characterize it.

4.1 Statement of the problem and main result
The (toy model) of optimal control problem we are interested in is the following: we want to minimize
the cost

T
Jo)=E | [ Gla + Fex))as

where (o) is a process with values in R? defined on a filtrated probability space (€2, F, (F;),P) and where
B t
Xt:XO+/ Oést—F\/iBt, te [O,T’]7
0

(B;) being a d—dimensional Brownian motion on the probability space. The initial condition Xy is random
and belongs to Fy. The coupling function F : P; — R will be assumed to be (at least) continuous and
bounded. It is important to note that the above problem is not a standard optimal control problem as
soon as F is nonlinear. For instance the standard dynamic programming principle (in R?) does not apply
for this problem: we will see below that a dynamic programming principle actually holds, but in the
space of measures.

In order to study this problem, it will be convenient to rewrite it in terms of the law of m, = £(X;),
assuming that the process « is in feedback form. This yields to the problem of minimizing

(4.1) J(m,a) = /OT (/R %|a(s,x)|2m(s,dx) +f(m(s))> ds
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where m € C°([0,7T],Ps), a € L°([0,T] x R? R?) (the set of Borel measurable maps from [0, 7] x R% to
RY) such that [ [ |a|*m(t,dz)dt < +oo and where the pair (m,«) solves in the sense of distribution

(4.2) oym — Am + div(am) = 01in (0,T) x R?, m(0) = mgp in RY.

The coupling function F is as above.

At a first glance it is not obvious that both problems are equivalent. We shall not discuss this equiv-
alence here (and we won’t use it). It is proved under suitable conditions on the control in [42] and relies
on a mimicking argument on SDEs and the so-called superposition principle for McKean-Vlasov equations.

In order to state the optimality conditions, we suppose that the map F has some derivative on P;.
For this we assume the existence of a continuous and bounded map F : R? x P; — R such that

(4.3) F(m') = F(m) = / » F(z,(1—t)m+tm')(m —m')(dx) VYm,m' € P1(R?).

The above equality means that F' is “the (flat) derivative of ]-" We will discuss the notion of differen-
tiability later in the text. For instance, if F(z,m) fRd m(dy), where ¢ is continuous, bounded
and symmetric, it is not difficult to show that one can take

Fim) = [ ole.gm(dym(do)

We now state the main result of this section.

Theorem 4.1.1. If F : Py — R is continuous and bounded, then for any mqy € Py there exists at least
one minimizer (m,a) of J(mo,-,-) under the constraint (4.2).

If in addition there exists a map F : R*Py — R which is globally Lipschitz continuous and bounded
and such that holds, then for any minimizer (m, «), there exists a map u : [0,T] x R? — R, of class
CY2, such that a(t,r) = —Du(t,z) and the pair (u,m) solves the system

—0u — Au+ 1| Dul? = F(z,m(t)) in (0,T) x RY,
(4.4) . dym — Am — div(Dum) = 0 in (0,7) x R?,
m(0) = mg, u(T,x) = 0in RY.

Finally, if F is convex on Py, then the condition above is also sufficient: if (u,m) is a classical solution
to (4.4), then the pair (m,a) with « = —Du is a solution to the minimization problem.

The theorem is stated in a very simple framework: the existence of a minimizer hold under much more
general assumptions on the Hamiltonian (here it is just 3|Du|? — F) and on the Fokker-Planck equation
(the equation for m). In terms of stochastic processes, the results are even more general: the existence of
(weak) minimizers is for instance discussed in [42] which also discusses the link with the optimal control
of large particle systems.

The proof of Theorem relies on standard arguments in convex analysis. We prove the existence
part in Section 3] the optimality condition is formally explained in Section [4.4] and rigorously proved
in Section [4.5] while Section [4.6]is dedicated to the sufficient part.

4.2 An elementary exemple

We illustrate Theorem |4.1.1] _ by an elementary example (Wthh however, does not exactly fit the assump-
tions). We assume that F(m) = 1 |M(m )|, where M (m = [ga @m(dzx) is the mean of m. Then we can
take F(x,m) = M(m) -z (Exercise). Note that F and F are not bounded and therefore the above result
has to be adapted to that set-up (this is however easy). The system of optimality conditions becomes

—0u — Au+ 3|Dul? = M(m(t)) -z in (0,T) x RY,
Oym — Am — div(Dum) = 0 in (0,T) x R,
m(0) = mg, u(T,z) =0 in R
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One looks for a solution of the Hamilton-Jacobi equation in the form wu(t,x) = a(t) - © + b(t) where
a:[0,7] - R? and b: [0,T] — R are assumed to be smooth and have to satisfy

(@) w+H(0) + la() = MOm(1) -

This implies that
a'(t) = —M(m(t)), b'(t) = —%|a(t)\2, a(T) =0, b(T) = 0.

On the other hand (at least formally), letting M;(m) begin the ¢ — thcomponent of M (m), we have

d

E M (m(1)) = /R i (Am+ div(Dum) = - /R Oeum = —ailt).

The third inequality is obtained by integration by parts. This computation is licit since m has finite
second order moments (the rigorous proof requires an approximation of the map x — z; by smooth
functions with a compact support). So we obtain

d? d

SEM(mn() = M(m(®),  M(m(0)) = M(mo), =

This system has a unique solution given by

and we have

M(mo) (et—T _

B T-1) M (mg) sinh(t — T)
el +e T

t) =
a(t) cosh(T)
One can then easily derive from this u(¢, ). Then the optimal solution (m,«) to the mean field control
problem is given by the solution to

Oym — Am + div(ma(t)) = 0, m(0) = my.

Link with the optimal control of a particle system Let us check, in this elementary example,
that (m,a) can be obtained as the limit of optimal trajectories associated with a control problem with
many particles. Let N be the number of particles. We consider the optimal control problem consisting
in minimizing over (a’) the quantity

% % T 1 al i
P ai)o0) =B | [ 5o S lalfE+ Fnf) ds|

i=1

where ¢y € [0, 7] is the initial time, x = (z) € (R%)¥ is the initial condition, X; = (X}, ..., X}) satisfies

T
dx; =xg+/ ajdt +v2(B] — Bj,),

to

the (B?) being independent d—dimensional Brownian motions defined on a stochastic basic (Q, F, (F), P).
The controls o are adapted to the filtration and take values in R¢.
We denote by vV = vV (tg,x) the value function associated with this optimal control problem:

o (t, x) = (mf) TN (to, (z), (')).
It is a (a priori viscosity) solution to the following equation
al N 2
N N N2 _ N . d\N
—ov _;Aw +52!me "=FmY) in(0,T)x (RY
oV(T,x) =0  in (RHN
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The form of the Hamiltonian comes from the computation

o N o N
HY((z")(p")) = —Za Z|al|2—}_(mf:[)ZNZ\GZF—}_(WQ{)
1= =1 =1

(al)E(Rd)N
for any (p?) € (R?)N, with optimal control a’ = —Np'.
In view of the particular form of F, one is led to look for a solution in the form of

ofsg] -

2
oV (t,x) =

where ¢, d : [0,7] — R are of class C''. Note that
N

1 ; 2¢(t)
NZIL‘] , D2 mlv (t X) = W}d

2c(t
Dxi’l)N(t,X) = C( )
Thus the expression above satisfies the Hamilton-Jacobi equation if and only if

2 2 2

N N N
1 2¢(t)d 1 1)1
/t - 7 d/t o 22t - 7 i 7
) N;x Fd®) - —y— +270) Nzi:lx 2 N;x
i.e., if an only if
1 2¢(t)d
—(t) +23(t) = = —d'(t) — =
(t) +2¢°(t) 5’ (t) N 0,

with boundary condition ¢(T) = d(T) = 0 (because v"¥(T) = 0). This system has a unique solution,
given by ¢(t) = — tanh(t — T')/2 since tanh’ = 1 — tanh®. Recalling the form of the optimal control in the
Hamiltonian, the optimal solution to the control of the N —particle problem is given by

dX{N = —2c(t ZXJ N dt + V2dB;.

If one starts at initial time to = 0 with a chaotic initial condition (Zz) which are i.i.d. with law mg and
independent of the (B?), we know from Section [3.2|that X1V (for instance) converges to the solution X
of the McKean-Vlasov equation

dX; = —2¢(OE[X]dt +V2dB},  Xo=2', ie{l,...,N}.

An elementary computation shows that E [X;] = E[Z!] exp{—2 fo s)ds} = M(myg) cosh(t — T)/ cosh(T)
(since (In(cosh))’ = tanh). As
sinh(t — T')

—2c(HE[X;] = M(mO)W

= a(),

the law of X solves the same Fokker-Planck equation as m. Thus £(X;) = m(t) for any t.

4.3 Proof of the existence of a minimizer

In this part we show the existence part of Theorem[£.1.1] We first note that the infimum is finite because,
as F is bounded below, the functional J is bounded below and, on the other hand, if we choose a = 0
and let m be the solution of the heat equation starting from my, the criterium is finite for the pair (m,0).

Let (m™,a™) be a minimizing sequence for J(my, -, -) under the constraint (4.2]). We set E™ = a™m™
and see E™ as a vector measure on [0, 7] x R? with values in R?.
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Lemma 4.3.1. There exists a constant C, independent of n, such that

d;(m"™(t), m"™ (¢
sup |z|*m™ (t, dx) 4 sup i /( ) 1/2( )
te[0,T] J R4 t#£t! |t - t|

+ |E™|([0,T] x RY) < C.

Sketch of proof. Throughout the proof, C' denotes a constant independent of n and which might change
from line to line. For simplicity, we prove the result under the additional condition that o™ is a smooth,
bounded and globally Lipschitz vector field. The extension to the general setting can be obtained by
smoothing argument. Under this extra assumption, the solution to is given by m™(t) = L(X]")
where X}' solves

t
X =X, +/ o (s, X™)ds + V2B,
0

where X, is a random variable defined on a filtrated probability space (Q,F,(F),P) with X, € Fy and
L(Xy) = mp and B is a Brownian motion with By = 0 (X and B being independent). Then by the
triangle inequality and then by Cauchy-Schwarz,

2

t
lz*m"(t,dz) = E[ |X}|°] <3 (IE [ 1 Xol?] +E / a’ (s, Xy)ds
0

rom 1))

Ra
T
<C+3T / la™ (s, z)[*m™ (s, dx)ds | .
0o Jrd

The right-hand side of the above expression is bounded independently of n because J(mg, m™, a™) is
uniformly bounded as well as F. On the other hand we have, for any 0 <t <t < T,

+V2E[|B, — By|]

d (m™(t), m"(¢)) < E[ X7 — X} <E / (s, X™)|ds

" 1/2
< (' — 1)1 ( / " (s, 2) [2m" (s, dx)ds) + O — )2
t Rd
< C(t/ _ t)1/2

Finally, again by Cauchy-Schwarz,

T T 1/2
E|(([0,T7] x RY) = / " (£, 2)m" (¢, da)dt < T2 ( / |a"(s,:c>2m”<s,dx>ds> <c
0 0 Rd

Rd

Corollary 4.3.2. The sequence m™ is relatively compact in C°([0,T],P1).

Proof. We know by Lemma that the sequence m™ is uniformly Holder continuous on P; and takes
values in the compact subset of P; consisting in measures m € P; such that Ma(m) < c/? (see Lemma
for the compactness). We can therefore conclude by Ascoli-Arzela theorem. O

As (E™) has bounded variations it converges—up to a subsequence denoted in the same way—weakly-
x in C2([0,7] x RY) to a vector measure E. We note that the pair (m, E) satisfies, in the sense of
distributions, the Fokker-Planck equation

(4.5) oym — Am —div(E) =0in (0,T) x R, m(0) = mg
(since m™(0) = mg and (m™) converges uniformly to m in P;). The main difficulty is to write E in the

form of E = am. This is the aim of the next lemma.
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Lemma 4.3.3. The measure E is absolutely continuous with respect to m and its Radon—Nikodym deriva-
tive o satisfies

T T
/ lau(t, z)[*m(t, dz)dt < lim inf/ | (t, z)[Pm™ (t, dx)dt
0 R4 0 R

In particular, the pair (m, «) satisfies the Fokker-Planck equation (4.2]).
Proof. We first claim that, for any f € C2([0,7] x R% R%) one has

T 1 /7T
/ f(t,x) - E(dt,dx) / |f(t,2)|*m(t,dz)dt < liminf f/ lau(t, z)[*m™ (t, dx)dt < C.
0 JRd R¢ n 2Jo Jra

Indeed, for any f € CJ([0,T] x R4 RY) we have
1 T
/ F(t,2) - B (dt, dz) — 7/ P (t ) 2™ (¢, da)dt
R 2Jo Jra
1 /7
/ flt,x) - a™(t, x)m"(t,dx)dt — f/ |f(t, z)[Pm" (¢, dx)dt
R4 2Jo Jra

< f/ la(t, 2)[2m™ (¢, dw)dt < C,
2 0 Rd

where the first inequality comes from the fact that, for any f,a € R, f-a — 4[f> < |al? and the
second one by Lemma So we obtain the claim by letting n — 400 since (m"™) converges to m in
C°([0,T],P1) and (E™) converges weakly-* to E.

We now check that E < m. Let £ = (Ey,...,E;). Fix A € R and K be a compact subset
of [0,T] x R% Considering the sequence of continuous maps f*(¢t,z) = A((1 — kdg(t,7))+,0,...,0)
(where (s); = max{s,0} and dg(t,r) = infi, yep|(s,y) — (t,7)| is the distance to K). Note that
fF e 0%0,T] x RY,RY). We have, by and monotone convergence,

C>hm)\/T fR(t,x) - By (dt, dz) — N\ ;/T |£*(t, 2))?m(t, dx)dt

:)\/ /1Ktx By (dt, dz) — / /1Km~ (t, dz)dt = \Ey(K) — A2m(K).

Rd Rd
Assume m(K) = 0. Then AE;(K) < C for any A € R, which implies that E;(K) = 0. This shows
that Fj is absolutely continuous with respect to m. We can argue in the same way for Es, ..., Ey4, and
obtain therefore that E is absolutely continuous with respect to m. We denote by « its Radon-Nikodym

derivative: £ = am with o € L} .
Coming back to (4.6) we have therefore, for any f € C2([0,T] x R%;RY),

T T
1 1
/ / (F(t.2) - alt, ) — L1f(t,2)2)m(t, dz)dt < lim in f/ lat, 2)2m (, da)dt.
0o Jrd 2 o 2Jo Jra
We conclude by the next lemma. O

Lemma 4.3.4. We have

T
1
sup / / (t,) tm)—f|f(t 2)?) (t,da:)dt:/ / L, 2)2m(t, da)dt.
FECO([0,T]xR4;R4) Rd o Jra?2

Proof. Let us set

= ' e xfl )2 )m T
sim e ] 60 aten) — gl

FECO([0,T) xRY;R?
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Let M > 0 large and let us set an := alyjq|<ay. A corollary of Lusin’s theorem (see Evans-Gariepy,
Corollary 1 p.16) asserts that, for any ¢ > 0 there exists a continuous map ays such that {(¢,z) €
[0,T] x RY ap(t,x) # an(t, )} has a measure less than e for m. Since oy is bounded by M, we can
assume without loss of generality that a;; is bounded by M as well.
For any R € N let us consider a continuous map ¢ such that ¢r(t

, )
if |(t,z)] > R+1and 0 < ¢r < 1. Then fg s = ¢ran belongs to CO(

= 1if |(t,z)] < R, ¢r(t,x) =0
[0, 7] x R%;

f
x R% R9) and we have
T
S 2/ /]R (fra(t,x) - a(t,x) — %|fR,M(t»CE)|2)m(t7dx)dt
0 d
[Pt - Yo am
{apm=an, |a|<M} 2
1
i //{aMiaM}U{IabM}(fR,M(tvx) alte) - §|fR,M(t,$)|2)m(t7 dx)dt
1
= alt, )2 (¢r(t, x) — =¢%(t, x))m(t, dz)dt
//{a|<M}| t @) (9r(t 2) = 30R(t2))m{t, dz)
_//{ o |<M}|a(t,x)|2(¢R(t,x)—;d%(t,x))m(t,dm)dt
) 1
i /~/{aM;éaM}u{|a|>M}(fR’M(t’x) caft,x) — §|fR,M(t7$)|2)m(t,dx)dt,

The second integral in the right-hand side is bounded below by —M?m({an # @ar}) which is above
—M?e. Note that, by the definition of aps and @y, the set {|a| > M} is contained in the set {apr # @nr}-
Thus the second term in the third integral in the right-hand side can be treated as the second above. As
for the first one, we have, for any M’ > M,

// frm(t, x) - alt,x)m(t,dz)dt > fM// |ae(t, x)|m(t, dx)dt
{anm#an} {am#anm}
> MM'm({an # G, |a] < M}) — M// lalm > —MM'e — M// lam.
{lal>M"} {lal>M'}
Therefore
1
S > // (alt, ) POt 7) — 5 Gh(t, 2))mt, de)dt — MM'e ~ M// lafm — 202,
{lal<M} {lal>M"}
We first let € — 0 and then M’ — +o00 and find
1
sz [ [ jalta)Ponta) - 5okt o)m( oy
{Jal<M} 2

By monotone convergence, the term in the right-hand side tends to (1/2) [ [ |a|?*m as R — 400 and then
M — +o0. This proves the claim. (]

We are now ready to prove the existence of a solution to our minimization problem:

Proof of Theorem[].1.1): existence of a solution. As (m™,a™) is a minimizing sequence, we have
r 1
inf J(m' o) = lim/ (/ §|a”(s,x)|2m"(8,dx) —l—f(m"(s))) ds
" Jo R4

(m?,a)
- [ ' ([, 3lats.o)fmis,do) + Fun(s)) ) ds

where we used Lema [4.3.3|for the first term in the right-hand side and Corollary for the second one.
As the pair (m, «) satisfies the Fokker-Planck equation (4.2)), we conclude that (m, «) is a minimizer of
the problem. O
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4.4 Optimality conditions: case of classical solutions

The aim of this part is to show the following result:

Proposition 4.4.1. Assume that (m, «) is a smooth minimizer of the functional J defined in (4.1), with
m > 0. Then there exists a smooth map u : [0,T] x R* = R such that o = —Du and (m,u) solves (4.4).

Note that Theorem does not require the regularity of the minimizer. The proof of the optimality
conditions without this extra condition is slightly more involved and postponed to Subsection The
main interest of the approach developed here is to find quickly the optimality condition, without bothering
about technical aspects.

Proof. Fix a smooth minimizer (m, @) with m > 0. Let (m, «) satisfy be smooth and satisfy the constraint
(4.2)). For any A € (0,1], we set
(I = XNam+ Aam

(mx, an) = ((1 = A)m + Am,
m

).

Then the pair (my, ay) satisfies the constraint (4.2)). By optimality of (m, @) we have

0 < J(mx,an) — J(m,a@) / /Rd —laxPmy — 7\04|2 )dmdtJr/ (F(ma(t)) — F(m(t)))dt
am+)\am| 9
/ /]R e — ) dade

/ / / (1 = s)m(t) + smy(t))(my — m)(¢t, x)dxdsdt
Rd
Dividing by A and letting A\ — 07 gives

0< / /]R a (am - am) - "( m)dadt + / /]R d (1, @) dedsdt

(4.7 //Rd (e —a)ym +@(m m) + F(x,m(t))(m — m)(t, z))dxdt.

The goal is now to get rid of the term in (m — /) in the expression above. For this we consider the
classical solution u to the backward equation

{ —0u— Au— & - Du = F(z,m(t)) + |a(t,z)| in (0,7) x R,

(4.8) u(T,z) =0 in R%.

Note that u solves the dual equation of the equation satisfied by m with a right-hand side given by the term
multiplied by (m —m) in ({£.7). Plugging this relation into (£.7)), we have (since u(T") = m(0) —m(0) = 0)

OS/ /Rd(d. (a —a)m + (=0 — Au — & - Du)(m — m))dxdt
T
:/ /Rd(d~(a—d)m—i—u(@t(m—m)—A(m—m))_@.Du(m_m))dxdt
T
— / /Rd (a@- (o — a)m + u(—div(am) + div(am)) — a - Du(m — m))dzdt

_ /OT /qua + Du) - (o — a)m)drdt.

Now we choose o = @+ hf3 for h > 0 and 3 smooth and let mj, be the associated solution to the Fokker-
Planck equation (4.2). As h — 0%, my, converges to m. Then the previous inequality becomes, after
diving by h and letting h — 07,

T
0< / / (& + Du) - Bindaxdt.
0o Jre
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As B is arbitrary and m > 0, we obtain that Du = —a&. This proves that @ actually solves

—0u— Au+ 3|Du(t,z)> = F(z,m(t))  in(0,T) x R?,
a(T,z) =0  inR%L

and m solves
oy — Am — div(mDa) = 01in (0,T) x R?, m(0,2) = mo(x).

) is a solution to (4.4)). O

So the pair (@,

4.5 Optimality conditions: case of general solutions

Let € be the set of pairs (m, E), where m € C°([0,T],P;) and E is a vector measure on [0, 7] x R? with
values in R?. We introduce the map ®, defined on £ by:

T
2 : _ dE
B(m, E) = /0 g la(t, z)[*m(t,dx)dt if E<m, a= 5",
“+o00 otherwise
By Lemma [£.34] ® is convex and lower semi-continuous.

Lemma 4.5.1. Let (m,a) be a minimum of J (under constraint [(1.2))) and set E = am. Then (n, E)
is a minimum of the linearized functional J under constraint (4.5), where J is defined by

T
J(m,E) = ®(m, E) +/0 F(z,m(t))m(dt,dz),

where we recall that F is defined in (4.3)).
Proof. Let (m, E) € £. For any X € (0,1), we set (mx, Ex) = (1=X)(m, E)+A(m, E). Note that (my, Ey)
belongs to £ and satisfies the linear constraint (4.5). As (m, E) is optimal for J and ® is convex, we get
T
J(m, E) < J(my, BE\) < (1= \)®(m, E) + A®(m, E) +/ F(x,my(t))dt
0 JRd

Thus
T
AP (1, E‘) < )\/O /Rd(}'(x,mA(t)) — F(x,m(t))dt.

Using the definition of F is (4.3)), dividing this inequality by A > 0 and letting A — 0%, we get

T
®(m, E) < / / F(z,m(t))(m(t,dr) — m(t,dz))dt.
0 Jrd
This proves that (m, E) is a minimum of the linearized functional .J under constraint (4.5)). O

Proof of Theorem[{.1.1): optimality conditions. We now consider the solution @ to the Hamilton-Jacobi
equation
{ —0u — Au+ 1| Du* = F(z,m(t))  in(0,T) x RY,
w(T,z) =0 in R<.

As m € CY%([0,T],P1(R%)) and F is globally Lipschitz continuous, the right-hand side is Holder con-
tinuous and bounded. The solution u is therefore a classical one, with dyu, Du and D?u bounded and
Holder continuous.

Let (m, E) satisfy constraint and be such that J(m, E) < co. Then E < m and we denote by
a the Radon-Nikodym derivative of E with respect to m. As (m, E) belongs to £ and satisfies and
as 4 is such that d,u, Di and D?@ are bounded and continuous, we get

T T
/R (0, 2)mo(dr) + /O /R (@et(t, ) + ANa(t, ) m(dh, da)dt + /0 [ Dalt.a) - B(dt.dr) = .
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which, in view of the equation satisfied by u, can be rewritten as

_ g Lo 2 _ - _
/]Rd (0, z)mo(dz) + /0 /Rd(§|Du(t,x)| — F(x,m(t)) + Du(t, z) - a(t, z))m(dt, dx) =

As 1|Du(t,z)|* + Du(t,z) - a(t,z) > —%|a(t, )|, we obtain

T
(4.9) /Rdﬂ(O,x)mo(da:)S/o (%|a(t,x)|2+F(x,m( ))m(dt, dz) = J(m, E),

with a strict inequality if equality 1|Du(t,z)|* + a(t,z) - Du(t,z) = —%|a(t,z)|? does not hold m—a.e.
On the other hand, if we denote by m the unique solution to

(4.10) — Oy — A — div(mDa) =0,  m(0) = my,

and set E = —Durm, then the argument above shows that

/ (0, 2)mo (dz) = J (i, E).
Rd

This proves that (1, E) is another minimum of .J under constraint (&.5)), so that
/ (0, z)ymo(dx) = J(m, E) = J(m, E).
Rd

Recalling the case of equality in (4.9)), we infer that §|Du(t, )|* 4+ a(t,z) - Du(t,x) = —3|a(t, )|? holds
m—a.e., i.e., @ = —Du m—a.e. Thus m is another solutlon of (4.10| -, which implies that m=m. As Du

and Dzu are Holder, classical arguments show that m has a density which is positive and in C’llof Hence

a=—Du a.e. O

4.6 (Sketch of) proof of the sufficient conditions

Assume that the pair (u,m) solves system , in the sense that u is a classical solution of the first
equation (with u, yu, Du and D?u continuous and bounded) while m € C°([0, T, 732) solves the second
one in the sense of distribution. We also suppose that F is convex on P;. Fix o/ : [0,T] x R? —
R? a globally Lipschitz continuous map. Let Xy be a random variable of law mg independent of a
d—dimensional Brownian motion B and let X be the unique solution to

t
Xg’:XO+/ o/ (s, X2 )ds +2dB,,  te[0,T).
0

We set m/(t) = L(X?'). Note that, if ' = a := —Du, then m’ = m.
By Ito’s formula, we have

T T
u(T, X3 = u(0, X0)+/ (atu+Du.a’(t,Xg’)+Au)dt+ﬂ/ Du - dBy,
0 0

where u and its derivatives are computed at (¢, Xf‘/). Recalling the equation satisfied by u one has, taking
expectation:

0=E

_ T / 1 /
u(0.Xo) + [ (Du- /(6. X7) + 5Duf? - (X7 ,m<t>>>dt] .

Note that Du(t,z) - o/ + §|Du(t,z)|* > —%|d/|? for any o/ € R%, with an equality for o/ = —Du(t,z) =
a(t,z). Thus

_ T
B0 X < U 210/ XE)P + F(X mit )))dt]
/ / Sla’(t, )] + F(z,m(t))m/ (t, dz)dxdt,
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with an equality if o’ = «. Since F' is convex, we have

Flm(t) + / Fla, m()(m' (¢, dz) — m(t, dz)) < F(m'(£).

Rd

Thus

B0 X)) < [ ([ Gl + Forana+ [ (] Fam)md) - Fme)

with an equality for o’ = a (and thus m’ = m). This shows the optimality of (m, «) among the Lipschitz
competitors. The optimality among general competitors can be achieved by standard regularization and
we omit the proof.
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Chapter 5

The second order MFG systems

This chapter is devoted to the most classical mean field game system. We first explain—in a very general
framework—the derivation and the meaning of the system and illustrate the concept through an example.
Then we prove the existence of a solution in a very particular setting. Finally we also discuss potential
MFG, for which one can obtain the equilibrium as the minimum of a functional.

5.1 Description of the system

5.1.1 Heuristic derivation of the MFG system

We describe here the simplest, standard class of mean field games. In this control problem with infinitely
many agents, each small agent controls her own dynamics:

(5.1) Xs=z+ / b(r, Xy, ey m(r))dr + / o(r, X, ap,m(r))dB,,
t t

where X lives in R?, « is the control (taking its values in a fixed set A) and B is a given M —dimensional
Brownian motion. The difference with Subsection [3.3.1]is the dependence of the coefficients with respect
to the distribution (m(t)) of the all the players. This (time dependent) distribution (m(t)) belongs to the
set P(R?) of Borel probability measures on R? and is, at this stage, supposed given: we think at (m(t))
as the anticipation made by the agents on their future time dependent distribution. The coefficients
b:[0,T] x RT x A x P(R?) — R? and o : [0,7] x R? x A x P(R?) — R>M are assumed to be smooth
enough for the solution (X3) to exist.
The cost of a small player is given by

T
J(t,x,a) = E /t L(s, Xs,a5,m(8)ds + g(X7,m(T))

Here T > 0 is the finite horizon of the problem, L : [0,7 x R x A x P(R%) — R and g : R x P(R%) — R
are given continuous maps.
If we define the value function u as

u(t,z) = inf J(t, z, a),
(e}
then, at least in a formal way, u solves the Hamilton-Jacobi equation

{ —Owu(t, ) + H(t,z, Du(t,x), D*u(t, ), m(t)) = 0 in (0,7) x R?
w(T,z) = g(z,m(T)) in RY.

where the Hamiltonian H : [0,7] x R? x R? x R¥*4 x P(R?) — R is defined by

1
H(t,z,p,M,m) :=sup |—L(t,z,a,m) —p-b(t,z,a,m) — iTr(aa*(t,x, a,m)M)
acA
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Let us now introduce a*(¢,x) € A as a maximum point in the definition of H when p = Du(t,x) and
M = D?(t,z). Namely

H(t,z, Du(t,z), D*u(t,x),m(t)) = —L(t,z,a*(t,z),m(t)) — Du(t,x) - b(t, z, a* (t, x), m(t))

(5.2) - %Tr(aa*(t,m,a*(t,x))D2u(t,x),m(t)).

Recall from Subsection that a* is the optimal feedback for the problem. Let us strongly emphasize
that v and o* depend on the time-dependent family of measures (m(t)).

We now discuss the evolution of the population density. For this we make two important assumptions:
First we assume that all the agents control the same system (although not necessarily starting from
the same initial position) and minimize the same cost J. As a consequence, the dynamics at optimum of
each player is given by

dX = b(s, X2,a (s, X2),m(s))ds + o(s, X2, a" (s, X2),m(r))dB.

Second we assume that the initial position of the agents and the noise driving their dynamics are inde-
pendent: in particular, there is no “common noise” impacting all the players. The initial distribution of
the agents at time ¢ = 0 is denoted by mo € P(R?). From the analysis of the mean field limit (in the
simple case where the coefficients do not depend on the other agents) the actual distribution (m(s)) of
all agents at time s is simply given by the law of (X}) with £(X{) = my.

Let us now write the equation satisfied by (m(s)). By It&’s formula, we have, for any smooth map
#:[0,T) x R — R with a compact support:

T
0=E[o(T, X7)] = E[$(0, X7)] + /0 E {at¢(8, X7) +0b(s, X7, 0" (s, X7),m(s)) - Do(s, X))
+ %Tr(oa*(s,X;,a*(s,X;)7m(r))D2¢(S,X;))} ds
T
o0aymolds) + [ [ [06(5,5) + b(s..0 5,2),m(s) - Do(s. )
R 0o Jre

+ %Tr(aa*(s, z, " (s,2), m(r))D?¢(s, a:))} m(t,dr)ds

T d
R #0, 2)mo(dw) + /0 Rd {at¢(87 =) 1221 bi(s, x, " (s, ), m(s)) 0z, 6(s, )
d
+% Z aij(&x,a*(s7x),m(r))aiiwj(b(s,x))} m(t,dx)ds

where a = (a;;) = oo*. After two integration by parts (and assuming that the boundary terms vanish),
we obtain that (m(t) satlsﬁes in the sense of distributions,

d

oym — = Z m(t, x)a;(t, z, " (¢, z), m(t))) + 289“ (m(t, z)bi (s, ,a*(s,x),m(s))) =0 in (0,7) x RY,
m(0) = m; in RY, )

or, in a more compact way,
Oy — - ZD m(t,x aZ](t z,a"(t,z),m(t))) + div(m(t,z)b(s, z,a"(s,z),m(s))) =0 in (0,T) x Rdv

m(0) = mo in RY,

where, for a vector field ¢ = (¢;), div(¢)(x) = Zle O0x, bi ().
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At equilibrium, one expects the anticipation (m(t)) made by the agents to be correct: m(t) = m(t).
Collecting the above equation leads to the MFG system:

—dyul(t, x) + H(t,z, Du(t, z), D*u(t,z),m(t)) = 0 in (0,7) x RY,
om — = ZD m(t, x)a;;(t, z, o (t,z),m(t)) + div(m(t, 2)b(s, z,a* (s, x),m(s))) =0 in (0,T) x R,
m(0) = mo, u(T,z) = g(z,m(T))  inR,
where o is given by and a = go*.
In order to simplify a little this system, let us assume that M = d and o = v/2I;. We set (warning!

abuse of notation!)

H(tvxapam) ‘= sup [*L(t,x,a, m) —D- b(tv'raavm)]
acA

and note that, by the Envelope Theorem (see Lemma below), one can expect to get (under suitable
assumptions):
DPH(t7 €z, Du(t7 1‘), m(t)) = 7b(t7 €z, a*(t7 I), m(t))

In this case the MFG system becomes

—owu(t, ) — Au(t,z) + H(t,x, Du(t,xz), m(t)) =0 in (0,7) x R%,
oym — Am(t, x) — div(m(t, ) D, H(t, z, Du(t, z),m(t)) =0 in (0,7) x R%,
m(0) = mg, u(T,z) = g(z,m(T)) in RY,

Here is the Envelope Theorem:

Lemma 5.1.1. Let A be a compact metric space, O be an open subset of R and f : A x O — R be
continuous and with D, f continuous on A x O. Then the marginal map

V(w) = inf f(a,)

is differentiable at each point x € O at which infimum in V(x) is reached at a unique point a, € A. Then
DV (z) = D, f(az,x).

Proof. Let 2 € O be such that the infimum in V() is a unique point a, € A. Then an easy compactness
argument shows that, if a, is a minimum point of V(y) for y € O and y — =, then a, — a,.
Fix y € O. Note first that, as a, € A,

V(y) < f(aa:ay) = f(az,x) + Dy f(a, zy) : (y —x) = V(x) + Dy f(s, zy) : (y — ),

for some z, € [z, y].
Conversely,

V(x) < f(ayax) - f(ayay) + Dmf(ayazyl;) : (l’ - y) = V(y) + Dmf(aya'z;) : (x - y)>

for some z;, € [2,y].
By continuity of D, f and convergence of a,, we infer that

lim V(y) —V(z) — Dyf(ag,z) - (y — )|
y—a ly — x|

< liminf | Dy f(ar, 2) = Daf(aa, z) )| + | Do f(ay, z,) — Do f (ag, x)| = 0.
Yy xr
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5.1.2 A simple example of optimal trading

We discuss here a toy example of optimal trading. Let us warn the reader that this example does not fit
the framework described above. However, it can be solved explicitly and illustrates quite well the mean
field interactions.

A continuum of investors decide to buy or sell a given tradable instrument. The decision is a signed
quantity Qo to buy (in such a case (o is negative: the investor has a negative inventory at the initial
time ¢t = 0) or to sell (when Q) is positive). All investors have to buy or sell before a given terminal time
T, and we assume that they have the same risk aversion parameters ¢ and A.

Each investor will control its trading speed «; through time, in order to fulfill its goal. The price S;
of the tradable instrument is submitted to two kinds of moves: an exogenous innovation supported by a
standard Wiener process B; (with its natural probability space and the associated filtration F;), and the
permanent market impact generated linearly from the buying or selling pressure 6u; where p; is the net
sum of the trading speed of all investors and 6 > 0 is a fixed parameter.

In principle one should expect the term (u;) to be stochastic and adapted to the filtration generate by
B, which, in this setting, should be interpreted as a common noise. Because of the specific structure of
the problem it is not the case here: so in the rest of the example we consider (u;) as deterministic.

The state of each investor is described by two variables: its inventory @; and its wealth X; (starting
with X = 0 for all investors). The evolution of @) reads

(54) th = Q¢ dt,

since for a seller, Qo > 0 (the associated control o will be mostly negative) and the wealth suffers from
linear trading costs (or temporary, or immediate market impact, parametrized by k):

(55) dXt = —Oét(St + K- Oét) dt.

Meaning the wealth of a seller will be positive (and the faster you sell—i.e. « is largely negative—, the
smaller the sell price).

The cost function of each investor is made of the wealth at T', plus the value of the inventory penalized
by a terminal market impact, and minus a running cost quadratic in the inventory:

T
(56) Vi :=supE XT+QT(ST—A-QT) —(]5/ (QS)2d8‘| .
e} t
The Hamilton-Jacobi-Bellman satisfied by the valued function V = V (¢, s, q, x; u) associated to (5.6
is
1
(5.7) 0=0,V —dqg*+ 5o-2a§Sv + QudsV + sup {@d,V — a(s + ka)d,V}

with terminal condition

To find V', we will use the following ansatz:
(5.8) V=x+4qs+o(t,qp).

Thus the HJB on v is
—0pq = 0w — ¢ ¢* + sup {aaqv — HQQ} ,

with terminal condition
(T, q; p) = —Ag?
and the associated optimal feedback is

(5.9) a(t,q) = ———.



Further simplification In view of the equation, we look for v(t, ¢) as a quadratic function of g¢:

2 ha(t)

v(t,q) = ho(t) + qhi(t) — ¢° 5

Then the equation for v can be split in three parts

0 = —2khh(t) —4re + (ha(t))?,
(5.10) 260p(t) = —2kR|(t) + hi(t)ha(t),
—(m(1)* = 4rhg(t),

One also has to add the terminal condition: as Vz = x + q(s — Aq), v(T,q) = —Ag?. This implies that
(5.11) ho(T) = hi(T) =0, ho(T) = 2A.
Defining the mean field. In our model, the net trading flow u is the average of the optimal feedback

in the population. If the initial inventories of the investors is distributed as the random variable QO, by
(5.9) the inventories at time ¢ of these investors is the random variable given by

A A ! 0 ) ~s A 1 K A
Qt = Qo +/ Mds = Qo+ */ (—h2(s)Qs + h1(s))ds.
Calling E(t) the expectation of Qy, we find that E solves the ODE
iy ha(t) ha(s) R
B(t)=-2ZE0)+ 5>, E(0) = Eo:=E Q)

while

pu(t) =E

a<2@>] = B [-ha®Q: + m(1)] = B

The full system To summarize, we find the system:

—2khly(t) — 4k + (ha(t))?,

2k0FE' (t) = —2rh\(t) + h1(t)ha(2),
—(m(1)* = 4rhy(®),
E(t) = —f0E0)+ 40,
ho(T) = hi(T) =0, ho(T) = 24, E(0) = Ej.

Note that this is a forward-backward system and thus the standard theory of ODEs does not directly
apply.

An example of resolution The (backward) equation for hy can be solved separately. Once h; is
known, one can also find hg. Let us now show that one can reduce the system of equations satisfied
(h1, E) to a single equation. We have

hi(t) = 26E'(t) + ho(t) E(t),

so that
Ri(t) = 26E"(t) + ha(t)E'(t) + hy (1) E(t)
= —0E'(t) + h;—g)hl(t) = —0E'(t) + QS) (2KE'(t) + ha(t) E(1))
Thus
0= —2E"(t) — OE'(t) + (—hL(t) + hi(;) VE(t)

= —2kE"(t) — 0F'(t) 4+ 20 E(t).
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with boundary conditions
E(0) = Ey, 0=~h1(T)=2cE"(T)+ ho(T)E(T) = 2kE'(T) + 2AE(T).
To summarize we find the problem

{ —2kE"(t) — 0E'(t) + 29E(t) =0  in(0,7),

(5.12) E(0)=Ey,  2xkE'(T)+2AE(T) = 0.

Let us consider the Hilbert space H := {z € H'([0,T]), (0) = 0}. Then by the equation satisfied by
x(t) = E(t) — Ep, we have, for any y € H,

T
= /O y(t)(=2k2" (t) — 02" (t) + 2¢(x(t) + Ep))dt

= {—2y(t)x’(t)}: + /OT

24
Y

(2! (£)y ()" (£) — 02 (E)y(t) + 20ty ()t + Fo) / y(t)dt

T T
(@(T) + Eo)y(T) +/O (262’ ()y' (t) — 02/ ()y(1) +2¢x(t)y(t))dt+Eo/O y(t)dt

Let us consider on H the bilinear form
24 T
Alz,y) = —a2(T)y(T) +/0 (2w’ (t)y' (t)z" (t) — 0" (t)y(t) + 202 (t)y(t))dt.

One easily checks that it is bilinear continuous on H x H. Moreover,

T

Aw,a) = 22 (D) + [ 2r(0)F = 000 (0) + 20(a(0) )i
T
=L 0D + [0 + 20000

So A is coercive (at least if) if § < %. From Lax-Milgram Theorem we deduce that, if £ is the linear

form .
2AF,
E(y) == ————y(T) *Eo/ y(t)dt  Vy e H,
0

K

there exists a unique & € H such that

A(z,y) =&(y)  VyeH.
One can check by standard arguments that this is equivalent to saying that & solves system (5.12)).

5.2 Analysis of a second order quadratic MFG

We discuss the existence of a solution of the MFG system in the simple setting of second order equations
with a quadratic Hamiltonian:

(1) —Owu— Au+ %|Du|2 = F(x,m(t)) in R% x (0,7T)
(5.13) (i) &m — Am —div(m Du)=0  inR%x (0,T)
(iii) m(0) =mg , u(z,T) = G(xz,m(T))  inR?

Our aim is to prove the existence of classical solutions for this system and give some interpretation in
terms of game with finitely many players.

For this our main assumption is that F and G are regularizing on the set of probability measures on
R?. To make our life simple, we assume that all measures considered in this section have a finite first order
moment: let Py be the set of such Borel probability measures m on R? such that [, |[z|dm(z) < +oc.
The set P; can be endowed with following (Kantorovitch-Rubinstein) introduced in Subsection

Here are our main assumptions on F'; G and mg: we suppose that there is some constant Cy such
that
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1. (Bounds on F and G) F and G are uniformly bounded by Cy over R? x P;.

2. (Uniform regularity of G) G(-,m) is bounded in C?T*(R%) (for some a € (0,1)), uniformly with
respect to the measure m.

3. (Lipschitz continuity of F' and G)
|F(x1,m1) — F($2,m2)| S C() [|ZE1 — LE2| + d1(m1,m2)} V($1,m1), (ZEz,mg) S Rd X 731 .
and

|G(m1,m1) — G($27m2)| S C() Hl‘l - 1‘2‘ + dl(ml,mg)] ‘v’(xl,ml), (.Z‘Q,mg) S Rd X 731 .

4. The probability measure my is absolutely continuous with respect to the Lebesgue measure, has a
C?*e density (still denoted mg) which satisfies [p, [2|*mo(x)dz < +oo.

A pair (u,m) is a classical solution to ([5.13) if u,m : R? x [0,T] — R are continuous, of class C? in
space and C! in time and (u,m) satisfies (5.13) in the classical sense. The main result of this section is
the following;:

Theorem 5.2.1. Under the above assumptions, there is at least one classical solution to .
The proof is relatively easy and relies on basic estimates for the heat equation as well as some remarks
on the Fokker-Planck equation ([5.13}(ii)).
5.2.1 On the Fokker-Planck equation
Let b: RY x [0,7] — R be a given vector field. Our aim is to analyse the Fokker-Planck equation

Om — Am +div(m b) =0 in R? x (0,7)
m(0) = mg

(5.14) {
as an evolution equation is the space of probability measures. We assume here that the vector field

b:R9 x [0,T] — R? is continuous, uniformly Lipschitz continuous in space, and bounded.

Definition 5.2.2 (Weak solution to (5.14). We say that m is a weak solution to if m €
LY([0,T),Py) is such that, for any test function p € C°(R? x [0,T)), we have

o(, 0)dmo(z) + / / (Brple,1) + Ap(r, ) + (Dig(a, £),b(e, 1)) m(t, dir) = 0.
R4 0 Rd

In order to analyse some particular solutions of (5.14)), it is convenient to introduce the following
stochastic differential equation (SDE)

dX; = b(Xy,t)dt +/2dBy, t € 10,7
(5.15)
Xy = Zo

where (B;) is a standard d—dimensional Brownian motion over some probability space (Q2,.4,P) and
where the initial condition Zy € L'(Q) is random and independent of (B;). Under the above assumptions
on b, there is a unique solution to (5.15]). This solution is closely related to equation (5.14)):

Lemma 5.2.3. If L(Zy) = mo, then m(t) := L(X;) a weak solution of (5.1])).

Proof: This is a straightforward consequence of Itd’s formula, which says that, if ¢ : R4 x [0, 7] — R
is bounded, of class C? in space and C! in time, then

P(X0rt) = 9(Z0,0) t
+/ [0t (X5, 8) + (Do(Xs, 8),b(Xs, 8)) + Ap(Xs, s)] ds +/ (Dp(Xs,8),dBs) .
0 0
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Taking the expectation on both sides of the equality, we have, since
t
E [/ (Dp(Xs,8),dBs)| =0
0
because t — fg(Dgo(Xs, s),dBs) is a martingale,

Elp(Xy, )] =E [@(ZO,O)Jr/O [pe(Xs, 5) + (Dp(Xs, 5), b(Xs, 8)) + Ap(Xs, 5)] ds

So by definition of m(t), we get

/Rd w(x,t)m(t,dx):/ o 0)rmo (de)

t Rd
+/0 /Rd [ot(z,8) + (Dp(x, s),b(x, s)) + Ap(x, s)] m(s,dx) ds,

i.e., m is a weak solution to (|5.14)). O

This above interpretation of the continuity equation allows to get very easily some estimates on the
map ¢t — m(t) in Ps.

Lemma 5.2.4. Let m be defined as above. There is a constant co = co(T'), such that
dy(m(t),m(s)) < co(1+ [blloc)t = s|> Vst €[0,7].

Proof : Recalling the definition of d; we note that the law ~ of the pair (X, Xs) belongs to
II(m(t), m(s)), so that

di(m(t).m(s) < [ | o= dr() = E (X = Xl

Therefore, if for instance s < t,

t
E[X,—X,] < E [/ |b(X,,7)|dT + V2 |B, — By
< [blles(t = 8) + V/2( — 5)
O
Moreover we also obtain some integral estimates:
Lemma 5.2.5. There is a constant co = co(T) such that
/ lo2m(t, dz) < co(/ o2mo(dz) + 1+ p|2) Ve [0,T].
R R
Proof : Indeed:
t 2
z|*m(t,dz) = E [|X:|°] < 2E ||Xo|*+ ‘/ b(X,,7)dr| +2|B|?
R 0
< 9 V l2[2mo(da) + 2 B]|%, + Qt}
Rd
O
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5.2.2 Proof of the existence Theorem

Before starting the proof of Theorem let us recall some basic existence/uniqueness result for the
heat equation

wy — Aw + (a(z,t), Dw) + b(x, t)w = f(x,t) in R? x [0, 7]
(5.16) { w(z,0) = wo(x) in R?

For this it will be convenient to denote by C*T (for an integer s > 0 and a € (0,1)) the set of maps
z: R x [0, 7] — R such that the derivatives 9f D!z exist for any pair (k,[) with 2k +1 < s and such that
these derivatives are bounded and a—Holder continuous in space and («/2)—Ho6lder continuous in time.
If we assume that, for some « € (0,1), a : R4 x [0,T] — R, b, f : R x [0, T] — R and wy : RY — R belong
to C%, then the above heat equation is has a unique weak solution. Furthermore this solution belongs to
C?* (Theorem 5.1 p. 320 of [43]).

We will also need the following interior estimate (Theorem 11.1 p. 211 of [43]): if @ = b = 0 and
f is continuous and bounded, any classical, bounded solution w of satisfies, for any compact set
K cR?x (0,7),

(5.17) sup |Dw(z,t) — Dw(y, s)|

(o) (wayek T —yP + |t — s|B/2 < C(K, |lwloo) | fllso

where 8 € (0,1) depends only on the dimension d while C(K, ||w||~) depends on the compact set K, on
|lw]| oo and on d.

Let Cy be a large constant to be chosen below and C be the set of maps p € C°([0,7],P1) such that

du(u(s).1(1) _ .

>~ U1

(5.18) sup .
s#£t |t — 8|5

and
sup / lz|?m(t, dx) < O .
Rd

t€[0,T]

Then C is a convex closed subset of C°([0,T],P;). It is actually compact, because the set of probability
measures m for which [;, [z|*dm(x) < Cy is finite, is compact in Py (see Lemma [3.1.3).

To any u € C we associate m = ¥(u) € C in the following way: Let u be the unique solution to

(5.19) { —Owu — Au+ %IDUF = F(z,u(t))  inR?x(0,7)
u(z,T) =G(z,u(T)) inR?

Then we define m = U(u) as the solution of the Fokker-Planck equation

(5.20) Om — Am —div(m Du) =0 in R? x (0,7)
' m(0) = myg in RY

Let us check that ¥ is well-defined and continuous. To see that a solution to (5.19) exists and is
unique, we use the Hopf-Cole transform: setting w = e*/? we easily check that u is a solution of ((5.19)
if and only if w is a solution of the linear (backward) equation

_8tw - Aw = ’U}F(l‘, M(t)) in Rd > (O, T)
w(z,T) = oCla.u(1))/2 o R

Note that the maps (z,t) — F(x,m(t)) and z — e“@#T)/2 belong to C'/2 and C?+* respectively,
because p satisfies and from our assumptions on F' and G. Therefore the above equation is uniquely
solvable and the solution belongs to C2T with o = %, which in turn implies the unique solvability of
with a solution u which belongs to C?>T“. Recall that the maps z — F(z, u(t)) and z — G(z, u(T))
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are bounded by Cjy, so that a straightforward application of the comparison principle implies that u is
bounded by (1 + T)Cy. In the same way, since moreover the maps x — F(x, u(t)) and x — G(z, u(T))
are Cp—Lipschitz continuous (again by our assumptions on F' and G), u is also Cp—Lipschitz continous.
Hence Du is bounded by Cj.

Next we turn to the Fokker-Planck equation 7 that we write into the form

Om — Am — (Dm, Du(z,t)) — mAu(z,t) =0 .

Since u € C**, the maps (z,t) — Du(z,t) and (z,t) — Au(x,t) belong to C%, so that this equation is
uniquely solvable and the solution m belongs to C2*t%. Moreover, in view of the discussion of subsection
[b.2.1 we have the following estimates on m:

di(m(t),m(s)) < co(1+Co)lt — 5|2 V¥s,t€[0,T]

and
/\x|2m(t,dx)gco(1+cg) vt e (0,77,
Rd

where ¢y depends only on T'. So if we choose C; = max{co(1 + Cp),co(1 + C3)}, m belongs to C.

We have just proved that the mapping ¥ : u — m = ¥(u) is well-defined. Let us check that it is
continuous. Let u, € C converge to some . Let (un,my,) and (u,m) be the corresponding solutions.
Note that (z,t) — F(x, un(t)) and z — G(x, un(T')) locally uniformly converge to (z,t) — F(x, u(t))
and x — G(z, u(T)). Then one gets the local uniform convergence of (u,) to u by standard arguments
(of viscosity solutions for instance). Since the (Du,,) are uniformly bounded, the (u,) solve an equation
of the form

Opun, — Auy, = fr
where f, = 4|Duy|* — F(z,m,) is uniformly bounded in z and n. Then the interior regularity result
implies that (Du,,) is locally uniformly Holder continuous and therefore locally uniformly converges
to Du. This easily implies that any converging subsequence of the relatively compact sequence m,, is a

weak solution of (5.20). But m is the unique weak solution of ([5.20)), which proves that (m,,) converges
to m.

We conclude by Schauder fixed point Theorem that the continuous map g — m = ¥(u) has a fixed
point in C. Then this fixed point is a solution of our system (5.13)). O

5.2.3 Uniqueness

Let us assume that, besides the assumptions given at the beginning of the section, the following conditions
hold:

(5.21) /Rd(F(I,ml) — F(z,m3))d(m; —mg)(z) >0 Vmi, ma € Pi, mi # mo
and
(5.22) /Rd(G(x,ml) — G(x,m3))d(my —ms)(z) >0 VYmy,mg € P1 .

Theorem 5.2.6. Under the above conditions, there is a unique classical solution to the mean field
equation .

Proof. Before starting the proof, let us notice that we can use as a test function for m any map w which
is of class C?: indeed, the result follows easily by regularizing and truncating w by cut-off functions of
the form ¢, (t)¥r(z) where

1 ift<T—e 1 if 2| < R
d(t) =48 14+ (T —e—t))e UT—e<t<T andypr(zr)=¢ R+1—|z] fR<|z|<R+1
0 itt>T 0 if 2| > R+ 1
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Let now consider (u1,m;) and (ug,ms2) two classical solutions of (5.13). We set & = u; — ug and
m = mj — my. Then

(5.23) — O — A+ = (|Du1| — | Dus| ) (F(x,m1) — F(z,mz)) =0
while
Oym — Am — div (m1Dug — maDug) =0

Let us use @ as a test function in the second equation. Since @ is C? we have (recall the remark at the
begining of the proof)

—/ (ma)(T)+ mou / / (Or + Aa) dim — / (D@, m1Duy — maDug) =0
Rd Rd Rd

Let us multiply equality 1) by m, integrate over R? x (0,7') and add to the previous equality. We
get, after simplification and using that m(0) = 0,

/ (T) — ms(T)) (G (T)) — Glma(T))
/ /R (IDws|? = | Dusf?) = i (F(,m1) = F(w,m3)) = (D, ma Duy = mzDuz) ) = 0.

Let us recall that

Rd(ml(T) —ma(T)) (G(m(T)) — G(ms(T))) 2 0,

and also note that

m1 + mo

m
5 (|Du1|2 — |Du2\2) — (D@, m1 Duy — moDusg) = — 5

\Dul — DUQ|2.

So we find

T
/ MM b~ Dusf? <0,
o JRrd 2

which shows that Du; = Dus mi— and ms—a.s. Thus m; and ms solve the same Kolmogorov equation,
which, by uniqueness, shows that m; = ms. As u; and us solve the same Hamilton-Jacobi equation, we
infer that u; = uo as well. O

5.2.4 Potential MFGs

In this part we consider a specific class of MFGs where the equilibria come from a minimization problem.
This part is largely redundant with Chapter Namely we assume that there exist continuous maps
F,G : P2(R%) — R such that

—t)m +tm —m))(dx m,m’ 5 (R?
Fm' //R (1= tym+tm')(m— m)(dz)  ¥m,m' € Pa(RY)

and the symmetric equality holds for G and G. The above equality means that F' is “the derivative” of
F. We will discuss this idea in details in the next chapter.

For instance, if F(z,m) fRd m(dy), where ¢ is continuous, bounded and symmetric, it is not
difficult to show that one can take:

HW=%Aﬁ@MM@WW&

We consider the problem

T
inf J(m,v) where J(m,v) / g [v(t, 2)|*m(t, z)dxdt —&—/0 F(m(t))dt + G(m(T)),

m,v
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the minimum being taken over the set of smooth maps (m,v) : [0,7] x R? — R x R? such that
(5.24) oym — Am + div(mwv) = 01in (0,T) x R%, m(0,2) = mo(x).
Our aim is to show the following result:

Proposition 5.2.7. Assume that (m,v) is a smooth minimizer of the above problem with m > 0. Then
there exists a map @ = a(t,x) such that the pair (4, m) is a solution to the MFG system (5.13)).

Sketch of proof. Let (m,v) satisfy the constraint (5.24). Then, for any A > 0,

(1= X)mv + Amwv

(mx, o) = ((1 = A\)m + Am, (1— Nm + am )

satisfies the constraint (5.24]). By optimality of (m,7) we have

2
0 < J(my,vy) — T (m, ) / /Rd ml;ni)‘;nrsl — |o|*m)dxdt

/ (F(ma(t)) = F(m(t)))dt + G(ma(T)) = G(m(T))

:/ /Rd mz;;?:;if |0[*m)dxdt
/ / /Rd (1 = s)m(t) + smx(t))(mx — m)(t, z)dxdsdt

+ / Gla, (1 — 8)i(T) + sma(T)) (mx — ) (T, ) dzds
0 Rd

Note that m) tends to m as A — 0". So, dividing by A and letting A — 07 gives
r 1
0< / / (v—"1)-om+ —|@\2(m —m))dxdt
Rd
(5.25) / / (m — ) (t, 2)dadsdt + / G, (T))(m — m)(T, z)dzds.
Rd

Let u be the solution to the backward equation

{ —0u — Au—v- Du = F(z,m(t)) + $|v(t,z)|? in (0,7) x RY,
u(T,z) = G(x, m(T)) in R9.

Plugging this relation into (5.25)), we have

(5.26)

Og/ /Rd((v—ﬁ)-@m—l—(—6u—Au—v-Du)(m—fn))dwdt

" /01 /R G(z,m(T))(m —m)(T, z)dzds

:/ /((U_@)'@m’L“(at(m_m)_A(m—m))—v'DU(m—m))dxdt
0 R4
:/ /Rd((vfl_))~1777L+Du.(mvfﬁu_))7U.Du(m7m))dxdt

T
:/ /(u—@)-@m+mDu~(v—@)dmdt.
0 R4

Now we choose v = ¥ + hz for h > 0 and z smooth and let u;, be the associated solution to the HJ
equation (5.26). As h — 0T, uy, converges to @ solution to

{ —0u— Au—v-Du=F(z,m(t)) + Lot z)> in(0,T) xR,
a(T,z) = G(z,m(T)) in R%.
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Then

T
Oz/ / z-vm + mDu - zdxdt.
0 JRd

As z is arbitrary, (meaning that, for any h > 0, there exists a unique classical solution to ([5.26)) associated
with the drift v = v 4+ hz) and m > 0, we obtain that Du = —v. This proves that @ actually solves

{ —0u— Au+ 5|Da(t,z)]* = F(z,m(t))  in(0,7) xR,
a(T,z) = G(z,m(T)) in R9.

and mm solves
oy — A — div(mDa) = 0in (0,T) x R?, m(0,2) = mo(x).

So the pair (@, m) is a solution to (5.13)). |

5.2.5 Application to games with finitely many players

Before starting the discussion of games with a large number of players, let us fix a solution (u,m) of
the mean field equation ((5.13)) and investigate the optimal strategy of a generic player who considers the
density m “of the other players” as given. He faces the following minimization problem

: 1,
12fj(a) where J(a)=E /0 §\as| + F (Xs,m(s)) ds+ G (Xp,m(T))

In the above formula, X; = X+ fof asds +v2B,, X is a fixed random intial condition with law mg and
the control « is adapted to some filtration (F3). We assume that (B;) is an d—dimensional Brownian
motion adapted to (F;) and that X, and (B;) are independent. We claim that the feedback strategy
a(z,t) := —Du(x,t) is optimal for this optimal stochastic control problem.

Lemma 5.2.8. Let (X;) be the solution of the stochastic differential equation

C{Xt == O_é(Xt,t)dt + \/§dBt
Xo = Xo
and a(t) = a(Xy,t). Then
inf 7 () = J(a) = / w(z, 0) dmo(z) -
(03 RN
Proof : This kind of result is known as a verification Theorem: one has a good candidate for an

optimal control, and one checks, using the equation satisfied by the value function w, that this is indeed
the minimum. Let o be an adapted control. We have, from 1t6’s formula,

E[G(X7,m(T))] = U(XT, )]

= E |u(Xo,0) + (Oru(Xs, 8) + {as, Du(Xs, 8)) + Au(Xs, s)) ds]
0

T
= E |u(Xo,0 +/0 7|Du X, 8)]? + (s, Du(X,, 5)) — F(Xs,m(s))) ds]

o [u(xo0) + / (gl = F(X.,m(s) ds]

This shows that E[u(Xo,0)] < J(a) for any adapted control a. If we replace o by & in the above
computations, then, since the process (X;) becomes (X;), the above inequalities are all equalities. So
E [u(Xo,0)] = J(@) and the result is proved. O
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We now consider a differential game with N players which consists in a kind of discrete version of the

mean field game. In this game player i (i = 1,..., N) is controlling through his control o’ a dynamics of
the form
(5.27) dX} = alidt + v/2dB}

where (Bj) is a d—dimensional brownian motion. The initial condition X} for this system is also random
and has for law mg. We assume that the all X and all the brownian motions (Bjf) (i = 1,...,N) are
independent. However player i can choose his control o adapted to the filtration (F; = o(XJ, BI, s <
t, j=1,...,N}). His payoff is then given by

TN, .. o)
"1 i)2 i1 i 1
=K . 5a8| + F Xs,mZ(ng ds+ G XT’mZ(SX%
J#i J#i

Our aim is to explain that the strategy given by the mean field game is suitable for this problem. More
precisely, let (u, m) be one classical solution to (5.13) and let us set &(x,t) = —Du(z,t). With the closed
loop strategy & one can associate the open-loop control &' obtained by solving the SDE

(5.28) dX} = a(X},t)dt + V2dB:

with random initial condition X} and setting & = &(X},t). Note that this control is just adapted to the
filtration (F} = o(X§, B, s <t}), and not to the full filtration (F;) defined above.

Theorem 5.2.9. For any € > 0, there is some Ny such that, if N > Ny, then the symmetric strategy

(@', ...,a") is an e~ Nash equilibrium in the game J{,..., T : Namely
~7iN(O~‘1’ SRR dN) < %N((&j)j?fi? O‘) +e

for any control « adapted to the filtration (Fi) and any i € {1,...,N}.

Remark 5.2.10. This result is very close to one-shot games and its proof is mainly based on the stability
property of the mean field equation. In some sense it is rather “cheap”: the difficult question is in what
extent Nash equilibria for differential games in feedback strategies give rise to a mean field equation. This
question is for a large extent open.

Proof : Fix ¢ > 0. Since the problem is symmetrical, it is enough to show that
(5.29) TN@,.. &) < TN (@), 0) + €

for any control a, as soon as N is large enough. Let us denote by th the solution of the stochastic differ-
ential equation 1) with initial condition XJ. We note that the (X7 ) are independent and identically
distributed with law m(t) (the law comes from Lemma|5.2.3)). Therefore, using (as in subsection [2.4]) the

law of large numbers there is some Ny such that, if N > Ny,
1
(5.30) E| sup |Fly,———=) 0gi|—Fly.m(t)|| <e
lyl<1/ve N-1 ]; :
for any ¢ € [0,7] and
1

(5.31) E| sup |G|ly,———=) 0g;i | —Gly,m(T))|| <e.

luI<1/ve N—1 ; ’
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For the first inequality, one can indeed choose Ny independent of ¢ because, F' being Cy—Lipschitz
continuous with respect to m, we have

1 1
B suwp \F |y =D dxy | = F (v g 2 0%

ly|<ve j>2 i>2

1 1
E |Codi | 57 2050 77 D O

j=>2 j=>2
I

= N—1ZEHXt - X
j=2

where the last inequality easily comes from computations similar to that for Lemma [5.2.4
Let now « be a control adapted to the filtration (F;) and X; be the solution to

IN

} < co(1+ ||allos)(t — )2,

dX; = a,dt + V2dB}

with random initial condition XO Let us set K = 2(T||Fllco + [|Glloo) + E| f slal[*ds]. Note that, if

f 3l |?ds] > K, then holds.

Let us now assume that E| fo |as|?ds] < K. We first estimate E[sup,epo, 7y | X¢]?]:

E| sup |X¢*| <2E <2E[|X( %] + 2K +4T

T4
\X01|2—|—/ —|os|?ds +2 sup |By|?
t€[0,T] 0

te[0,T]

where the last estimates comes from the Burkholder-Davis-Gundy inequality. Denoting by K the right-
hand side of the above inequality we obtain therefore that

P | sup |Xy| >1/Ve| < Kye.
t€[0,T)

Let us now fix N > Ny and estimate J{¥ ((a7),.1,a) by separating the expectation for the F' and G
terms according to the fact that sup,c(o 77 [X¢| > 1/y/€ or not. Taking into account and (5.31] - we
have

N (5. Lo i i _
T ((67)jz2,0) > E ; 2|a5\ +F(Xs,m(t)) +G(XT,m(T)) (1+T)e

—2P | sup |Xt| > 1/
' tel[0,T
> TJ{((67)j1) = Ce

for some constant C' independent of N and «, where the last inequality comes from the optimality of &
in Lemma [£.2.8 O

(TN Fllso + 1Glloo)

5.3 Comments

Existence: Existence of solutions for the MFG system can be achieved either by Banach fixed point
Theorem (as in the papers by Caines, Huang and Malhamé [40], under a smallness assumption on the co-
efficients or on the time interval) or by Schauder arguments (we used this argument in Theorem , as
in Lasry and Lions [45] 46]). For MFG systems with local coupling functions, i.e., when F' = F(z, m(t, z)),
one can also use variational methods (see Subsection similar to the techniques for optimal transport
problems (see [40]).

Uniqueness: Concerning the uniqueness of the solution, one can distinguish two kinds of regimes. Of
course the Banach fixed point argument provides directly uniqueness of the solution of the MFG system.
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However, as explained above, it mostly concerns local in time results. For the large time uniqueness, one
can rely on the monotonicity conditions (5.21]) and (5.22)). These conditions first appear in [45] 46].

Nash equilibria for the N —player games: the use of the MFG system to obtain e—Nash equilibria (The-
orem has been initiated—in a slightly different framework—in a series of papers due to Caines,
Huang and Malhamé: see in particular [37] (for linear dynamics) and [40] (for nonlinear dynamics).
In these papers, the dependence with respect of the empirical measure of dynamics and payoff occurs
through an average, so that the CTL implies that the error term is a order N~1/2 (instead of N—1/(¢+4)
as in Theorem . The genuinely non linear version of the result given above is a variation on a result
by Carmona and Delarue [14].

The reverse statement, namely in what extend the MFG system pops up as the limit of Nash equilib-
ria, is much more difficult and investigated in [10].

Extensions: it is difficult to discuss all the extensions of the MFG systems since the number of papers
on this subject has grown exponentially in the last years. We give here only a brief overview.

The ergodic MFG system has been introduced by Lasry and Lions in [44] as the limit, when the
number of players tends to infinity, of Nash equilibria in ergodic differential games. As explained in Lions
[48], this system also pops up as the limit, as the horizon tends to infinity, of the finite horizon MFG
system.

The natural issue of boundary conditions has not been thoroughly investigated up to now. For the
PDE approach, the authors have mostly worked with periodic data (as we did above), which completely
eliminates this question. In the “probabilistic literature” (as in the work by Caines, Huang and Malhamé),
the natural set-up is the full space. Beside these two extreme cases, little has been written (see however
Cirant [19], for Neumann boundary condition in ergodic multi-population MFG systems).

The interesting MFG systems with several populations were introduced in the early paper by Caines,
Huang and Malhamé [40] and revisited by Cirant [19] (for Neumann boundary conditions) and by
Kolokoltsov, Li and Yang [41] (for very general diffusions, possibly with jumps).

A very general MFG model (the so-called extended MFG) for a single population is described in
Gomes, Patrizi and Voskanyan [35] and Gomes and Voskanyan[36]. There the velocity of the population
is a nonlocal function of the (repartition of) actions of the players. See also Chapter 1.4.6 of the monograph
by Carmona and Delarue [I5]. The example in Subsection is also of this form and borrowed from
the paper [13].
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Chapter 6

Differentiability of maps on the
Wasserstein space

In this chapter, we discuss different notions of derivatives in the space of probability measures and explain
how they are related. We also explain how to work with them (optimality conditions, It6’s formulas).
This part is, to a large extend, borrowed from [15].

6.1 The various notions of derivatives

6.1.1 The flat derivative

Definition 6.1.1. Let U : Py — R. We say that U is of class C' if there exists a jointly continuous and
bounded map % : Py x R4 — R such that

Ulm') — U(m) = /0 3 %((1 — Bym+ b y) (! — m)(dy)dh  Ym,m € Pa.

Moreover we adopt the normalization convention

oU
y %(m, y)m(dy) =0 Vm € Po.

(6.1)
Note that, if U is of class C', then the following equality holds for any m € P, and y € R?

S0 (m.y) = Tim - (UL~ Rm -+ hs,) — Um)).

Here is a kind of converse.

Proposition 6.1.2. Let U : Py — R and assume that the limit
1
Vim,y) = lim+ 7 (U1 = h)m+ héy) —U(m))

exists and is jointly continuous and bounded on Py x R?. Then U is C' and g—%(m,y) =V(m,y).

Proof. Although the result can be expected, the proof is a little involved and can be found in [II]. O

Let us recall that, if ¢ : R* — R? is a Borel measurable map and m is a Borel probability measure on
R?, the image of m by ¢ is the Borel probability measure ¢fm defined by

/ f(x)gtm(de) = / fow)m(dy)  Vf e CIRY).
R4 R4

59



Proposition 6.1.3. Let U be C' and be such that D, gU exists and is jointly continuous and bounded
on Py x R, Then, for any Borel measurable map ¢ : — R? with at most a linear growth, the map
s = U((idra + sd)tm) is differentiable at 0 and

d , oU
Elson((Zde + sp)im) = /Rd Dy%(m,y) - o(y)m(dy).
Proof. Indeed
U((idge + sd)tm) — / / (mp,s,y)((idga + s@)tm) — m)(dy)dh
]Rd
oU
/ [ G s+ 50(w) = 50 (e )m(dg)
Rd m
oU
=5 / / Dy——(mn,s,y + 576(y)) - ¢(y)m(dy)dhdr,
0 0 R4 om
where
mps = (1 — h)m + h(idga + s¢)fm
Dividing by s and letting s — 0% gives the result. O

If m,m’ € Pa, let us denote by I1°P*(m, m’) the set of optimal transport plans between m and m/'.
Proposition 6.1.4. Under the assumptions of the previous Proposition, let m,m’ € Py and m €
11°Pt (m,m'). Then

‘U(m’)—U(m)— p, U

[ Do m.2) (g = )| < ), )

where €, (m’) tends to 0 as m’ tends to m in Pa.

Remark 6.1.5. The same proof shows that, of 7 is a transport plan between m and m’ (not necessarily
optimal), then

Uy~ Um) = [ 0,50 ) (= )| < ety [

R2d R2d

1/2
o — y%(dx,dy)) .

Proof. Let ¢¢(x,y) = (1 — t)x + ty and m; = ¢ifir. Then my = m and my = m' and, for any ¢ € (0,1)
and any s small we have

Lrosu
UGerim) — Ulontm) = / [ o (at) Gt = i) )
/ [ el (1= = )2+ (¢4 5)9) = Sman, (L= )+ ) w{dn, )l
= s/ / D ms n(l—t—71s)x+ (t+78)y) - (y— z) n(dz,dy)dhdr,
R2d
where my j, = (1 — h)py1sfim + hoyfim. So, dividing by s and letting s — 0 we find:
d oU
aU(qﬁtﬁﬂ') = /RM Dy%((ﬁtﬁﬂ’, (1—t)x+ty) - (y — x) n(dx,dy).

As D, 5 is continuous and bounded by C, for any €, R > 0, there exists » > 0 such that, if da(m,m’) <r
and |z| |y| < R, then

SU oU
|Dy5—(dutm, (1= )z + ty) = Dyz—(m, )| < €+ 20y g5
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So

1) 1)
[ Do toim (1= 0 t0) - (y =) wddy) — [ Dyl (o) (- w)w(dmy)\

2C
<dp+ / (€ +2C1_y>)|y — 2|7 (dx, dy) < 0r + eda(m, m’) + ng(m,m’).
(Br)?
where

oU oU
= [ (1w Gt (=) 0) = )4 1D, ) = )] ) e

<20 ly — a|m(d, dy) < 2Cdy(m, m/) (r(R2\(BR)2)) "
R24\(Bp)?

— ds(m,m')or(1).

This proves the result. O

6.1.2 IV —differentiability

Next we turn to a more geometric definition of derivative in the space of measure. For this, let us introduce
the notation LZ (R?) as the set of Borel measurable vector fields ¢ : R — R? such that [, |¢[*dm is
finite. We now explain the notion of tangent space to a measure m in Ps.

Definition 6.1.6 (Tangent space). The tangent space Tan,,(Ps2) of Py at m € Py is the closure in
L}, (RY) of {D¢, ¢ € C=(RY)}.

Following [2] we define the super and the subdifferential of a map defined on Pa:

Definition 6.1.7. Let U : P, — R, m € Py and & € L% (R RY). We say that & belongs to the
superdifferential YU (m) to U at m if, for any m’ € Py and any transport plan © from m to m’,

Uy <Um)+ [ 6wty a)m(dedy) +o (( [a- y|2w<dx,dy>)1/2> .

We say that & belongs to the subdifferential ~U(m) to U at m if —& belongs to DT (=U)(m). Finally,
we say that the map U is W —differentiable at m if 07U (m) N O~ U(m) is not empty.

Proposition 6.1.8. If U is W—differentiable at m, then 07U (m) and 0~ U(m) are equal and reduce to
a singleton, denoted {D,,U(m,-)}.

Remark 6.1.9. On can actually check that D,,U(m, ) belongs to Tan,,(P2). Note that we have seen
in Remark that if U is C! with D,6U/ém continuous and bounded, then U is W-differentiable. In
this case it is obvious that D,,U(m) belongs to Tan,,(Pz) by definition.

Proof. Let & € DYU(m) and & € D~ U(m). We have, for any m’ € P, and any transport plan 7 from
m to m/,

/RdXRd &(x) - (y — z)m(de, dy) + o ((/R?d o yPm(da. dy)) 1/2)
&i(2) - (y — z)m(dz, dy) +o ((/de 1z — y|27r(dx7dy)> 1/2) |

In particular, if we choose m’ = (1+h¢)m and 7 = (Id, Id + h¢)fm for some ¢ € L2 (R4, RY) and h > 0
small, we obtain

<UGm) - U(m) < |

Re xR

h y &2(x) - d(x)m(dz) + o (h) <U(m') = U(m) < h g §1(x) - p(x)m(dx) + o (h),

from which we easily infer that & = & in L2, (R9). O

61



6.1.3 Link with the L— derivative

Another possibility for the notion of derivative is to look at the set of Borel probability measures as the
law of random variables with values in R? and to use the fact that this set has a Hilbertian structure.
This approach has been developed by Lions in his courses at College de France, whence the name “Lions-
derivative”, or “L-derivative”.

Let (2, F,P) an atomless probability space. Given a map U : Py — R, we consider its extension U to
the set of random variables L?(Q, R?):

UX)=U(LX)) VX e L*Q,RY).

(recall that £(X) is the law of X, i.e., £L(X) := XfP. Note that £(X) belongs to P2 because X € L*(Q)).
The important point is that L?(£2, F,P) is a Hilbert space, in which the notion of Frechet differentiability
makes sense.

For instance, if U is a map of the form

(6.2) U(m) = ()m(dx)  Ym € Py,
Rd

where ¢ € CO(R?) is given, then

UX)=E[p(X)] VX e L*(QRY).

Definition 6.1.10. The map U : Po — R is L—differentiable at m € Py if there exists X € L2(Q,RY)
such that L(X) =m and the extension U of U is Frechet differentiable at X.

The following result says that the notion of L—differentiability coincides with that of W —differentiability
and is independent of the probability space and of the representative X. The first statement in that di-
rection goes back to Lions course at College de France; the version given here is can be found in [33] (see
also [I], from which the sketch of proof of Lemma is largely inspired).

Theorem 6.1.11. The map U is W—differentiable at m € Py if and only if U is L—differentiable at
some (or thus any) X € L?(,RY) with L(X) = m. In this case

VU(X) = D, U(m, X).

The result can be considered as a structure theorem for the L-derivative. For instance, if U is as in
(6.2) for some map ¢ € CL(R?), then it is almost obvious that

VU(X) = Dp(X)
and thus
D, U(m,z) = D¢(x).

The proof of Theorem [6.1.11]is difficult and we only sketch it briefly. Complete proofs can be found
in [33] or [I]. The first step is the fact that, if X and X’ have the same law, then so do VU(X) and
VU(X"):

Lemma 6.1.12. LetU : P, — R and U be its extension. Let X, X' be two random variables in L*(Q, R)
with L(X) = L(X'). If U is Frechet differentiable at X, then U is differentiable at X' and (X,VU(X))
has the same law as (X', VU(X")).

(Sketch of ) proof. The idea behind this fact is that, if X and X’ have the same law, then one can “almost”
find a bi-measurable and measure-preserving transformation 7 :  — Q such that X’ = X o7. Admitting
this statement for a while, we have, for any H' € L? small,

UX' +H)=U(X'+H)or)=U(X +H or) =U(X)+E [vU(X) H'o T} +o(||H o7l2)

= O(X)+E[VO(X)o 7" H'| +o(|H'|l2)
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This shows that U is differentiable at X’ with differential given by VU (X)o7~!. Thus (X', VU (X)) =
(X,VU(X)) o7, which shows that (X, VU(X)) and (X’, VU (X")) have the same law.

In fact the existence of 7 does not hold in general. However, one can show that, for any € > 0, there
exists 7 : Q — Q bi-measurable and measure preserving and such that || X' — X o 7|l < e. A (slightly
technical) adaptation of the proof above then gives the result (see [I5] for the details). ]

Next we show that VU (X) is a function of X:

Lemma 6.1.13. Assume thatﬁ is differentiable at X € L%*(Q, R?). Then there exists a Borel measurable
map g : RY — R? such that VU(X) = g(X) a.s..

(Sketch of) proof. To prove the claim, we just need to check that VU(X) is o(X)—measurable (see
Theorem 20.1 in [7]), which can be recasted into the fact that VU(X) = E {Vﬁ(X)|X} Let p =

L(X,VU(X)) and let p(dz,dy) = (8, ® v,y(dy))Px(dzx) be its disintegration with respect to its first

marginal Py. Let A be the restriction of the Lebesgue measure to Q; := [0,1]?. Then, as A has an L'

density, the optimal transport from A to v, is unique and given by the gradient of a convex map 1,(+)

(Brenier’s Theorem, see [62]). So we can ﬁn a measurable map ¥ : R? x R? — R< such that, for

Px—a.e. z € R 1, (-)4\ = v,. Let Z be a random variable with law A and independent of (X, VU (X)).
Note that = £(X,VU(X)) = L(X,1x(Z)) because, for any f € C)(R? x R?),

BUCux(2) = [ [ s seeaapn = [ ey )

- / e y)va(dy)Px(de) = [ f(a,y)u(dr, dy).
Rd JRA

R2d

So, for any e, : } ~
UX+eVUX)) =UX + epx(2)),

from which we infer, taking the derivative with respect to € at e = O:

. 2 .

E “VU(X)‘ } —E[VU(X)-vx(2)] -
Note that, as Z is independent of (X, VU (X)), we have
E[VO(X) - 4x(2)] = E [VU(X)-E[a(2)],—x]
where, for Px—a.e. x,
Bla(2)) = | da(2)Ad2) = | v = [ yvalay) =E[VO0X =],
1 1 R
So, by the tower property of the condition expectation, we have
- 2 - - - 2
E “VU(X)‘ ] —E [VU(X) E [VU(X)\XH —E “]E [VU(X)|X” } .

Using again standard properties of the conditional expectation we infer the equality VU (X) = E [VU (X)X } ,
which shows the result. O
Proof of Theorem[6.1.11} Let us first assume that U is W —differentiable at some m € P,. Then there

exists ¢ := D,,U(m,-) € L% (R?) such that, for any m’ € P, and any transport plan 7 between m and
m’ we have

Utn') - Ulm) — [ &)= oynlas, dy>] <o (( [ = sleta, dy>)1/2> .

I'Warning: here the proof is sloppy and the possibility of a measurable selection should be justified.
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Therefore, for any X € L? such that £(X) = m, for any H € L?, if we denote by m’ the law of X + H
and by 7 the law of (X, X + H), we have

OX + H) = 000 - EIE(X) - 2| = | U) = Tm) = [ €(a) (0= 2)n(ovs)

0 (( e y2w<dx,dy>)l/2>>

—o(E[x - v[]"?).

IN

This shows that U is L-differentiable.

Conversely, let us assume that U is L-differentiable at m. We know from Lemma [6.1.13] that, for any
X € L? such that £(X) = m, U is differentiable at X and VU (X) = £(X) for some Borel measurable
map ¢ : R — R, In view of Lemma the map & does not depend on the choice of X. So, for any
€ > 0, there exists r > 0 such that, for any X with £(X) = m and any H € L? with ||H|| <, one has

‘ ﬁ(X+H)_U(X)_E[g(X)-H]] <e

Let now m’ € P, and m be a transport plan between m and m’ such that [4., |z — y|*n(dz, dy) < r?. Let
(X,Y) with law 7. We set H =Y — X and note that ||H||2 < r. So we have

Utot) = Om) ~ [ )+ (= tann)| = | 00X+ ) = 006 - Ble(x) - ] < e

This proves the W-differentiability of U. O

6.1.4 Higher order derivatives

We say that U is partially C? if U is C' and if D,6U/dm and D2 6U/dm exist and are continuous and
bounded on P, x R

We say that U is C? if % is C! in m with a continuous and bounded derivative: namely g;UQ =
%(%) : P2 x RT x R? — R is continuous in all variables and bounded. We say that U is twice

L—differentiable if the map D,,U is L—differentiable with respect to m with a second order derivative
D2 U = D2, U(m,y,y') which is continuous and bounded on Py x R? x R? with values in R?*¢. One can
check that this second order derivative enjoys standard properties of derivatives, such as the symmetry:

D2, U(m,y,y") = D%, U(m,y,y).

See [12].

6.1.5 To go further

For a general description of the notion of derivatives and the historical background, we refer to [I5],
Chap. V. The notion of flat derivative is very natural and has been introduced in several contexts and
under various assumptions. We follow here [12].

The initial definition of sub and super differential in the space Pq, introduced in [3], is the following:
¢ belongs to 01U (m) if £ € Tan,,(P2) and

Um') <U(m) + inf / &(z) - (y — x)m(dz, dy) + o(da(m,m’)).
wellort(m,m’) Jrd xR
It is proved in [33] that this definition coincides with the one introduced in Definition
The notion of L-derivative and the structure of this derivative has been first discussed by Lions in his
course at College de France. The proof, without an extra continuity condition, of this structure property
is due to Gangbo and Tudorascu [33] (see also [I] for simpler arguments, revisited here in a loose way).
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6.2 Calculus on the Wasserstein space

In this part we collect several useful tools in relation with the calculus in Ps: optimality conditions,
projection over empirical measures and various It6’s formulas.

6.2.1 Optimality conditions

This part is borrowed from [I1].

Proposition 6.2.1 (First order conditions). Assume that the map U : Po — R has a maximum at some
measure m € Py. If U has a linear derivative, then

oU oU
(6.3) 5m( y) <0Vy e R? and %(m,y) = 0 for m—a.e. y € R%
In particular, if U is partially C?, then
(6.4) Dp,U(m,y) =0and D;, Dy, U(m,y) >0  for m—a.e. y € R
A trivial example: Assume that U(m / é(y)dm(y) where ¢ : R? — R is a smooth map such

that ¢(0) = 0, ¢ < 0 outside 0 and D?¢(0) < 0. Then U has a maximum at 7 = &y (the Dirac mass at
0). As

U _ / /

g Mey) = o) = | ely)dm(y),

we have sU
%(ﬁ%y) = ¢(y), DmU(i,y) = Dé(y), DymU(1h,y) = D*(y).

In particular, 2 S U (12,9) and D,,,U (7, y) vanish only on the support of 71 = &g and D,,,,U (8o, y) is negative
on the support of m.

Proof. For any yo € R? and s € (0, 1], we have, by then optimality of m,

U((1 — s)m + 6,,) — / /R (1 = )+ t,,,9)(5,, — )(dy) < 0

We divide by s and let s — 0. By the continuity of 6U/dm we obtain

/R U (13, 4) (B0 — ) (dy) < 0,

d(5m

which implies that, for any yo € R? and because of the convention in (6.1)),

oU
6.5 — (77 <0.
If we integrate this inequality in yo against m, we find an equality (again because of the convention in
(6.1)). So
oU
(6.6) —(m,yo) =0 for m—a.e. yo € R%.

om

Then (6.5) and imply that the map y — g—%(mw) has a maximum at m—a.e. yo € R% and thus,
using the standard optimality conditions for a map defined on R¢, we obtain (6.4)).
O

Proposition 6.2.2 (Second order condition). Assume that the map U : Po — R has a mazimum at
some measure m € Py and that U is fully C?. Then, for any bounded Borel map ¢ : R* — R, we have

(67 [ DhnU i, )ot) - ol m(dy)m () < 0.
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Proof. We fix a Borel measurable, bounded vector field ¢ : R? — R¢ and note that, for any s € R and
by optimality of m,
U((id + s@)tm) < U(m).

Therefore p 2
JE— y v e - . — < .
En ‘SZOU((zd + s¢)tm) = 0 and 75 ‘S:OU((zd + sp)tm) <0
As p
Ui+ soym) = [ DU(Gd-+ so)tm.n) - oy d),
we have
d? . _ 2 / N = _ ’
el U((id + s¢)gm) = » D5 U(y,y")o(y) - oy )ym(dy)m(dy’),
where U and its derivatives are computed at m. This gives . O

6.2.2 Projection over finite dimensional spaces

It is often very convenient to translate results known on a map defined on the Wasserstein space to its
restriction to the set of empirical measures. The computations here come from [I2].
Given U : P, — R and N € N be a large integer, we set

N
1
UN(zy,...,an) = U(mY), where x = (z1,...,25), mY = NZ&D".

Note that UV : (RN — R.
Proposition 6.2.3. Assume that U : Py — R is L-continuous differentiable with bounded derivative.
Then UYN is of class C* on (RY)N and

1
D, UN(x) = NDmU(mf,xi) Vie{l,...,N}

If in addition U is fully C?, then

Dy, UN (x) = WDQ wU(m,z,z;)  Vi£je{l,...,N}
and 1
Dy, UN(x) = ﬁD2 WU(m, zy, ) + NDmeU(mf,xi) Vie{l,...,N}.
Proof. We first assume that the (x;) are all distinct. Then, for any direction v = (v1,...,vy) € (RH)V,

we can find a smooth map ¢ : R? — R? such that ¢(x;) = v; for any i. Note that
(Id + ho)tmy = mpy

for any h € R, so that, by Proposition [6.1.3] we have, at h = 0,

U ) = o U+ ko) = [ DU ) ol ()
So

iUN(><+hv ZD U(m ¢(x~)—i§:D UmY, ;) - v,

dh i) = N a m x L1 7

This shows that U has continuous directional derivatives in the dense open set {x € (RH)N, z; #
xj if ¢ # j}. Therefore U N'is C! and the above formula holds. The second order differentiability can be
proved by the same arguments. |
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6.2.3 Ito0’s formula

Given a flow (m(t)) of probability measures satisfying a differential equation (typically a continuity
equation, a Fokker-Planck equation, etc...) we consider the derivative of a map U along this flow.

First order It6’s formula

We start with a simple continuity equation:
Oym + div(mb) = 0.

Here we assume that the continuous drift b : [0,7] x R — R? is such that b(¢,-) is uniformly (in
t) Lipschitz continuous on R%. Then the Cauchy-Lipschitz Theorem states that there exists a unique
solution (X}°™°) to
a'(t) = b(t,x(t)), t € [0,T],  x(to) = wo.
We denote by X[ the solution to this equation.
Given an initial measure mg € Po, the flow of measures m(t) := X;fimg is a solution in the sense of

distribution of
Ogm + div(mb) =0 in (0,7) x RY, m(0) = myg in RY.

We explained in Theorem that (m(t)) is the unique solution to this equation.

Proposition 6.2.4. Let mg € Py and m(t) = X[° tmg. If U is L — C, then t — U(m(t)) is of class
C' and

d
U m(t) = | DnlUm(t),y) - b(t, y)m(t)(dy).
Rd
Proof. 1t is only a small variant of the proof of Proposition [6.1.3] and we omit it. ]

Itd’s formula for the law of SDEs (or the Fokker-Planck equation)

When U is partially C2, Ité’s formula holds for the law of a diffusion of the form
dX; = bydt + 04dB;.

The following result is [15, Theorem 5.98].

Theorem 6.2.5. Assume that where (b;) and (o) are progressively measurable with values in R? and
R"™*4 respectively and satisfy, for some T > 0,

T
|0+ foufyas
0

E < +o00.

Assume in addition that U is partially C? with

(6.8) sup /
peP2 JRA
Then, for anyt € [0,T],

2
Dy D, U(p, y)‘ p(dy) < +oo.

(69) V(LX) = LX) + [ EIDLUEX). X0 - blds+ 5 [ E[Tr(0.D,D,U(L(X,), X)) ds

where as = 0507
Remark: if by = b(s, X;) and 0, = o(s, X;), the above expression becomes, if we set m(t) =: L(X}),
¢
UGn(t) = Ulma) + [ [ Dali(m(s),) - b(s,p)m(s.du)ds
0 JRd

+ %/0 /Rd Tr (a(s,y) Dy DU (m(s),y)) m(s, dy)ds.
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Sketch of proof in a particular case. For simplicity, we do the proof only in the case a = v/2Id and
b = b(s,x) is a smooth and globally Lipschitz continuous vector field. In this case it is known that the
law m(t) of X; has smooth density which satisfies

om — Am + div(mb) = 0.

Therefore
GUOn®) = [ 5 m(e). ot )y
= [ S tm(0).9) (Am{t. ) + div(m(t, )bt )iy
— [ DU ey~ [ DuUln(e).y) - bt y)m(e, )y,
Rd Rd

O

An alternative proof is to use the law of large numbers as described in Section Let (X}) be
i.i.d. copies of the process X and let m¥ be the associated empirical measure:

1 N
i=1

We know that m{¥ converges to the law of X; in Py (Theorem [3.1.9). On the other hand, if we consider
the finite dimensional projection UN of U:

UN(x) :==UmY),vx = (21,...,2x5) € RV,
then we can use Ito’s calculus and the expressions of the derivatives of UY in Proposition to obtain
the result: see [I5], Chap. 5 for the details.
It6’s formula for the conditional law
A similar It6’s formula holds for the conditional law of an 1t6’s process of the form,
dX; = bydt + 02dB; + o} dW,

where B and W are independent d—dimensional Brownian motions living on different probability spaces
(Q0, F9 PY) and (', F1,P!) and where b, 0 and o! are progressively measurable with respect to the
filtration generated by W and B, with

E

T
|0 1080+ o21ds | < oc,
0

We assume that U is globally C? with

2
sup [ 1D UGn) P utde) + [ 1D DU a)fulde) + [ DR UGy slde)a(dy) < +oc.
pnEP2 JRE R4 R2 xRd

Then, letting p;(w!) = [X¢|W](w?!), we have, Pl—a.s.,
(6.10)

U) = Ulpuo) + / EO (DU (110, Xs) - by] ds + / EO [(0})* Dol (s, Xs)] - AW,

t t
+%/ E° [Tr(asDmeU(us7Xs)))]ds+%/ BB [ Tr (D2,U (s, X, K)ok (61)") | ds
0 0

where X and &' are independent copies of X and ¢! is defined on the space (Q° x Q',P° @ P!), while
as = (62(o)* + ol(cl)*). See [15, Theorem 11.13].
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Chapter 7

The master equation

In this chapter we consider a mean field game problem and investigate in what extend the optimal feedback
for the players depends on the time, the current position of the player and the current distribution of the
other players. Compared to the standard MFG system (where the action of a player depends on time
and position only), having such a feedback would yield a more robust strategy: it would allow to take
into account errors in the computation of the mean field.

This question can be answered by the “master equation”, which subsume in a single function the two
unknowns of the MFG system. The price to pay, however, is the fact that this equation is in infinite
dimension: Actually it lives in the space of measures. Let us also point out that the master equation
allows to handle MFG problems with common noise; it is also the good object to understand the limit,
as the number of players tends to infinity, of Nash equilibria in differential games. Unfortunately, these
two last points largely exceed the scope of these notes and won’t be discussed.

7.1 The first order Master equation

To fix the ideas (and the notations), we consider here the MFG system of Section We consider the
second order MFG system with a quadratic Hamiltonian:

(1) —Oww—Au+ %|Du|2 = F(z,m) in (0,7) x R?
(7.1) (i) 8m —Am —div(m Du)=0  in (0,T) x RY
(#1) m(0) =mg , u(z,T) = G(x,m(T)) in R?

Let us recall that this system corresponds to a problem in which each agent has a dynamic of the form
dX; = oydt + v2dB;

(where () is the control with values in R and B a Brownian motion) and a cost of the form

J(a)=E /0 %w + F(X,,m(t)) dt + G(Xr, m(T))

As we explain below, the master equation associated with the above MFG problem is the following
equation, where U : [0, 7] x R? x Py — R is the unknown:

1
_atU(t7x7m) - AIU(taxa m) + §|DIU(tam7m)|2 - lemeU(t,J?, may) m(dy)
R

(7.2) + [ DUt z,m,y) - DUt y,m) m(dy) = F(xz,m)

Rd
in (0,7) x R x P,
U(T,z,m)=G(x,m) in RY x Py
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Note that this equation consists in two parts: the part involving only local terms (local derivatives),
which are exactly the ones which appear in the Hamilton-Jacobi equation of the MFG system; and the
part with nonlocal terms (the two integrals) which involve derivatives with respect to the measure. This
later part corresponds to the Kolmogorov equation in the MFG system.

By a (classical) solution we mean a map U such that the function and all its derivatives involved in

the equation exist, are Lipschitz continuous and bounded. Note for later use that these condition implies
that D,U is Lipschitz continuous in (x,m) and bounded.

Proposition 7.1.1. Assume that U is a classical solution to the master equation (7.2)). Let mg € Ps.

(i) there exists a (weak) solution to the McKean-Vlasov equation
oym — Am — div(mD,U(t, z,m(t))) = 0in (0,T) x R?, m(0) = mo,
(ii) if we set u(t,xz) = U(t,z,m(t)), then the pair (u,m) solves the MFG system (7.1)).
Proof. Existence of a solution to the McKean-Vlasov equation can be achieved through the SDE
¢
dX; = Xo —/ DU (t, Xy, [X:])dt + V/2dBy,
0
where [Xo] = mg. As the map D, U = D,U(t,z,m) is bounded and Lipschitz continuous in (z,m), this
solution exists and is unique. It is then easy to check that m(t) = [X¢] is a weak solution to the equation.

This proves (i).
To prove (ii), we use Itd’s formula in Proposition ??: For a fixed z € R?, we have

T
U(T,z,[Xr]) = U(t,z,[X4]) + /t E[atU(vav (X)) = DU (s, 2, [Xs], Xs) - DLU(E, X, [Xe])

+ Te(Dy, DU (s, , [XS],XS))} ds
=U(t,z,m(t / AU (s,z,m(s))
—/0 D U(s,z,m(s),y) - D,U(t,y, m(s))m(s,dy)ds

+/O /}Rd divy D, U(s, z,m(s),y))m(s,dy))ds.

So using the equation satisfied by U, we obtain:
1
Gz, [X7])) =U(t,z,m(t / —AU(s,z,m(s)) + §|D$U(8,l‘,m(8))‘2 — F(x,m(s)) ds.
Recalling the definition of u and m, we conclude that the pair (u,m) solves the MFG system. ([l

Let us now state an existence result for the solution to the master equation:

Theorem 7.1.2. Assume that F' and G are monotone and have smooth derivatives in space and measure
(up to order 3 in space and to order 2 in measure). Then there exists a solution to the master equation.

Rough ideas of proof. In view of the discussion of Proposition [7.1.1] it is natural to state, for any
(to,x,mo) € [O,T] x R% x Pa,
Ulto, z,mo) = u(to, )

where (u,m) is the solution to the MFG system ([7.1) on the time interval [to,T] and with the initial
condition m(tg) = mg. Note that, if (u, m) is such a solution, then, calling (@, m) the restriction of (u,m)
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to the time interval [tg + h,T] (for h > 0 small) gives a solution of MFG (7.1)) on [to + h,T| with initial
condition m(tg + h) = m(tg + h). This implies that U(to + h, z, m(to + h)) = a(to + h,x) = u(to + h, x).
Assuming that U is smooth enough and taking the derivative of this equality at A = 0 yields:

oU
8tu(t07x) = 8,5U(t0,x,mo) + 7(t0,$,m07y)8tm(t0,y)dy

Rd om
oU .
= 0U(to,x,mo) + | < (to, ,m0,y)(Am(to, y) + div(m(to, y) Du(to, y)))dy
Rd
= 815U(t0727,m0) + /d lemeU(th $7m07y)m0(y)dy - 4 DmU(t()7.’L',m0,y) : Du(t07y)m0(y)dy7
R R

where we used the equation of m in the second line and integrations by part in the last one. Note that
D,U = Du and D?,U = D?u. So, by the equation satisfied by u and the above equality we obtain:

1
Opu(to, ) = =AU (tg, x,mg) + §‘DxU(t07l”7mo)|2 — F(z,myg)

= 0U(to, x, mo) +/

. lemeU(tO7 x,mo, y)mo(y)dy - DmU(t()a x, Mo, y) ! D’U/(to, y)))mo(y)dy
R

Rd
This shows that U is a solution to the master equation .

The (relatively) difficult part of the proof, that we will not present here, is the fact that the map U
is smooth enough to justify the above computation. The interested reader can find the argument (for a
probability approach) in [18] and [I5] and in [I0] for a PDE approach. O

7.2 An elementary problem with common noise

In many applications, the system is perturbed by randomness which affect all agents simultaneously. We
call this a “common noise”. This is the case for instance in the simple example of optimal trading of
Subsection Indeed, in this example, the fluctuation of the price of the tradable instrument affects
all the traders. It turns out that, by the specific form of the cost, this common noise plays no role in the
analysis. However, this is more an exception than a rule. Another very interesting example is the case
of a crowd of small agents facing a “major agent”: if the dynamics of the major agent is random, this
randomness might affect all the small agents.

We consider here a problem in which the agents face a common noise which, in this elementary
example, is a random variable Z on which the coupling cost F depends: F = F(x,m,Z). The exact
value of Z is revealed to the agents at time T'/2 (to fix the ideas).

As before the agents directly control their drift: Let us recall that this system corresponds to a
problem in which each agent has a dynamic of the form

dXy = aydt + V2dB,
(where () is the control with values in R and B a Brownian motion). In contrast to the previous
discussions, the control a; is now adapted to the filtration generated by B and to the noise Z when
t > T/2. The cost is now of the form

Ty
J(a)=E /0 §|ozt\ + F(Xe,m(t), W) dt + G(Xp,m(T))

As all the agents will probably choose their optimal control in function of the realization of Z (of course
after time T/2), one expect the distribution of players to be random after 7'/2 and to depend on the
noise Z.

On the time interval [T'/2,T], the agents have to solve a classical control problem (which depends on
Z and on (m(t))):

T
1
u(t, z) = inf E / Slaal? + E (X m(e), W) dt + G(Xp,m(T) | 2
« t
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which depends on the realization of Z and solves the HJ equation (with random coefficients):

—Ou — Au + %|Du|2 = F(z,m(t),Z) in (T/2,T) x R?
uw(T,z,Z) = G(z,m(T)) in R%.

On the other hand, on the time interval [0,7/2), the agent has no information on Z and, by dynamic
programming, one has

T/2 1 B
U(t,l’) = inf E / §‘Oét|2 +F(Xt,m(t)) dt+U(T/2+,XT/2) s
* t

where F'(z,m) = E [F(z,m, Z)] (recall that m(t) is deterministic on [0,7"/2]). Thus, on the time interval
[0,T/2], u solves

{ —O0pu — Au + %\Du|2 = F(x,m(t)) in (0,7/2) x R?
w(T/27 ) =E [u(T/2",z)] in R?

As for the associated Kolmogorov equation, on the time interval [0,7/2] (where the optimal feedback
—Du is purely deterministic) we have as usual:

oym — Am — div (m Du(t,z)) = 01in (0,7/2) x R, m(0) = my.
while on the time interval [T'/2,T], m becomes random (as the control —Du) and solves
oym — Am — div (m Du(t,z,Z)) = 0in (T/2) x RY, m(T/27) = m(T/2%).

Note the relation: m(T/27) = m(T/2%), which means that the dynamics of the crowed is continuous in
time.

Let us point out some remarquable features of the problem. First the pairs (u,m) are no longer
deterministic, and are adapted to the filtration generated by the common noise (here this filtration is
trivial up to time 7'/2 and is the o —algebra generated by Z after T'/2). Second the map u is discontinuous:
this is due to the shock of information at time 7'/2.

7.3 Comment

Most formal properties of the Master equation have been introduced and presented by Lions in [48].
Lions discusses also the existence and uniqueness of the solution in several framework. The most general
reference on this subject is the monograph of Carmona and Delarue [I5] (see also the interesting but
mostly formal approach in the monograph by Bensoussan, Frehse and Yam [5]). One of the main interests
of the master equation is that it allows to understand in a rigorous way the limit of Nash equilibria in
N —player differential games as N — +oo: see [10] and [I5].
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Chapter 8

The Hamilton-Jacobi equation

In this chapter we come back to the mean field control problem and discuss the associated Hamilton-
Jacobi equation. We will present a verification principle and some ideas on the notion viscosity solutions.
We will also explain, at least in simple settings, that the mean field control indeed describes the limit of
optimal control problems of a large number of devices.

8.1 The value function and its associated HJB equation

8.1.1 Dynamic programming

In this part we consider the value function U associated with our optimal control problem: for any
(to,mo) € [O,T] X Pa,

T
Ulto, mo) = inf / / ot 2)[Pm(t, dz)dt + / F(m(t))dt,
(m,a) to Rd? to

where the infimum is taken over the pairs (m, «) with m € C%([to, T],P1) and « € L?, such that
9ym — Am + div(ma) = 0, m(ty) = mo.

Throughout this part, we assume that F : P; — R is continuous and bounded, and possesses a Lipschitz
continuous and bounded derivative F : R? x P; — R, in the sense that the following holds

(8.1) F(m' / /Rd (1 —t)ym+tm’)(m —m’)(dz) Vm,m' € Py (RY).

Proposition 8.1.1. The map m — U(t,m) is Lipschitz continuous, uniformly in t € [0, T).

Proof. Let m§, m% € P be two initial conditions and let (m?!, al) be optlmal for U(tog, m¢). By Theorem
m we know that a! = —Du, where (u, m') solves the system (4.4]). Recall that u is bounded in C'2,
with a bound independent of m{. Thus ! is Lipschitz in space, uniformly in time and in the initial
measure m}. Let now m? be the solution to

oym?* — Am? — div(m?Du) = 0, m?(0) = mg.
Then (m!(t)) and (m?(t)) are respectively the law of the processes (X}) and (X?) solution to (for k = 1,2)
dX{ =a'(t, Xf)dt +v2dB,,  X{ =ZF,
where Z¥ have law m{ and are independent of the Brownian motion B. We also assume that da(m, m2) =

|Zt — Z?||5. As ol is Lipschitz in space, uniformly in time, there is a constant C' > 0 such that

E| sup |X} — X7|?

< CE[|Z' — Z*)?] < Cd3(m),md).
te[to,T]
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Hence
sup da(m'(t),m*(t)) < Cd5(mg, mg).

tE[to,T]
Thus
T o T
J(m?,al) < / / Lt o) Pt daydt + [ Fm2(6))dt
to JRa 2 to
T
< J(m',at) +/ (Lip(Gla’ (¢, )) + Lip(F))da(m' (¢), m*(¢) dt
to
< U(tg,my) + Cd3(mp, mj).
We can therefore conclude that U (tog, mg) < U(to, md). O

Theorem 8.1.2 (Dynamic programming). For any 0 <tg <t; < T, we have
t1 1 t1
U(tg,mp) = inf / “la(t,z)|*m(t,dz)dt + F(m(t))dt + U(t1, m(t1)),
(m,a) Jy, JRd 2 to
where the infimum is taken over the pairs (m,a) with m € C°([t10,t1],P1) and o € L2, such that

Om — Am + div(ma) = 0, m(tg) = myo.

Proof. The proof is completely standard, exactly as for deterministic control problems. O

8.1.2 Verification Theorem

From the dynamic programming, one can derive that the value function satisfies, at least formally,
assuming the value function to be smooth, that it satisfies an Hamilton-Jacobi (HJ equation). Our aim
is to show the converse: assuming that there exists a classical solution to the HJ equation, show that it
is the value function and show the convergence of the optimal control of large particle systems.

Theorem 8.1.3. Assume that V : [0,T] x P» — R is a classical solution to
(8.2)

1
—0V(t,m) + 5/ | D V(t,m,y)[*m(dy) — / divy, D, V(t, m,y)m(dy) = F(m) in (0,T) x Po,
R4 Rd
V(T,m) =0 in Ps.

ThenV <U.

If, in addition, (m,x) — Dy V(t,m, ) is Lipschitz continuous in (m,y) uniformly in ¢, then V = U
and, for any initial condition (to,mo) € [0,T] X Pa, the map (t,x,m) — —D,,V(t,m(t),x) in an optimal
feedback: namely, if m is the unique solution to the McKean-Viasoc equation

om — Am — div(D,,V(t,m(t),y)m) =0  in (to,T) x R,
T?L(to,d(ﬂ) = my,

and if we set a(t,x) := =Dy, V(t,m(t), x), then the pair (M, &) is optimal for U(tg, mo).
Proof. Fix (m,a) with m € C([to, T],P1) and o € L2, such that
Om — Am + div(ma) = 0, m(to) = myo.

According to Proposition [6.2.5| and using the equation satisfied by V, we have
T
0=V(T,m(T)) = V(to, mo) + / / (O V(t,m(t)) + DpV(t,m(t),y) - a(t,y) + div, D, V(t, m(t),y))m(t, dy)dy
to JRd
T 1 /1 )
~Vltoomo)+ [ [ (G [ GIDaVm(0).5) Pr(d) + DV (t.m(0).9) - (t.9) = Flom(e))m. )y
to
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As
S 1wVt (0, )P dy) + DV m(0), ) - alts) = =t )P

with an equality is a(t,x) = =D, V(t, m(t),y), we obtain

T T
0 > V(tg, mo) — /t /]Rd %|a(t,x)|2m(t,dm)dt - /t F(m(t))dt,

with an equality only if a(t,z) = —D,,V(t,m(t),y) m—a.e.. Thus

T T
V(to, mo) g/t Ad%|a(t,x)\2m(t,dx)dt+l F(m(t))dt.

As « is arbitrary, we obtain that V(tg, mg) < U(to, mo). If in addition, we choose o = &, then the same
computation as above proves that

T T
V(to,mo):/t /Rd%\a(t,m)|2m(t,dx)dt+/t Flm(t))dt > Ulto, mo),

so that there is an equality everywhere: V(tg, mo) = U(to, mo) and the pair (m, &) is optimal for U (tg, mo).
O

8.1.3 Mean field limit in the smooth case

We consider the optimal control of N particle systems, in which, given an initial configuration (to,x" =
(to, ™M1 2N N) €10, 7] x (RH)V,

()

. T 1 N
VN (tg,xN) = inf E[/t (i(Z\aM?)Jrf(mgg) Yds |
0 =1

where XN = (xM! .. XN with

PR

t
X [ )

to

Recall that V¥ is a classical solution to the HJ equation

N N
N
N N N N 2 N : d\N
(8.3) —0, VN (t,x) — ;Aﬂv (t,%) + 5 ; A VN (tx)[?=F(mY)  in(0,T) x (R)Y,
VYN(T,x)=0  in (RH)V.
Theorem 8.1.4. Assume that U is smooth and thus a classical solution to (8.2). Then
|u(t03mivN) - VN(thXN” S CN71~

Proof. Set UN (t,x™) = U(t,m%y). Then recalling Proposition we have
1 .
UM (t,xN) = oU(t,mly), DU (t,xN) = NDle(me:’N,xz),

1 o 1 ,
D2, uN(t,xN) = mDinmzz(t,mij,xl,x’) + NDyDnU(t,mij,xZ).
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Thus

N
1
N 2N 2
—ouN E;Aﬂu (t,x) igmﬂu (t,x)|
| X
= —9UN (t,x) — i ZdivyDnZ/[(t,mny, ZTrD U(t me,ac z)

i=1

N
1 _
N Z | Dold (t, mP, )|

=1

— oVt m) + % /]R DVt my) Pmdy) - /R div, DVt m, y)m(dy) + O(1/N)
= F(m})+ O(1/N),
where

O(1/N) = ZTrDmm (t,mDy, 2%, x%)

and where where we have used the equation satisfied by &. Hence U solves (8.3 with an error term
O(1/N). We obtain the result by comparison. O

8.2 Problems with no diffusion

We study here problems without diffusion. The limit problem takes the form

T T
1
(8.4)  U(to,mp) = inf J(tg, mo, m, ) where J(to,mo,m,a):/ / §|a\2m+/ F(m(t
to JR4 to

and where the pair (m, «) solves
Oym + div(ma) = 0, m(tg) = mo.

As for the N—particule system, the value function is given by

(8.5)
VN(to,Xo) = (liqu; JJV(tO’X()7 (O/’)) where J (tO,XO, 2N Z/ |Oé | dt +/ .F x(t)
and where _ _ _ '
'(t) = a'(t), x*(to) = xy, i=1,...N
and we use the notation xg = (z3,...,zY), x(t) = (z1(t),..., 2™ (¢)) and mx(t =+ Ef\il Oi (1)

Our goal is to characterize U is a viscosity solution to a Hamilton-Jacobi (HJ) equation and to show
that YV converges in a suitable sense to &. On these topics, one can refer to Lions’s lectures and to the
papers by Gangbo-Mayorga-Swiecz [32] and by Cavagnari-Lisini-Orrieri-Savaré [16].

8.2.1 Mean field limit: a direct proof

Theorem 8.2.1. Assume that F : P1 — R is Lipschitz continuous and bounded. Then, for any (to, mo) €

[0,T] x Pa, and for any sequence (x3) with xY € (RHN such that mf:/év — mg in Pa,

lim VN(tQ,XéV) Z/[(to,mo).
N—oc0

The proof requires a few preliminary remarks.
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Lemma 8.2.2. If F : P, — R is Lipschitz continuous and bounded, then the VN are bounded and the is
a constant C such that

VY (tx) =V (s,3)] < C(It = s + du(mg, my)).

Proof. |

Another remark is the fact that the discrete problem can be embedded into the continuous one.

Lemma 8.2.3. Let a := (a') be a family of controls and x := (%) be the associated solutions. Let

N N N

=N Zaiéwg. Then the pair (my,w") is admissible for the initial condition my, and

IN(to, g, xd b, o) :J(to,m,]:]o,mN w™).

Remark 8.2.4. The fact that the discrete problem is embedded into the continuous implies that
VN (tg,x) > U(tg, mY).

Let us warn the reader that there is no equality in general, since in the continuous problem the mass can
split.

Proof. By definition, w” (t) is a.c. with respect to m® (¢) and its density is given by

dw™ (t)
dmNt Zat = z

N N N)

Moreover (m, ,w") is admissible (for the initial condition my ) and

1 d T
Tm, W) = /t /R = d;‘;N O)PmN (¢, de)dt + | F(m(t))dt

to
1 , .
= 3% Z |a;|2dt+/ F(mN (t))dt = TN (tr,, %0, (@)
i=1 to
Note that the second equality holds because o/ = o' a.e. on z/ = z°. O

We now state a tightness property:

Lemma 8.2.5. Assume that (X}Y) is a sequence of initial conditions with

mf—:{) — Mo in Ps.
Let (&%) be a minimum for JN (to, XY, ) with associated trajectory X, = (z},---,2) and let mN (t) ==
m& be the associated empirical measure. Then the sequence (m”) is tight in C°([0,T], Pe—c(R?)) (for

any € € (0,2)) and, for any cluster point m € C°([0,T],P2(R%)), there exists o such that (m,a) is
admissible and

J(m, ) < limsup JV (x éveN,&N).
N

N
1 .
Proof. We already know by Lemma [8.2.3| that, if we set @’ (t) := E a0y, then

N xls
=1
TN, .2y at, . aN) = TN wl).
It is easily to check that JV (x, N N alN ) is bounded. Then arguing exactly as in the proof of the existence
result (existence part of Theorem , the claim follows. O
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Proof of Theorem [8.2.1. Because of the uniform continuity of V¥ given in Lemma we only need to
build a sequence (x2’) for which the claimed convergence holds.

Let (m, &) be a minimum for J with initial condition (to,mg) (it exists thanks to a small variant of
Theorem . By Ambrosio’s superposition principle [3, Theorem 8.2.1], there exists a measure 1 on
C°([0,T],R?) such that m(t) = e;fin and, for n—a.e. curve v, v is a solution of the ODE

d
G =altn(t),  aete[0,T]
Let (v*)ren be an iid. family of curves in C°([0,7],R?) with law 5. Note that, for any ¢t € [0,T],

(v*(t))ren is an i.i.d. sequence in R? with law m(t). Moreover, the quantity e := ftf La(t,v*(t))[*dt is
an i.i.d. sequence of real numbers with law

v [ Glattate)Pa ) .
to 2
which is in L' since, by Fubini,
T
E[e}] = / /
coJo
T
). L

Let us set & = 7*(0), o®(t) := a(t,7*(¢)) and

N
1
_N _
me = N E (Szla
k=1
N k

Note that, a.s., (ak)kzl,“,7N is an admissible control associated with the initial position x := (z§)k=1,....N-
By the law of large numbers, a.s. (mf:’( #) converges weakly to m(t) while

|a(t, v ()| *dtn(dy)

N — | =

\a(t, z))|?m(t, dz)dt = J(to, mo,m, &) < 400.

N T
1
TN (to, (26 ) k=1,...,n, (@F) =1, n) = N > e +/ F(me)dt
k=1 to

converges to J(tg, mg,m,w). Let us fix from now on such an event for which these convergences hold.
Then
imsup i 7 ((@b)icr, v (0 )cr, ) < limsup I ((@bhicr, v (08)ic ) = (o)
N (ak N

Let (a™'") be a minimizer for JV ((xf),-), with associated trajectory %, = (Z},---,ZY). Let us denote
by m™N (t) := m% the associated empirical measure. Note that m” (0) := m% . Then Lemma states
2

that the sequence (m”) is tight in C°([0,T], P2_(R%)) (for any e € (0,2)) and, for any cluster point
m € C°([0,T], Po(R?)), there exists a such that (m, ) is admissible wi

%

1=
=

J(to, mg, m, ) < limNinf IN (to, (z}), (@) < J(to, mo, M, @).

As m™N(0) = mY tends to mg, we conclude that m(0) = mg and therefore that (m,w) is a minimum of

J. ]

8.2.2 Some variational principle

Hamilton-Jacobi in infinite dimensional spaces requires to construction of minima of functionals, which
is not too obvious because of the lack of local compactness. We discuss here a few of these variational
principle.

Let us start with Ekeland variational principle.
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Theorem 8.2.6 (Ekeland [26]). Let (X,d) be a complete metric space and ¢ : X — R U {400} be a
proper lower semi-continuous maps which is bounded from below. For any e > 0 and any xg € X there is

some T € X such that
{ i) f(Z)+ed(T,x0) < f(wo)
it) f(z) < f(z) + ed(x, T) vr € X\{z}

As an immediate consequence we have:

Corollary 8.2.7. Under the same assumptions of Theorem[8.2.6, let \,e > 0 and xo € X be such that
f(zo) <infx f+ Xe. Then there is some T € X such that

i) f(Z) < f(xo)
iii)  f(z) < f(z) + ed(z, T) Ve e X

SIS

Proof of Theorem It is enough to do the proof for e = 1. Let us set

P)={ye X . fo) +day) < f@) md  o@)= inf fu) VeeX.

Note that F(z) is closed (because f is l.s.c.), F(x) # 0, because x € F(x), that
y € F(x) = F(y) C F(x)
and that
diam(F(x)) < f(z) — v(x) Ve e X .

We define by induction a sequence (z,,) starting at o and such that
Tnt1 € Flay) and f(@ns1) <wvlxy)+27" VneN.
Then (F(z,)) is a nonincreasing family of closed sets. Its diameter converges to 0 because
diamn(F (1)) < F(ni1) = 0(Ens1) < 0(n) — 0(@np) +277 <277

Since X is complete, this implies that there is some z € (), F(zy).

We claim that F(Z) = {Z}. Indeed, if y € F(Z), then y € F(z,) for any n so that d(z,y) <
diam(F(z,)) — 0. So F(z) = {Z}, which implies that f(Z) < f(y) + d(z,y) for any y € X\{x}. Finally
z € F(xo), so that f(Z) 4+ d(Z,z0) < f(zo)- O

As an application, we have the following generic differentiability of a map defined in a Hilbert space
(Ekeland-Lebourg [27]). For this we assume that (X, || - ||) be a real Banach space. The closed unit ball
around the origin in X is denoted by Bx. We say that X is dentable if for every € > 0 every nonempty
bounded set D C X has a slice with norm diameter at most ¢, i.e., there are £ € X* and a > 0 so that
|lx1 — x2|| < € whenever x; € D and (£, z;) > sup(¢, D) — «, i = 1,2. There exist plenty of conditions
which are equivalent to the dentability of X: for instance “the Radon-Nikodym property”, which states
that “for every nonempty closed bounded set D C X there exist x € D and 0 # £ € X™* such that
(&, ) = sup(§, D)”. In particular Hilbert spaces are dentable.

A map f: X — [0,400] is said to attain a strong minimum at z* if £* is a minimum of f and x,, — z*
whenever x,, € X for any n and f(x,) — f(z*).

Theorem 8.2.8. For a real Banach space (X, || -||) the following assertions are equivalent.

(i) X is dentable.

(i) For every coercive lower semicontinuous function f : X — [0,+00] and for every e > 0 there are
xz € X and £ € X*, with ||€|| < €, such that the function f — & attains a strong minimum at .

(iii) For every coercive continuous convex function f : X — [0,+00) there are x € X and £ € X* such
that the function f — & attains a strong minimum at x.
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Ekeland and Lebourg [27] proved that (ii) and (iii) hold in a Banach space which has a “bump
function” (a nonzero, nonnegative function which is zero outside of an bounded set and which is Fréchet
differentiable at any point where it is positive); the version above is given in [28]. See also the monograph
by Phelps [52].

Let us finally mention the Borwein-Preiss variational principle [9] which is another extension frequently
used.

Definition 8.2.9. Let (X, d) be a metric space. We say that a continuous function p : X x X — [0,00)
18 a gauge-type function if
(i) p(z,x) =0 for any z € X,
(i) for any € > 0, there exists § > 0 such that for all y,z € X we have
p(y,z) < & implies that d(y, z) < e.

Theorem 8.2.10. Let (X,d) be a complete metric space and let f : X — R U {+o0} be a lsc function
bounded from below. Suppose that p is a gauge-type function and (8;) is a sequence of positive numbers,
and suppose that € > 0 and z € X satisfy

f(z) < igl(ff—i—e.

Then there exist y and a sequence {x;} C X such that

(i) p(z,y) < €/do, p(zi,y) < €/(200),

(i1) F(y) + 2 biply, 23) < £(2), and

(i) F(2) + 30 bipls06) > Fy) + S50 Biplys), for all & € X\{y}.

The interest of the result is that, if the map p is sufficiently “smooth” and if the sequence (J;) decays
fast enough, then the map x — > .2 d;p(z, z;) is also “smooth” and close to its minimum at x = y. See
an application the Hamilton-Jacobi equation in spaces of probability measures in [22] for instance.

8.2.3 Viscosity solutions in terms of L-derivatives

We study here the viscosity solution to the HJ equation

(8.6) —OU(t,m) + L [oa |Dnld(t,m, z)[*dm = F(m)  in (0,T) x Pa,
' U(T, m) =0 in 7)2

Let (©, F,P) be an atomless probability space. Following the discussion in Subsection we define

)

the map U : [0,T] x L*(Q,R?) — R by
Ut, X) =U(t, L(X)).
If U solves (8.6)), then U formally solves

(8.7)

{ ~(t, X) + 3E [|VxU(L X)) = FL(X)) i (0,T) x L2,
UT,X)=0 inL?

This is very elementary example of a HJ equation in infinite dimension (the Hilbert L?). As no unbounded
operator is involved here, the only difficulty is the fact that the space L? is not locally compact, which
can be overcome by using FEkeland-Lebourg’s variational principle.

Definition 8.2.11. We say that U is a subsolution of the HJ equation if, for any test function
¢ € CH[0,T) x L?) such that the map U — ¢ has a local mazimum at (ty, Xo) € [0,T) x L* one has

—0:p(to, Xo) + %E [IVx¢(to, Xo)|?] < F(L(Xo)).

In a symmetric way U is a supersolution of the HJ equation if, for any test function ¢ € C*([0,T) x
L?) such that the map U — ¢ has a local minimum at (Xg,to) € L? x (0,T] one has

1
~0u$(to, Xo) + 5E [|[Vxe(to, Xo)[*] = F(L(Xo)).
Finally U is a solution of if U is a sub and a super solution .
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We will say that a map U : [0,T] x P2 — R is a viscosity solution to if I is a viscosity solution
to . Note that the notion is not completely satisfactory as the notion is not intrinsic. It has however
the avantage of (relative) simplicity.

The main point is the following comparison Theorem:

Theorem 8.2.12. Let Uy, Us : [0,T] x L? — R be two uniformly continuous, bounded maps such that uy
s a subsolution of and us is a supersolution of with Uy < Uy att=T. Then U; < Us.

Proof. The proof is a direct application of [23]. Let €,0,d,a € (0,1) to be choose later and look at the
map

1 e’
Ot X, 5,Y) = Ur(t,X) = Us(5,Y) = o-[l(6,X) = (5, V)3 = SUXIZ+ VI3 + ot

From Theorem there are &,& € R, £x,&y € L? such that [&], &), [|€x]|2, [|§y |l2 < 0 and the map
(t,X,sY) =0t X,sY)— (€x,X) — (&, Y) — &t — £55 has a maximum at a point (¢, X,5,Y).
Since the U; are bounded by some M and

(I)(X7t_>}_/)§) - <§XaX> - <£YaY> - ftt - gss 2 (I)(O707070)

we have

_ _ 1. - — S = 1
a(| X5+ 1Y]I3) + X1 - YV, 9)[5 <CO+6(IXI5+ Y15)?)

where C only depends on M. So

(59 (3+ 1718 < ¢ (2 +2)
and
(3.9) I(6.X) — (5,72 < CVe <1+ﬁ(i+;a)2> .

Let us now assume for a while that ¢ < T and 5 < T. Since the map (¢, X) — ®(t, X,5,Y) — ({x, X) —
(&y,Y) — &t — €45 + ot has a maximum at (¢, X) and U; is a subsolution, we have

2
<0.
2

t—5 1 _ X-Y
—5t+a—e+2H§X+aX+

In the same way, since the map (s,Y) — O(t, X,s,Y) — (£x, X) — (&y,Y) — &t — €45 has a maximum at
(5,Y) and Uy is a supersolution, we have

2
>0.

2

X-Y

€

t—5 1 _
+H—§Y—CMY+

55_ D)

Computing the difference in the two inequalities gives

2 2

X-Y

€

1 _
oo

a—&—fﬁiuﬁxw?ﬂ

2 2

Hence

= (&l +allY]l2)* < 0.

- _ X-Y
25~ 2lxlla + o+ (1K + 171 |
2

Using estimates (8.8)) and and the fact that e <1 we get

o —25—C(§+ Va) <1+x/5(i+\/la>2>—(5+\/5)2§0.
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If we let first § — 0, and then a — 0 we get a contradiction because ¢ > 0. So we can choose § and «
small enough (independently of €) such that either ¢ = 0 or 5 = 0.

Let us assume to fix the ideas that ¢t = T. Let w be a modulus of continuity of U; and Us. Then for
any (¢, X),

(I)(t7X7t’X) - <(§X +€Y)7X> - (€t+§s)t < (I)(X O Y/ 5) - <§XaX> - <§Y7Y> 7585

where, from (8.8)
®(X,0,Y,5) < U [X,0] — Us[Y, 5]

cofeoa )

{ex . X) — (&, V) — €5 < C6 (1+ - ﬁ) .

while, from ,

So, letting € — 0, and then § — 0 and o — 0, we get

UL[X,t] — Us[X, 1] <0

We now make the link with our optimal control problem with value function ¢ defined in (8.4)).

Proposition 8.2.13. The value function U defined in (8.4) is the unique uniformly continuous viscosity

solution to .

The proof of the proposition relies on the following remark:

Lemma 8.2.14. Define U(t, X) = U(t, L(X)) for (t,X) € [0,T] x L. Then

U(to, Xo) iﬁf/T %E [|X(t)|2} dt+/tT]-‘(£(X t))dt

to
where the infimum is taken over the a.c. curves X : [tg,T] — L? such that fthE [|X(t)|2} dt < oo.

Proof. Let V = V(to,mo) be the right-hand side of the above equality. Fix (m, ) be a solution of the
continuity equation starting from mg. As often we assume that « is a smooth and bounded vector field,
since otherwise we argue by regularization. Denote by £(t, x) it integral curves:

d
%5(75733) = O‘<t7f(tvx))a f(t,l’) =Z.

Then m(t) = £(t,-)m. Set also X(t) = £(t, Xo) and note that X is a C' curve in L? with X (t) =
a(t,X(t)). Then

V(tO,XO)g/ %]E [|X(t)|]dt+ F(L(X(1))dt

to

Tl
:/ 3 E [|a(t, X (t) dt+/ F(L
//f|atx|mtdxdt+/]:
R?

Taking the infimum over the pairs (m, «) leads to V < U.
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Conversely, let X : [to,T] — L? be an a.c. curve such that ftZE [\X(t)ﬂ dt < oo. Proceeding by

approximation, we can assume without loss of generality that X is actually C!. Set m(t) = L£(X(t)). We
prove below that (m(t)) is an absolutely continuous curve in Py, namely

da(m(s), m(t)) < / 1 X (1) | edr.

Let us admit the claim for a while and complete the proof. Following [3] Theorem 8.3.1], this implies the
existence of a map o € L2, such that (m, ) solves the continuity equation with

lle(t, )|l 2

m(t)

<X ®)||2 a-e. t.

Then
T 1 T
Ulto,mo) < J(tesmo,m, o) = / / LaPm+ / F(m(t))dt
to Rd2 to

</t0 /Rd%uX(t)Hide 5 F(L(X(t))dt

Taking the infimum over X then shows that U(to, Xo) = U(to, mo) < V(to, Xo).
It remains to check the claim. We have

@Bom(s).m(o) < 5 [X(0) - X)) =[] [ X)ar?| < - 9) [ 150

Hence, for any partition tg = s <t; < --- < t, =t, we have

n—1 n—1
da(m(s),m(t)) <D da(m(ti),m(tig1) <D (tipr —t:) sup || X(7)]|z-
i=0 i=0 te[ti tit]
Letting the step of the partition tend to 0 proves the claim since X is C'*([0, T], L?). O

Proof of Proposition[8.2.13. As there is at most one viscosity solution, we just need to check that the

map U(t, X) = U(t, L(X)) is a viscosity solution (we just simplified the notation by setting U = ).
The rest of the proof relies on the representation formula given in Lemma dynamic program-

ming for this formula and then the same argument as in finite dimension. O

8.2.4 Mean field limit: proof by viscosity solutions

Proof of Theorem[8.2.1] by viscosity solution argument. We borrow the proof from Gangbo et al. [32].
We work on the probability space = [0, 1], endowed with its Borel c—algebra and P is simply the
Lebesgue measure.

The first remark is that, as Vv is uniformly Lipschitz and bounded (Lemma [8.2.2)), there is a subse-
quence, denoted in the same way, and a continuous bounded function V : [0,T] x P; — R such that, for
any R > 0,

sup VN (t,x) — V(t,mY)| — 0.
te[0,T], xe(R)N, Ma(ml)<R
(this is a small adaptation of Theorem to a noncompact setting). The goal is to prove that V = U,
which shows the convergence of the whole sequence. For this it is enough to check that V is a viscosity
solution to (B.6), or, by definition, that V (¢, X) := V(t, £(X)) is a (classical) viscosity of (8.7).

Let ¢ be a smooth test function such that V — ¢ has a strict maximum at (o, Xo) € [0,T) x L?. Let

(AN =[i —1/N,i/N))i=1,... n be a partition of Q such that P(AN>') = 1/N. We consider

N
N (t,x) = o(t, Zwilw), vx = (') € (RHN.
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Then VN — ¢V has a maximum at some (¢y,xx) which is such that

N
Xy = inlAN,i — Xo,
i=1

as N — oo as the maximum of V — ¢ at (¢9, Xo) is strict. Note that ¢~ is C!, with

N

N
Vx(b(t, Z xilAN,qt)]_AN,q‘, 5 8t¢N(t, X) = Gt(b(t, Z .fi].AN,a‘,).

i=1 i=1

D:ci¢N(taX) =E

As VY is a viscosity solution to the HJ equation

{20+ NI DV = P
V¥ (T,x)=0

and VN — ¢" has a maximum at (tx, Xy), we get

N
1
—8t¢N(tN,XN) + NZ §‘Dri¢N(tN,XN)‘2 S f(m,JXN)
i=1
Thus

N
(8.10) — Ob(tn, Xn) + NS % B [V x d(tn, Xov) L]

i=1

2 < FL(Xy)).

Let us note that, for any ¢, ¢ € L2,

2 > —|E[¢1gn.i]

N N
‘N S IE[ELaw] = NS [E[CL4xi] 2)
=1 =1

N
< NZ; ‘|E[§1AN@}

+ [E[CLan][) [E[(C = )1 an.s]|

/2 , N 1/2
2)) (Z [E[(C — &) Lan] )

N

N 1/2 1/2
<CN (Z P(AN) (E[|¢[*Lax] +E[|<|21Aw,i1)> (Z P(ANHE]|C - f|21AN,4>

=1

N
< NS (E[ELx]
i=1

2+ [E[¢Low.e]

N
< CN (Z (|1E[§1AN,i]

As P(AN)) = 1/N, we get

2

N N
‘NZ BELan]* = N> [ECLan]?| < COIENIz2 + 1€ 22) 1€ = Cllze.

=1 i=1

We also note that for any continuous map ¢ : Q — R, we have

N

h}vnN; IE[C1 gn.i]

P=E[|¢]*].

So, coming back to (8.10]), using the C! continuity of ¢ and the convergence of Xy to Xg, we have, for
any continuous map ¢ : 1 — R,

=0 ¢(to, Xo) — C([I¢ll 2 + IVxd(to, Xo)ll2)IC — Vx(to, Xo)llz2 + %E [1¢17] < F(L(X0)).
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We now use a sequence of continuous maps (¢,) converging to Vx¢(to, Xo) in L? to conclude that
1
—0rp(to, Xo) + 51[*3 [[Vxo(to, Xo)|?] < F(L(Xo)),

which shows that V is a subsolution. The proof of the supersolution can be achieved in a symmetric way.
O

8.3 Further reading

The theory of HJ equations in the Wasserstein space—and more generally in metric spaces—has know
a large development in the recent years. It is impossible in these short notes to describe the various
methods used in this topic. We just now quote a few selected references. The first analysis of the value
function of the limit problem and of the associated dynamic programming can be found in [47] (see also
[51]). For the characterization of the value function in terms of viscosity solutions, see, among many
other approaches, [32], [22], [57], [25, 24] [6], [21, 20], [17]. Section [8.2]is largely borrowed from [32]. Let
us recall that [42] discussed in a very general set-up the mean field limit for controlled McKean-Vlasov
dynamics.
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