Non fattening condition for the generalized evolution by mean curvature and applications

Samuel Biton^∗, Pierre Cardaliaguet^† and Olivier Ley^∗

Abstract

We prove a non fattening condition for geometrical evolution described by the level set approach. This condition is close to those of Soner [19] and Barles, Soner and Souganidis [4] but applies to some unbounded hypersurfaces. It allows us to apply our result to prove the uniqueness of the evolution by mean curvature of graphs which are convex at infinity, without any restriction on their growth at infinity.

1 Introduction

We consider the evolution Γ_t of a given initial hypersurface Γ_0 of IR^{N+1} moving according to the law V_{(x,t)} = h(n_x, Dn_x), (1) where V_{(x,t)}, n_x and Dn_x stand respectively for the normal velocity, an oriented unit normal, the second fundamental form of Γ_t at x ∈ Γ_t and h is the given evolution law. The hypothesis on h will be introduced later but the key assumption in this paper is the map h to be elliptic with respect to the second variable. Namely, if X, Y are symmetric matrices, then X ≤ Y =⇒ h(n_x, X) ≥ h(n_x, Y ). (2) The most typical example we are interested in is the celebrated mean curvature evolution where

V_{(x,t)} = h(Dn_x) = −Tr(Dn_x). (3)

∗Laboratoire de Mathématiques et Physique Théorique– CNRS UMR 6083, Faculté des Sciences, Parc de Grandmont, 37200 Tours, France. E-mail: biton@univ-tours.fr, ley@gargan.math.univ-tours.fr †Département de Mathématiques, Faculté des Sciences, Université de Bretagne Occidentale, 6, avenue Le Gorgeu, B.P. 809, 29285 Brest, France. E-mail: Pierre.Cardaliaguet@univ-brest.fr

To describe the evolution of Γ_t according to (1), different ways have been proposed; see the references in the introduction of [10]. Here, we follow the level set approach introduced by Barles [1] and Osher and Sethian [18] and developed first independently by Evans and Spruck [10] and Chen, Giga and Goto [7].

The level set approach presents the advantage to be defined for all time t ≥ 0, even past some singularities. We refer the reader to section 2 for the definition and recall here that the evolution Γ_t by the level set approach is given, at each time t, as the 0-level set of an auxiliary function, namely Γ_t := {z ∈ IR^{N+1} : v(z, t) = 0}, where v : IR^{N+1}×[0, +∞) → IR is the solution of a suitable parabolic pde under the form ∂v ∂t + F (Dv, D^2v) = 0 in IR^{N+1} × (0, +∞). (4)

In this approach, one of the main issues is the so-called fattening phenomenon which happens when the front ⋃ t≥0 Γ_t × {t} has nonempty interior in IR^{N+1} × [0, +∞). Some examples are known for which such a phenomenon arises (see Ilmanen [15] or Soner [19]). This fattening phenomenon is closely related to the non-uniqueness of the geometrical evolution (1). We refer to Ilmanen [15], Soner [19], Barles, Soner and Souganidis [4] or Barles, Biton and Ley [3] for further details.

Nevertheless, in [19] (see also Barles, Soner and Souganidis [4] and Soner and Souganidis [20]), Soner shows that, in the case of compact hypersurfaces which are roughly speaking starshaped and if the normal velocity is linear in the second fundamental form, i.e,

V_{(x,t)} = −Tr(G(n_x)Dn_x), (5)

the front never fattens. Note that this kind of motion includes the mean curvature motion (3) as a particular case. Our aim in this article is to extend this method to unbounded hypersurfaces having in mind the case when the hypersurface is the graph of a function from IR^N into IR.

To be more specific on our result, we prove that under suitable assumptions on the nonlineary F appearing in (4), the front never fattens if there exists a family of affine dilatations (A_ε)_{ε>0} going to identity as ε goes to 0 and such that

d(Γ_0, A_ε(Γ_0)) := inf{|a − b| : (a, b) ∈ Γ_0 × A_ε(Γ_0)} > 0, (6)

for any ε > 0.

The main result of this paper is an application of the previous condition to the evolution of entire graphs. We prove in Section 4 that this geometrical condition is fulfilled when Γ_0 is the graph of a function which is convex at infinity without any restriction on its growth at infinity. As a consequence, we prove the uniqueness of the solution of the mean curvature equation for graphs, namely ∂u ∂t − Δu + ⟨D^2uDu, Du⟩ 1 + |Du|^2 = 0 in IR^N × (0, +∞), (7) with u(·, 0) = u_0 where u_0 ∈ C(IR^N ) is convex at infinity. Let us mention that the existence of a smooth solution was proved by Ecker and Huisken [9] (see also Chou and Kwong [8] and Barles, Biton and Ley [3]). The question of uniqueness in its whole generality is still open, see [3] for partial results and comments.

We point out that this uniqueness result holds in fact for more general quasilinear equations the class of which is described in [3] and generalizes the result for convex initial data of [3]. Moreover, we give an example (see Example 4.1) of application of (6) to initial data which are not convex at infinity. It follows first that “convex at infinity” functions is not the right class of uniqueness for equations like (7). Secondly, it emphasizes that our condition is of geometrical nature in the sense that we do not have idea how to prove such a result by pdes’ methods.

The paper is organised as follows. In Section 2, we recall briefly the level-set approach. In Section 3, we state and prove the sufficient condition (6). The last section is devoted to applications.

2 Preliminary about the level set approach

In this section, we recall what we need about the level set approach and give the definition of the generalized evolution Γ_t.

We start by introducing some definitions and notations. An admissible partition (Γ_0, Ω^+_0 , Ω^−_0 ) is a partition of IR^{N+1} such that IR^{N+1} = Γ_0 ∪ Ω^+_0 ∪ Ω^−_0 , where Ω^+_0 and Ω^−_0 are open subsets of IR^{N+1}.

If (Γ_0, Ω^+_0 , Ω^−_0 ) is an admissible partition, then the signed distance d_s(·, Γ_0) to Γ_0 is defined by

d_s(z, Γ_0) := d(z, Γ_0) if z ∈ Ω^+_0 , 0 if z ∈ Γ_0, −d(z, Γ_0) if z ∈ Ω^−_0 , (8) where d is the usual nonnegative distance in IR^{N+1}. Clearly d_s(·, Γ_0) ∈ UC(IR^{N+1}), where “UC” denotes the uniformly continuous functions.

Looking for an auxiliary function v : IR^{N+1} × [0, +∞) → IR satisfying, for every t ≥ 0, the conditions

{v(·, t) = 0} = Γ_t {v(·, t) > 0} = Ω^+_t and {v(·, t) < 0} = Ω^−_t ,

we obtain that v has to be a solution, at least formally, of the so-called level set equation for (1), ∂v ∂t + F (Dv, D^2v) = 0 in IR^{N+1} × (0, +∞)

v(·, 0) = v_0 in IR^{N+1}, (9) where, for instance v_0 = d_s(·, Γ_0), and F (p, X) = −|p| h ( − p |p| , ( − 1 |p| (Id − p ⊗ p |p|^2 )X ) |p^⊥ ) , (10)

for p ∈ D(F ) ⊂ IR^{N+1}, X ∈ S_{N+1} and where M_{|p}⊥ is the restriction to the subspace p^⊥ of the linear map induced by M ∈ S_{N+1}. Note that in general, F has singularities in the gradient variable and D(F ) ≠ IR^{N+1}. Here and in the sequel, S_{N+1} denotes the space of symmetric matrices of size N + 1.

From the very definition of F , it follows that F (λp, μp ⊗ p + λM) = λF (p, M) for all p ∈ D(F ), M ∈ S_{N+1}, λ ≥ 0, μ ∈ IR, (11) and from (2), we have M ≥ N =⇒ F (p, M) ≤ F (p, N) for all p ∈ D(F ), M, N ∈ S_{N+1}. (12) It is worth noticing that (11) implies that the equation in (9) is invariant under changes of funtion v → φ ∘ v with φ^′ > 0 and that (12) implies that (9) is degenerate elliptic and, at least formally, a maximum principle is expected. To state this maximum principle, we need additional assumptions we denote by (H) here to avoid technicalities. These assumptions are discussed at the end of the section.

Now, we can state the following theorem and define the generalized evolution of Γ_0 with normal velocity given by (1):

Theorem 2.1 Suppose that F in (9) is given by (10) and that (2) and (H) hold. Let v_0 ∈ UC(IR^{N+1}). Then, there exists a unique viscosity solution of (9) with initial data v_0. In addition, if w_0 ∈ UC(IR^{N+1}) satisfies w_0 ≥ v_0 in IR^{N+1}, then the associated solution w of (9) satisfies w ≥ v in IR^{N+1} × [0, +∞).

Moreover, let

(Γ_t, Ω^+_t , Ω^−_t ) := ( {v(·, t) = 0}, {v(·, t) > 0}, {v(·, t) < 0} ) be the generalized evolution of the initial admissible partition

(Γ_0, Ω^+_0 , Ω^−_0 ) := ( {v_0 = 0}, {v_0 > 0}.{v_0 < 0} ) . (13)

Then the family (Γ_t, Ω^+_t , Ω^−_t )_{t≥0} is independent of the choice of v_0 ∈ UC(IR^{N+1}) satisfying (13). Hence, it allows to define (Γ_t)_{t≥0} as the generalized evolution of Γ_0 with normal velocity (1).

We do not prove the theorem here. Various assumptions (H) on F such that the theorem holds true can be find in: Evans and Spruck [10], Chen, Giga and Goto [7], Giga, Goto, Ishii and Sato [13], Barles, Souganidis and Soner [4], Soner [19], Ishii & Souganidis [17], Ishii [16], Souganidis [21], Giga and Sato [14], Barles, Biton and Ley [3], Giga [12], etc. See Section 4 for explicit examples.

3 A sufficient condition for the non fattening

In this section we give a condition on an initial hypersurface Γ_0 under which its generalized evolution never fattens. To this end we need the following assumption: there exists a positive continuous real-valued function m such that m(1) = 1 and F (p, λM) = m(λ)F (p, M) for all p ∈ D(F ), M ∈ S_{N+1}, λ > 0. (14) Let T be the group of affine dilatations of IR^{N+1}, T = { A : IR^{N+1} → IR^{N+1} : A(z) = λz + z_0, λ ≠ 0, z_0 ∈ IR^{N+1} } . Lemma 3.1 Assume that the assumptions of Theorem 2.1 and (14) hold. Suppose that D(F ) is invariant under dilatations, that (Γ_0, Ω^+_0 , Ω^−_0 ) is an admissible initial partition and A ∈ T with coefficient λ ≠ 0. Let v (respectively v_A) be the solution of (9) associated to d_s(·, Γ_0) (respectively d_s(·, A(Γ_0))). Then we have v_A(z, t) = λ v ( A^{−1}z, t λm(λ) ) . (15)

Proof of Lemma 3.1. Suppose that Az = λz + z_0. Let v_0 = d_s(·, Γ_0), (respectively w_0 = d_s(·, A(Γ_0))) and v (respectively w) be the unique uniformly continuous solution of (9) with initial data v_0 (respectively w_0). Observing that w_0 = λv_0 ∘ A^{−1} we set w(z, t) = λv ( z − z_0 λ , t λm(λ) ) . Using (11) and (14), one checks that w is a solution of (9) with initial data w_0. Therefore we get the Lemma by the uniqueness result for (9). □

Let then two subsets A, B of IR^{N+1}. We recall that the minimum distance d(A, B) between A and B is defined by d(A, B) := inf_{a∈A,b∈B} |a − b|. Lemma 3.2 For any admissible partitions (Γ_0, Ω^+_0 , Ω^−_0 ) and (Γ̃_0, Ω̃^+_0 , Ω̃^−_0 ), if Ω̃^+_0 ∪Γ̃_0 ⊂ Ω^+_0 then d(Γ_0, Γ̃_0) ≥ η ≥ 0 =⇒ d_s(·, Γ_0) ≥ d_s(·, Γ̃_0) + η

Remark 3.1 A consequence of the lemma is an inclusion (or avoidance) principle. Namely, if Ω^+_0 and Ω̃^+_0 are such that Ω^+_0 ⊂ Ω̃^+_0 , then this inclusion remains true for all time: Ω^+_t ⊂ Ω̃^+_t . The proof consists in noticing that the inequality given by the lemma still holds when taking the solutions to (9) associated respectively to d_s(·, Γ_0) and d_s(·, Γ̃_0). We point out that this inclusion principle is an important underlying property of geometrical evolutions satisfying (2). For a general study of geometrical evolutions which satisfies this principle, see Barles and Souganidis [5].

Figure 1: The different cases under consideration in the proof of Lemma 3.2.

Proof of Lemma 3.2. We distinguish several cases according to the position of z (see Figure 1).

Case 1.— z_1 ∈ Ω^−_0 ∪ Γ_0.

Let a = d(z_1, Γ_0) and b = d(z_1, Γ̃_0) = |z_1 − z̃_1|, with z̃_1 ∈ Γ̃_0. Consider a point z^′_1 ∈ [z_1, z̃_1] ∩ Γ_0. We have

d_s(z_1, Γ_0) − d_s(z_1, Γ̃_0) = −a + b = −a + |z_1 − z^′_1| + |z^′_1 − z̃_1|.

But |z_1 − z^′_1| ≥ d(z_1, Γ_0) = a and |z^′_1 − z̃_1| ≥ d_e(Γ_0, Γ̃_0) ≥ η; therefore d_s(z_1, Γ_0) − d_s(z_1, Γ̃_0) ≥ η.

Case 2.— z_2 ∈ Ω^+_0 ∩ Ω̃^−_0 .

Let a = d(z_2, Γ_0) = |z_2 − z^′_2| with z^′_2 ∈ Γ_0, and b = d(z_2, Γ̃_0) = |z_2 − z̃_2|, with z̃_2 ∈ Γ̃_0. We have

d_s(z_2, Γ_0) − d_s(z_2, Γ̃_0) = a + b ≥ |z^′_2 − z̃_2| ≥ η.

Case 3.— z_3 ∈ Ω̃^−_0 ∪ Γ̃_0.

Let a = d(z_3, Γ_0) = |z_3 − z^′_3| with z^′_3 ∈ Γ_0, and b = d(z_3, Γ̃_0). Consider a point z̃_3 ∈ [z_3, z^′_3] ∩ Γ̃_0. We have

d_s(z_3, Γ_0) − d_s(z_3, Γ̃_0) = a − b = |z_3 − z̃_3| + |z̃_3 − z^′_3| − b.

But |z̃_3 −z^′_3| ≥ d_e(Γ_0, Γ̃_0) ≥ η and |z_3 −z̃_3| ≥ d(z_3, Γ̃_0) = b; thus d_s(z_3, Γ_0)−d_s(z_3, Γ̃_0) ≥ η, which completes the proof of the Lemma 3.2. □

Now, we can state the main result of this section.

Theorem 3.1 Let (Γ_0, Ω^+_0 , Ω^−_0 ) be an admissible initial partition. Suppose there exists a family (A_ε)_{ε>0} ⊂ T and a sequence of positive numbers (η_ε)_{ε>0} such that

A_ε −→_{ε→0} Id and d(Γ_0, A_ε(Γ_0)) ≥ η_ε > 0 for ε > 0. (16)

Then the front ⋃ t≥0 Γ_t × {t} has empty interior in IR^{N+1} × [0, +∞).

This theorem is an adaptation of the one of Barles, Soner and Souganidis [4, Theorem 4.3] and Soner [19] which are more adaptated to the case of compact hypersurfaces. Our result applies when Γ_0 is an entire graph (see Section 4).

Proof of Theorem 3.1. Let v and v_{Aε} be the uniformly continuous viscosity solutions of (9) associated to the initial data d_s(·, Γ_0) and d_s(·, A_ε(Γ_0)). From Lemma 3.1, for every (z, t) ∈ IR^{N+1} × [0, +∞), we have v_{Aε} (z, t) = λ_εv ( A^{−1}_ε z, t λ_εm(λ_ε) ) , (17)

where λ_ε is the coefficient of A_ε. Next, from (16), Lemma 3.2 and the comparison result we get that, for any ε > 0, v(z, t) ≥ v_{Aε} (z, t) + η_ε. Therefore v(z, t) ≥ λ_εv ( A^{−1}_ε z, t λ_εm(λ_ε) ) + η_ε. (18)

Assume now that the front ⋃ t≥0 Γ_t × {t} has nonempty interior in IR^{N+1} × [0, +∞).

It follows that there is some (z_0, t_0) ∈ IR^{N+1} × (0, +∞) and some r > 0 such that

v ≡ 0 in B(z_0, r) × [t_0 − r, t_0 + r].

Since A_ε → Id, one has λ_ε → 1 and then, for ε sufficiently small, ( A^{−1}_ε z_0, t_0 λ_εm(λ_ε) ) ∈ B((z_0, t_0), r) × [t_0 − r, t_0 + r].

Writing (18) at the point (z_0, t_0), we obtain a contradiction which ends the proof. □

4 Application to uniqueness results.

In this section we give some applications to Theorem 3.1. The first application is known and concerns the evolution of compact sets. The second, which is the main result and the motivation of this work, gives new uniqueness results for quasilinear parabolic pdes.

4.1 Uniqueness of generalized evolutions of compact sets

In this section, we show that Theorem 3.1 applies to recover some results of [19] and [17].

Suppose h is like in (5) and assume that G : S^N → S^+_{N+1} is continuous, where S^N = {ξ ∈ IR^{N+1} : |ξ| = 1} is the unit sphere and S^+_{N+1} is the space of the nonnegative symmetric matrices of size N + 1. Noticing that (14) holds with m(r) = r, we have

Theorem 4.1 Let (Γ_0, Ω^+_0 , Ω^−_0 ) be an admissible partition such that Γ_0 has empty interior. Suppose that Ω^+_0 is a compact subset which is starshaped, namely: there exists z_0 ∈ Ω^+_0 such that, for all z ∈ Ω^+_0 , [z_0, z[⊂ Ω^+_0 .

Then ⋃ t≥0 Γ_t × {t} has empty interior.

This theorem was proved by Soner [19, Theorem 9.3]. Our proof is basically the same so we only sketch it. Up to a translation, we can suppose that z_0 = 0 and we check that the family A_ε(z) = (1 − ε)z, for ε ∈ (0, 1) satisfies (16). We conclude by Theorem 3.1.

It is worth pointing out again that (5) includes the mean curvature motion, where h(Dn_x) = −Tr(Dn_x) = −div(n_x). In this case, the level set equation (9) is the wellknown mean curvature equation, ∂v ∂t − Δv + ⟨D^2vDv, Dv⟩ |Dv|^2 = 0 in IR^{N+1} × (0, +∞).

We present another type of motion studied in [17]. We set

h(Dn_x) = κ^+_1 κ^+_2 · · · κ^+_N , (19)

where κ_1, κ_2, · · · , κ_N are the principal curvatures of Γ_t (the eigenvalues of Dn_x) and r^+ := max{r, 0}. Theorem 2.1 applies in this case and (14) holds with m(r) = r^N . Thus Theorem 4.1 holds true for h given by (19) (with the same proof). By this way, we recover [17, Proposition 3.4]; but contrary to the latter proposition, we do not require Γ_0 to be C^2.

It is worth noticing that non fattening means that, roughly speaking, Γ_t is the unique generalized solution of (1).

4.2 Uniqueness of solutions of quasilinear parabolic pdes

We turn to our main application. Consider the following pde, ∂u ∂t − Tr [ b (Du) D^2u ] = 0 in IR^N × (0, +∞) u(·, 0) = u_0 ∈ C(IR^N ),

(20)

where b : IR^N → S^+_N and S^+_N is the set of the nonnegative symmetric matrices of size N. Note that Equation (20) is quasilinear parabolic (possibly degenerate). The typical example we have in mind is (7) where b(p) = Id − p ⊗ p 1 + |p|^2 .

In [3] we show that under suitable assumptions on the diffusion matrix b, the graphs of the solutions of (20) are hypersurfaces of IR^{N+1} moving accordind to a geometrical law of type (1). In this case, the level-set equation is (9) with F (Dv, D^2v) = −Tr [ b ( − D_xv D_yv ) ( D^2_{xx}v − 2D^2_{xy} ⊗ D_xv D_yv + D_{yy}v D_xv D_yv ⊗ D_xv D_yv )] , (21)

and D(F ) = {p = (p_1, p_2, · · · , p_{N+1}) ∈ IR^{N+1} : p_{N+1} = 0}. We do not recall these assumptions here to avoid technicality and refer to [3, (H1,2,3,4)]. Roughly speaking, these assumptions allow us to control the singularities of F in order to apply Theorem 2.1. It makes possible to define the generalized evolution Γ_t of Γ_0 = Graph(u_0) and we prove that the graphs of all the continuous viscosity solutions of (20) are contained in the front ⋃ t≥0 Γ_t × {t}. It follows that the uniqueness of continuous viscosity solutions is equivalent to the non fattening of the front (see [3, Theorem 6.2]).

Existence of solutions to (20) is not the point here, we refer to [9], [8], [3] for quite general results. In particular, one has existence results for any continuous initial data u_0 without any growth restriction at infinity, an unusual result.

The question we address here is the uniqueness of these solutions without growth restriction at infinity. Several partial results are known in this direction: in dimension N = 1, the problem was completely solved independently by Chou and Kwong [8] and [2]. In any dimension, the uniqueness was proved in the following situations: (i) for (7) when u_0 is radially symmetric in IR^N (see [6]); (ii) for (20) when u_0 is convex in IR^N (see [3]).

Here, we extend the result (ii) to initial data which are convex at infinity (see the precise definition below). One could be think that generalization is of little interest but we point out that a very small perturbation of u_0 even on a compact set can modify the solution everywhere.

A continuous function f : IR^N → IR is said to be convex at infinity if there exists R > 0 such that, for any convex set C ⊂ IR^N − B(0, R), the restriction f : C → IR is convex. Note that, if f is twice differentiable in IR^N − B(0, R), f is convex at infinity if and only if D^2f(x) ≥ 0 for every x ∈ IR^N − B(0, R).

Theorem 4.2 Assume that Theorem 2.1 holds for (9) with F defined by (21). If u_0 ∈ C(IR^N ) is convex at infinity, then (20) has at most one continuous viscosity solution. In particular, for any u_0 which is convex at infinity there exists a unique classical solution of the mean curvature equation for graphs (7).

Before giving the proof of the theorem, we state an example and do some comments about it.

Example 4.1 A function u_0 which satisfies the assumptions of Theorem 3.1 but is not convex at infinity.

Figure 2: Γ_0 = Graph(u_0) with u_0 convex.

Let f, g ∈ C(IR^N ) such that f is convex in IR^N and g(x) → 0 as |x| → +∞. Set u_0 = max{f(x), g(x)}. Then u_0 ∈ C(IR^N ) is not necessary convex at infinity (in the case N = 1, take for instance f, g defined by f(x) = e^{x3} and g(x) = sin x/x). But u_0 satisfies (16). We do not give the proof since it is close to the proof of Theorem 4.2.

Firstly, this example shows that Theorem 3.1 applies to a larger class of graphs than convex at infinity ones. Secondly it enlightens on the geometrical nature of condition (16). Indeed, if one could hope possible to find a purely analytical proof of Theorem 4.2, we have no idea how to prove uniqueness with initial data like the u_0 above by pdes methods: the solutions can have arbitrary growth, they have no expected properties, etc.

Proof of Theorem 4.2. From [3, Theorem 6.2], it is sufficient to prove that the generalized evolution Γ_t of Γ_0 := Graph(u_0) does not develop any interior. We proceed in two steps.

Step 1. To emphasize the main ideas without technicality, we suppose first that u_0 is convex in IR^N .

Up to translate Γ_0, we can assume that there exists ρ > 0 such that B(0, ρ) ⊂ Epi(u_0). Consider the family (A_ε)_{ε>0} ⊂ T , defined by A_ε = (1 + ε)Id, 0 < ε < 1, and set Γ^ε_0 = A_ε(Γ_0).

We aim at applying Theorem (3.1). We claim there exists a sequence (η_ε)_{ε>0} of positive numbers such that

d_e(Γ_0, A_ε(Γ_0)) ≥ η_ε. (22)

We prove this claim. Let z_0 = (x_0, y_0) ∈ Γ_0 and z_ε = A_ε(z_0) = (1 + ε)z_0. For ξ in the convex subdifferential ∂u_0(x_0) of u_0 at x_0, consider the support hyperplane

H_0 = {z = (x, y) ∈ IR^{N+1} : y = ⟨ξ, x − x_0⟩ + y_0},

to Epi(u_0) passing through z_0 (see Figure 2). Since u_0 is convex, Epi(u_0) lies in the half-space {y ≥ ⟨ξ, x − x_0⟩ + y_0}; it follows

d(z_ε, Γ_0) ≥ d(z_ε, H_0) = d(H_ε, H_0),

where H_ε = {z = (x, y) : y = ⟨ξ, x − (1 + ε)x_0⟩ + (1 + ε)y_0} is the parallel hyperplane to H_0 passing through z_ε. Noticing that H_ε = A_ε(H_0), we obtain

d(H_ε, H_0) ≥ ε d(0, H_0) ≥ ρε.

Finally, for every z_ε ∈ Γ^ε_0, d(z_ε, Γ_0) ≥ ρε; therefore (22) holds with η_ε = ρε. It follows that assumption (16) of Theorem (3.1) holds and we obtain the desired conclusion.

Note that Step 1 provides a new demonstration of [3, Theorem 10.1].

Step 2. The general case.

From now on, we assume that the map u_0 is convex at infinity. Let R_0 > 0 be some constant such that u_0 is convex on any convex subset of IR^N − B(0, R_0). For x ∈ IR^N , with |x| > R_0, we define the subdifferential ∂u_0(x) as the subdifferential at x of the restriction of u_0 to any convex neighbourhood of x contained in IR^N − B(0, R_0). Since the notion of subdifferential is local, ∂u_0(x) is well defined. Let us point out that ∂u_0(x) enjoys the following property: if p ∈ ∂u_0(x), then ∀y ∈ IR^N with [x, y] ∩ B(0, R_0) = ∅, u_0(y) ≥ u_0(x) + ⟨p, y − x⟩ . and that ∂u_0(x) is non empty as soon as |x| > R_0.

With this in mind, let us state a preliminary (and technical) lemma, proved below.

Lemma 4.1 Assume that u_0 is convex at infinity. Then there is some radius R > 0 and some constant c ∈ IR such that

(i) u_0 is convex on any convex subset of IR^N − B(0, R), (ii) for any x /∈ B(0, R + 1), for any p ∈ ∂u_0(x), u_0(x) − ⟨p, x⟩ ≤ −|p| + c . (23) Remark 4.1 Lemma 4.1 has the following geometric interpretation: Let C be any open convex subset of IR^N −B(0, R+1). Let u^C_0 be the smallest convex function which coincides with u_0 on C, namely ∀x ∈ IR^N , u^C_0 (x) = sup{u_0(z) + ⟨p, x − z⟩ : z ∈ C and p ∈ ∂u_0(z)} . Then inequality (23) states that u^C_0 is bounded from above by the constant c on the ball B(0, 1).

For any ε > 0 and any λ ∈ (0, 1), let us set u_{ε,λ}(x) = (1 − λ) [ u_0 ( x 1 − λ ) + ε ] . Let us underline that the graph of u_{ε,λ} is the image of the graph of u_0 by the similitude A_{ε,λ} defined by A_{ε,λ}(z) = (1 − λ)(z + (0, ε)). Note that A_{ε,λ} → Id as ε, λ → 0. To conclude applying Theorem 3.1, it is sufficient to prove the following claim:

for any ε > 0, there is some λ_ε ∈ (0, 1) such that, for any λ ∈ (0, λ_ε),

d (Graph(u_0), Graph(u_{ε,λ})) > 0 .

Let R and c be as in Lemma 4.1. Without loss of generality, up to some translation, we can assume that c = −1. Thus we have ∀x /∈ B(0, R + 1), ∀p ∈ ∂u_0(x), u_0(x) − ⟨p, x⟩ ≤ −(1 + |p|) . (24) Since u_0 is continuous, we have

∀z ∈ IR^N , d((z, u_0(z)), Graph(u_0) + (0, ε)) > 0 .

Therefore, γ_ε = min_{|z|≤R+1} d((z, u_0(z)), Graph(u_0) + (0, ε)) is positive.

Let x, y ∈ IR^N . We want to estimate from below |(x, u_0(x)) − (y, u_{ε,λ}(y))| by some constant independant of x and y. For this, let us first assume that x ∈ B(0, R + 1). We can also suppose that |x − y| ≤ 1. Then |(x, u_0(x))−(y, u_{ε,λ}(y))| ≥ |(x, u_0(x))−(y, u_0(y)+ε)|−|(u_0(y)+ε)−(1−λ)(u_0( y 1 − λ )+ε)| . Since (y, u_0(y) + ε) belongs to Graph(u_0) + (0, ε), we have |(x, u_0(x)) − (y, u_{ε,λ}(y))| ≥ γ_ε − [ λε + λ|u_0( y 1 − λ )| + |u_0(y) − u_0( y 1 − λ )| ] . We can choose λ_ε > 0 small enough such that, for every λ ∈ (0, λ_ε), ∀y ∈ B(0, R + 2), λε + λ|u_0( y 1 − λ )| + |u_0(y) − u_0( y 1 − λ )| ≤ γ_ε/2 . This leads to |(x, u_0(x)) − (y, u_{ε,λ}(y))| ≥ γ_ε/2 . Let us now assume that x /∈ B(0, R + 1). Let us choose some p ∈ ∂u_0(x). Since |y − x| ≤ 1 and |x| ≥ R + 1, the segment [x, y/(1 − λ)] is a subset of IR^N − B(0, R). Thus,

u_0( y 1 − λ ) ≥ u_0(x) + ⟨p, y 1 − λ − x⟩ , which implies that u_{ε,λ}(y) ≥ (1 − λ)[u_0(x) − ⟨p, x⟩ + ε] + ⟨p, y⟩ . Let us define ∀z ∈ IR^N , π(z) = (1 − λ)[u_0(x) − ⟨p, x⟩ + ε] + ⟨p, z⟩ . Let us notice that, on the one hand π(x) ≥ u_0(x) because of (24) and, on the another hand u_{ε,λ}(y) ≥ π(y). Therefore

|(x, u_0(x)) − (y, u_{ε,λ}(y))| ≥ d((x, u_0(x)), Graph(π)) = γ[1 + |p|^2]^{− 12} , where γ = λ(⟨p, x⟩ − u_0(x)) + (1 − λ)ε. Therefore, using (24), we get |(x, u_0(x)) − (y, u_{ε,λ}(y))| ≥ λ 1 + |p| (1 + |p|^2)^12 ≥ λ 2 . In conclusion, we have proved that, for any ε > 0 and any λ ∈ (0, λ_ε), d (Graph(u_0), Graph(u_{ε,λ})) ≥ min{γ_ε/2, λ/2} > 0 , which completes the proof of Theorem 4.2. □ Proof of Lemma 4.1. Let R_0 > 0 be some constant such that u_0 is convex on any convex subset of IR^N − B(0, R_0). Let us fix z ∈ IR^N with |z| ≤ 1 and let us set u_z(·) = u(· + z). Then u_z is convex on any convex subset of IR^N − B(0, R_0 + 1).

We claim that, for any x ∈ IR^N with |x| > R_0 + 2, for any p ∈ ∂u_z (x), for any q ∈ ∂u_z(y) where y = (R_0 + 2)x/|x|, we have u_z(x) − ⟨p, x⟩ ≤ u_z(y) − ⟨q, y⟩ . (25) Indeed, since the segment [x, y] has an empty intersection with B(0, R_0 + 1), and since u_z is convex on any convex subset of IR^N − B(0, R_0 + 1), we have u_z(y) ≥ u_z(x) + ⟨p, y − x⟩ . (26) Moreover, from the convexity of u_z on some convex neighbourhood of the segment [x, y], we have ⟨p − q, x − y⟩ ≥ 0. Since x − y = (|x|/(R_0 + 2) − 1)y, with |x| > R_0 + 2, this implies that ⟨p, y⟩ ≥ ⟨q, y⟩. From this inequality and from (26) we deduce that u_z(y) ≥ u_z(x) − ⟨p, x⟩ + ⟨q, y⟩ , which proves our claim.

Since u_0 is convex on any convex subset of IR^N − B(0, R_0), u_0 is locally Lipschitz continuous on this set. Let L be some Lipschitz constant of u_0 on the set B(0, R_0 + 3) −

B(0, R_0 + 1). In particular, for any y ∈ B(0, R_0 + 3) − B(0, R_0 + 1) and any q ∈ ∂u_0(y), we have |q| ≤ L.

Let us fix z ∈ B(0, 1) and x ∈ IR^N with |x| ≥ R_0 + 3. We apply (25) to z and to x − z: (25) states that ∀p ∈ ∂u_0(x), u_0(x) − ⟨p, x − z⟩ ≤ u_0(y + z) − ⟨q, y⟩ where y = (R_0 + 2)(x − z)/|x − z| and q ∈ ∂u_0(y + z). Let us notice that |q| ≤ L since y + z ∈ B(0, R_0 + 3) − B(0, R_0 + 1). Therefore

∀p ∈ ∂u_0(x), u_0(x) − ⟨p, x − z⟩ ≤ ‖u_0‖_L∞_{(B(0,R0 +3))} + L(R_0 + 2) .

Since this inequality holds true for any z with |z| ≤ 1, we finally deduce that ∀p ∈ ∂u_0(x), u_0(x) − ⟨p, x⟩ ≤ c − |p| , with c = ‖u_0‖_L∞_{(B(0,R0 +3))} + L(R_0 + 2). This is the desired result if we set R = R_0 + 3. □

References

[1] G. Barles. Remark on a flame propagation model. Rapport INRIA, 464, 1985.

[2] G. Barles, S. Biton, and O. Ley. Uniqueness for parabolic equations without growth condition and applications to the mean curvature flow in IR^2. To appear in J. Differential Equations, 2001.

[3] G. Barles, S. Biton, and O. Ley. A geometrical approach to the study of unbounded solutions of quasilinear parabolic equations. Arch. Rational Mech. Anal., 162:287– 325, 2002.

[4] G. Barles, H. M. Soner, and P. E. Souganidis. Front propagation and phase field theory. SIAM J. Control Optim., 31(2):439–469, 1993.

[5] G. Barles and P. E. Souganidis. A new approach to front propagation problems:

theory and applications. Arch. Rational Mech. Anal., 141(3):237–296, 1998.

[6] S. Biton, E. Chasseigne, and O. Ley. Uniqueness without growth condition for the mean curvature equation with radial initial data. Preprint, 2002.

[7] Y. G. Chen, Y. Giga, and S. Goto. Uniqueness and existence of viscosity solutions of generalized mean curvature flow equations. J. Differential Geom., 33(3):749–786, 1991.

[8] K.-S. Chou and Y.-C. Kwong. On quasilinear parabolic equations which admit global solutions for initial data with unrestricted growth. Calc. Var., 12:281–315, 2001.

[9] K. Ecker and G. Huisken. Interior estimates for hypersurfaces moving by mean curvature. Invent. Math., 105(3):547–569, 1991.

[10] L. C. Evans and J. Spruck. Motion of level sets by mean curvature. I. J. Differential Geom., 33(3):635–681, 1991.

[11] L. C. Evans and J. Spruck. Motion of level sets by mean curvature. III. J. Geom.

Anal., 2(2):121–150, 1992.

[12] Y. Giga. Surface evolution equations—a level set method. To appear.

[13] Y. Giga, S. Goto, H. Ishii, and M.-H. Sato. Comparison principle and convexity preserving properties for singular degenerate parabolic equations on unbounded domains. Indiana Univ. Math. J., 40(2):443–470, 1991.

[14] Y. Giga and M.-H. Sato. On semicontinuous solutions for general Hamilton-Jacobi equations. Proc. Japan Acad. Ser. A Math. Sci., 75(9):159–162, 1999.

[15] T. Ilmanen. Generalized flow of sets by mean curvature on a manifold. Indiana Univ.

Math. J., 41:671–705, 1992.

[16] H. Ishii. Degenerate parabolic PDEs with discontinuities and generalized evolutions of surfaces. Adv. Differential Equations, 1(1):51–72, 1996.

[17] H. Ishii and P. E. Souganidis. Generalized motion of non compact hypersurfaces with velocity having arbitrary growth on the curvature tensor. Tôhuko Math. J., 47:227–250, 1995.

[18] S. Osher and J. Sethian. Fronts propagating with curvature dependent speed: algorithms based on Hamilton-Jacobi formulations. J. Comp. Physics, 79:12–49, 1988.

[19] H. M. Soner. Motion of a set by the curvature of its boundary. J. Differential Equations, 101:313–372, 1993.

[20] H. M. Soner and P. E. Souganidis. Singularities and uniqueness of cylindrically symmetric surfaces moving by mean curvature. Comm. Partial Differential Equations, 18(5-6):859–894, 1993.

[21] P. E. Souganidis. Front propagation: theory and applications, CIME course on viscosity solutions. Lect. Notes in Math. 1660, Springer, 1997.