On the energy of a flow arising in shape
optimization

Pierre Cardaliaguet*and Olivier Ley'
June 8, 2006

Abstract : In [8] we have defined a viscosity solution for the gradient
flow of the exterior Bernoulli free boundary problem. We prove here that
the associated energy is non decreasing with the flow. For this we build a
discrete gradient flow in the flavour of Almgren, Taylor and Wang [2] and
prove its convergence to the viscosity solution.

1 Introduction

In this paper we continue our investigation of a gradient flow for the Bernoulli
free boundary problem initiated in [8]. The exterior Bernoulli free boundary
problem amounts to minimize the capacity of a set under volume constraints.
Using a Lagrange multiplier A > 0, this problem can be recasted into the
minimization with respect to the set (2 of the functional

EX(Q) = cap(Q) + N ,

where cap(2) denotes the capacity of the set Q with respect to some fixed
set S and |Q] denotes the volume of ). The set 2 is constrained to satisfy
the inclusion S CC . Notice that there is a “competition” between the
two terms in the minimization: the capacity is nondecreasing with respect
to inclusion whereas the volume is nondecreasing.
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Such a problem has quite a long history and we refer to the survey paper
[12] for references and interpretations in physics. Our study is motivated by
several papers in numerical analysis where discrete gradient flows are built
via a level-set approach in order to solve free boundary and shape optimiza-
tion problems: see [1] and the references therein for the recent advances in
this area. In this framework, the exterior Bernoulli free boundary problem
appears as a model problem in order to better understand this numerical
approach.

Let us now go further into the description of the gradient flow for £ := &;
(we work here in the case A = 1 for simplicity of notations). The energy
& being defined on sets, a gradient flow for £ is a family of sets (2(¢)):>0
evolving with a normal velocity which decreases instantaneously the most
the energy. For the Bernoulli problem, the corresponding evolution law is
given by:

Viz = h(z,Q(t)) := =1+ h(z,Q(t)) forallt >0, x €0Qt). (1)

In the above equation, V; , is the normal velocity of the set 2(¢) at the point
x at time ¢ and h(z, ) is a non local term of Hele-Shaw type given, for any
set ) with smooth boundary, by

h(z,9) = [Vu(2)]? (2)

where u :  — R is the capacity potential of € with respect to 5, i.e., the
solution of the following partial differential equation

—Au=0 inQ\S,
u=1 on 985, (3)
u=20 on 0N).

The set S is a fixed source and we always assume above that S is smooth
and S CC Q(t). Let us underline that h(z,2) is well defined as soon as
has a “smooth” (say for instance C?) boundary and that S CC €.

The reason why a smooth solution (€2(¢)) of the geometric equation (1)
can be considered as a gradient flow of the energy

£(Q) = 2] + cap(Q) (4)

is the following: from Hadamard formula we have
d
GEOO) = [ (1= V) Vi == [ (147’ <0.
dt 290(1) 290(1)
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Hence the choice of Vi, = h(z,§(t)) in (1) appears to be the one which
decreases instantaneously the most the energy £. In order to minimize the
energy &, it is therefore very natural to follow the gradient flow (1). This is
precisely what is done numerically in [1].

In general the geometric flow (1) does not have classical solutions. In
order to define the flow after the onset of singularities, we have introduced
in [8] a notion of generalized (viscosity) solution and investigated its ex-
istence as well as its uniqueness. The aim of this paper is to prove that
the energy £ is non increasing along the generalized flow. This question is
certainly essential to better explain the numerical schemes of [1]. This also
fully justifies the terminology of “gradient flow” for our generalized solutions.

Such energy estimates are difficult to derive from the notion of viscosity
solutions. Indeed this latter notion is defined through a comparison princi-
ple, which has very little to do with the energy associated to the flow. To
the best of our knowledge, such a question has only be settled for the mean
curvature motion (MCM in short), which corresponds to the gradient flow
of the perimeter. There are two proofs of the fact that the perimeter of
the viscosity solution to the mean curvature flow decreases: the first one is
due to Evans and Spruck in their seminal papers [10, 11]; it is based on a
regularized version of the level set formulation for the flow and is probably
specific to local evolution equations. The other proof is due to Chambolle [9].
Its starting point is the fondamental construction of Almgrem, Taylor and
Wang [2] who built generalized solutions of the MCM in a variational way as
limits of “discrete gradient flow” for the perimeter (the so-called minimizing
movements. See also Ambrosio [5]). The key argument of Chambolle’s paper
[9] is that Almgren, Taylor and Wang’s generalized solutions coincide with
the viscosity solutions, at least for a large class of initial sets. Hence the
energy estimate available from [2]—which allows to compare the energy of
the evolving set with the energy of the initial position—can also be applied
to the viscosity solution. Since the viscosity solution enjoys a semi-group
property, one can conclude that the energy is decreasing along the flow.

For proving that the energy £ is decreasing along our viscosity solutions
of (1), we borrow several ideas from Almgren, Taylor and Wang [2] and
Chambolle [9]. As in [2] for the MCM, we start with a construction of dis-
crete gradient flow (Q1) for the energy £: namely Q7 ; is obtained from Q"
as a minimizer of a functional Jh(QZ, -) which is equal to £ plus a penalizing
term. The penalizing term—which depends on the time-step h—prevents



the minimizing set Q2 ,; from being too far from Q7. Then, as in Chambolle
[9], we prove that the limits of these discrete gradient flows converge to the
viscosity solution of our equation (1) as the time-step h goes to 0. In [9],
this convergence is proved by using the convexity of the equivalent of our
functional Jp, (2}, ) for the MCM. We use instead here directly a weak form
of the Euler equation for minimizers of J,(£2},-) as described by Alt and
Caffarelli [3] for the Bernoulli problem. We then conclude that the energy
of the flow is non increasing.

The paper is organized in the following way. In Section 2 we recall the
construction of [8] for the viscosity solutions of (1). Section 3 is devoted
to suitable generalizations of the capacity and capacity potential needed for
our estimates. In Section 4 we introduce the functional J; and build the
discrete motions, the limits of which are discussed in section 5. The fact
that the energy is decreasing along the flow is finally proved in Section 6.

Aknowledgement : We wish to thank Luis Caffarelli, Antonin Cham-
bolle and Marc Dambrine for fruitful discussions. The authors are partially
supported by the ACI grant JC 1041 “Mouvements d’interface avec termes
non-locaux” from the French Ministry of Research.

2 Definitions and notations for the generalized flow

Let us first fix some basic notations: if A, B are subsets of R"V, then A cC B
means that the closure A of A is a compact subset which satisfies A C int(B),
where int(B) is the interior of B. We set

D={KccRY : SccK}.

Throughout the paper | - | denotes the euclidean norm (of RN or RN+,
depending on the context) and B(z, R) denotes the open ball centered at x
and of radius R. If F is a measurable subset of R"Y, we also denote by |E|
the Lebesgue measure of E. If K is a subset of RY and z € RV, then dk (z)
denotes the usual distance from z to K: dg(x) = inf,cx |y — z|. The signed
distance dj, to K is defined by

s | di(z) ifz ¢ K,
dK(m) = { _I;é)K(-r) if r € K, (5)

where 0K = K\int(K) is the boundary of K. Let Q be an open bounded
subset of RY. We denote by C°(Q2) the set of smooth functions with com-



pact support in €2, and by H&(Q) its closure for the H! norm.

Here and throughout the paper, we assume that

S is the closure of an open, nonempty, bounded subset of RY
with a C? boundary.

(6)

The generalized solution of the front propagation problem (1) is defined
though their graph: if (2(¢))¢>0 is the familly of evolving sets, then its graph
is the subset of Rt x RN defined by

K={tz)cR" xRY : z€Qt)}.

We denote by (¢, ) an element of such a set, where t € R* denotes the time
and z € RY denotes the space. We set

K(t) = {z €RY | (t,z) €K} .

The closure of the set K in RNA *1 is denoted by K. The closure of the
complementary of K is denoted K:

~

K= (Rt xRN)\K
and we set R R
Kt)={zeRY | (t,z) €K} .
We use here repetitively the terminology of [6, 7, 8]:

e A tube K is a subset of R x RY, such that X N ([0,¢] x RY) is a
compact subset of RV*! for any ¢ > 0.

e A tube K is left lower semi-continuous if

vVt >0, Ve € K(t), if t, = ¢, Jz, € K(t,) such that z, — = .

o If s =1,2 or (1,1), then a C® tube K is a tube whose boundary 0K
has at least C* regularity.

e A regular tube K, is a tube with a non empty interior and whose
boundary has at least C! regularity, such that at any point (¢,z) € K,
the outward normal (v, v,) to K, at (t,z) satisfies v, # 0. In this
case, its normal velocity V(’f;) at the point (¢,x) € K, is defined by

vt

|/ —

(t,z) Ak

where (4, ;) is the outward normal to K, at (¢, x).



e A C! regular tube K, is externally tangent to a tube K at (t,2) € K if
K C K, and (t,x) € 0K, .
It is internally tangent to K at (t,z) € K if

K, C Kand (t,x) € 0K, .

e We say that a sequence of C'! tubes (K,,) converges to some C1! tube
K in the CY sense if (KC,,) converges to K and (9K,) converges to
OK for the Hausdorff distance, and if there is an open neighborhood
O of OK such that, if dj- (respectively d. ) is the signed distance to
K (respectively to K,), then (di. ) and (Vdy- ) converge uniformly to

% and Ddx on O and ||D?dj. ||« are uniformly bounded on O.

We are now ready to define the generalized solutions of (1):
Definition 2.1 Let K be a tube and Ky € D be an initial set.

1. K is a viscosity subsolution to the front propagation problem (1) if K
is left lower semi-continuous and K(t) € D for any t, and if, for any
C? regular tube IC, externally tangent to K at some point (t,x), with
K.(t) € D and t > 0, we have

Vi < (e, Kp(1))

where V(’f;) is the normal velocity of IC, at (t,x).

We say that K is a subsolution to the front propagation problem with
initial position Ko if K is a subsolution and if K(0) C Ko.

2. K 1is a viscosity supersolution to the front propagation problem if K
left lower semi-continuous, and K(t) C D for any t, and if, for any
C? regular tube K, internally tangent to K at some point (t,z), with
K.(t) € D and t > 0, we have

Ky
V(t,:v) > h(x, KCr(t)) .
We say that IC is a supersolution to the front propagation problem with
initial position Ky if K is a supersolution and if K(0) C RN\ Kj.

3. Finally, we say that a tube IC is a viscosity solution to the front prop-
agation problem (with initial position Kg) if K is a sub- and a super-
solution to the front propagation problem (with initial position K).



In [8] we have proved that for any initial position there is a maximal
solution, with a closed graph, which contains any subsolution of the problem,
as well as a minimal solution, which has an open graph, and is contained in
any supersolution of the problem.

3 Capacity and capacity potential

Let S be as in (6). For an open bounded subset © of R such that S cC €,
the capacity of () with respect to S is defined by

cap(9) :inf{/ﬂ\s|v¢|2 S peCP), p=1 onS} .

Obviously cap(£2) is non increasing with respect to the set Q (for inclusion).
For a general reference on the subject, see for instance [14].

Remark 3.1 (Classical capacity potential) If  is any bounded open subset
of RV, then

cap(2) :inf{/ Vo2 : ve Hi(Q), v=1o0n S}
oS

and the infimum is achieved for a unique u € H{(Q), called the capacity
potential of ) with respect to S, such that v = 1 on S, u is harmonic in
O\S and [{u > 0}\Q| = 0 (namely, v = 0 a.e. in RVM\Q). If Q has a
CY! boundary, then it is known that the infimum is achieved by a function
u € C2(Q\S) N C(Q\S) which is a classical solution to (3).

For any set E (not necessarily open) such that S CC E, we define a
generalized capacity by

cap(F) = sup {cap(2) | E CC §, Q open and bounded } .

With this definition, cap(£) is non increasing with respect to the set E.
Notice that this notion of capacity does not take into account “thin closed
sets” in the sense that, if F = E, then cap(E) = cap(F) even when |E\F| #
0. By construction, if E is open, then we have

cap(E) < cap(E)

but equality does not hold in general. Nevertheless, there is equality if the
boundary of the set is regular enough:



Lemma 3.1 If Q is an open bounded subset of RN, with S CC Q and with
a C1 boundary, we have cap(£) = cap(Q).

Proof of Lemma 3.1. We have to prove that cap(Q) > cap(Q). It is
enough to show that, if

Q, = {y eRY : do(y) < 1/n} ,

then cap(f2,) — cap(f2) as n — +oo. Indeed, for n large enough, €,
has also a C'! boundary. Then from classical regularity arguments, the
harmonic potential u,, to 2, converges to the capacity potential u of Q) for
the C1® norm, where o € (0,1). Whence the result.

QED

Lemma 3.2 Let E,, be a bounded sequence of subsets of RN, for which there
exists some r > 0 with S, C E,, for any n, where

S, ={yeRY : ds(y) <r}. (7)
Let us denote by K the Kuratowski upper limit of the (E,), namely
K= {ZL‘ eRY : liminfdg, (z) = 0} .

Then
lim inf cap(E,,) > cap(K) .

Proof of Lemma 3.2. Let Q2 be any open bounded set such that K CC €.
Since (E,) is bounded and has for upper-limit K, the inclusion E, C Q

holds for n large enough. Hence cap(FE,) > cap(Q2) for every n. Therefore
lim inf cap(E,,) > cap(f2) .
n

The open set €2 being arbitrary, the desired conclusion holds.
QED

Let © be an open bounded subset of RY, with S cC Q. We denote
by HE(Q) the intersection sequence of the spaces H}(€2,) where (£,) is a
decreasing sequence of open bounded sets, such that Q cC €, and Q =
N . One easily checks that H} () does not depend on the sequence (£2,,).



Lemma 3.3 Assume that |0Q2] = 0. Then the following equality holds:
cap(Q) = inf / Vol : ve H)(Q), v=1onS, ,
oS
and there is a unique u € H(Q) such that

u=1lonS and / |Vul? = / |Vu|? = cap(Q) .
RN\S O\S

Moreover u is harmonic in Q\S and [{u > 0}\Q| = 0.

Definition 3.4 Such a function u is called the capacity potential of Q with
respect to S.

Remark 3.2

1. If 99 is C1!, then the capacity potential u of Q with respect to S is the
(classical) solution of (3) and is equal to the (classical) capacity potential of
2 (see Remark 3.1).

2. In what follows, we study the energy of subsets Q2 DD S which is defined
as the sum of the capacity and the volume of Q2 with respect to S (see (4)).
This energy is well-defined for bounded sets {2 DD S. It is why we assumed
all the sets to be bounded. But let us mention that all classical results of
this section hold replacing €2,.S bounded by Q\S bounded. We need this
generalization in the proof of Lemma 4.5.

Proof of Lemma 3.3. The proof is easily obtained by approximation. By

construction of cap(£2), we can find a decreasing sequence of open bounded
sets 2, such that

QccQ,, an = Q and cap(Q) = lim cap(£2,,) .

Let u, be the (classical) capacity potential of ,. From the maximum
principle, the sequence (uy) is decreasing, and converges to some u which
is nonnegative with a support in Q and equals 1 on S. In particular, {u >
0} C Q a.e. since |00 = 0. Furthermore, by classical stability result, u is
harmonic in €2 because so are the u,. Since we can find a smooth function
¢ with compact support in €2 such that ¢ =1 on S, we have

/ |Vun|2§/ w?:/ VP,
Q\S Qn\S 0\S
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which proves that (u,) is bounded in H'(RY™). Thus the limit u belongs
to HY(RY). Since u, € H} () with H}(Qn41) C HL(Q,), u belongs to
H(y,) for any n. Therefore u € HE(Q). In particular, the support of u lies

in Q = Q a.e.. So we have,

cap(Q) = liéncap(Qn) :liga/Q \S|Vun|2

= liminf/ |Vun|22/ |Vu|2:/ Vaul?.  (8)
n RN\S RN\S Q\S

For every n,

cap(€2,) :/Q \S\VunP = inf{/Q \S\VU|2 c v € HY(Q), v=10n S}

< inf{/ |Vol? :vEH&(ﬁ),vzlonS},
o\

since H{(Q) C H} (). Letting n go to infinity, we obtain

cap(Q) §inf{/ Vo2 : v e H(Q), UzlonS}.
o\

From (8), we get the equality in the above inequality and the fact that u is
optimal. Uniqueness of u comes from the strict convexity of the criterium.

QED

4 The discrete motions

Let us fix A > 0 which has to be understood as a time step. Let us recall
that S is the closure of an open bounded subset of RV with C? boundary.
We introduce the functional space

E(S) == {u e H'RM)NL®RY) : u=1o0n S and u has a compact support} .

If S and S’ are two compact subsets of RV with C? boundary such that
S C S, then we note that E(S’) C E(S).

For any bounded open subset  of RV with S CcC Q we define the
functional Jj, : E(S) — R by setting

s = |

1
Vul> 4+ 1y, <1+—d8> .
RN\S| | { >0} h Q N
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where df, is the signed distance to €2 defined by (5), 14 denotes the indicator
function of any set A C RY and r, = r V0 for any r € R. We write Jj, (2, u)
if there is no ambiguity on S.

Let us recall some existence and regularity results given in [3]:

Proposition 4.1 (Alt and Caffarelli [3]) Let Q be an open subset of RN
such that Q\S is bounded and with S CC Q. Then there is at least a min-

imizer w € E(S) to Ju(Q,-). Moreover w is Lipschitz continuous and is
harmonic in {u > 0}\S. Finally HN~1(0{u > 0}) < +oo.

Remark 4.1 We note that S CC {u > 0} because u is Lipschitz continuous
with u =11in S.

The existence of v and its Lipschitz continuity come from Theorem 1.3
and Corollary 3.3 of [3]. The fact that v has a compact support is estab-
lished in Lemma 2.8, and its harmonicity in Lemma 2.4. The finiteness of
HN=1(0{u > 0}) is given in Theorem 4.5.

We are now ready to define the discrete motions.

Let Q9 DD S be a fixed initial condition. We define by induction the
sequence () of open bounded subsets of RY with Q,, D> S by setting
Of :=Q and Q) = {uy >0} U{z € Q) : dygn(x) > h},
where

u,, € argmin J (QF v).
veE(S)

We call discrete motion such a family of open sets. Of course, the dis-
crete motion is defined in order that it converges to a solution of the front
propagation problem (1) (see Theorem 5.2 and Remark 4.2).

In order to investigate the behavior of discrete motions, we need some
properties on the minimizers of Jj.

Lemma 4.2 Let Q and u be as in Proposition 4.1. Let ' = {u > 0} U,
where

Q= {y€Q : donly) >} ={y € R : dj(y) < —h}. (9)

Then |0SY'| = 0 and u is the capacity potential to
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Remark 4.2 We do not claim that u is positive in €’. For instance, consider
a set ) with two connected components €27 and 25 such that S CC Q4. In
this case, u = 0 in €. Notice that it explains why we define Q7 | = {u,, >
0}u{z el : dogn(z) > h}. Adding the set {z € Qr doqn (z) > h}
prevents the discrete motion from the sudden disappearance of a connected
component. Indeed, the discrete motion is built in order to approach a
solution of the front propagation problem (1) and a connected component
which does not contain any part of the source is expected to move with a
constant normal velocity —1.

Proof of Lemma 4.2. Let us first notice that |0Q'| = 0. Indeed we
already know that |0{u > 0}| = 0 (because its H¥ ~! —measure is finite from
Proposition 4.1). On the other hand 9, C {y € Q : dyoy(y) = h} has also
a finite HV~!—measure thanks to [4, Lemma 2.4].

Let now € > 0 be fixed and set, for any o > 0, Q, = {y € RV : do/(y) <
a}. The set Q,, is open, bounded and satisfies Q' CC Q. Moreover, since
1o, — 1g and € is bounded with [9€2'| = 0, for o > 0 enough small, we

have )
/ <1 + —d39> <e. (10)
QQ\Q’ h +

Let v be the capacity potential of 2, and set
1
k
Then (vy,) converges to v in H'(RY) and [Q4\{vx > 0}| = 0. Therefore

vg(z) = v(x) + —drr\q, (2) Vo e RY .

1
Jn(§2 = Vo> + 1 1+ —dy
n(€2,vr) /IRN\S| | {Uk>0}< n Q>+

1
— ap@)+ [ 1o, (1+—d5) |
k RN\S h +

Since J (2, vk) > Jp(Q,u), we get from (10)

cap(@W) > cap(Q)

lim Jh(Q,Uk) — / 1Qa <1 + ldf})
k RN\S h +
1
Jn(Q,u) — / 1o, <1 + —d&)
RN\S h +

1
Vul? — 19 \1u <1+—d8>
/RN\S| | Qo\{u>0} nie)

12
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\Y]

1
/ |VU|2 _ 1QQ\Q’ <1 + Eda)
RN\S +

> / |Vu|? — ¢
RN\S

Thus fRN\S |Vul? < cap(€’), which proves from Lemma 3.3 that u is the

\%

capacity potential of Q.
QED

Next we need to compare solutions to J (€2, -) for different S and .

Proposition 4.3 Let S| and Sy be the closure of two open bounded subsets
of RN with C? boundary, Q1 and Qg be open bounded subsets of RN such
that S1 CC Q1 and So CC Qo. Let uy and us be, respectively, minimizers of
J}‘?l(ﬂl, -) and J,fQ(QQ, ). If S1 C So and Q1 C Qg then uy Aug and ug V usg

are, respectively, minimizers of J,fl(Ql, -) and J;?Q(Qg, ).

Remark 4.3

1. In particular, if J;?Q(QQ, -) has a unique minimizer us, then {u; > 0} C
{UQ > 0}.

2. This Proposition still holds true if we replace, for ¢ = 1, 2, ;, .5; bounded
by ©;\S; bounded; see Remark 3.2 and Lemma 4.5.

Proof of Proposition 4.3. We have

J;?l Qq,up A ZLQ) + J;?2(Qg,’u,1 V ZLQ)

Ql,ul) + J;?Q(QQ,UQ)

1 S
[ (5 AP = 190+ Qnisnor = o) (15 7 )
RN\ Sy +
1 S
(5P = 90+ Qsor = L) (14 7
RN\Sy +

Since 1 C Qo we have dg,, < dj, in RY. Hence, a straightforward compu-
tation leads to

1. 1
Ly nup >0} <1 + Ed91> + gy v >0 <1 + EdQ2>
+ +
1. 1
< sy (1 Edm + 1oy (1 + Edgg .
+ +

13



Moreover, by classical results,
IV (u1 Aug)|? + |V(ur Vug) > = [Vur]? + |Vu?  ae. in RY,
It follows

J,fl(Ql,ul AN UQ) + J,fQ(QQ,ul \Y UQ)
< TN, u) + T2 (Qo,us)
+

1
/ (IV(u1 Auz)? = [Vur*) + (Lo nus>0) — Lug>0}) <1 + —dle> :
51\S2 h n

But u1 A ug = uq on Sy which gives
J;?l (Ql,ul VAN UQ) + J;?Q(Qg,ul V UQ) < J;?l (Ql,ul) + J;?Q(QQ,UQ). (11)
Since u1 and uy are minimizers we have
T, ur) < TN, ur Aug)  and TP (Qa,un) < JP2(Q2,u1 Vug). (12)

The inequalities in (11) and (12) are therefore equalities. Hence uj A ug and
u1 V ug are respectively minimizers of J;?l (Q1,-) and J;l92 (Qa, ).

QED
We define the energy £(Q2) by
E(Q) = |Q] + cap(Q).
(compare with (4)).

Lemma 4.4 Let (7)) be a discrete motion with |0Q%| = 0. Then the energy
E(QN) is non increasing with respect to n. More precisely,

1 S
EQh ) —EQp) < /RN <]-Q’;L\{dggh<—h} - 1{un>0}\{d‘;gz<—h}> 5don <0,

where uy, is a minimizer for J,(QL-).

Proof of Lemma 4.4. Let us fix n. In order to simplify the notations, let
us set

Q=0 Q={zeQ: djx)<-h}={zecQ : doa(z) > h}.

14



Let up be the capacity potential of Q and u be a minimizer to J;(1,-).
We finally set ' := Q" = {u > 0} U Qp. Recall that © € D and that
|0Y'| = 0: indeed this is true for n = 0 from the assumption and by Lemma
4.2 for n > 1. With these notations we have to prove that

E(Y) < EQ).
For this we introduce for any k& > 1 the function u; defined by

| wo(z) + %dag(l‘) if v e,
(@) = { ug () otherwise.

Then (u) converges to ug in H'(RY) and {up > 0} = Q a.e. because
{ug > 0} C Q and |09 = 0. Hence
1
. . 2 S
i ) =l [Ty (1 )
_ 1
= cap() + / 1o(1+ Edfl)Jr
RN\S
_ 1,
— @19+ [ @+ pda)
0\,

_ 1 .
- 5(9)+/A =diy = .
Q\Qp,

On the other hand, since cap(Q) = fRN\S |Vu|? from Lemma 4.2 and since

|| = €|, we also have
2 1 S
Jn(Qu) = [Vul|® + 150y (1 + Edﬂ)-i-
RN\S
_ 1
= @ -1+ [ ()
{u>op\Q, b

. 1 R
- g(m+/ T Rt
{uson\Q, 1

Writing that Jp, (2, u) < Jp(Q,uy), we get the desired claim.
QED

Next we show that the solution does not blow up when h becomes small.

15



Lemma 4.5 Let R > 0 and ro € (0, R/2YN=2)) be fived. Let us also fix M
such that /1 + M > 4(N —2)/rg. Then there is some hy = ho(N,ro, R, M)
such that, for any h € (0,hg) and r € (ro, R/2YN=2), for any Q € D open
bounded, for any x ¢ Q with r < do(z), R < ds(x) and for any v minimizer
to Jp(€, ), we have

d > — Mh,

{u>0}UY, (x)
where Qy, is defined by (9).

Proof of Lemma 4.5. The idea is to compare the solution with radial
ones. For simplicity we assume that N > 3, the computation in the case
N = 2 being similar. We also suppose without loss of generahty that x = 0.

Let us first investigate the problem of minimizing J, R(BC -), where
B, = B(0,7) and Br = B(0, R). Notice that neither the source B, nor
the subset Bf is bounded but Bf\Bf, = Br\B, is bounded so the previ-
ous results on the minimization problem apply (see Remark 3.2). Standard

Figure 1: Illustration of the proof of Lemma 4.5.

symmetrization arguments show that a minimizer v to J (Bc -) must be
radially symmetric. For p € (0, R), let us denote by v, the (radial) har-
monic function which vanishes on 0B, and is equal to 1 on 0BRr. We also
set Jp(p) == J (BC »)- Notice that a minimizer of J (Bc -) has to be
either of the form v, with p minimizer of Jj(-), or constant equal to vy := 1.
Let us fix hg enough small in order that » +h < R for h € (0, hp). We have

aN_l(T + h)N+1
AN(N +1)

Jn(0%) = J3 R (BE, v) =
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where ay_; is the volume of the unit sphere of RY. For Jj,(p) with p > 0,
we distinguish two cases. If r + h < p < R, then

aN_l(N — 2)
Jn(p) = 2N RN

If 0 < p <r+h, then

Jn(p) N -2 1 ((r F RN+ pNHL (g h)pN> |

NN+ TNF1 TN

an_1  pP N _REN T j

We show that vy cannot be a minimizer by comparing Jj,(0") with J;(p)
for 0 < p < r 4+ h. Choosing p = Svh with 3 > 0, we have

L (h(o) — Tu(0))
aN-1

_ N -2 p? (r + h)p?
w2<erMN4+MN+D‘ hN )

. pN—2< N -2 BRI/ @) 13)

1 — gN-2p(N-2)/2 JRN-2 T N+1 N

Recalling that 7o € (0, R/2Y/(N=2)) is fixed, we choose

N(2(N —2) +1)

14
B> - (14)
and then hg = ho(N, 3,70, R) > 0 enough small such that
ﬂN_2héN_2)/2 1 53}%/2
- > — d 1. 1
1 N2 >5 an Nl < (15)

For all h € (0, hg), we obtain that (13) is negative, which proves that v is
not a minimizer.

Therefore minimizers have to be of the form v, for some p € (0, R). On
(r+h,R), Ju(p) is increasing. For p € (0,7 + h), we have

Jhlp)  (N=22p"N pN (r+h)pN!
an_1 (0PN —RZN)2 h h :

The stationary points of J, on (0,7 + h] satisfy

o Ne2r 16
T = myap TR 0
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Notice that p — f(p) is convex on (0,7 + h] and tends to +oo as p — 0T
and as p — R™. If we find some value p for which f(p) is negative, then
there are exactly two solutions to (16).

For this, let us choose p = #v/h with 8 > 0. Then

(N —2)°
B (1 — (BhV/2/R)N-2)N"22

hf(BVR) = —r—h+Bh'2

Choosing 5 > 0 satisfying (14) and

A(N —2)
m

0 >

and hg satisfying (15) and

Bhy? < 7“2_0 (17)
we obtain that f(8v/h) < 0 for h € (0, hy).

Let us fix h € (0,hg) and let p; and py be respectively the smallest
and largest solutions to (16). With the arguments just developed above,
we know that p; < Svh < pa, where 3 is defined as above. Since Ji(p) =
an_1pN "1 f(p), we have

Ji(p1) = an-1py ' f(p1)
N [—2<N ~2°(1 - (N=1)(p/R)) | ;]
- —1P1
(p1(1 = (pr/R)N=2))° h
[ 2NV —2)? pi\N-2\ B’
< V22 (1 (N-1) (B =
< avan [P (- (1)) + 5
If we choose hg > 0 satisfying (15), (17) and furthermore
N—-2
Bnl/? 1 s N -2
(N=1) (T? <5 and h? < o (18)

we obtain that J; (p1) < 0 for h € (0,hp) and p; is not a minimum to J.

Therefore, J, is increasing on (0, p1), decreasing on (p1, p2) and increasing
on (p2, R). The minimum is achieved at p = ps.

Let us now estimate ps. We suppose that hg satisfies (15), (17), (18) and

)

16(N — 2)?
hoﬁm where 1+M2T
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Then, for all h € (0, ho) and r € (ro, R/2Y/N=2)) we have r—Mh > /2 > 0
and we compute

_ (v 22
Fr= M) = e — (- amymp D
2
< f]_VMi))z—(1+M>
< 0.

Therefore po > r — Mh.

To summerize, we know that, setting hg = ho(N, rg, R, M) small enough,
for all h € (0,hg) and r € (ro, R/2Y/(N=2)), the problem consisting of min-
imizing Jf %(B,?, -) has a unique solution v,,, which is radially symmetric
and such that po > r — Mh.

Let now Q € D, x ¢ Q with R < dg(z), r < dgo(x) and let u be a
minimizer to Jp(€2,-). Since S C Bf(x) and Q C Bf(x), Proposition 4.3
states that {u > 0} C {v,, > 0} C BS_,;,(x) (see Figure 1 for a picture).

Since Q) C Q C BS, finally, we have deys o100, () >r— Mh.
QED

Finally we explain that the set {u > 0} satisfies some inequalities in a
viscosity sense. Here again the regularity results of Alt and Caffarelli [3]
play a crucial role. Let ¥ be an open set with C! boundary such that
S cC X and ¥\S is bounded. We denote by uf the (classical) solution to
(3) (replacing 2 by ), i.e., the capacity potential of ¥ with respect to S.

Lemma 4.6 Let Q be a bounded open subset of R™Y with S CC Q and u be
a minimizer to J,(Q,-). We set

Op = {2 € Q| doga(z) > h} and Q' ={u>0UQ,.
Let ¥ is an open bounded subset of RN with CY' boundary.
1. [Outward estimate] Suppose that ¥ is such that
{u>0}CX and Jxr € 0¥ No{u > 0} .

Then
1/2

7o) > (14 o)
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2. [Inward estimate] Let us now assume that ¥ is such that
Sccy, Yc and Jz € 0¥ N O .

Then
1/2

[Vug(z)| < (1 + %dé(w)>+

Proof of Lemma 4.6. Let us set go(x) = (1 + d§,(x)/h)+. We first prove
the outward estimate. From [3, Lemma 4.10] we have

) u(z’)
e gy > Vi
z' € {u >0}

for any ball B contained in {u = 0} and tangent to {u > 0} at x. Let
v be the outward unit normal to X at x and » > 0 be such that the ball
B := B(xz + rv,r) is tangent to ¥ at z. Then B is also tangent to {u > 0}
at x. Since by the maximum principle, u < u?, we have

ug (2')

\Vuz(z)] = lim sup
8 ' >z, o' e{u>0} dp (.73/)

) u(z’)
> lim sup ;
' >z, 2’ e{u>0} dp (:E )

> Vgalz).

We now turn to the proof of the inward estimate. We first prove that
ug < wuin {u? > 0}. Indeed from Lemma 4.2, u is the capacity potential
of (V. In particular u is harmonic in Q\S D X\S, u = u% on 9S and
0=uf <uond{uy >0} Hence uf < uin {ul > 0}. Let us note that
u =0 on 9. Therefore u(z) = ug(x) = 0.

We now consider two cases. If 2 ¢ 8{u > 0}, then z € 9€y,; thus
d3, () = —h and go(z) = 0. But 0 < u% < u =0 in a neighborhood of = so
that Vux(z) = 0. Therefore

Vug(z)| = 0 = go(z).

Let us now consider the case € 0{u > 0}. Then [3, Theorem 6.3] states
that

sup) [Vul < v/galz) +m(r),

B(z,r
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where m(r) — 0 as r — 07. Since we want to prove that |Vu3(z)| <
go(x), we can assume without loss of generality that Vu¥(z) # 0. Let
v be the outward unit normal to ¥ at z. Since v = —Vu¥(z)/|Vug(z)|,
for r > 0 sufficiently small, the segment |z,x — rv[ is contained in ¥ and
in {ug > 0}, and thus in {u > 0}. So u is smooth at each point of this
segment. Since moreover u > u?, we have, for some ¢ € (z,x —rv),

us(z —rv) < ulz—rv) =u(z) + (Vu(l), —rv)

< r ( ga(x) + m(r)) )
Therefore ( )
5 ug(z —rv
VuE(e)| = tim S < /o)

QED

5 Discrete motions and viscosity solutions

Let us fix 9 open and bounded such that S CC Qq. Let (27),, be a discrete
motion with Qg = Q.

Let us now introduce a lower and upper envelope for the sequences (Qﬁ)n
as the time-step h tends to 07: the upper envelope K* is

Jhy, — 01, ny — +oo, zp, € QP
* - N . k s Tk s Lk ngs
() {x eRT with z, — z and hipng — t ’ (19)
while the lower envelope IC, is defined by its complementary:
3hy — 0%, ny — +oo, x) & QM
N _ N . k s Tk s Lk ny?
REVC(2) {x €R™ with zp, — x and hpng — ¢ ’ (20)

Lemma 5.1 The set K* is closed while K. is open. Moreover the maps
t — K*(t) and t — Ki(t) are left lower-semicontinuous on (0, +00).

Proof of Lemma 5.1. The fact that set £* is closed comes from its
construction since the upper limit of sets is always closed. The argument
works in a symmetric way for C,.

We now prove that t — K*(¢) is left lower-semicontinuous on (0, +00)
(see Section 2 for a definition). We proceed by contradiction assuming there
exist t > 0, x € K*(t), p > 0 and a sequence t, — t~ such that B(z,p) N
KC*(tp) = 0. Therefore dic+(1,)(x) > p > 0 for all p.

tp
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Set R = dg(x), 1o < min{p, R/2Y/N=2)} and M > 0 such that /T + M >
8(N —2)/rg. Then Lemma 4.5 states that there is some hg = ho(N, 79, R, M)
with the following property: for any r € (ro/2, R/2Y/N=2) and h € (0, hy),
for any Q with r < dg(x) and for any w minimizer to Jp(£2,-), we have
deys o100, (x) > r— Mh, where Q) = {d§, < —h}.

For h € (0,ho), let ny = [tp/h] be the integer part of ¢,/h. From the
definition of K*(¢,) and rp, we can find some h; € (0, hg) such that dﬂzh (z) >
ro for any h € (0,h;). We are going to prove by induction that

don  (x)>r9— Mkh  forall k € {0,...,k{}, (21)

nh+kh

where k' = [ro/(2Mh)]. Indeed inequality (21) holds for k = 0. Assume

that it holds for some k < k&. Let u be a minimizer for Jh(QZthkhv -) and
define
O ernn = {u >0 U{y e Q1 dop ., (u) > h}.

Then since rg — Mkh > r9/2 and 19 — Mkh < 1y < R/QI/(N_Q), we have
from Lemma 4.5 recalled above that
dQZthJrl)h (33‘) > To — Mkh — Mh .
So (21) is proved.
Let us set 7 = ro/(4M) and fix s € (0,7). Let (k) be such that kph — s

as h — 0%. We notice that kj, € {0,...,kl} for h sufficiently small. Letting
h — 0% in inequality (21) for any such (k) implies that

d/C*(tp+s)(33) >rog—Ms>ry/2>0. (22)

Since 7 does not depend on x and ¢, and since ¢, — t~, for p large
enough, we have s =t — ¢, < 7. Therefore, from (22),we obtain di«) () =
dic+(t,+s)(z) > 10/2 > 0 which is a contradiction with the assumption z €
K*(t).

The proof of the left lower semicontinuity of I/C: is simpler. As above,
we proceed by contradiction assuming that there exists z € I/C\*(t) fort >0
and a sequence t, — ¢~ such that d,a(tp)(:n) > p > 0 for all p. From the
definition of Qﬁh 41, for (ny) such that nyh — t, and h sufficiently small, we
have B,5(x) C 2 . From the definition of beh 41, we have therefore

B,jo_n(x) C{y € th : danh () > h} C thﬂ .
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By induction we prove in a similar way that, for any k& < p/(4h),

Bua—in(®) C{y € Qi dogr ), (%) >} C Ok -

Letting now h — 0T we get at the limit:
Bs(z) N I/C:(tp +s)=10 for all s € [0,p/4] .

Since p is independent of p, we get a contradiction by taking p big enough
such that t —t, = s < p/4.

QED

Theorem 5.2 The tube K* (respectively K.) is a viscosity subsolution (re-
spectively supersolution) to the front propagation problem V- = h(xz, ), where

h(z,Q) = =1+ h(z,Q)
and h is defined by (2).

Proof of Theorem 5.2. Let us set Q" := J, {nh} x Q!. Let (tp,20) € K*
with ¢ > 0, be such that there is a smooth regular tube IC, with K* C K,
and xg € 0K, (tg). Without loss of generality we can assume that *NOK, =
{(to,x0)}. Then by standard stability arguments (see [7]), one can find a
sequence of smooth regular tubes ¥ converging to K, in the C1P sense (see
Section 2 for a definition), and sequences hy — 0 and ny — 400 such that
QM C KF, (nphg, 21) — (to, o), T € 8921; and such that z € OKF(nghy).

Let v be a minimizer to Jhk(QZ:_l, -). By definition of the discrete mo-
tion, we have

Ok ={u>0 Uy e iy« & (y) < —Tu}. (23)

np—1
k
Let vy := u’sc’“ (ki) he the capacity potential of KCF(nyhz).
Let us first assume that z; € 0{u > 0} for some subsequence of (x)
(still denoted by (zx)). The case xp € int{u = 0} for any k is treated
later. From the discrete viscosity condition in Lemma 4.6 and the inclusion

QZi_l C KF((ng — 1)hs,), we know that

1 1/2 1 1/2
Vo ()] > <1+ o G (l“k)> < <1+ I 7c:s(<nk—1>hk>($’f)>

"k + +
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Hence
1

Let us now recall that the normal velocity of ICF at a point (t,z) € 9KF
is given by _%dlsck(t) (z). Since zy € OKF(nghy), (nxhy, ) — (to,z0) and

since KF converges to K,, we have therefore that

s S o
ik (- D) (T6) = ik (k) = Pk g iy oy (2k) + Tece ()
= VT, + hee(k)

where €(k) — 0 as k — 400 and V(Iforro) is the normal velocity of K, at

(to,xo). From (24) we get for k large enough,

Wy, Ky (nihi) = =1+ |Vog ()P > Ve, o+ e(k) -

(to,zo

Letting k£ — +00, we obtain

. K
h(wo, Kr (t)) = lim h(xy, KF (nghg)) > Vi ey
The above equality is a straightforward application of [13, Theorem 8.33]
since KC¥ converges to K, in the 1P sense (see Section 2 for a definition).
We now assume that zj € int{u = 0} for any k. Then we have from (23)
that

d;hk 1(337@) = _daﬂhhl(x’f) = —hk .
ny — ne

Arguing as above we get
—he =d2n, (2k) Z dick (1)) (T8) = h Ve )+ hee(k)

(to,zo
nkfl

where €¢(k) — 0. Dividing by hy and letting k — +oo gives
Vi € =1< =1+ [Vu§ (o) 2 = h(o, Ky (t0)) -

So we have finally proved that * is a subsolution.

We now show that K, is a supersolution. The proof starts exactly as
above: if there is a smooth regular tube K, with I, C K, and some (tg, o) €
0K, with tg > 0 and xg € 9K, (tp), then one can find a sequence of smooth
regular tubes ¥ converging to K, in the C'" sense and sequences hj, — 0
and ny — +oo such that K¥(nhy) C QP for any n, (nphi,r) — (to, 7o),
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xp € 00" (nghy) NOKE (nghy). Let u be a minimizer to Jj, (sz_l, -). Then
(23) holds for Q.
Then using Lemma 4.6 we get

1 1/2

1/2 1
\Vvk(mk)] < <1 + d? (:L’k)> < <1 + —dlck — (.Tk)> ,
hy, Qﬁﬁ_l . Ry ((e=1)hi) N

(25)
o KE(nphy) . . . k .
where vy, 1= ug is the capacity potential of KF(nghy) with respect to

S. Since xp € 0Q" (nihy), we have from (23) that dghk(nkhk)(mk) > —hy.

Therefore inequality (25) can also be written as

1

h_kdlc’;((nk—l)hk)(xk) > —1+ |Vog(ax)

As before we have

(to,zo

Hence

h(zy, Ky (nkhy)) = =1+ |Vog(a) P < VI o+ e(k) — Vi

(to,zo (to,xo) *

Then we can complete the proof as above to get the required condition:

h(o, K (t0)) < Vi -

QED

In particular we get immediately the following Theorem:

Theorem 5.3 Let Qg be an open bounded subset of RV such that S CC €.
Let Kt and K~ be, respectively, the largest and smallest viscosity solutions
to the front propagation problem (1) with initial position Q. Then

K- ck.cK*ckh.
In particular, if the problem has a unique solution, i.e., K= = K1, then
K-=K.=K*=K".

Proof of Theorem 5.3. Since K contains any subsolution and K~ is
contained in any supersolution (see [8]), we have K* C Kt and K~ C K,.
Inclusion K, C K* holds by construction. Whence the result.

QED
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6 The energy is decreasing along the flow

Let Qg be a bounded open subset of RY. Let we assume that the front
propagation problem (1) with initial position Q¢ has a unique solution and,
furthermore that

|09 =0  and |IKT\K~| =0, (26)
where KT and K~ denote the maximal and minimal solutions respectively.

Theorem 6.1 Under assumption (26), there is a set T C [0,+00) of full
measure such that

& (IC+(t)) <& (IC+(S)) forall s,teT, s<t.

Remark 6.1 Assumption (26) is not too restrictive. Indeed, it is generic in
the following sense: let (Qé) A>0 be a strictly increasing family of bounded
open initial positions containing the source, i.e.,

forall0 <A< X, Sccq)ccu).

If K (respectively K ) is the maximal (respectively minimal) viscosity
solution to (1) with initial position ), then (26) holds for all A > 0 except
for a countable subset. See [8] for details. For simplicity of notations, we
have chosen to consider the case A\ = 1 and to assume that (26) holds for
the initial position .

Proof of Theorem 6.1. Let (/) be a discrete motion starting from Q.
Recall for later use that, from Lemma 4.4,

E(Qh) <EQ)  VYn>0,Yh>0, (27)

because we have assumed that [0Qg| = 0. Let K* and K, be the associated
generalized evolutions defined by (19) and (20). We have

K- cK.cKrcKk'.

Let
T :={te[0,+00) : [KrE)\L ()] =0} .

From assumption (26) and Fubini Theorem, the set 7 is of full measure in
[0, +00).
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We first prove that
EKT(t) <E() VteT. (28)

For this, let t € T, hy — 0T and ni — +4o0o such that hyn, — t.
For simplicity we set € := QZ’; Since the Kuratowski upper limit of the
(Q) is contained in K (¢), which is a compact subset, the sequence ()
is bounded. Since moreover the upper limit of (R¥\Q;) is contained in
RNM\K~(t), the latter with a boundary at a positive distance from S, there
is some r > 0 such that S, C Qi for any k sufficiently large (see (7) for a
definition of S, ). Since finally the capacity is non increasing with respect to
the inclusion, we get from Lemma 3.2:

limkinf cap(Q) > cap(K1 (1)) . (29)

The next step towards (28) amounts to show that
IKT(t)| < liminf [Qg] . (30)

Let R > 0 be sufficiently large so that KT (t) CC Bg, where Bg = B(0, R).
By definition of the Kuratowski upper limit and the construction of KC,, we
have

1BR\IC*(t) > limksup 1BR\Qk .
Fatou Lemma then states that
|BR\K«(t)| > limsup |Br\ Q| ,

whence (30) since K~ (t) C K. (t) and |[KT(t)| = |K~(¢)| because t € 7.
Combining (29), (30) and (27) finally gives

EKT()) < limkinfg(ﬂ_k) <& VteT.
This proves (28).
Let now 0 < s <t with s,t € 7. From the uniqueness of the solution
starting from Ky, the maximal solution to the front propagation problem

starting at time s from () is equal at time ¢ to KT (¢). Since [0K(s)] = 0,
because s € T, inequality (28) states that

E(KT () < EKT(s)),
which is the desired result.

QED
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