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ABSTRACT. We obtain new a priori estimates for spatially inhomogeneous so-
lutions of a kinetic equation for granular media, as first proposed in [3] and,
more recently, studied in [1]. In particular, we show that a family of con-
vex functionals on the phase space is non-increasing along the flow of such
equations, and we deduce consequences on the asymptotic behaviour of solu-
tions. Furthermore, using an additional assumption on the interaction kernel
and a “potential for interaction”, we prove a global entropy estimate in the
one-dimensional case.

1. Introduction. We are concerned with kinetic models of granular media as de-
rived in [3, 4, 1]. More precisely, let d > 1 be an integer, and consider a system of
N identical particles (e.g., grains) moving in R?. Assume that the particles move
freely up to an instant when two of them occupy the same position; then they collide
(inelastically) at this position according to an interaction rule to be defined later.
After collision, they acquire new velocities, and then continue to move freely until
another collision occurs. Let z;(t) € R? and v;(¢) € R? denote the respective posi-
tion and velocity of particle i € {1,2,---, N} at time ¢ € [0,0), and let (29, 0?) be
its initial position and velocity. Then (very formally) the motion of the N particles
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is described by the system of ODE’s considered in [3]

ai(t) = Uz(f)
vi(t) = « Z 1 0(w — 25 )VW (v — v;) (1)
zi(0) = x; vz(O) =1

where W is an interaction potential describing the interaction rule between particles,
and o > 0 is a constant measuring the degree of the inelasticity of the collisions
between particles. Here ¢ denotes the Dirac measure centered at the origin. The
second equation in (1), having a measure in the right-hand side, does not really
make sense. A reasonable way to correct this conceptual error from [3] is to replace
the Dirac measure § by a C>°(R?) approximation ¢., where eventually ¢ — 0 (see
[4]). The mollified equation of (1) then becomes

zi(t) = wi(t)
0i(t) = aX L &lmi—z) VW (05 —v;) (2)
;(0) = 2% v;(0) =Y.

The mollified system (2) expresses the fact that collisions between particles occur
when they are within a distance € > 0 to each other, as opposed to (1) where
collisions are only allowed when the particles are exactly at the same position.

Since the number of particles is assumed to be very large, N — oo, it is rea-
sonable to describe the system with a kinetic equation. In this case, following the
arguments in [3, 4, 1], one can show that when N — oo and o — 0 with the scal-
ing limit assumption Na — A, where A > 0 is a parameter, the kinetic equation
corresponding to the system (2) is

atf+v'vmf:)‘divv [(Ga*f)f]a flt:OZfO (3)
where
Ge(z,v) = & () VIV (v)

and the convolution G, * f is with respect to both variables = and v, i.e.,
Gorfltae) = [ Gulo—yv=wf(tyu) dydu
R4 xR

=/ (o —y) VW —uw)f(tyu)dydu.  (4)
R4 xR4

Here, f(t,z,v) denotes the one-particle distribution function, that is, the probability

density of particles which at time ¢ > 0 occupy a position z € R? and move with

a velocity v € R?, and fo(z,v) is the corresponding initial probability density. In

fact, f(t,x,v) (resp. fo(z,v)) can be viewed as the limit of the discrete probability

measure fi; = % Zjvzl Oz (t)0;(t)) (TeSD. po = E] 1 ( 0 ?)) as the number of

particles N — oo, where (x;(t),v;(t)) solves (2) for j =1,2,---, N, (see [15]).
Finally, sending € — 0 in (4), we formally have,

lin%[GE * fl(t,x,v) = VW (v —u)f(t,z,u)du = (VW %, f)(t,z,v)
E— R4

so that the kinetic equation associated with the discrete system (1) is the limiting
equation of (3) as € — 0, which reads

Of +v-Vof = )\divv((VW % f)f), Fleeo = fo, (5)
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where the convolution VW x, f is with respect to the velocity variable only i.e.
(VW f)(2,v) = [ga VW (v —u)f(x,u)du. Throughout the paper, we will assume
that
e the Cauchy datum fy is a bounded probability density on the phase space
(z,v) € RExRY, fo € L'NL®(RY x RY), fo >0, [u,ga fo(z,v)dzdv =1, it
is compactly supported i.e. there exist Ry > 0 and Ry > 0 such that

supp(fo) C BR1 X BR2 C BR X BR with R = max(Rl,Rg), (6)
which in particular implies:
[ (ol + P ol o)dado < +ox. (")
R4 xRd

e the interaction potential W : R — [0, 00) is strictly convex, C2, and radially
symmetric, i.e.,
W (z) = w(|z]), (8)
where w : [0,00) — [0,00) is a strictly convex, non-decreasing C? function
with w’(0) = 0.
Typical examples of such interaction potentials are W (v) = |v|P/p where p > 2, see
[3, 4, 16]. We are interested in global estimates for solutions to the kinetic equation
(5). Let us remark that the spatially homogeneous case (i.e. f depending on ¢t and
v only) associated with (5) has been very much studied (see [3, 8, 9, 14, 6, 10] and
the references therein), and existence, uniqueness and long-time behavior are well
understood in this case. In fact, the spatially homogeneous version of (5) can be
seen as the Wasserstein gradient flow of the interaction energy associated to AW,
and then well-posedness results can be viewed as a consequence of the powerful
theory of Wasserstein gradient flows (see [2]).

In contrast, for the spatially inhomogeneous kinetic equation (5), very few exis-
tence results are available in the literature. Understanding under which conditions
one can hope for global existence or on the contrary expect explosion in finite time
is an open question. Regarding the question of existence of solutions to the kinetic
equation (5), local existence and uniqueness of a classical solution was proved in
one dimension in [3] for the potential W (v) = |v|?/3 when the initial datum fj is a
non-negative integrable function satisfying fo € C* N W1>°(R x R) with compact
support in the velocity space. As for global existence of solutions to (5), it was also
proved in [3] again in one dimension and for the cubic potential, for a compactly (in
position and velocity) suppported fy and under an additional smallness assumption
on the parameter A, i.e. A < A\ for some \g = Ao (fo) depending on the support and
L*° norm of the initial datum fy. The global existence proof of [3] uses the method
of characteristics, a fixed point argument and an a priori L* bound. We will show
in section 2.1 that this L°° a priori bound naturally extends to any dimension d > 1,
and to any interaction potential of the form W (v) = |v|?/p, provided p > 3 — d.

In [1], the first author has extended the local existence result of [3] to more
general interaction potentials W and to any dimension, d > 1. More precisely,
he proved that when W satisfies the assumptions imposed above, and 0 < fy €
L'N L>*(R? x R?) with compact support in the velocity space, then (5) has a weak
solution in some time interval [0, Tp), where Ty = m and C is a constant that
depends on the dimension d and the velocity support of fy. The proof given in
[1] is based on a splitting of the kinetic equation (5) into a free transport equation
in z, and a collision equation in v that is interpreted as the gradient flow of a
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convex interaction energy with respect to the quadratic Wasserstein distance. The
splitting scheme of [1] just requires an L> bound on fy, so as soon as one has an
L bound up to some time T > T, one can extend the solution after time 7". One
can therefore define maximal solutions on some interval [0, 7*) with T* € [Tp, +o0]
and in case where such solutions are not global i.e. T* < 400, || f¢]|Le necessarily
tends to +o00 as t — T*. As for the long-time behavior of solutions when T = +o0,
to our knowledge, there were no results in the literature.

Still, the general global existence/non existence question is mainly open: what
happens for other values of the parameter A > 07 Do solutions still exist globally in
time, or do they concentrate in finite time (i.e., is there a formation of a Dirac in
finite time)? Answering this question in full generality is clearly very difficult, and
we cannot provide an answer in this note. However, we are able to provide some
a priori estimates which shed some light on these issues. As we shall see later, our
a priori estimates seem to suggest that the global in time existence or eventually
finite-time blow-up of solutions to (5) depends on the nature of the interaction
potential W.

Section 2 is devoted to preliminary results. In section 3, we observe that integrals
of convex functions of (z — tv, v) are nonincreasing along the flow of (5) and deduce
various consequences from this observation, in particular the asymptotic behavior of
solutions to (5). In section 4, we obtain, in dimension one, a global entropy bound
under the assumption that W is subquadratic near zero and show, considering the
quadratic kernel, that this bound cannot be true in general.

2. Preliminaries. The following notations will be used in the paper. For a Borel
set B C R?, |B| will denote the Lebesgue measure of B, and 15 will be the char-
acteristic function of B. The support of a function f will be denoted by supp(f),
and Br (resp. Bg(z)) will stand for the closed ball in R? centered at the origin
(resp. at x) with radius R. Throughout the paper C will denote a positive constant
that may change values from one line to another. In what follows f will denote a
solution of (5) defined on a maximal time interval [0, 7*) with T* € (0, +o0]. We
shall sometimes denote f(¢,x,v) as fi(z,v) and f(¢t,.,.) as fi, and for convenience,
we sometimes omit the volume elements in the integrals.

We start by recalling some properties of the kinetic equation (5); we refer to [1]
for the proofs.

e Mass conservation: the total mass, fRded f(t,z,v) dadv, is conserved
along (5):

/ f(t,z,v)dadv :/ fo(z,v)dedv Vit e [0,T7), 9)
R xR

R4 xR?
so fi are probability densities since we have assumed that fy has total mass 1.
e Momentum conservation: the momentum, fRdx]Rd vf(t,z,v)dzdv, is con-
served along (5):

/ vf(t,z,v)dzdv :/ vfo(z,v)dedv Vit e [0,TF). (10)
R4 xR?

R4 xR4
e Decrease of moments of order p > 2: all the p-moments in v for p >
2, [paxpa [0Pf(t,z,v)dzdy, decrease along (5). This implies (letting p —
oo) that the velocity support of a solution f(t,z,v) to (5) stays compactly
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supported for all times [1],
supp (f(t,z,.)) C Br, Yz eR? te0,T). (11)

And since the equation satisfied by z in the characteristic system associated
with (5) is
:b(t)zv(t) EBRQ, ,T(O):,TO EBRI,

it easily follows that

supp (ft) C Br,+tr, X Br,. (12)
In fact, we shall actually see in remark 2 in section 3 a slightly more precise
result:
supp (ft) € Q(t) := {(z,v) : (x —tv,v) € Br, X Bg,}, (13)
which in particular implies that
supp (fi(z, ) € S(x,) := B, () N B, (14)

and then also

|supp (f(z, )| < wd(min(%,Rz))d, diam(supp (fi(z,.))) < 2min(%,R2),
(15)
where wy := |B].

2.1. L™ a priori bound in R? for potentials W (v) = |v|?/p. Assume here that
W(v) = |[v|P/p with p > 3 — d. Following [3, section 3|, we also assume that (5)
has a classical solution f € C' ([0, +00) x R? x R?). We have the following L* a
priori bound on fy, t € [0, 00).

Lemma 2.1. If A < )¢ := m, where C' > 0 is a constant depending on d,

p and R = max(Ry, Ry), and v = [~ h(t)PT*72 dt < oo with h(t) := min(R, R/t),
then

sup || fellze < 2[| foll Lo (16)
te[0,00)

Proof. Denoting F = —VW x, f, the characteristic system associated with (5) is

X(t,z,v) =V(t,z,v) V(t,z,v) = AF (t, X (t,z,v), V(t, z,v))
X(0,z,v) =z, V(0,z,v) =v.

Then rewriting (5) as
OWf +v-Vaf +AF-Vof =AM (AW =, f),  fli=o = fo,

we have along the characteristics, that f solves

S (X0, VO = AL (AW =, 1)) (2, X(0), V(D).

Integration over [0, ¢] yields

[ (X (), V() = folz,v) +A/O [F(AW s, )] (5, X (s), V(s)) ds.  (17)
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Now, we estimate f(t,z,v) (AW %, f) (¢, z,v). Let us first recall that from (14),
supp (f(t,-,x)) C S(x,t) = Br, (%) N Bg,. Since S(x,t) has diameter less than

2h(t) and measure less than wgh(t)?, and using AW (u) = (p +d — 2)|u[P~2 we get:

f(t,a:,v) (AW *o f) (t,:z:,v) < Hft”Loo]-S(m,t)(v) /S( 9 AW(U - u)ft(xau)du

< C|lfellz|S(x, )] diam(S(x, )"~ < Ol fel| 2o h(8)7 72,

Combining the previous inequality with (17), integrating over time and setting
0 1= SUPye0,00) | ftll Lo, We thus have

§ < || follpe + ACv82. (18)

Then using the continuity of ¢ — f;, we conclude (16) provided A < Xg :=

1
4Cv[[follLee 0

Remark 1. As explained in the proof of [3, Theorem 3.2], the above L* a priori-
bound is the main step to obtain the global existence of a classical solution to
(5), provided the parameter A is small enough, A < Ay, as defined in Lemma 2.1.
One could of course rephrase the previous result in terms of smallness of the initial
datum instead of the parameter \: the previous L*° bound similarly holds if A =1
and || foll 1~ < 7=

For simplicity, we assume from now on that A = 1, otherwise we just replace the
interaction potential W by AW. Then the kinetic equation (5) becomes

Of +v-Vaof = divv((VW %o f)f), Flico = fo. (19)

2.2. A reverse H-theorem. The fact that solutions of (19) obey a reverse H-
theorem was first observed in [3]; more precisely, the following was established in

[1].

Lemma 2.2. If U : [0,00) = R is C*(0,00), convex and satisfies U(0) = 0, then
the functional U(f)(t) := [pa, g U (f(t,z,v)) dedv is nondecreasing along (19):

du(f)
dt

= / AW (v —u) [Pu(f)] (t, z,v)f(t, z,u) dedudv > 0, (20)
Rd xR x RY

where Py(r) = rU'(r) — U(r) denotes the pressure associated with U.
In particular if U(r) = rlnr, then the entropy satisfies

d

— filn fy dedo = / AW (v —u) f(t, z,0) f(t, z,u) dedu dv > 0.
dt Rd xRd

Rd xRd x R4
(21)

Proof. Since U is convex and U(0) = 0, then Py(r) > 0 for all » > 0. Also
since U(0) = 0, we have that U (f(t,z,v)) = 0 on the subset of (z,v) € R? x
RY where f(t,x,v) vanishes; so the internal energy can be written as U(f)(t) :=
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f[f>0] U (f(t,z,v))dzdv. Therefore, we can assume w.l.o.g. that f > 0 in U(f)(¢).
Integrating by parts, we have

M — / iv * _ / v
g7 = /RdedU(f)dl o (f(VW x, f)) dzdv /RdedU(f)dl +(vf)dadv
- / FU'(f) dive (VW %, ) da do +/ U'(f)Nof - (VIV 5y f) da do
R4 xR4 R xR4
+/Rd y IV (U (f)) - vdzdv
_ / FU(F) divy (VIV %y f) dado +/ Vo (U(f)) - (VW 5, f) dzdo
R X RY R xR
+/]Rd y V. (Pu(f))-vdedv
= / Py (f)div, (VW %, f) dzdo,
Re xR
that is (20). If U(r) = rInr, then Py(r) =r and (21) follows. O

Note in particular that all LP norms of f; are nondecreasing in ¢, by choosing
U(r) =rP in Lemma 2.2.

3. Asymptotics. Let us define the density g: (solution evaluated on the free flow)
by

/ e(y,v)g:(y, v)dydv = / p(z — tv,v) fi(z,v)dadv, Yo € C.(R? x RY)
Rd xRd Rd xR4

so that go = fo and g;(y,v) = fi(y + tv,v). Denoting by Cy(R? x R%) the space of
continuous and bounded functions on R? x R¢, we then have the following result;
the key step in the proof is an adaptation of an argument of Illner and Rein [13]:

Theorem 3.1. Let f; be a solution of (19) globally defined on the time interval
[0,T*), and g; be the density defined as above. Then we have

1. for every ¢ convex on R? x R?, the map

e (0,7 o(y,0) g1y, v)dydo = / (@ — to,0) fu(z, ) dedo
R4 xR R4 xR

18 nonincreasing,
2. there exists a probability measure g* on R? x R? such that g; converges weakly
tog* ast —T* i.e.

lim oy, v) gt (y, v)dydv :/ oy, v)dg™ (y,v) (22)
t—=T R4 xRd Rd x R4
for every ¢ € Cp(R? x RY).

Proof. 1. Let ¢ = ¢(y,v) be some (smooth, say) convex function. Following [13],
we have,

4 (/ o(x —tv,v) fi(z, v)dxdv) = —/ Vyo(z —tv,v) - vf(z,v)dedo
dt \ Jraxra RixRd

+/ ol — tv,v)0 fi(z, v)dado.
R x R4
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To compute the second term, we set ¥;(x,v) := @(x — tv,v), use (19) and perform
integrations by parts (recall that f; is compactly supported thanks to (12)), to get:

%(/ o(x —tv,v) fi(z,v)dzdv ) = —/ Vol — tv, v) - vfy(z, v)dzdo
Rd xR4

Rd xR4

Vyp(z —tv,v) - vfi(x,v)dedv
[, Vupla=to) vhi(e)
—/ Voo (z,0) (VW %y fi)(x,0) fe(z,v)dedv
R4 xR
= —/ VW (v —u) - Vb (x,0) fi(x,u) fo(z, v)dedudv
R4 xR x R4

=- / VW (u —v) - Vb (z,u) fr(z,0) fe (x, u)dzdodu,
R X Ré X RY

and then using the fact that VIV is odd, we get

d

ET . oyt = ! VW (u—v)- (Vo (z,u) =V by (x,0)) fr (2, 0) fe (2, u)dedvdu.

2 R3d
(23)
We finally use the radial symmetry of W:
VW (=) = u'(ju— o)
and the convexity of ¢;(x,.) to deduce that the right hand side of (23) is nonpos-
itive. The case of a general not necessarily smooth convex ¢ follows by standard
approximation arguments.

2. Applying 1. to ¢(y,v) := |y|* + |v|? we see that

sup [ (P +oP)grlo 0)dydo < [ (of? + o) ol v)dado. (21)
te[0,T+) JR2d R2d

In particular the family of probability measures (g:)ie[o,r+) is tight. Thanks to

Prokhorov’s theorem, this implies that there exists a probability measure g* on

R? x R? (with finite second moment) and a sequence ,, converging to T* such

/ o(y, v) gz, (y,v)dydv — oy, v)dg* (y,v), Yo € Cb(Rd X Rd). (25)
R4 x R4 R4 x R4

Now we shall use assertion 1. to prove that the whole family g, converges weakly
to g" as t — T™. Let us first take a convex function ¢ such that for some C' > 0,
one has

—C < p(y,v) < C(L+ Iyl +[v]), Y(y,v) € R? x R (26)
We know from assertion 1. that fRded gt dxdv is nonincreasing. Since it is also
bounded from below, it converges as t — 7. We shall now prove that it necessarily
converges to fRded wdg*(x,v). For R > 0, let xr be some smooth cutoff function:
0 <xr <1with yp =1 on Br x Br and xr = 0 outside of Bgry1 X Bry1. Then

on the one hand, thanks to (24), we have for some constant M and every t € [0,T™)
M

1— d * < —.

Lo 16l = xmo +97)wo) <

On the other hand, thanks to (25), for any R > 0,

lim Xreg:, dedv = / Xredg* (x,v).

N0 JRd xRd R4 x R4



REMARKS ON A CLASS OF KINETIC MODELS OF GRANULAR MEDIA 9

Since we have

/ ©gt, drdv — / @dg* (x,v)
R4 xRd R4 xRd

4 / ol(1 = xR)d(gr, +g°)
Rd xR

<

<

M
— da* S
/]Rded XR¥It, /Rded XRPdg ‘+ 1+ R

we deduce that [p4, pa ©g¢, dedv converges to [pu, pa wdg*(2,v). Using the mono-
tonicity of ¢ +— f]Rdx]Rd wgrdaxdv, we deduce that fRded wgidxdv converges to
Jga pdg*(z,v) as t — T*.

Let us now take ¢ € C?(R? x R?) supported on Br x Bg, and let ® be a convex
nonnegative function on R? x R? which satisfies (26) for some C and coincides with
ly|? + |v|* on Bgri1 X Bry1. Then for M such that M > ||D?p|pe, M® — ¢ is
convex (and obeys a sublinear estimate of type (26)). Since ¢ is the difference of the
two convex functions (with at most linear growth) M® and M® — ¢, the previous
step implies that (22) holds for any ¢ € C?(R? x R?). Passing from C?(R? x R9)
to Cp(RY x RY) in (22) then follows from (24) and classical truncation/mollification
arguments.

O

The previous result has a certain number of straightforward but useful conse-
quences.

Remark 2. If fy = go has a support included in a compact and convex set K then
taking dist(., K) as convex test function in assertion 1, we deduce that

/ dist((y,v), K)g:(y, v)dydv < / dist((z, v), K) fo(x,v)dzdv = 0

R4 xR4 Rd xRd

so that supp(g;) C K for every ¢ hence supp(f;) C {(z,v) : (x —tv,v) € K}. In
particular taking K = Br, X Br, we exactly obtain (13).

Remark 3. Taking o(y,v) = |y|?, we immediately deduce from assertion 1. that

/ |z — tv)? fi (z,v)dzdv < / 2|2 fo(z, v)dzdv
R4 xR4 R4 xR
and then

1
/ |% — v fy(z,v)dadv < ) || fo(x,v)dadv. (27)
R x R4 R xR4

Remark 4. The marginals of g; converge weakly as ¢ — T to the corresponding
marginals of ¢*; in particular the v-marginal of f; weakly converges to that of ¢g* as
t — T* (and not only up to a subsequence) which we shall denote n* i.e.

lim o) fi(z,v)dadv = / o(v)dn* (v), Yo € Cy(R?). (28)
t—=T" JpdyRrd R4

/ XRPIt, — / XR@dg”
R4 xRd R4 xRd
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Remark 5. Identity (23) actually tells us more than just the fact that [;,, ¢g:dydv
is nonincreasing in ¢ since it also implies that the right-hand side of (23) is integrable
with respect to ¢. Taking for instance ¢(y,v) = |y|?, we actually get

/ t2/ VW —u) - (v—u)fi(x,v)fi(r, u)dzdvdudt < +o00 (29)
0 R3d

which as soon as W is strictly convex will also imply that for every § > 0 one has

/ t2/ fe(x,v) fe(z, v)dzdvdudt < +oo. (30)
0 {(z,u,v)ER3? : |lu—v|>6}

In the special case (as considered in [3]) where W(z) = %|z|*, the previous
estimate (29) becomes

-
/0 tZ(/Rad lu — U|3ft(gg7u)ﬁ(x,v)d:vdudv)dt < 400. (31)

When W(z) = £|z[%, taking as convex test function ¢(y,v) = |y|? with ¢ > 2, we
similarly obtain

t /Sd lu—v|(u—v)-(|Jz—tu|!?(tu —2) — |z — tv|T%(tv — x)) f+ (2, u) f+ (2, v)dedudy
R
is integrable with respect to ¢. First, using homogeneity, and setting a := u — x/t,
b=v—x/t, we can rewrite
tu—v) - (|Jz —tu|T2(tu — z) — |z — tv|7 2 (tv — 2)) = t%(a — b) - (|a|?"%a — |b|7"2b).
Then we use the well-known inequality (see for instance Lemma 4.4 in [12]):
(a=b)-(lal""*a — [b]*7?b) > pla — bJ

which holds for any (a,b) € R? x R? and for a positive constant y depending on
q > 2 and d, to deduce that

-
/ tq(/ lu — 0|9 (2, ) fo v)d:z:dudv) dt < +o0.
0 R3d

This implies that for every § > 0

-
/ o / folw,w) fole, v)dadudv )t < +oo. (32)
0 {(z,u,v)ER3? : |lu—v|>6}

Inequalities like (27)-(31)-(32) indicate that in some sense, conditionally on the
position, the velocity distribution concentrates on a single velocity. To give a mean-
ing to this, we shall rescale the position by dividing it by ¢. More precisely, under
the assumption that global in time solutions exist (7% = c0), we have the following
asymptotic result:

Proposition 1. Assume that there is global ezistence i.e. T* = +o0, and let g* be
as in Theorem 3.1 and n* be the v-marginal of g*. Then

lim <p(§,v) fe(z,v)dxdv = /]Rd o(v,v)dn* (v)

t—o00 Rd x R4

for every ¢ € Cp(RY x RY).
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Proof. Clearly (setting @(y,v) = ¢(y +v,v)), the desired result amounts to proving
that

50,00y (v0) = [ B0,0)d0" ).

lim 0 y,v)gt(y,v)dydvz/
R

t— sp(t
©© JRd xR R4 x R4

Introducing the cutoff function x g as in the proof of Theorem 3.1, we have

(Y - X
/ so(;,v)gt(yav)dydv—/ $(0,v)dg*(y,v)
R4 xR4 R4 xR

< / XR ‘cﬁ(%,v) — @(07v)‘gt(y,v)dydv
R4 xR4

+ 2sup |p] (1= Xxr)g:

Re x R4

_|_

/ 5(0,0)¢(y, v)dydv — / 5(0,0)dg" (4,v)] .
R4 xR R4 xR

Thanks to the moment bound (24), we have

1
/ (1=xr)g: < / gt < ﬁ/ (|z*+|v]?) fo(z, v)dzdv.
R xRY {(@,v)ER24: [2]2+|0]2>R?} Ré xR

Let € > 0 and choose R > 0 such that the right-hand side of the inequality above
is less than /3. Using Theorem 3.1, we know that for ¢ large enough,

/ 50, v)g(y, v)dydv — / 50, v)dg* (4. v)
R4 xR4 Rd xRd

<

Wl M

Since ¢ is uniformly continuous on compact sets, for ¢ large enough, we also have

L xel#(%0) - 20,0

All this proves the desired result. O

~ ~ &
gt(y, v)dydv < sup |9(2,v) — (0,v)| < 3
[v|<R, |z|<R/t

4. Entropy bounds in dimension one. For this section, we further assume that
d = 1. In this one-dimensional geometry, the “potential for interaction” first used
by Bony (see [7, 11, 5]) provides additional control.

Lemma 4.1. The following estimate holds

/ / (u — )2 fi(x,u) fi (2, v) drdudvdt < +o00 (33)
0o Jrs
Proof. For t € [0,T*), define

110) = [ (0= 001 il ) ol o)daducyeo

(where 1y, .,y = 1if 2 < y and 0 otherwise). By our bound on the velocity support,
I is bounded. To compute the time derivative of I, it is convenient to observe that
(19) can be rewritten as

Ohf+vo.f=F (34)
where F' = 0, (f(W' *, f)) satisfies

/R Flz,v)dv = 0, / wF (2, v)dv = 0 (35)

R
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(the first equality comes from the fact that f(z,.)(W’ %, f(x,.)) has compact sup-
port, the second one is obtained by an integration by parts and using the fact that
W’ is odd). We then have

dl

()= / (u = V)1 oeyy (Oefe(@,u) fr(y, v) + fr(z, u)O: fiy, v))dzdudydy
RAL

= /R (=)L gy (—uds fulw,w) + Fy(w, w)) fily, v))dadudydo

+ /]R4 (u = V)1 {geyy (=00: ft (y,v) + Fi(y,v)) fe(x, u))dzdudydv.

Thanks to (35), the integrals containing F' are zero, and using

/ 896.10(:%’U’)]-{;E<y}d:17 = f(yvu) and / 8If(yvu)1{m<y}dy = _f(xa u),
R R

we are left with
dr 9
E(t) =— | (u—2)fi(z,u)fi(z,v)dzdudo.
R3

The bound (33) is then obtained by integration and using the fact that I is bounded
from below. O

We showed in Lemma 2.2 that the entropy is nondecreasing along the flow of (19).
However, the estimate of the previous lemma turns out to be useful to deduce an
entropy bound if the laplacian of the interaction kernel has subquadratic behavior
near zero:

Proposition 2. Assume that there exist § > 0 and M > 0 such that the interaction
kernel W satisfies:

W"(€) < ME* V¢ € [-4,9] (36)

and that [o foln(fo) < +00. Then there exists C such that for a.e. t € [0,T%),
one has

/R2 fe(x,v) In(fi(z,v))dedv < C. (37)

Proof. The computation of the time-derivative of the entropy follows from Lemma
2.2:

4 / fi(z,v) In(fi(x,v))dedv = [ W (u—0)fi(z,u) fi(z,v)dzdudo.
dt Jpe R3

Then we split the last integral in the right hand side into two parts, one on |[u—v| < ¢
for which we use (36) and (33) to get

/ / L{ju—oj<s} W (v — u) fe(x, u) fo (x, v)dzdudvdt < C,
0o JRr3
and for the other part where |u—v| > §, recalling that f(x,.) has a compact support

(say included in [— R, R]) uniformly in z and ¢, we bound W”(v—u) by its supremum
on [—2R,2R] and use (30) to obtain

/ / Lju—o>a3 W (v = ) fe(z,u) fr (2, v)dzdudvdt < C.
o Jgrs

Those two estimates give the desired entropy bound (37). O
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Typical examples of interaction potentials satisfying (36) are W(v) = |v|P/p
where p > 4.

We have seen in Theorem 3.1 that g; (defined as g:(y,v) = fi(y + tv,v)) con-
verges weakly to some limit ¢g* as ¢t — 7™ and also that as soon as fy is compactly
supported, so is ¢g; uniformly in ¢. Since obviously g; and f; have the same en-
tropy, we deduce that if W satisfies the subquadratic assumption (36) and fo
is compactly supported, then g; is uniformly integrable and, thanks to the lower
semicontinuity of the entropy, ¢* € L' and [;, ¢*(y,v) In(g*(y,v))dydv is finite.
Denoting by n* the v-marginal of g* (which is also the weak limit of the v-marginal
of frast — T%), writing g*(y,v) = n*(v)g*(y|v) and denoting by [ R, R] a segment
supporting ¢*(.,v) for every v, we then have

/ 9" (y,v) In(g*(y, v))dydv = / 7" (v) In(n* (v))dv

R2 R
+/R (/[_R X g*(y|U)ln(g*(y|v))dy)n*(v)dv
> [t - 2

(where in the last line we have used inf,~o gln(g) = —% and the fact that n* is a
probability measure) so that n* also has a finite entropy.

The next result concerning the quadratic kernel (which does not satisfy (36))
shows that additional assumptions on the kernel are necessary to derive global
entropy bounds. Applying Lemma 2.2 to the quadratic interaction potential W (v) =
v%/2 in one-dimension, v € R, we have:

Lemma 4.2. If W(v) =v?/2, v € R, then Vt € [0,T*),

1
feln fy dedv > foln fo dedv + — In(1 + t). (38)
RxR RxR 2R

Proof. Using W(v) = v?/2 and d = 1 in (21), we have AW (v) = W"(v) = 1, so

that
d

dt Jrxr

ftIn frdxdv = /

R

p(t,x)?dz, p(t,x) :z/Rf(t,:v,v)dv.

Then, thanks to (13), we can rewrite the above expression as

d 5 1
G| fimpdrav=20+0r /R plt,2)? ), where = 5 L
which gives (by Jensen’s inequality)
d 1 ’ 1
— feln fydadv > ——— / plt,z)de | = ———.
dt Jrxr 2(1+¢6)R Buson 2(1+¢6)R
Integration over [0, ¢] yields (38). O

In case T* = +00, letting t — oo in (38), we have foR fiIn f; dzdv — oo, which
shows that there can be no global entropy bound. Also note that the quadratic
kernel in dimension one does not satisfy the integrability requirement of Lemma
2.1.
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