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1 Introduction

This paper is devoted to a class of two-player zero-sum stochastic differential game in which
the players have different information on the payoff. In this basic model, the terminal cost
is chosen (at the initial time) randomly among a finite set of costs {gi;, ¢ € {1,...,I}, j €
{1,...,J}}. More precisely, the indexes ¢ and j are chosen independently according to a
probability p ® ¢ on {1,...,1} x {1,...,J}. Then the index i is announced to the first
player and the index j to the second player. The players control the stochastic differential
equation

dXs = b(s, X, us,vs)ds + o(s, Xs, us,vs)dBs, s € [t,T],

Xt =z,
through their respective controls (us) and (vs) in order, for the first player, to minimize
Elg;j(X7)] and, for the second player, to maximize this quantity. Note that the players

do not really know which payoff they are actually optimizing because the first player, for



instance, ignores which index j has been chosen. The key assumption in our model is that
the players observe the evolving state (X;). So they can deduce from this observation the
behavior of their opponent and try to derive from it some knowledge on their missing data.

The formalization of such a game is quite involved: we refer to the second section of
the paper where the notations are properly defined. In order to describe our results, let us
introduce the upper and lower value functions V™ and V'~ of the game:

V+(t,x,p, q) = inf sup Jp’q(t,x,d,ﬁ),
a€(Ar(t))! BB (1))

V7 (t,z,p,q) = sup inf  JPU(t, x, &, B).
Be(B, (1)) GE(A(D)!
where JPU(t, x, &, B) is the expectation under the probability p ® ¢ of the payoff associated
with the strategies & = (i)ieq1,... 1y and B = (Bi)jequ,..,.gy of the players. The strategy &
takes into account the knowledge by the first player of the index ¢ while B takes into account
the knowledge of j by the second player. Our main result is that, under Isaacs’condition,
the two value functions coincide: V*+* = V~. Moreover, V := V* = V™~ is the unique
viscosity solution in the dual sense of some second order Hamilton-Jacobi equation. This

means that
(i) V is convex with respect to p and concave with respect to g,

(ii) the convex conjugate of V with respect to p is a subsolution of some Hamilton-Jacobi-

Isaacs (HJI) equation in the viscosity sense,

(iii) the concave conjugate of V with respect to ¢ is a supersolution of a symmetric HJI

equation,

(iv) V(T,2,p,q) = >, ; piqj9ij(x) where p = (pi)icq1,...1y and ¢ = (q;)jeq1,....}-

We strongly underline that in general the value functions are not solution of the standard
HJI equation: indeed V does not satisfy a dynamic programming principle in a classical
sense.

An important current in Mathematical Finance is the modeling of insider trading (see for
example Amendinger, Becherer, Schweizer [2] or Corcuera, Imkeller, Kohatsu-Higa, Nualart
[7] and references therein). The basic question studied in these works is to evaluate how
the addition of knowledge for a trader—i.e., mathematically, the addition to the original
filtration of a variable depending on the future—shows up in his investing strategies, and

an important tool is the theory of enlargement of filtrations. Our approach is completely



different. Indeed, what is important in our game is not that the players have “more”
information than what is contained in the filtration of the Brownian motion, but that their
information differs from that of their opponent. In some sense we try to understand the

strategic role of information in the game.

The model described above is strongly inspired by a similar one studied by Aumann
and Maschler in the framework of repeated games. Since their seminal papers (reproduced
in [3]), this model has attracted a lot of attention in game theory (see [11], [13], [15], [16]).
However it is only recently that the first author has adapted the model to deterministic

differential games (see [5], [6]).

The aim of this paper is to generalize the results of [5] to stochastic differential games
and to game with integral payoffs. There are several difficulties towards this aim. First the
notion of strategies for stochastic differential games is quite intricated (see [12], [14]). For
our game it is all the more difficult that the players have to introduce additional noise in
their strategies in order to confuse their opponent. One of the achievements of this paper
is an important simplification of the notion of strategy which allows the introduction of the
notion of random strategies. This also simplifies several proofs of [5]. Second the existence of
a value for “classical” stochastic differential games relies on a comparison principle for some
second order Hamilton-Jacobi equations. Here we have to be able to compare functions
satisfying the condition (i,ii,iv) defined above with functions satisfying (i,iii,iv). While for
deterministic differential games (i.e., first order HJI equations) we could do this without too
much trouble (see [5]), for stochastic differential games (i.e., second order HJI equations)
the proof is much more involved. In particular it requires a new maximum principle for
lower semicontinuous functions (see the appendix) which is the most technical part of the
paper.

The paper is organized in the following way: in section 2, we introduce the main nota-
tions and the notion of random strategies and we define the value functions of our game.
In section 3 we prove that the value functions (and more precisely the convex and concave
conjugates) are sub- and supersolutions of some HJ equation. Section 4 is devoted to the
comparison principle and to the existence of the value. In Section 5 we investigate stochas-
tic differential games with a running cost. The appendix is devoted to a new maximum

principle.

Aknowledgement : We wish to thank the anonymous referee for pointing out a gap

in a proof.



2 Definitions.

2.1 The dynamics.

Let T' > 0 be a fixed finite time horizon. For (¢,x) € [0,7] x IR", we consider the following
doubly controlled stochastic system :

dXs = b(s, Xs, us,vs)ds + o (s, X, us,vs)dBs, s € [t,T], 2.1)

Xt =, '
where B is a d-dimensional standard Brownian motion on a given probability space (2, F, P).
For s € [t,T], we set

Fis =0{B, — By,r € [t,s]} VP,
where P is the set of all null-sets of P.
The processes u and v are assumed to take their values in some compact metric spaces

U and V respectively. We suppose that the functions b : [0,7] x R" x U x V' — IR" and

0:]0,T] x R" x U x V — IR™ are continuous and satisfy the assumption (H):

(H) b and o are bounded and Lipschitz continuous with respect to (¢, z), uniformly in
(u,v) €U x V.

We also assume Isaacs’ condition : for all (t,z) € [0,7] x R", p € R", and all A € S,

(where S, is the set of symmetric n x n matrices) holds:

inf,, sup,{< b(t, z,u,v),p > +%T7“(Aa(t,:):, u,v)o*(t, x,u,v))} = (2.2)
sup,, inf, {< b(t, z,u,v),p > +3Tr(Ao(t, z,u,v)o*(t, 2, u,v))} '

We set H(t,z,p, A) = inf, sup,{< b(t,z,u,v),p > +%Tr(Aa(t,a:, u,v)o*(t, x,u,v))}.
For t € [0,T"), we denote by C([t,T],IR") the set of continuous maps from [t,T] to IR".

2.2 Admissible controls.

Definition 2.1 An admissible control w for player I (resp. II) on [t,T] is a process taking
values in U (resp. V'), progressively measurable with respect to the filtration (Fis,s > t).
The set of admissible controls for player I (resp. II) on [t,T| is denoted by U(t) (resp. V(t)).

We identify two processes u and @ in U(t) if P{u = a.e. in [t,T]} = 1.

Under assumption (H), for all (¢,z) € [0,7] x R™ and (u,v) € U(t) x V(t), there exists

a unique solution to (2.1) that we denote by X&%wv,



2.3 Strategies.

Definition 2.2 A strategy for player I starting at time t is a Borel-measurable map « :
[t,T] x C([t,T],IR") — U for which there exists 6 > 0 such that, Vs € [t,T],f,f €
C([t, T],R"™), if f = f" on [t,s], then a(-, f) = a(-, f") on [t,s + §].

We define strategies for player II in a symmetric way and denote by A(t) (resp. B(t)) the
set of strategies for player I (resp. player II).

We have the following existence result :

Lemma 2.1 For all (t,x) in [0,T] x R"™, for all (o, 5) € A(t) x B(t), there exists a unique
couple of controls (u,v) € U(t) x V(t) that satisfies P—a.s.

(u,v) = (af-, XE5wY), B(-, XEZUYYY on [t, T). (2.3)

Proof: The controls v and v will be built step by step. Let § > 0 be a common delay for «
and 3. We can choose § such that T =t + NJ for some N € IN*,

By definition, on [¢,t + 9), for all f € C([t,T],R"), a(s, f) = a(s, f(t)). Since, for all
(u,v) € U(t) x V(t), X™™" = z, the control u is uniquely defined on [t,t + &) by

Vs € [t,t+0),u(s) = a(s, z).

The same holds for v, what permits us to define the process X **** on [t,t+3) as a solution

of the system (2.1) restricted on the interval [¢,t + ).

t,x,u,v

Now suppose that u, v and X
ke {l,...,N —1}. This allows us to set,

are P—a.s. defined uniquely on some interval [t, ¢+ kd),

k k

Vs € [t+ kot + (k +1)9), us = als, X2, v, = B(s, X2,

where
(uk vk) _ (u,v) on [t,t + ko)
’ (ug,vg) else,

for some arbitrary (ug,vo) € U(t) x V(1).

t,z,uk,vk . . . n oy o
. as a random variable with values in the set of paths C([t,T"),IR"), it is

Considering X
clear that the map (s,w) — us(w) (defined on [t+kd, t+ (k+1)d) x ) as the composition of
the Borel measurable application a with the map (s,w) — (s, xboutet (w)), is a process on
[t+ kd,t+ (k+1)0) with measurable paths. Further, the non anticipativity of « guaranties
that, for all s € [t + kd,t + (k +1)d), us is Fy 14 gs-measurable and the process uly 14 (r+1)s)

is (Fi,s)-progressively measurable. The same holds of course for v|( s (x+1)s)-
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With (u,v) defined on [t,t + (k + 1)d), we can now define the process X" up to time
t + (k+1)d. This completes the proof by induction. O

We denote by X"®®? the process X"®"?, with (u,v) associated to («, 3) by relation
(2.3).

In the frame of incomplete information it is necessary to introduce random strategies.
In contrast with [5] and [6], where the random probabilities are supposed to be absolutely
continuous with respect to the Lebesgue measure, play a random strategy will consist here
to choose some strategy in a finite set of possibilities, i.e. the involved probabilities are
finite. It is not clear if this assumption is more realistic nor if the notation will be lighter,
nevertheless this alternative allows us to avoid some technical steps of measure theory, in a

paper that is already technical enough.

Notation: For R € IN*  let A(R) be the set of all (rq,...,7g) € [0,1]% that satisfy
Y1 = 1.

We define a random strategy @ for player I by @ = (a!,...af; 7!, ... r®), with R € IN*,
(', ...afty e (A)E, (rL,...,rF) € A(R).

The heuristic interpretation of & is that player I's strategy amounts to choose the pure
strategy of with probability .

We define in a similar way the random strategies for player II, and denote by A,(¢) (resp.
B, (t)) the set of all random strategies for player I (resp. player II).

Finally, identifying o € A(t) with (a;1) € A,(t), we can write A(t) C A,(t), and the same
holds for B(t) and B, (t).

2.4 The payoff.
Fix I,J € IN*.
For1<i¢<I,1<j<J,let g;:IR" — IR be the terminal payoffs. We assume that

For 1 <i<1I,1<j<J, g are Lipschitz continuous and bounded. (2.4)

For (p,q) € A(I) x A(J), with p = (p1,...,p1), ¢ = (q1,-..qs), we denote with a hat the
elements of (A,(t))! (resp. (B.(t))): & = (ay,...,ar), 6= By,...,0,).

We adopt following notations :



For fixed (i,5) € {1,...,1} x{1,...,J} and strategies (o, 3) € A(t) x B(t), the payoff of

the game with only one possible terminal payoff function g;; will be denoted by
J’ij(tvm)avlg) = [ng(tha7B)]

Now let (@, 3) € A,(t) x B.(t) be two random strategies, with @ = (a!,...,af;r!, ... rf)
and B = (B,...,5%s',...,5%). The payoff associated with the pair (@, 3) € A,(t) x B,(t)),
is the average of the payoffs with respect to the probability distributions associated to the
strategies:

R S

Tolty 0 35) = 35 Bl (),

k=1

Further, for p € A(I), j € {1,...,J}, & € (A-(t))! and 8 € B,(t) we will use the notation

I
A - _ t ,
Tt w,a, ) =Y pidij(t, 2,0, B) = szzr s Blgi; (x50,
=1

i=1

~
—_

A symmetric notation holds for @ € A,(t) and § € (B.(t))’. Finally, the payoff of the
game is, for (&, 8) € (A:(t)" x (B:(t)”, p € A(I), g € A(J),

JpthCOéﬁ ZZP@QJ zytxauﬂ)

=1 j5=1

The reference to (¢, x) in the notations is dropped when there is no possible confusion : we
will write Jij(oz, ﬁ), Jij(a, ﬁ), e

We define the value functions for the game by
V*t(t,z,p,q) = infae(a, 1) SUD3ep, (1)) JPA(t, 6, ),
V=(t,x,p,q) = SUD 3¢ (5, (1)) infae(a, () JPA(t, x, &, F).

Again we will write V' (p,q) and V™~ (p, q) if there is no possible confusion on (¢, z).

The following lemma follows easily from classical estimations for stochastic differential

equations :

Lemma 2.2 V™ and V~ are bounded, Lipschitz continuous with respect to x,p,q and

Holder continuous with respect to t.

Following [3] we now state one of the basic properties of the value functions. The
technique of proof of this statement is known as the splitting method in repeated game
theory (see [3], [16]).



Proposition 2.1 For all (t,z) € [0,T] x R", the maps (p,q) — VT (t,z,p,q) and (p,q) —

V=(t,z,p,q) are convex in p and concave in q.

Proof: We only prove the result for VT, the proof for V~ is the same. First VT can be

rewritten as
J

Vip.g)= inf > g sup JP(6,8
(.4) ae(AT(t))’jZ:; B (v o

It follows that VT is concave in g.

Now fix ¢ € A(J) and let p,p’ € A(I) and a € (0,1). Without loss of generality we can
assume that, for all ¢ € {1,...,I}, p; and p) are not simultaneously equal to zero.
We get a new element of A(I ) if we set p? = ap + (1 —a)p’. For € > 0, let & € (A.(t))! be
e-optimal for VF(p, q) (resp. &' € (A,.(t))! e-optimal for V*(p', q)).

We define a new strategy &* = (@f,...,af) by
@ =(a},..alt b o )Y e R e (1, T
with
‘gzlf for k € {1,..., R},
(1) =

1—a)p! _
%rgk B forke{R+1,...,R+R'}

(it is easy to check that & € (A,(t))!).
This means that, for all 3 € (B,(t))”,

Rl
JP( Z {ap; Z rE T4k B) + (1 — a)p), Z'rngiq(a;k
k=1
Thus
sup  JPI(G%B) <a sup  JPUa, B+ (L—a) sup  JPUE, D).
Be(Br(t))? ,Be(Br(t))J Be(B(t))7

It follows by the choice of & and &' that

VEp®q) <aVT(p,q) + (1 —a)VF (Y, q).



3 Subdynamic programming and Hamilton-Jacobi-Bellman
equations for the Fenchel conjugates.

Since V* and V'~ are convex with respect to p and concave with respect to g, it is natural to

introduce the Fenchel conjugates of these functions. For this we use the following notations.

For any w : [0,T] x R" x A(I) x A(J) — R, we define the Fenchel conjugate w* of w with
respect to p by

w*(t,z,p,q) = SXI()I){@,M —w(t,z,p,q)}, (t,z,p,q) €[0,T] x R" x R x A(J).
pe

For w defined on the dual space [0, 7] x IR™ x IR x A(J), we also set

w*(t,z,p,q) = supj{(ﬁ,p) —w(t,z,p,q)}, (t,z,p,q) € [0,T] x R" x A(I) x A(J).
peER

It is well known that, if w is convex in p, we have (w*)* = w.

We also have to introduce the concave conjugate with respect to ¢ of a map w : [0,7] x
R" x A(I) x A(J) — R:

wh(t,z,p, q) = iIAlfJ){@, q) —w(t,z,p,q)}, (t,z,p,4) € [0,T] x R" x A(]) x R,
qe

We use the following notations for the sub- and superdifferentials with respect to p and ¢
respectively: if w : [0,7] x R™ x R! x A(J) — IR, we set

a5 w(t, @, p,q) = {p € RY, w(t,z,p,q) + (p,p —p) <w(t,z,p,q) Vp' € R’}
and if w: [0,T] x R"® x A(I) x R — R
Ofw(t,x,p,q) ={qg € R, w(t,z,p,q) + (¢4 — @) > w(t,x,p,¢) v§ € R'}.

In this chapter, we will show that V*# and V—* satisfy a subdynamic programming

property. This part follows several ideas of [10], [11].

Lemma 3.1 (Reformulation of V—*)
For all (t,z,p,q) € [0,T] x R" x R x A(J), we have

Ve pg) = inf sup  max {@—Jf(t,x,a,ﬁ)}- (3.5)
BE(B- (1)) acA(t) i€{L-1}

Proof. We begin to establish a first expression for V' =*:

VB = Bl e ey (e e o
Be(Br(t))! e A (t) i€{L,-.. I}

9



(the difference with (3.5) is that player I here can use random strategies.)

Let’s denote by e = e(p, q) the right hand term of (3.6). First we prove that e is convex
with respect to p :

Fix g € A(J), p,p € R and a € (0,1).

For € > 0, let 3 (resp. B’)e (B.(t))” be some e-optimal strategy for e(p,q) (resp. e(f', q)).
Set p* =ap+ (1 —a)p'.

We define a new strategy 4% € (B,(t))” by

By = (Bl BB B P (55, e {1 T,

with
asé‘? for ke {1,...,5},
()5 =
(1-a)sf™% ke{S+1,....,5+ 5}
Let @ € A,(t). Since the application (z1,...,27) — max{z;,i = 1,...,1} is convex, we
have

!

max; {5 — JI(@ 53 } = max; {a(p — J(@ 8) + (1 - @)@ - I (@ 8)) }
< a SUDge A, (t) max; (p; — Jf(a, Ba))
+(1 = a) supge 4, (5 max; (p; — Ji (@, 3))

< ae(p, Q) + (1 - a)e(ﬁ,a Q) +e

Since € is arbitrary, we can deduce that e is convex with respect to p.
The next step is to prove that e* = V~. By the convexity of e, this will imply that V=" = e.

We can reorganize e*(p, q) as follows :

e*(p,q) = SUPjeR! {Zle pipi + SUPGe (B,(1))/ infaeAr(t) mini/e{L.,.,z}{Jﬁ (a, B) - ﬁz’}}

= Sup,@e(Br(t))J SUPjeRr! Z{:l bi mini’e{l,...,]} {infaeAr(t) Jg (aa B) + (ﬁz - ﬁz’)}

The supremum over p € IR’ is attained for py = infme, (1) Jf/ (@, B) and we get the claimed

result.

Finally, to get (3.5), it remains to show that player I can use non random strategies.
Indeed, writing V~* as in (3.6) and since A(t) C A, (t), it is obvious that the left hand side

10



of (3.5) is not smaller than the right hand side.

Concerning the reverse inequality, we can write

SUDgeA, (1) MAax; {]32- — Ji(a, B)}
< SUPpReN* SUP(al,....aR)e(A®)E,(rL,...rB)eA(R) EkR:1 ¥ max; {ﬁi - Jiq(ak, B)}

< SUPReN* SUP(r1_rR)cA(R) 2ok T SUPac A(r) MAX; {ﬁi = Ji(a, ﬂ)}

The result follows after one recalls that Zle rk=1. |

Proposition 3.1 (Subdynamic programming for V")
For all0 <ty <t <T,zo € R",p Rl qe A(J), it holds that

V™ (to,z0,p,q) < inf sup E[V (i1, Xff’xo’a”g,ﬁ, q)].

BeB(to) ae Alto)

Proof : Set V™" (to, 1, z0, P, ¢) = infgep(1y) SUPaec A1) E[Vf*(thXttf’zO’a’ﬂ,ﬁa q)]-
For € > 0, let B¢ € B(tg) be e-optimal for Vi *(to,t1,x0,p,q), and, for all x € IR", let
B e (B,(t1))” be e-optimal for V=*(t1,z,p, q). By the uniformly Lipschitz assumptions for
the parameters of the dynamics, there exists R > 0 such that, for all o € A(ty),

PIX0"*% € B(xg, R)] > 1 —e,

where B(zo, R) denotes the ball in IR™ of center z¢ and radius R.

Remark that J! and V~* are uniformly Lipschitz continuous in z. This implies that we can
find 7 > 0 such that, for any z € R" and y € B(z, ), 3% is 2e-optimal for V=*(t1,y,p,q).
Now let z1,..., 2y € IR™ such that UM_, B(z, %) D B(xo, R).

Set ™ = 3% for m = 1,..., M and choose some arbitrary 3° € (B,(t1))”.

Each 3™ is detailed in the following way:

. o .
g =(B1,---.87),
with
am 1 m,ST 1 m,Sm
By =B B s sy ).
Let & be a common delay for 39, ..., M that we can choose as small as we need :

0<d< % A (t1 — to), where C' > 0 is defined through the parameters of the dynamics by

Va € A(t), 3 € B(t),t,t' € [to, T, E[\Xfoﬁ‘”oﬁaﬂ — Xf?””o"’"BP] < Clt -+t

11



We then have in particular, for all « € A(t) and § € B(t),

PHXE),wo,aﬂ _ X:?fo’ ,ﬁ| > 2] <e (3.7)
Let (Ew)m=1,..m be a Borel measurable partition of B(zo, R), such that, for all m €

{1,...,M}, Ey, C B(2m, 5). Set Eg = B(xg, R)°.

We are now able to define a new strategy for player II, 3¢ € (B,(to))”:

Fix j € {1,....J}. For I = (lo,...,In) € L = TIM_{1,..., 87}, set st = IM_ 57"
Remark that {sé,l € L} € A(Card(L)).

Then, for I € L,1 = (ly,...,ln), we define (6;)1 € B(to) by

\V/f € C([thT]v]:Rn)th € [tO,T]a
. ﬁe(t, f) ift e [to,tl),
B f) = { o |
ﬂj (t, f‘[thT]) ift € [tl,T] and f(tl — (5) ek
We set Bj = ((ﬂ;) ,sj,l € L) € B,(to), and finally 3¢ = (5%,....39).
For some fixed o € A(to) and f € C([to,t1],R"), we define a new strategy ay € A(t1) by:
for all t € [0, 7] and f" € C([t1,T],R"),

, ~ . ~ f(t) for t € [to,tl],
ar(t, = «a(t, f), with =
s6 ) (8, ), with f({) { 1@t — f'(t1) + f(t1), for t € (t1,T].

Set X¢ = X" and, for m € {0,...,M}, Ay = {X{_; € En}. Set further
A= {|X}, — X 5| < 5}. By (3.7), it holds that P[A] < e. Remark also that, on each
AN Ap, X{ belongs to B(z,,,r) and consequently, still on A N A, Bm is 2e-optimal for
V_*(tlv Xtiaﬁ7 Q)

Forallie {1,...,1},je{l,...,J} and [ € L, we have
t0,20,a,(

t17yaf7ﬂ
E[gij(XT ’]:h Z 1a,, Egl] )”y X5 =X g 01

It follows that

to,0,0,(65)"

qu(to, Lo, &, BG) = Z] 195 ZZGL SJE[QZJ (X )]

= E[Z 1A J (t17Xt17aX€|[t ot ]7/8m)]

12



And

maX;ef1, .1} {pz‘— J{(to, o, 04,36)}
v X R
E[Y o 1a, max;eqr . n{pi — Ji (t1, Xiaxey 0 B3]

IA

IN

B[ 1, (SUDge 4ty MaXie 1, iy D — Ji(t1, X5, a0, 5™)})]

IN

E[(V™*(t1, X{,,D,q) + 26)1Am{xg1e3(mo,R)}]
+max;eqy,.. i + KHP[A] + P[X{, & B(zo, R))),

by the choice of (Bm,m € {1,...,M}) and where K is an upper bound of |g]|.
By the choice of R and with the notation K (p) = 4max;c(1 . n{[pi| + K} + ¢, we get

maxe(1,.. 1} {ﬁz‘ — J{(to, zo, 04,36)} < B[V (ty, X5, D, q) + 2€] + K (p)e

< SUPaeA(ty) E[V—*(ty, Xff’zo’a’ﬁe,ﬁ, q)] +2e(14+ K(p))

< Vi (o, t1, w0, B, q) + €(3 + 2K (p))

(for the last inequality, recall that 3¢ was chosen e-optimal for V" *(to, t1, z0, D, q)).
We can deduce the result. O

A classical consequence of the subdynamic programming principle for V~* is that this
function is a subsolution of some associated Hamilton-Jacobi equation. We give a proof of

that result for sake of completeness.

Corollary 3.1 For any (p,q) € R x A(J), V=*(-,-,p,q) is a subsolution in the viscosity
sense of
wy + H*(t, z, Dw, D*w) = 0, (t,z) € (0,T) x R"™,
with
H_*(tavav A) = _H_(tv T, —Dp, _A) =

3.8
infvEV SupuEU{<b(tax7u7v)ap> + %Tr(Aa(t,a:,u, U)U*(t7x7u7v))}‘ ( )

Proof : For (tg,z0) € [0,T] x R",p € R, q € A(J) fixed, let ¢ € C? such that ¢(to, ) =
V~=*(to, zo, P, q) and, for all (s,y) € [0,T] x R", ¢(s,y) > V*(s,y,D, q).
We have to prove that

di(to, zo) + H *(to, w0, Dé(to, 20), D*(to, 20)) > 0.
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Suppose that this is false and consider 8 > 0 such that
¢t(t0; .II()) + Hf*(to, xo, D(Z)(t(), $0), Dz(t(), JZQ)) <-6<0. (39)

Set A(t,z,u,v) = ¢(t,x) + (b(t,x,u,v), Do(t,z)) + Tr(D2¢(t, z)o(t, z,u,v)o*(t, x,u,v)).
Since, for fixed p, V~* is bounded, we can choose ¢ such that ¢; and D?¢ are also bounded.
It follows that, for some K > 0, we have |A(t, z,u,v)| < K.

Now the relation (3.9) is equivalent to

inf sup A(tg, zo, u,v) < —0 .
veV yeU

This implies the existence of a control vg € V' such that, for all uw € U,

20
A(t()vx()vua UU) S _g

Moreover, since A is continuous in (¢, x), uniformly in u, v, we can find R > 0 such that,
n 0
V(t,z) € [to, T] x R™, |t —to] V ||l — xo|| < R,Vu € U, A(t,z,u,vp) < —3 (3.10)

Now define a strategy for player II by (Gy(¢, f) = vo for all (¢, f) € [to,T] x C([to, T],IR™).
Fix e > 0 and t € (to, R). Because of the subdynamical programming (Proposition 3.1),
there exists a.; € A(tg) such that

B[V (t1, X070 % 5 )] — V=¥ (to, 20, B, q) > —e(t — to). (3.11)

Let (us,vs) € U(to) x V(to) the controls associated to (aet, Fo) by the relation (2.3) and
set X, = x/oroaenfo _ xto.2ouv (Remark that, by the choice of By, (vs) is constant and
equal to vg.)

Now we write It6’s formula for ¢(t, Xy):

(t, X1) — dlto, wo) = [y Als, X, us, v5)ds

, (3.12)
+ Ji, (Do(s, Xs), b(s, X, us, vs))dBs.
By (3.11), (3.12) and the definition of ¢, we have
t
E[ | A(s,Xs,us,vs)ds] > —e(t — tp). (3.13)

to

In the other hand, there exists a constant C > 0 depending only on the parameters of X,

such that
C(t —to)?

PlIX. — ol > Bl < =500,

14



with the notation || f|l; = supsep, 4 [I.f(s)]-
Following (3.10), this implies that, for all ¢t € [to, T A (to + R)],

t
0
E {[{XAQ;OHKR}/t A(s, X, us,vs)ds| < —=(t — to). (3.14)
0

[\

By (3.13) and (3.14), we now have

—e(t —tg) < E[ftz A(s, X, us, vs)ds g x. —ao |, >R} + E[ftto A(s, Xs, s, vs)ds I x. — 20|, <R}]

< Rt —t0) = §(t —to),

or, equivalently,

0 < KC (t— o) +
< —(t- €.
2 = Rf 0
Since t — tg and € can be chosen arbitrarily small, we get a contradiction. O

For VT we have:

Proposition 3.2 (Superdynamic programming and HJI equation for V)
Forall0 <ty <t <T,zo € R",p e A(I),G € IR’, it holds that
V*¥(to,20,p,4) > inf  sup B[V, X070 p,g).
BEB(to) aeAlto)

As a consequence, for any (p,q) € A(I) x RY, V(.- p,q) is a supersolution in viscosity

sense of

wy + H(t, z, Dw, D*w)) = 0, (t,x) € (0,T) x R",
where

HY(t,z,p,A) = —H"(t,x,—p,—A) =

3.15
supyey infoev {(b(t, 2, u,v),p) + 5 Tr(Ao(t, 2, u,v)o* (t, 2, u, v))}. 19

Proof : We note that VT is equal to the opposite of the lower value of the game
in which we replace g;; by —g;;, Player I is the maximizer and in which the respective
roles of p and g are exchanged. Using Proposition 3.1 in this framework gives the superdy-
namic programming principle. Now Corollary 3.1 shows that, for any (p,§) € A(I) x IR”,
(=VE)*(-,-,p,4) = =VTE(-,-,p, —q) is a subsolution of

w; + HY(t, 2, Dw, D*w)) = 0, (t,z) € (0,T) x R"™.

15



Hence V*E(-, -, p, —q) is a supersolution of
wy + H™(t, z, Dw, D*w)) = 0, (t,x) € (0,T) x R™.

Since this holds true for any (p, §), this proves our claim. O

4 Comparison principle and existence of a value

In this section we first state a new comparison principle and apply it to get the existence

and the characterization of the value. Then we give a proof for the comparison principle.

4.1 Statement of the comparison principle and existence of a value
Let H:[0,7] x R" xIR" x S, x A(I) x A(J) — IR be continuous and satisfy
H(Sa Y, 527 X21p7 Q) - H(ta xz, gla Xlapa Q) >
—w (&1 = &l +al(t.2) = (s,9) P+ b+ [t 2) = (5, + & + &)

where w is continuous and non decreasing with w(0) = 0, for any a,b > 0, (p,q) € A(I) x
A(J), s,t €[0,T], z,y,&1, 22 € R"™ and X1, X9 € S, such that

—-X1 0 I -1
<a + bl
0 X I I

Definition 4.1 We say that a map w : (0,T7) x R" x A(I) x A(J) — R is a supersolution

in the dual sense of equation

(4.16)

w; + H(t,z, Dw, D*w,p,q) =0 (4.17)

if w = w(t,z,p,q) is lower semicontinuous, concave with respect to q and if, for any
C%((0,T) x R"™) function ¢ such that (t,x) — w*(t,z,p,q) — ¢(t,xz) has a mazimum at

some point (£,Z) for some (p,q) € R x A(J) at which %%; exists, we have

¢t(t7 i‘) - H({ui‘7_D¢(t_7j)7 _D2¢({7 i‘),ﬁ, Q) Z 0 Wherep = aau;) (ﬂ‘i‘?ﬁv Q) .

We say that w is a subsolution of (4.17) in the dual sense if w is upper semicontinuous,
convex with respect to p and if, for any C*((0,T) x R™) function ¢ such that (t,x) —
wh(t, z,p, §) — ¢(t,x) has a minimum at some point (t,Z) for some (5,4) € A(I) x R’ at

. 'R
which 68% exists, we have

¢u(t,z) — H(t,z, —D¢(,7), —D*¢(t,7),p,q) <0  where § = ——(%,7,p,4) .
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A solution of (4.17) in the dual sense is a map which is sub- and supersolution in the dual

sense.

Remarks :

1. We have proved in Corollary 3.1 that V'~ is a dual supersolution of the HJ equation
w; + H™ (t,z, Dw, D*w) =0,

where H ™ is defined by (3.8), while Proposition 3.2 shows that V' is a dual subsolution
of the HJ equation
w; + HY (t,z, Dw, D*w) =0,

where H™ is defined by (3.15).
2. The necessity to deal with a Hamiltonian H with a (p,q) dependence will become
clear in the next section where we study differential games with running costs.

* .
85‘}’5 exists”

3. When H does not depend on (p, ¢), one can omit the condition “at which

(resp. “ at which 85’(’; exists”) in the definition of supersolution (resp. subsolution).

See below (Lemma 4.3) for the proof as well as for an equivalent definition of solutions.

The main result of this section is the following:

Theorem 4.1 (Comparison principle) Let us assume that H satisfies the structure con-
dition (4.16). Let wy be a bounded, Holder continuous subsolution of (4.17) in the dual sense
which is uniformly Lipschitz continuous w.r. to q and we be a bounded, Holder continuous
supersolution of (4.17) in the dual sense which is uniformly Lipschitz continuous w.r. to p.

Assume that
wi(T,z,p,q) <wa(T,,p,q)  V(z,p,q) € R" x A(I) X A(J) . (4.18)
Then
wi(t,2,p,q) Swa(t,x,p,q)  V(t,x,pq) €[0,T] x R" x A(I) x A(J) .

Remark : For simplicity we are assuming here that w; and wy are Holder continuous
and bounded. These assumptions could be relaxed by standard (but painfull) techniques.
We do not know if the uniform Lipschitz continuity assumption on w; with respect to ¢ and

on wy with respect to p can be relaxed.

As a consequence we have
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Theorem 4.2 (Existence of a value) Under assumptions (H), (2.4) and (2.2), the game

has a value:
VE(t,z,p,q) =V (t,z,p,q)  Y(t,z,p,q) € (0,T) x R" x A(I) x A(J) .

Furthermore V't = V'~ is the unique solution in the dual sense of HJI equation (4.17) with

terminal condition

1

J
VHT, 2,p,q) =V (T,x,p.q) = Y > pigigij(z)  Y(x,p,q) €R™ x A(I) x A(J).
=1 j=1

Proof of Theorem 4.2 : The Hamiltonian H defined by (2.2) is known to satisfy
(4.16) (see [9] for instance). From the definition of V' and V™~ we have V~ < V*. We have
proved in Lemma 2.2 and Proposition 2.1 that V' and V'~ are Holder continuous, Lipschitz
continuous with respect to p and ¢, convex w.r. to p and concave w.r. to q. From Corollary
3.1 we know that V'~ is a supersolution of (4.17) in the dual sense while Proposition 3.2
states that VT is a supersolution of that same equation in the dual sense. The comparison

principle then states that V™ < V', whence the existence and the characterization of the

value: VT =V~ is the unique solution in the dual sense of HJI equation (4.17). O

4.2 Proof of the comparison principle

The proof of Theorem 4.1 relies on several arguments: first on an equivalent definition and
on a reformulation of the notions of sub- and supersolutions by using sub- and superjets;

second on a new maximum principle described in the appendix.

Here is an equivalent definition of the notion of supersolution.

Lemma 4.3 Let w: (0,7) xIR" x A(I) x A(J) — IR be a lower semicontinuous map which
is concave with respect to q. Then w is a supersolution of (4.17) in the dual sense if and
only if for any C2((0,T) x R™) function ¢ such that (t,x) — w*(t,x,p,q) — ¢(t,=) has a

mazimum at some point (,Z) for some (p,q) € RT x A(J), we have
¢t(£j) - H( 7577 _qu(f? j)? _D2¢(£j)7}57 CI) > 0 for some;ﬁ € O;W*( 7~i‘7ﬁa Q) .
Remarks :
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1. In particular, if the Hamiltonian H does not depend on the variables (p, ¢), then w is
a supersolution if and only if for any ¢ such that (t,z) — w*(¢,x,p,q) — ¢(t,x) has a

maximum at some point (£, ) for some (p,q) € R! x A(J), we have
¢u(t,x) — H(t, 2, —D¢(t, &), —D*¢(f,7)) > 0.

2. A symmetric result holds true for supersolutions.

Proof : If w satisfies the condition, then it is clear that w is a supersolution in the dual
sense because, if w* has a derivative with respect to p, then 8ﬁ_w*(ﬂ z,p,q) = {aa—“;;(f, z,p,q)}.

Conversely, let us assume that w is a supersolution in the dual sense. Let ¢ be such
that (t,2) — w*(t,z,p,q) — ¢(t, ) has a maximum at some point (¢,z) for some (p,q) €
IR! x A(J). Without loss of generality we can assume that this maximum is strict. From
the definition of w*, the map (¢t,z,p) — (p,p) — w(t,z,p,q) — ¢(t,z) has a maximum at
_ N
(t,z,p) for any p € 05 w*(t,2,p, q).

Let us now fix € > 0 and consider a maximum point (¢, z., pc) of the map

. _ €
(t,2,p) = () —w(t, 2, p,q) — d(t,x) + 5 |pl* -

We note that, up to a subsequence, the (te,z.,pc)’s converge to (t,Z,p) for some p €
agw*(f,:f,ﬁ, q). Let pe = p + epe. We claim that 66% exists at (t,x, pe) and is equal to

pe. Indeed, the map (t,z,p) — (be,p) — w(t,z,p,q) — ¢(t,x) + 5|p — Pe|? has a maximum

at (te, e, pe), which implies that p — (pe,p) — w(t,, ¢, p, ¢) has a unique maximum at p..

Thus ng (te, ey De) = pe. Since the map (¢, z) — w*(t, z, pe, §) — ¢(t, ) has a maximum at

(te,z¢) and since w is a supersolution in the dual sense, we get
¢t - H(t€7 Le, _D(ZSv _Dz(bupw g) > 0

at (te, Te, Pe, q), from which we deduce the desired inequality as e — 0. O

For I' c {1,...,I} let us denote by A(I") ={p= (pi) € A(I), p;=01if i ¢ I'}.

Corollary 4.4 Let w be a supersolution (resp. subsolution) of (4.17) in the dual sense.
Let I' and J' be a subsets of {1,...,I} and {1,...,J}. Then the restriction of w to A(I")
and A(J') is still a supersolution (resp. subsolution) of (4.17) (in R™ x A(I') x A(J")).

Proof: Let w’ be the restriction of w and assume that ¢ is such that (¢, z) — w/*(t, z,p,q)—
#(t, ) has a maximum at some point (£, ) for some (5, 7) € R' x A(J') (where by abuse

of notations I’ also denotes the cardinal of I'). Let us set

pi=p;and p; =p;ifiel and pi=—Mand p; =0ifi & I’
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where M = [p'|oc + 2||Dywllec and g; = q; if j € J" and g; = 0 otherwise. We claim that
pE Oﬁ_w*(ﬂi‘,ﬁ, q)- Indeed, let p; € A(I) and set 6 = >, p1i and, if 0 > 0, let p ; =
p1,i/0 if i € I' and p} ; = 0 otherwise (if § = 0, just set pj = p'). Let p’ € agw’((f,:i,ﬁ’,q’).
We note that, if § # 0, pj € A(I’). Then we have

IA

—M(1 = 6) +6(p,p) — w(ph) + [IDpwlloc|p1 =PI
—M(1=0)+ (', p1) + [P'loo(1 = 6) — w(py) + 2| Dpwllo(1 = 6)
(1 =0)(=M + [Ploc + 2|1 Dpwllec) + w*(p") < w*(p)

(P, p1) —w(p1)

IN A

(where we have omitted the dependance with respect to (£,Z,7)). So w*(p) < w™*(§).
Since the reverse inequality w™* < w* always holds, we have the equality. Hence p €

Iy w* (t,Z,p,q) and, since w is a dual supersolution,
gbt({’ j)iH(ﬂ Z, *D¢(ﬂ j), 7D2¢(£7 j)aﬁ,7 q,> = ¢t(ﬂ j‘)*H(E’ Z, 7D¢({a j)v *D2¢(£ j)aﬁ’ (j) >0

holds at (¢, 7,9, 7). O

Let us recall the notions of sub- and superjets of a function w : (0,7) x R™ — IR: the
subjet D%~ w(f, 7) is the set of (&,&,, X) € R™™ x S, such that

w(t,x) > w(l, &) + &t — 1) + Eonl — ) + %X(x — )z —3) + ot — T + |z — 3?)
and the superjet D?>%w is given by
D*%w(t,z) = —D*~ (—w)({, Z)
In order to deal with viscosity solutions in the dual sense, we introduce some new notations.
For w = w(t,z,p, §) defined on the dual space R" x A(I) x R’ we set

(§t7§I7X? Q) E Rn+1 X STL X A(J) Y H(t?’L?':UTL?pTHqATL) - (E7 j’ﬁ’ qA)7
Dy w(t,z,p,q) = § 38, €2, X™) € D>~ w(tn, Tn, Pn, Gn) and 3¢™ := G2 (tn, T, P, 4n)
with (f;fna ;L7Xn7qn) - (£t>€x7X> Q)

We use a symmetric notation for 512)’+w(7f, T, P, q), which is a subset of R"! x S,, x A(I).
The following equivalent formulation of the notion of sub- and supersolution is standard

in viscosity solution theory, so we omit the proof:

Proposition 4.5 A map w: (0,7) xIR" x A(I) x A(J) — R is a supersolution of equation
(4.17) in the dual sense if and only if w = w(t,x,p,q) is lower semicontinuous, concave

with respect to q and if, for any (t,%,p,q) and any (&,&x, X, p) € b?,’er*(f, Z,p,q) we have
gt - H(:j’ _gra _vaa (j) > 0.
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Symmetrically w is a subsolution of (4.17) in the dual sense if and only if w is upper
semicontinuous, convex with respect to p and if, for any (t,Z,p,q) and any (&,&x, X, q) €

Ez’_wﬁ(ﬂi,ﬁ, 4) we have
&— H(t,z,—&,—X,p,q) <0.
Proof of Theorem 4.1 : Let us assume that
sup (w; —wsg) > 0.

t,x,p,q

Since w; and wo are Holder continuous and bounded, classical arguments show that, for

€,n,a >0,
(t,2) = (5,9)]* | @
Mem,a = sup wl(t7x7p7 Q) _w2(57y7p7 Q) - ( +*(|.’E‘2+ |y|2))+77t
t,2,5,9,p.q 2e 2
(4.19)
is finite and achieved at a point (¢, Z, 3, ¥, Po, o). One can also show that
lim M, o= sup (w; —wo) (4.20)
E,T],a*)0+ tvxvpvq
and that _ o
’( 7'%') —2(8,]])’ ’ Oé’i'|2 ’ oz|37|2 < 2Moo (421)
€

where My, = |w1|oo + |w2|oo- Using (4.18) and the Holder continuity of wy and wy shows
that £ < T and 5§ < T as soon as €,  and « are small enough.
We now fix €, n and « as above and claim that it is possible to find some restriction

I and J' of I and J such that: (i) for any (p',q’) such that (¢,Z,5,7,p,7) is a maximum

point of
Me’mﬂ = (4.22)
t,x) — (s,y 2
max  wilta, g q) s, d) (DT OIS )
(t,z) € [0,T] x RN €

(®',d") € A(I") x A(J")
one has (p',¢') € Int(A(I") x A(J")); (ii) M{, o = Meya-
Indeed let (p,q) € A(I) x A(J) be a pair for which the sum of the number of indices
i such that p; = 0 and of indices j such that g; = 0 is maximal among all the pairs (p, q)
such that (¢,7,3,7,p,q) is a maximum point in (4.19). Let I’ and J' be the sets of i and

is also a maximum point of (4.22). Therefore M/, , = M,y . To prove (ii), we assume
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also maximum point in (4.19) and the total number of indices of ¢ or j for which p} = 0 or
q’; = 0 is larger than the corresponding number for (p,g). This is in contradiction with the
definition of (p, q).

From now on, for fixed ¢, n and a, we replace the sets I and J by I’ and J’, the
maps w; and we by their restrictions to I’ x J' and problem (4.19) by (4.22). We note

that the new w; and wy are respectively sub- and supersolutions (from Corollary 4.4)

(p,q) € Int(A(I) x A(J)).
From the maximum principle (Theorem 6.1 stated in the Appendix), there are (p,q),
(p,4) and X1, Xy € S, such that
(t—3) (z —9)

_ _ -—=2,— T oA
(_ c +777_ € —O[IL',Xl,q)EDq wg(taxv 7q)7

5—10) (j—7 B I
((Ejv(e)_kay’XQap)er wQ( 7y7p7Q)

—X1 0 § @ L= o+ a’e
(o X2>§(€+2)<_I . >+( +a%e)l (4.23)

and

Since wy is a subsolution of (4.17) in the dual sense, Proposition 4.5 states that

t__7 B 7_7
n— S—H(t,x,x y—i—am,—Xl,p,q) <0. (4.24)
€ €

In the same way, since ws is a supersolution of (4.17) in the dual sense, we have

L -
(863 —H <s,y, —(yex) + oy, —Xa, p, q) >0, (4.25)

Using the structure condition (4.16) on H, and plugging estimates (4.20), (4.21) and
(4.23) into (4.24) and (4.25) yields to a contradiction for €, @ and 7 sufficiently small as in
[9]. O

5 Games with running cost

We now investigate differential games with asymmetric information on the running cost and
on the terminal cost. The framework is basically the same as before. At the initial time,

the cost (now consisting in a running cost and a terminal one) is chosen at random among
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I x J possible costs. The index ¢ is announced to Player I while the index j is announced
to Player II. Then the players play the game in order, for Player I to minimize the payoff
and for Player II to maximize it.

In this section we keep the same terminology and the same notations as in the previous
part. There is however a main difference: as we shall see later, in a game with a running
cost, each player needs the knowledge of this running cost to build his strategy. Since we
assume that the running cost depends on the control of both players, this means that the
players have to observe the control of their opponent. This was not the case of the game
before where the players only observed the state of the system. For this reason we have to
change the notion of strategy: in this section the notion of strategy introduced in Definition

2.2 is replaced by the following one:

Definition 5.1 A strategy for player I starting at time t is a Borel-measurable map « :
[t,T] x C([t,T),IR™) x L?([t,T],V) — U for which there exists 6 > 0 such that, for all
se[t,T), f,f € C(|t,T),R™) and g,g’ € L*([t,T),V), if f = f' and g = ¢ a.e. on [t,s],
then a(-, f,9) = a(-, f',¢") on [t,s +4].

We define strategies for player II in a symmetric way and denote by A(t) (resp. B(t)) the
set of strategies for player I (resp. player II).

We define random strategies as before (but with the modified notion of strategies) and still
denote by A, (t) (resp. B,(t)) the set of random strategies for player I (resp. player II).

We have an analogue of Lemma 2.1 :

Lemma 5.1 For all (t,x) in [0,T] x R"™, for all (o, B) € A(t) x B(t), there exists a unique
couple of controls (u,v) € U(t) x V(t) that satisfies P—a.s.

(u,v) = (a(-, XE5Y ), B(-, XEZY 00)) a.e. on [t,T). (5.26)

One can easily check that the results of the previous parts (i.e., 2.2, Proposition 2.1,
Corollary 3.1 and Proposition 3.2) still hold true with the modified notion of strategy. In
particular, the game with terminal payoff studied before has a value.

Letusfix I,J € IN. For1 <7 < T and 1 < j < J we consider the terminal cost g;; : R" — IR
and the running cost £;; : [0, 7] xIR" xU xV — IR on which we do the following assumptions:

Forany 1 <i<Iand1l<j<J,/{;and g;; are continuous in all variables, (5.27)

uniformly Lipschitz continuous with respect to z and bounded.
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For fixed (i,j) € {1,...,1} x{1,...,J} and strategies (o, 3) € A(t) x B(t), we set

sz(t z Ck,ﬁ / él] 8, tha,ﬁ as:ﬁs)dS—ngj(Xtma’ﬁ)]

where as before («, 3) denotes the unique pair of controls such that (5.26) holds.
The payoff of two random strategies (@, 3) € A,(t) xB,(t), with@ = (a!,...,af;rl, ... rF)
and B = (B,...,5%s',...,5%), is the average of the payoffs with respect to the probability

distributions associated to the strategies:

T
k gl k Al
Tis(t ZZT E[/t Ci(s, XEm000 ol Blyds + g (XEP7).
k=11=1

Finally, the payoff of the game is, for (&, 3) = ((&)1<i<r1, (Bi)1<j<s) € (A1) x (B.(£))”,

I J
Jpq ,A ZZ Dpig; zgtwa’uﬂ)

We define the value functions for the game with running cost as before by

V+ (ta Z,p, q) = infde(.AT(t))I SupﬁAEBr(t))J prq(u x, é‘v B)v
V=(t,x,p,q) = SUD e 5, (1)) infacia, @y St @, &, B).

In our game with running cost, Isaacs’ assumption takes the following form: for all
(t,z) € [0,T] x R", (p,q) € A(I) x A(J), £ € IR", and all A € S,;:

inf,, sup,{< b(t, z,u,v), & > —|—%T7"(Aa(t, x,u, )0 (t, x,u,v)) + sum; j;;(t, x,u,v)pig; } =
sup, inf, {< b(t, z,u,v), & > —l—%TT(AJ(t, x,u,v)o"(t, x,u,v)) + sum; ;4;;(t, z,u,v)pig; }
(5.28)
We set

H(t,x,&, A,p,q) = inf,sup, {< b(t,z,u,v),& >
Jr%T’r‘(AO’(t,:L’,U,U)O'*(t,$,u, v)) — Z” lii(t, z,u,v)pig;} -

Theorem 5.2 Assume that (H), (5.27) and (5.28) hold. Then the game has a value:

VT =V, which is the unique solution in the dual sense of

w; + H(t,z, Dw, D*w,p,q) =0 (5.29)
with terminal condition
VT, 2,p,q) =V (T, 2,p,q) = ZZPZ%QU V(z,p,q) € R" x A(I) x A(J) .
i=1 j=1

24



Proof of Theorem 5.2 : Following standard arguments, one first checks that VT
and V'~ are globally Holder continuous, and uniformly Lipschitz continuous with respect to

p and q. We now show that V~ is a dual supersolution of the HJ equation
wy + H™ (t, 2, Dw, D*w,p,q) = 0 (5.30)
where
H=(t,x,&,A,p,q) = sup,cy infucr{< b(t,z,u,v),& >
—{—%Tr(Aa(t, z,u,v)o"(t, z,u,v)) + sum; jli;(t, x, u,v)piq; }
The proof that VT is a dual subsolution of the HJ equation
w; + HY(t,z, Dw, D*w,p,q) =0

where

H+(t7 $, 57 A7p7 Q) = inquU Sup’ue\/{< b(tv .’L', 'LL, U)a § >
—}—%Tr(Aa(t, x,u,0)o*(t, x,u,v)) + sum; ;i (t, x,u,v)pig; }

can be achieved in the same way.
In order to prove that V'~ is a dual supersolution, we introduce an extended differential
game in IR"*7. This game with asymmetric information and terminal payoff is defined by

the dynamics

dXs = b(s, Xs, us,vs)ds + o (s, X, us,vs)dBs, s € [t,T],
dZij75 = Eij(&XSauS?rUs)d& (531)

Xy =m, Zijy = zj,

where (t,z,2) € [0,T] x R" x IR’ with 2z = (2ij). The terminal payoffs of this new game
are g;;(x,2) = zij + gij(x). We denote by V= the lower value of this game. We note that

V=(t,z, 2,p,q) =V (t,z,p,q) + Z 2iiDiqj - (5.32)
ij
Following the proofs of Proposition 2.1, one can check that V™ is convex in p and concave
in g. Hence so is V™. As in Corollary 3.1, one can also show that V'~ is a dual supersolution
of the HJ equation
Wy + JEI*(t, x,2, Dy w, D2w) =0

where, for (t,z,2) € R""7 ¢, ¢ R" ¢, € R and A € S,,,

H_(ta .T, 27 51‘7 §Z7 A) = SupyEV inquU{< b(t7 :1:7 u, 'U), é.x >
+%TT(AO-(t7 z,u, U)U* (t7 z,u, U)) + Z@,] Zl] (t7 xz, U, 'U)éz,ij} .
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Note that it is precisely at this point that the players have to use the new definition of strate-
gies. Indeed, in order to build their strategies in the sub- and superdynamic programming,
they have to compute the state of the system and the running costs Z;; (see the proof of
Proposition 3.1). This is possible since, at time s, they know the controls . and v. and the
trajectory X. up to time s —4, and therefore can compute Z;; , = z;; +ft7; Cij (1, X7, ur, v7)dT
for r € (to,s — 9).

Let now ¢ be a test function such that (¢,x) — V~*(¢,z,p,q) — ¢(t,x) has a maximum
at some point (£,Z) for some (p,q) € R! x A(J) at which a‘éA exists. Without loss of
generality we can assume that this maximum is global and strict and that ¢ — +oo as

|x| — 400. From (5.32) we have

V>t pg) =V [ ta,zd + (O G2 Y(t,z, 2, 7). (5.33)
J

In particular, 2 aA = exists at (£, 7,0, p, ) and is equal to j := a\gg* (t,Z,p,q). Equality (5.33)

also implies that the map

(ta,2) =V [tz 2,0+ O G2i)in @ | — o(t,2)
J

has a maximum at (£, Z,0) in (0, T) x R xIR!7. Fix ¢ > 0 and let (t., 2., z.) be a maximum
point of the map (¢, z,2) — V"*(t, 2, z,p,q) — d(t, x) — i|z]2 (we note that this maximum
exists because V~* has at most a linear growth and ¢ — +oc as |z| — +00). From standard
perturbation arguments, %]25|2 converges to 0 as ¢ — 0. Therefore, up to subsequences,
(te, z.) converge to a maximum point of the map (¢, x) — V*(t,z,0,p,q) — (¢, z), i.e., to
(t,z). So we have (t.,zc) — (¢, 7).

Since V* is a subsolution of the dual equation, we have at (te, e, 22,0, q)

1
¢y — inf sup ¢ —(b, Dp) — T'r (D2¢poc™) E Uij Zeij >0. (5.34)
Uy 9
We now claim that
R
lim == = —pig; (5.35)

Indeed, from (5.33) and the optimality of (¢, z., z.), we have for any z

vV (tsal‘z—:yzsa (E Qj(zlj — Ze U))MQ> = V_*(ts,:ns,z,ﬁ, (.7)
< V- “(te, Te, 22, P, ) + 2*15 (|Z|2 - |Z€|2) .
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Let jo with G, > 0 and h € IR". If we choose z = (z;;) such that
zij = zeggifj #Jo  and  zij, = Zejo — —

then we get

. . I | hi  |h|?
|4 (tEa:L'E,ZEap"i'haQ) g Vv (tifaxéaz?p)(D + ?8 <_QZZE,UOQ—Z + ’62’> .
3 Jo jO

Since V* is convex with respect to p, this shows that V—* has a derivative with respect to

p at (te, we, ze, P, q) with
oV —* _ Ze ijo
Opi €Gjo

— %

As e — 0, ava—ﬁ(tg,xg,zs, p,q) converges (up to some subsquence) to some element of

8(;17**(5,3_6,0,13, q), which is reduced to {p} since ag}:* exists at (¢,7,0,p,q) and equal to

p. Hence ZE% — —Di(j,- Next we assume that g;, = 0. Choosing
Zij = Z&ij lf] 75 jo and Zijo = O y
we get from (5.30)

—% A Cr—% A 1 2
Vv (t67x€7z€7p7Q) < Vv (tsax€>z€7p7Q>+?€ <_Zza,ijo) :
(2
Hence z ;j, = 0 and ZE% — —DiGj,- So in any case (5.35) holds.
Plugging (5.35) into (5.34) and then letting e — 0 finally yields to the desired inequality:
¢t - H_(tv xz, _Dw7 —DQQU,ﬁ, (j) Z 0 at (_7'f7ﬁ7 CY) .

So V'~ is a dual supersolution of (5.30).

Combining Isaacs’ assumption, which states that H := H* = H~, the fact that H sat-
isfies assumption (4.16) and the comparison principle (Theorem 4.1) shows that V* =V~
is the unique dual solution of (5.29). O

6 Appendix : A maximum principle

The following result—used in a crucial way in the proof of the comparison principle—is an
adaptation to our framework of the maximum principle for semicontinuous functions (see

Theorem 3.2 of [9]):
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Theorem 6.1 (Maximum principle) For k = 1,2, let Oy be open subsets of IR™ and
wg : O X A(I) x A(J) — R be such that

(i) wy = wi(x,p,q) is upper semicontinuous in all variables, convex with respect to p and

uniformly Lipschitz continuous with respect to q,

(ii) wo = wa(y,p, q) is lower semicontinuous in all its variables, concave with respect to q

and uniformly Lipschitz continuous with respect to p,

(iii) there is some C% map ¢ : O1 x Oy — R and some point (Z,y) € O1 x Oy such that
the map

(z,y) — max {wi(z,p,q) —wa(y, p,q) — d(x,9)} (6.36)

has a mazimum at (Z,7),

(iv) any mazimum point (p,q) in (6.36) with (x,y) = (Z,y) belongs to the interior of
A(I) x A(J).

Then, for any € > 0 small, there are (p,q) € A(I) x A(J), (p,q) € R x R and
(X1, X9) € Sy, X Sp, such that the map

(@,y,p,q9) — wi(z,p,q) — w2(y,p,q) — d(x,y)
has a mazimum at (Z,y,p,q),
(~D26(z,9), X1,0) € Dy~ wi(3,5,0), (Dy6(2,7), X2,p) € D, “w3(5,5,0)  (6.37)
and

1 ~X; 0
( + HAH) I< ! < A+ eA? (6.38)
€ 0 X

with A = D?¢(z, 7).

Remark : Compared with the classical maximum principle, the additional difficulty
is the fact that we need elements of Ezﬁwg and of ﬁ?)’er; while we have only information

on the behavior of the difference w; — wo — ¢.

Proof of Theorem 6.1 : We follow closely the proof of Theorem 3.2 of [9]. Let us

start by some reductions:
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Reductions : As in [9], we can assume without loss of generality that O = IR™, w is

bounded from above and ws is bounded from below. We can also assume that Z = 3§ =0

and ¢(z,y) = (A(z,y), (z,y)) and
max {w1(z,p,q) — w2y, p,q) — (Alz,y), (z,y))} =0 . (6.39)

"1“7y’p7q

Step 1 : introduction of the inf- and supconvolutions. As in [9], we have

(wl(x/7p7 Q) - g’xl - x‘Q) - (wg(y',p, Q) - gk‘/ - 9’2) < <(A + €A2)(5L‘,y), (x,y)> (6'40)

for any (z,2",y,y',p,q), where A = % + || A||. Let us set for \' > A,

A N
wi(x,p,q) = ma; wi (2, p,q) — =l — x]? — ¢’ — q?
1(z,p,q) x,emn%;f&m( 1@, p.d) =5 * =5 ld —a)
where (z,p,q) € R™ x A(I) x R? and
borpd) = min(waly/spa) + 2l — ol + Sl = )
7 y'€R™2, p'€A(]) Y 2 2

where (y,p,q) € R™ x R! x A(J). Note that @, and 1y are define in a larger space than

wi and wg and that
A N o A N
wi(q) = € = Slal and  @a(p) 2 ~C+ S |p|
for some constant C. In particular,

f(,p,4) = inf {4.q—in(z,p,q)}
geR

is well defined and so is w].
We also note that w; is semiconvex in all its variables with a modulus )\, semiconvex
in  with a modulus A and convex in p (because w; is convex in p by assumption). In the
I . . . . . / . . .
same way, ws is semiconcave in all its variables with a modulus A, semiconvex in y with a

modulus A and concave in q.

Step 2 : localization of the maxima of a perturbed problem. Let us now in-
troduce some small pertubation of the maximization problem (6.39): for «,3 > 0 and
¢ = (G Cy» Cps Cq) S Rn1+n2+I+J7 we set

ze(,y,poq) = wi(w,p,q) — W2y, p. q) — ((A+ €A?)(z,y), (x,y))
—a(|pl* = |g1*) = B(Jz> + [y*) — (¢, (z, 5,0, 9)) -
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We claim that,

for any n > 0, we can choose X' large and 7 and « small such that,
for any ¢ with |[¢| <, any maximum point (z,y,p,q) of zc in R™1"2 x A(I) x A(J)
satisfies (z,y) € B, and (p,q) € Int(A(I) x A(J)).

(6.41)
To prove our claim, we introduce the maps
Wy (rp.) = mas (wi(ap.0) ~ Sl — o)
S A
and
A
A1 _ : / A2
wa(y,pq) = min (wa(y',p.a) +5ly" —ul) -
From (6.40) we have
wy(x,p,q) — W5y, p,q) — (A +eA®) (2, y), (2,9)) <O V(z,y.p.q) . (6.42)

Since wy is Lipschitz continuous with respect to ¢ while ws is Lipschitz continous with

respect to p, we have

. . C . . C
wl(xapaQ) Swll(xvp#])—'_y and w2($7pa(:7) Zw/Z(l"pvq)_y ’
for some constant C, so that, in view of (6.42),
2C
2c(,y,p,0) < 57— allpl = la®) = Bl + [y1*) = (¢ (,9.,9)) - (6.43)

S5
Let A, = 400, (p, o — 0 and (y, Yn, Pn, gn) be a maximum point of z¢,. From (6.43) the

sequence (Zn, Yn, Pn, ¢n) is bounded and we can assume that it converges to some (z, 7, p, q)

which is a maximum point of

20(x,y,p, q) = W) (z,p,q) — Dy, p, q) — (A+ eA®)(2,y), (z,9)) — B(lz|* + [y|*)

We are going to show that (z,y) = (0,0) and that (p,q) € Int(A(Il) x A(J)), which proves
claim (6.41). Let (0,0, p, ¢) be a maximum point in (6.39). Since w] > w; and W) < wa, we

have,

ZO(OaOapa Q) > wl(oapa Q) - w2(0ap7 Q) - d)(O’O) =0.

Combining this inequality with (6.42) shows that
max zg = 0 and (z,9) = (0,0) .
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We now show that w (0, p, q) = w}(0,p,q) and wa(0,p,q) = whH(0,p,q). Indeed, let 2,3’ be
such that
~1 E— ! — = )‘/2 ~/ — /] = = )‘/2
@1(0,9,9) = wi(a’, ,q) = Gl and  @5(0,7,9) = w2y, 5, @) + S ly'I” -
Then
R . o o _ R o . LA
Wy (@', 5, @) =0y (y' B, @) = w5, @) —wa(y, 5, @) = 1(0,5,@) —w3(0, 5, 0) + 5 (| [*+[y')
But from the maximality of (0,0, p, ) we also have
@} (0,5, q)—w5(0,p,q) = w1 (2’ p, @) —wy(y', . @) — (A+eA®) (@', y), (2, ) = B’ P+ 1y *)
Putting together the two inequalities above shows that 2’ =y’ = 0 as soon as A > 2(||A|| +
e||A||? + B), i.e., from the definition of A, as soon as € is small enough. Then w(0,p, ) =
w1 (0,P,q) and wa(0,p, q) = whH(0,p,q) and the maximality of (0,0, p,q) gives
w1 (0, p, @) —w2(0,p, q) = w1 (0,p, 1) —w5(0, p, ) > W) (0, p,q)—5(0,p, q) > w1(0,p, q)—w2(0, p, q)

for any (p, q). Hence (0,0, p, q) is a maximum point in (6.39). This shows from assumption
(iv) that (p,q) € Int(A(I) x A(J)) and completes the proof of claim (6.41).

Step 3 : use of Jensen maximum principle. Let )\, v and « as above. Since zq is
semiconvex, has a maximum at (0,0, p,q), Jensen maximum principle (see Lemma A.3 of

[9] for instance) states that the set

(x,y,p,q) € By x Int(A(I) x A(J)), 3¢, [¢| <7, such that
E, = (i) z¢ has a maximum at (x,y,p,q) and
(13) a1 and Wy have a derivative at (x,y,p, q)
has a positive measure. We note that in the quoted Lemma A.3, the maximum is required
to be strict ; this assumption is only used in [9] to localize the maximum points, which is

not needed here.

We also note for later use that, if (x,y,p,q) € E,, there is some ¢ = ((z, (y, (p, {g) with
|¢| < v such that z; has a maximum at (x,y,p,q). In particular, this implies that

. . 2
¢ — 1(z,p,q") — wa2(y,p, ') + ald'|* = ((g: @)
has a maximum at ¢. Since w3 is concave in ¢, w; coincides with its concave hull with

Oy (xzp’q) then

respect to ¢ at (x,p,q). Hence, if we set ¢ = oe

Wy (z,p,q) + 0} (z,p.q) =¢.q¢  and g edful(xp.q). (6.44)
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In the same way, if we set p = %ﬁ’p’q), then we have

Wo(z,p,q) +03(y, p,q) =pp  and  p € I wi(x,p,q) - (6.45)

Step 4 : measure estimate of a subset of E,. Let E’ be the set of points (z,y, p,q) € E,

such that ﬁ)i has a second order Taylor expansion at (z, p, 68—12(’11(37, p,q)) and w; has a second
order Taylor expansion at (y, aa—‘f(x, p,q),q)- Our aim is to show that £, has a full measure

in E,.
For this we note that E’7 = Eib N Eg where

El =

{ (z,y,p,q) € Ey, zi)ji has a second order Taylor expansion }
7

at (z,p, B2 (x,p, q))

and
B2 { (x,y,p,q9) € E , w3 has a second order Taylor expansion }

by R
at (y, G2 (,p,4), q)

It is enough to show that E% and E,2y have a full measure in E,. We only do the proof for

E%, the proof for E% being symmetric.

Let us set, for any (x,y, p),

E\(z,y,p) ={q € A(J), (z,y,p,q) € Ey}

and

E\(z,y,p) = {g € A(J), (z,y,p,q) € E}}
Since E, has a positive measure, from Fubini Theorem we have to show that, for any (z,y, p)
such that the set E,(z,y,p) has a positive measure, the set E%(x, y,p) has a full measure

in E»y(ﬂl’,y,p).

For this, let us introduce the map ® : ¢ — %ﬁ’p’q) defined on E(z,y,p). We are going

to show that
1
Vq1,q2 € Ey(%%p), \fh - QQ’ < *O[|‘I>(Q1) - ‘1)(612)\ ’ (6‘46)

which will imply that

VE C E,(z,y,p) measurable, £/ (FE) <

< (2a)I£J (B(E)), (6.47)

where £/ denotes the Lebesgue measure in IR”. Then we will prove that (6.47) implies our

claim.
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Proof of (6.46) : Let q1,q2 € Ey(x,y,p). There are (; and (» such that z has a
maximum at (z,y,p,qx) for kK =1,2. The first order optimality conditions imply that

_ 812)2 (yv D, qk)

D(qr) 3

— 2aqk + Ci g fork=1,2.
Using again the optimality of z¢, at ¢; and the fact that ¢ — w2(y, p, q) is concave, we have

N O .
w1(z, p,q1) + <<% —2aq1 + Cl,q) (g2 —q1)) — algg — a1
w1 (z,p,q1) + (B(q1), (g2 — 1)) — alga — a1

wl(vav QQ) <
<

Reversing the role of ¢; and ¢s gives
w1 (z,p,q1) < w1(z,p,q2) + (P(a2), (@1 — ¢2)) — gz — Q1’2

Adding the two previous inequalities then leads to

0 < (®(q2) — ®(q1),q1 — @2) — 20|g2 — a1 .

Whence (6.46).

Proof of (6.47) : Let E be a measurable subset of E,(x,y,p). We note that (6.46)
states that ® is a bijection between E and its image, with a %—Lipschitz continuous inverse.

Hence
1

(20)"

LI(B) = LI(@71(2(B))) < £l(e(B)),

i.e., (6.47) holds.

We finally show that E%(l‘, y,p) has a full measure in E,(z,y,p) for any (x,y,p) such
that E,(x,y,p) has a positive measure. Let F' be the set of (x,p,q) such that uﬁﬁ has
a second order Taylor expansion at (x,p,q). Since F has a full measure, for almost all
(z,p) € R™ x A(I), the set F(z,p) = {¢ € R’ , (2,p,§) € F} has a full measure in
IR7. Let (z,p) be such a pair and such that E,(z,y,p) has a positive measure. Then
®(E,(x,y,p)) also has a positive measure from (6.47). Since ®(E,(x,y,p))\F(x,p) has a

zero measure and since

q)_l (@(Ev(x,y,p))\F(m,p)) = EW(.’IJ,y,p)\E%(.%',y,p) )

using again (6.47) shows that Ew(a:,y,p)\E%(x,y,p) has a zero measure. This completes

our claim.
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Step 5 : (further) magic properties of sup-convolution. We now explain that one
can use second order Taylor expansions of uﬁfi and w3 to get elements of DQ’*wﬁ, D>y,
D?%w} and D%y
From the definition of w; and w§ we have
/

af
2(]

@ (z,p,q) = min (¢.q+ 2 !x'—w!2+

z.q.q

7

— ) —wi(2',p,q")) (6.48)

where the minimum is taken over the (z/,¢’,¢”) € R™ x IR’ x A(J). In particular ¢’ =
q¢” — ¢/N is always optimal in (6.48) and we have

_lai?

A~ A )\ vhl
Wl (z,p,4) = ov T ,7(61 4+ 2!w’—x\2—w1(a:’,p7q )
So
ﬁ( — @ 1 é / 2 ﬁ / o 4

and w§ is nothing but the inf-convolution in space of the map wﬁ.

Let us now assume that (z,y,p,q) € E., set ¢ = %ﬁff’q) and let (Z',7,7”) be a
minimum point in (6.48). Since uﬁﬁ has a second order Taylor expansion at (z,p,q), we
have, following the proof of the “magic properties of sup-convolution” (Lemma A.4 of [9]):

ot

&= Dﬁ;g(m’,p, G =MNx—-12), q= 3(}1 (z,p,4) = q € Int(A(]))

and ¢ + N (7 — @) = 0. This implies that the minimum problem in (6.48) has a unique
solution (7,7, 7”) = (x — §/N\, ¢, ¢+ G/ N).

Using (6.49) we see that ¢” is optimal in (6.48) if and only if ¢” € agw (@', p,q). Since
there is a unique optimal solution in (6.48), the set 83’11)% (7', p, ) is reduced to the singleton

{g+ q/N}. So v ex1sts at (r — &/, p,q) and we have

ow’

8@1 (x—=&/Ap.d)=q+q/N . (6.50)

Furthermore, since wl has a second order Taylor expansion in z at the point (x,p,q), the
classical “magic properties” of inf-convolution (Lemma A.4 of [9]) applied in (6.49) state
that

(D (x,p, 4), D*@} (x,p,4)) € D> wh(x — &/A\,p,q) - (6.51)

Following [1] we also note that for any 2’ close to z, we have

@

1,2}1(.%'/,]9, Q) < q. q - ( z,p, Q) - wl(x7p7(j) +’11A}§($,p, (j) - thlt(xlapa (j)
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because w1 (x, p,q) + wg(x,p, G) = q.4. Since uﬁg has a second order Taylor expansion at x,

this gives

— (D@} (x,p, §), D*}(x,p, q)) € D>y (2,p,q) - (6.52)

In a symmetric way, if (z,y,p,q) € E, and p = %W} then
(D3 (y, p, q), D*W5(y, B, q)) € D> wi(y — £/A, B, q) , (6.53)
where & = D3 (y, p, q),
ows ) 1.

and

—(D’LZ);(y,f), Q), D21Z)>2k(y,]§, Q)) € D27_1Z)2(y7p7 q) . (655)

Step 6 : conclusion. From the previous steps, we know that the set Eﬁy defined in step 4
has a positive measure for any \ sufficiently large, any a, v > 0 sufficiently small and any
(3 > 0. Hence we can find sequences X, — 400, an, Bn, 1n — 07, ¢ = (C7, GG Cp) — 0,
(T Yns Pns Gn) converging to some (0,0, p,q) such that (zn, yn,pn,gn) € E7, and such that

the map z¢, has a maximum at (2, Yn, Pn, qn)-

Let us set ( ) ( )
OW2(Yn, P> In o OW1(Tns Pns Gn
— e =77 6.56
bn Jdp n dq (6.56)
(f?, XIL) = (Dﬁ}ii(xn,pm dn)a l)zwtlt (xnapnv qAn))
and

(67217X2n) = (Dws(ymﬁmQn)7D2w§(ym]5an)) .

From (6.50) and (6.54) we have

1. owd o 1. ot .
Pn + Epn = a; (yn - 52 /)‘apna Qn) and ¢, + EQn = 8@1 (xn - é"r]l-/A7pn7 Qn) . (6~57)

From (6.52) and (6.55) we have
_<€?7X{L) S D27+w1(xn7pn7Qn) and — (fgan) S Dz’in(fEmPnaQn> .

Since furthermore (z,y) — 2¢, (¢, Y, Pn, ¢n) has a maximum at (2, Yn, Pn, ¢n), the first and

second order optimality conditions imply that

(=&, 6) = (A+ GAQ)(xna Yn) + 26n(Tn, yn) + (¢, Cg) (6.58)
and

1 -XP 0
( + HAH) I< ! < A+ eA? 28,1 (6.59)
€ 0 Xy
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The left-hand side inequality is due to the fact that w; and wsy are semiconvex and semi-
concave w.r. to « and y respectively with a modulus A = 2 + ||A||. Using (6.51) and (6.53)

gives
(5?7 X{L) S Dz’iwg(xn - {?/Aapnv qAn) a‘nd (637 —Xg) € DQ’JFMT(yTL - é;/Aaﬁnv Qn) (660)

We now note that (X7"), (X%), (pn) and (g,) are bounded. For (X7), (X¥) this is an
obvious consequence of (6.59). For (p,,) and () this comes from (6.56), from the Lipschitz
continuity assumption of wo and w; with respect to p and q respectively and from the
definition of w; and ws.

We now let n — +o00. From (6.58), we have £, &5 — 0. We can assume that (P, Gn) —
(P,4), X7 — X1 and X3 — X5. Then we have from (6.57), (6.60) and (6.59) that:

_ -—=2,— A _ —2,4+ & ~ —
(0,X1,9) € D, wh(0,5,4) and (0, X2,p) € D, w}(0,p,q)

1 -X1 0
<+||A|]>I< ! < A+eA?.
€ 0 X

and
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