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MONOTONE OPERATORS AND THE
PROXIMAL POINT ALGORITHM*

R. TYRRELL ROCKAFELLARY

.

Abstract. For the problem of minimizing a lower semicontinuous proper convex function f on a
Hilbert space, the proximal point algorithm in exact form generates a sequence {z %} by taking z**" to

be the minimizer of f(z)+(1/2¢, )z~ z*|*, where ¢, >0. This algorithm is of interest for several
reasons, but especially because of its role in certain computational methods based on duality, such as
the Hestenes-Powell method of multipliers in nonlinear programming. It is investigated h&re in a more
general form where the requirement for exact minimization at each iteration is weakened, and the
subdifferential df is replaced by an arbitrary maximal monotone operator T. Convergence is estab-
lished under several criteria amenable to implementation. The rate of convergence is shown to be
“typically” linear with an arbitrarily good modulus if ¢, stays large enough, in fact superlinear if
¢, > . The case of T=4f is treated in extra detail. Application is also made to a related case
corresponding to minimax problems.

-

1. Introduction. Let H be a real Hilbert space with inner product (-,-). A
multifunction T : H - H is said to be a monotone operator if

(1.1) (z=2z',w—w)=0 whenever we T(z), weT(z').
It is said to be maximal monotone if, in addition, the graph
(1.2) G(T)={(z, w)e Hx H|we T(z)}

is not properly contained in the graph of any other monotone operator
T:H-> H.

Such operators have been studied extensively because of their role in convex
analysis and certain partial differential equations. A fundamental problem is that
of determining an element z such that 0 T(z).

For example, if T is the subdifferential df of a lower semicontinuous convex
function f : H - (—00, +00], f#+00, then T is maximal monotone (see Minty [15]
or Moreau [18]), and the relation 0 € T(z) means that f(z) = min f. The problem is
then one of minimization subject to implicit constraints (the points where f(z) =
+00 being effectively forbidden from the competition).

The basic case of variational inequalities corresponds to

T(z)= { To(z)+Np(z) if zeD,
%) if zg¢D,

where D is a nonempty closed convex subset of H, T, : D > H is single-valued,
monotone and hemicontinuous (i.e. continuous along each line segment in H with
respect to the weak topology), and Np(z) is the normal cone to D at z:

Np(z)={we H(z—u, w)=0,Vue D}.

(1.3)
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The maximal monotonicity of such a multifunction T was proved by Rockafellar
[27]. The relation O € T(z) reduces to —Ty(z) € Np(z), or the so-called variational
inequality:
(1.4) zeD and {(z—u, To(z))=0 forall ieD.
If D is a cone, this condition can be written as

zeD, ~Tyz)eD° (thepolarof D), and (z, Ty(z))=0,

and the problem of finding such a z is an important instance of the well-known
complementarity problem of mathematical programming.

Another example corresponds to minimax problems. Let H be a product of
Hilbert spaces H, and H,, and let L : H - [—00, +o0] be such that L(x, y) is
convex in x € H, and concave in y € H,. For each z = (x, y), let T, (z) be the set of
all w = (v, u) such that

L(x', y)—(x', ) +(y, u)= L(x, y) —(x, v) +(y, u)
(1.5) =L(x, y)—{(x,v)+(y', u)
forall x'eH,, y eH,.

If L is “closed and proper” in a certain general sense, then T; is maximal
monotone; see Rockafellar [24]. The global saddle points of L (with respect to
minimizing in x and maximizing in y) are the elements z =(x, y) such that
0e T, (2).

In this paper, we study a fundamental algorithm for solving O€ T(z) in the
case of an arbitrary maximal monotone operator T. The algorithm is based on the
fact (see Minty [14]) that for each z € H and ¢ >0 there is a unique « € H such that
z—uccT(u), or in other words,

ze(I+cT)(u).
The operator P=(I+cT) ' is therefore single-valued from all of H into H. It is
also nonexpansive:
(1.6) IP(z)— P2 =]z - 2],

and one has P(z) =z if and only if 0€ T(z). P is called the proximal mapping
associated with ¢7, following the terminology of Moreau [18] for the case of
T =of.

The proximal point algorithm generates for any starting point z° a sequence
{z*} in H by the approximate rule

(1.7) "' =P (z5), where P,=I+c¢T)"

Here {c,} is some sequence of positive real numbers. In the case of T = df, this
procedure reduces to

(1.8) ¥ =arg min ¢ (2),
where
_ 1 k)2
(1.9) dJk(Z)—f(Z)'*'z—‘”Z‘Z I
Ck
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(see § 4). For T corresponding to a convex-concave function L, it becomes

(1.10) (x**", y**")=~arg minimax A (x, y),
xy
where
1 S | k2
1.11 = +_ S [ —_ .
(1.11) A(x, y)=L(x, y) 2 fle— x| 20, fly =yl
(see § 5).

Results on the convergence of the proximal point algorithm have already
been obtained by Martinet for certain cases where ¢, =c. He showéd i in {12},{13]
that if T is of the form (1.3) with D bounded, and if true equahty is taken in (1.7),
then z* converges in the weak topology to a particular z™ such that Oe T(z%).
Similarly if T=9f and the level sets

{ze HIf(z)=a}, acR,

are all weakly compact, in which event it is also true that f(z*) | f(z*)}=min f.
These results of Martinet are based on a more general theorem concerning
operators V with the property

(1.12) V()= V@I =z - 2P =T - V)(2) - - V)(2)IF.

This class includes (I +¢T) " (cf. Proposition 1(c) below). If V: C » C satisfies
(1.12), where C is a nonempty, closed, bounded, convex subset of H, then for any
starting point z%e C the sequence {z*} generated by z**' = V(z*) converges
weakly to some fixed point of V. This theorem is a corollary of one of Opial [32]
treating iterates of AI+(1—A)U when U is nonexpansive, 0 <A <1. In fact, V
satisfies (1.12) if and only if V= 11+ U), where U is nonexpansive. Genel and
Lmdenstrauss [33] have recently furnished an example of such a mapping V for
which {z*} does not converge strongly. However, this V' does not appear to be of
the form (I+¢T)™" for ¢ >0 and T maximal monotone.

The question of whether the weak convergence established by Martinet can
be improved to strong convergence thus remains open. The answer is known to be
affirmative if T = df with f quadratic. This follows from a theorem of Krasnoselskii
[10], as has been noted by Kryanev [11]. In the quadratic case, af reduces to a
densely defined, single-valued mapping of the form x - A(x)—b, where A isa
nonnegative, closed, self-adjoint linear operator. Then the relation 0 T(z) is
equivalent to A(z)=b.

Strong convergence of the algorithm in its exact form with 25t = Pk(zk) is
also assured if ¢, is bounded away from zero and T is strongly monotone (with
modulus a >0), i.e., in place of (1.1) one has

(1.13) (z=z',w—w)Zalz—2z| whenever weT(z), w'eT(2).

Indeed, the latter condition means that T'= T — «af is monotone, and hence the
mapping Py=(I+ciT)"' is nonexpansive for any c;>0; taking cj=
¢ (14 ac,) " one has

Pil(1—aci(1+ac) M+ca(l+ac) ' T =[(1+eac) ' U+aD]
or

Pi(2)=Pi((1+ac) 'z) forall z
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so that the nonexpansiveness of P} yields
(1.14) |P(z)— P(z)|=(1+ac) 'lz—2'|| forall z z'eH.

In particular, this implies P, has a unique fixed point, which must then be the
unique point z° satisfying 0 € T(z*). One has

(1.15) [l = 2= |Pu(z") = P (2D = (1 + ace) Hz* =27 forall K,

so if ¢, Z¢ >0 for all k sufficiently large the sequence {z*} converges to the

solution z* of the problem, not only strongly, but at least as fast as the linear rate

with coefficient (1+ac) ' < 1. If ¢~ 0, the convergence is superlinear:

k+1 o0
-z

0.

tim 12 =2 1
o 2= 2%
Unfortunately, the assumption that T is strongly monotone excludes some of
the most important applications, such as to typical problems of convex program-
ming, and it is important therefore to study convergence under weaker assump-
tions. Of course, from a practical point of view it is also essential to replace the
equation z**' = P, (%) by a looser relation which is computationally implementa-
ble for a wide variety of problems.
Two general criteria for the approximate calculation of P(z") are treated
here:

(A) 'lzk+1_Pk(zk)|,§Ek’ kgo £k<w,

(B) 24 = P (M) = 82" — 2%, L <o )

It is shown (Proposition 3) that these are implied respectively by

(A) dist(0, S (z*" N =i/ clo Y &<,

and

(B) dist(0, S (z* "= /clz“ ' =z, T s <o,
k=0

where

(1.16) S (2) = T(z)+ci ' (z - z).

(Note that these conditions are certainly satisfied if =P (z"))

We prove under very mild assumptions (Theorem 1) that (A) (or (A))
~ guarantees (for any starting point z°) weak convergence of {z“} to a particular
solution z* to 0 T(z), even though there may be more than one solution. (In
general, the set of all such points 2z forms a closed convex set in H, denoted by
T '(0).) The results of Martinet are thereby extended to a much larger class of
problems, and with only z**' = P,(z").

When (B) (or (B")) is also satisfied and the multifunction T happens to be
“Lipschitz continuous at (”, we are able to show (Theorem 2) that the con-
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vergence is at least at a linear rate, where the modulus can be brought arbitrarily
close to zero by taking ¢, large enough. If ¢, » c0, one has superlinear con-
vergence.

In other words, the same convergence properties noted above for the case of
strong monotonicity are established under far weaker assumptions. A criterion for
the convergence of the algorithm in a finite number of iterations is also furnished
(Theorem 3).

The assumption of Lipschitz continuity of T~ at 0 turns out to be very natural
in applications to convex programming. It is fulfilled, for instance, under certain
standard second-order conditions characterizing a “‘nice” optimal solution. Such
applications, having many ramifications, will be discussed elsewhere [31].

There are actually three distinct types of applications of the proximal point
algorithm in convex programming: (i) to T = df, where f is the essential objective
function in the problem, (ii) to T = ~adg, where g is the concave objective function
in the dual problem, and (iii) to the monotone operator T, correspondmg to the
convex—concave Lagrangian function.

The second type of application corresponds to the “method of multipliers” of
Hestenes [8] and Powell [21]. The relationship with the proximal point algorithm
in this case has already been used by Rockafellar [29]. The third type of
application yields a new form of the method of multipliers that seems superior, at
least in some respects. Although the details will not be treated herc, we mention
these applications because of their role in motivating the present work.

Some implications of the theorems in this paper for the general cases of T = df
or T corresponding to a convex—concave function L are nevertheless discussed in
§4.

Aside from the obvious case of strong monotonicity, or special results for the
method of multipliers in convex programming (for a survey, see Bertsekas [5]),
there are no rate-of-convergence results relating to the proximal point algorithm
prior to those developed here.

For discussion of other methods for solving 0 € T(z) in the case of a maximal
monotone operator, we refer to Auslender [2] and Bakushinskii and Polyak [3].

2. Convergence of the general algorithm. Henceforth T is always maximal
monotone. In addition to P, = (I +¢,T)”', we shall make use of the mapping

2.1) O=I-P=(I+(cD) ")
Thus
2.2) 0eT(2)oP (2)=z20(z)=0

ProrosiITIiON 1.

(@) z=P(2)+Qu(z) and ¢ Qu(z) € T(P(2)) for all z.

(b) (Pi(z)=Pi(z'), Qu(z)~ Qu(z'))Z0 for all z, 2".

©) [Pu(2)= P2 +]Ou(2) ~ Quz W =|z—2'f forall 2, 2.

~ Proof. Part (a) is immediate from the definitions, while (b) is a consequence of
(a) and the monotonicity of 7. Part (c) follows from (a) and (b) by expanding

iz = 2P =[[Pe(2) = Pe(z)]+[ Qi (2) — Qu ()]
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Part (c) of Proposition 1 states that property (1.12) holds for P, and Q,. If
¢ =c¢ >0, the mappings P, all reduce to a single V to which the Martinet’s
corollary of Opial’s theorem (recalled in § 1 after (1.12)) can be applied with
respect to any nonempty closed bounded convex set C such that V(C)< C. Of
course, if V is known to have at least one fixed point in H, then for arbitrary 2°c¢H
one can take C to be the closed ball of radius ||z°— Z|| and center Z, where 7 is any
fixed point.

In this way one obtains an immediate generalization of Martinet’s results for
the case of T=4f or variational inequalities. If there exists at least one z satisfying
0€ T(z), then the proximal point algorithm in exact form (z l=p(z "))‘with Ck=cC
converges weakly from any starting point z° to a particular z* satisfying 0 T(z™).
This should be compared with the still more general Theorem 1 below.

In connection with the existence of solutions to the problem we want to solve,
it is worth mentioning the following result (Rockafellar [25, Prop. 2]; this is a
generalization of Theorem 2.2 of Browder [7]).

PrOPOSITION 2 (see [25]). Suppose that for some 7 € H and p =0 one has

(2.3) (z—=Z,w)zZ0 forall z,w with weT(z2),||z—z||zp.

Then there exists at least one z satisfying 0€ T(z). (This condition is not only
sufficient for existence, but necessary.)
The condition in Proposition 2 holds trivially for example, if the effective

domain
2.49) D(T)={ze H|T(z) # &}

is a bounded set. A convenient, weaker condition, which is also sufficient for
existence when T = df, is the weak compactness of the level sets {z € H|f(z) =},
BeR.
The relationship between the criteria (A) and (B) on the one hand and (A’)
and (B’) on the other is laid out by the next of our preliminary results.
ProrosiITiON 3. The estimate

[l25*" = P(2")|| = e dist(0, S (z**))

holds, where S, is given by (1.16). Thus (A’) implies (A), and (B’) implies (B).
Proof. For any w € S,(z*"") we have

cw+zke(I+a (")

and hence,
M=+ T aw+zY) =P law+25).
Then by virtue of the nonexpansiveness of P
12" = P (2 W= IPulciw + 2) = P ()| = cillwll

Thus

25" = Pe(z")|= ¢ min {w]||w e Se(z*")}

as claimed.
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THEOREM 1. Let {z*} be any sequence generated by the proximal point
algorzthm under criterion (A) (or (A")) with {c,} bounded away from zero. Suppose
{z"} is bounded ; this holds under the preceding assumption if and only if there exists
at least one solution to 0 T(z).

Then {z*} converges in the weak topology to a point z* satisfying 0€ T(z%),
and ’

(2.5) 0= lim O (z5)= lim lz*+" = 2".
Proof. First we verify the asserted sufficient condition for the boundedness of

{z }. The necessity of the condition will follow from the last part of the theorem.
Suppose that 7 is a point satisfying 0 € T(Z). We have

(2.6) 24" = zll— e S||Pu(z") - 2] = |Pu (%) - P (2)|| = ||2* - 2,

and this furnishes the bound
-1
lz' = zl|=z°-zl+ ¥ ex=|2z°—2|+a forall L
k=0

Thus {z*} must be bounded.
For the rest of the proof, we assume that {z*} is any bounded sequence
satisfying (A). Let s >0 be such that

(2.7) lz|=s and e.<s forall k.

Then {z*} has at least one weak cluster point z™ ||z I=s.

Our next goal is to demonstrate that Oc T(z™), but for this purpose it is
helpful to show first that the argument can be reduced to the case where it is
already known that T~'(0) # &. Consider the multifunction T’ defined by

T (z)=T(z)+dh(z) forall zeH,

0 if |z||=2s,
. h(z)=
+o0 if |z{|>2s,

where

and consequently

{0} if |z]<2s,
dh(z)={{rz|]A=0} if |z]=2s,
& it |lz]l>2s

Observe that dh is a maximal monotone operator, because h is a lower semicon-
tinuous proper convex function; its effective domain is

D(9h) ={z||z||=2s}.
Furthermore,
(2.8) T(z)=T(z) if |z]|<2s.
Since ||P(z*)||< 2s for all k by (2.7) and condition (A), while
(2" = Pu(z") e T(Pu(2"))
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by Proposition 1(a), we have

(2.9) P.(z¥)e D(T)Nint D(9h) forall k,

(2.10) P(z") e +¢.T)'(z*) forall k.

Inasmuch as D(T)Nint D(oh) # & by (2.9), we know that T", as the sum of the

maximal monotone operators T and dh, is itself maximal monotone (Rockafellar
[27, Thm. 1]). Hence P, = (I + aT) tis actually single-valued, and (2.10) implies

P (z*)=Pj(z*) foralllarge k.

Thus the sequence {z*} can be regarded equally well as arising from the proximal
point algorithm for T". The advantage in this is that the effective domain D(T") is
bounded, so that (T")"'(0) # & by Proposition 2. Since T"(z*) = T(z*) by (2.8),
we could replace T by T’ without loss of generality in verifying that 0e T(z%).

We are therefore justified in assuming, from now on, the existence of a
certain 7 such that Oe T(Z). Applying Proposition 1(c) to z=z* and z' = 7, we
get

(2.11) 1P (%)= 2P+ Q)P =)z - 2| forall k.
Hence,
QI —llz" = 2l +]2* " — 2P = [}z "' — 2 - | P (") — 2

="'~ P(z"), (2" = D) +(P(2") - 2))
=) = PN - 2+ 12" - 2,

and consequently,

(2.12) 10 NP =llz" — 2P —llz*"" — 2IP + 2ew(s +1|2]).

At the same time we have

12" =zl =[1P(2*) ~ 2l + e =" — 2l + e,

which because of Zf:O €, <00 implies the existence of

(2.13) lim lz* - zf|= u < 0.

We can therefore take the limit on both sides of (2.12), obtaining (2.5), because

0N =l(z" = 2" +(* " = Pzl — 2 - e
It follows that
(2.14) c'Q(zH -0 strongly,

the numbers ¢, being bounded away from zero.
Observe next that Proposition 1(a) entails

(2.15) 0=(z—P(z"), w—c;'Qu(z*)) forall k if weT(z).
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Since z™ is a weak cluster point of {z*} and ||z**' — P, (z")|| » 0, it is also a weak
cluster point of {P,(z*)}. Then (2.14) and (2.15) yield

0=(z—z",w) forall z,w satisfying we T(z).

This implies, in view of the maximality of T, that 0e T(z™).

The next step is to show that there cannot be more than one weak cluster
point of {z*}. Suppose there were two: z§ # z5. Then 0 T(z) for i = 1, 2, as just
seen, so thateach z; can play the role of 7 in (2.13), and we get the existence of the
limits
(2.16) lim lz5—zFl=pmi<oo for i=1,2.

Writing
I =231 =t = 27 + 20t - 2T, 27— 2 +leT - 25T
we see that the limit of (z*~z7, z7 — z3) must also exist and .
2 lim (2" =z, 27 — 2D = pi—pi-lz7 =230

But this limit cannot be different from 0, because z7 is a weak cluster point {z*}.
Therefore

W3- ui=lt -l >0

However, the same argument works with z{ and z5 reversed, so that also
p,f —y§ >0. This is a contradiction which establishes the uniqueness of 2.
(The uniqueness argument just given closely follows the one of Martinet [12],

and it was also suggestcd to the author by H. Brézis.)

 Counterexample. The convergence of {z*}in Theorem 1 may fail if instead of
Yr o £x <00 one has only &, - 0, even when H is one-dimensional. This can be
seen for any maximal monotone T such that the set T~ '(0) = {z|0€ T(z)}, whichis
known always to be convex, contains more than one element. Then T '(0)
contains a nonconvergent sequence {z*} with

“Zk+l "zk“ - 0
but

?S k+1 k
I ==

We have P,(z*)=z* and therefore a counterexample with ¢, =||z“"' = z*||. In

particular, all this holds for T = df if the convex function f attains its minimum
nonuniquely.

3. Rate of convergence. We shall say that T ' is Lipschitz continuous at 0
(with modulus a = 0) if there is a unique solution z to 0e T(z) (l.e. T Yo)={z}),
and for some 7>0 we have
(3.1) lz—Zl|=allw| whenever zeT '(w) and |w]|=~.

THEOREM 2. Let {z*} be any sequence generated by the proximal point
algorithm using criterion (B) (or (B')) with {c.} nondecreasing (¢, T c.c=00).




886 R. TYRRELL ROCKAFELLAR

Assume that {z*} is bounded (cf. Theorem 1) and that T" ' is Lipschitz continuous
at 0 with modulus a; let
me=af(a’+c)' <1

Then {z k}_conuerges strongly to z, the unique solution to 0 € T(z). Moreover, there is
an index k such that

(3.2) lz“' = zll=6cl|lz* 2| forall k=k,

where

(3.3) 1> 60, =(ux+6)/(1—-8)=0 forall k=k, _
(3.4) O > po (where po=0 if co=00).

Proof. The sequence {z*}, being bounded, also satisfies criterion (A) for
ek = 8c)lz“*" = z¥|, so the conclusions of Theorem 1 are in force. We have

Qu(zN=lz" = Pz N =lz* = 2"+ 12 = P,
so that :
lex' QM= ce' A +8)|z* = 2¥| forall &k,

where [|z¥ —z**"| - 0 (Theorem 1). Choose k so that
(3.5) ' A+8)z* " —z4|<r forall k=k.

Then [lcx ' Qu(z*)| = 7 for k = k. But P(z") e T '(cx ' Qu(z¥)) by Proposmon 1(a).
The Llpschltz condition (3.1) can therefore be invoked for w = ¢, Ok(z ) and
z=P.(z")if k is sufficiently large:

(3.6) IP(z")~ 2l =allex' Qu(z")| forall k=zk.
We next apply (2.2) and Proposition 1(c) to z =7 and z' = z* to obtain
12 = Pe(z")P +lQu(z P =lz — "I,
which via (3.6) yields
IPc(z*) = 2| =[(a/ c)*/(1 + (a/ )z - 2IF,
or in other words
3.7 IPe(z") 2l = pullz* - 2| it kzk.

But
244 =zl =12 = P2 +IPe(2%) - 2],

where under (B) we have
25" = PN = 8ullz" " = 2= 8l — 21+ Bullz* — 2.
Therefore by (3.7),
lz* = zll=8elz* " = 2|+ pullz* = 2|+ Sullz* —zl| if k=k

This inequality produces the one in (3.2) if k = k is taken so that (3.3) holds, as is
possible since 1> u, | uo and 8, - 0.

Remark 1. The proof shows that the estimates in Theorem 2 are valid for any
k such that (3.3) holds and, for some k =k, also (3.5) holds. To cite a simple
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specific case, let us suppose that
& =i forall k,

and, as can easily be estimated explicitly for instance if the effective domain D(T)
is bounded, that for a certain d >0,

lz**'=2z*|=d forall k.
It may then be seen that the éstimates in Theorem 2 are valid if k is such that

ck=2max{a, d/7} forall k=k.

-

~

. Remark 2. If we replace the condition on §, in (B)-by the assumption that (A)
is satisfied and

(3.8) B > 8o <3(1— pioo),
then all the conclusions of Theorem 2 hold, except that
Ok = 0= (oot 8)/(1—8x) < 1.

Since
too = af(a’+c2)'?,
the inequality (3.8) holds in particular if 8., <3 and ¢, 1 .
The next two results help illuminate the Lipschitz condition in Theorem 2.
We shall say that a multifunction S : H - H is differentiable at a point w if
S(w) consists of a single element Z and there is a continuous linear transformation
A : H - H such that, for some § >0,

Q#S(w+w)—z—Awco(w|)B when [|w]|=8,
where B is the closed unit ball and

o((wlh/Iwllo as [wljo.

We then write A = VS(w). This coincides with the usual notion of differentiability
(in the sens¢é of Fréchet), if S is single-valued on a neighborhood of w.

PrROPOSITION 4. The condition of Lipschitz continuity in Theorem 2 is satisfied
if T' is differentiable at 0. In particular, it is satisfied if there is a 7 such that
0e T(Z) and Tis single-valued and continuously differentiable in a neighborhood of
z, with VT(Z) invertible (i.e. having all of H as its range).

Proof. 1f T ! is differentiable at 0 and A =V T '(0), there is a unique z
satisfying 0 T(Z), and we have

. T '(w)-z—Awco(w[)B when [w]|=8.
Thus there exist a,=0 and € >0 such that
lz—z— Aw||=alw| whenever zeT '(w), [wl=e.
It follows that
Iz -zl = adiwll+[All - lwll whenever weT(z), [wl=e.

Thus (3.1) holds for a = a,+| Af|. The second assertion then follows from the first
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by way of the implicit function theorem [9]: under these assumptions T ' is
single-valued and continuously dlﬂerentlablc on a neighborhood of 0.

PROPOSITION S. Suppose T~ ' is Lipschitz continuous globally, i.e. T
everywhere single-valued and satisfies

1T ' w)-T 'W)|=allw—w| forall w,w,

where a =0; this is true in particular if T is strongly monotone with modulus
a>0(a=a""). Then the explicit assumption that {z*} is bounded is superfluous for
the conclusions of Theorem 2, and the estimate (3.2) is valid for any k large enough
that (3.3) holds.

Proof. The proof of Theorem 2 works in this case with k =0.1f T is strongly
monotone, we have (1.13) for some a>0. Then the operator T'=T—al is
monotone and hence P=(I+a 'T) " is nonexpansive. But T = aP', so

T '(w)=P(a"'w) forall w,
and in particular from the nonexpansiveness of P:
(3.9 IT'W)—T ' W)|sa Yw—w/| forall w,w".

Finally, we describe a very special but noteworthy case where the algorithm
can converge in finitely many iterations. This result was suggested by one of
Bertsekas [4] for the method of multipliers in convex programming.

THEOREM 3. Let {z*} be any sequence generated by the proximal point
algorithm under any of the criteria (A), (A’), (B) or (B} with {c,} bounded away
from zero. Suppose that {z*} is bounded (cf. the conditions in Theorem 1) and there
exists Z such that Ocint T(Z). Then

(3.10) 2°=7=P(2*) forall k sufficiently large.
Hence under (A) (or (A")) one has
lz“~z|=ec forall k sufficiently large,
while under (B) (or (B")) with ¢, 1 ¢ =00 one has the estimates (3.2) and (3.5) for
O = 6/(1—8) ~ 0.

Thus in particular, the proximal point algorithm in its exact form (i.e. with
2" =P (z")) gives convergence to z in a finite number of iterations from any
starting point 2°.

Proof. We demonstrate first that T~ ' is single-valued and constant on a
neighborhood of 0:

(3.11) T '(w)=z if |wl<e.

Let & >0 be chosen so that [|w]| < e implies w € int T(Z). Taking any z, w € T(z),
and w’ with |lw||< ¢, we have

by the monotonicity of T. Therefore

sup(z—2Z,w)=(z—Z,w) whenever weT(z), [w]<e,
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so that
elz—z|=|lz—z|| - |[w] whenever we T(z).

Thus if z # Z we have |[w||= ¢ for all w € T(z). Stated another way, if |w]| <& and
ze T '(w), then z = Z, which is the same assertion as (3.11).

Our hypothesis subsumes that of Theorem 1, and hence we know as in
Theorem 1 that f|c; ' Qi (z%)|| = 0. However, Py (z*)e T '(cx ' Q(z*)) by Proposi-
tion 1(a). Therefore (3.11) implies (3.10), and everything else in Theorem 3
follows immediately, the Lipschitz condition in Theorem 2 being fulfilled with
a=0.

4. Application to minimization. Let f : H - (—00, +00] be a lower semicon-
tinuous convex function which is not identically +0o. Then, as noted in the
introduction, the multifunction T = df is maximal monotone, where

wedf(z)f(zYzf(z)+{(z'—z,w) forall z

’

4.1)
Szeargmin (f—(-, w)).

Since in particular
O€edf(z)zeargmin f,

the proximal point algorithm for T = df is a method for minimizing f. We collect
here some facts relevant to this special case.

Recall that a function ¢ : H - (—o00, +00] is said to be strongly convex (with
modulus «) if « >0 and

H((1-N)z+A2)=(1-N)d(2) +Ad(2) ~3aA(1 =Nz — 2|
forall z z' if 0<A<I.

(4.2)

THEOREM 4. Let T =23f. Then Sy =3¢y in criteria (A') and (B'), where ¢,
is the function defined by (1.9), and ¢, is lower semicontinuous and strongly convex
with modulus 1/c,. Furthermore, if {z*} is any sequence generated by the proximal
point algorithm under the hypothesis of Theorem 1 with criterion (A'), thenz* - z%
weakly, where f(z*°) = min f and

(4.3) fEY =) =125 = 2%(e +Iz* T = 2X|) > 0.

Proof. The strong convexity of ¢ follows directly from formula (1.9). Sub-
differentiating both sides of this formula, we also get

Adi(z) = 8f(z)+c[l(z -2%=8,(z) forall z.

(For the relevant rule of subdifferentiation, see Moreau [17] or Rockafellar [22,
Thm. 3].) To establish (4.3), let w* denote the unique element of 8({),((2"“)
nearest the origin. (This exists, because 3¢, (z¥*") is a closed convex set which,
since (A') is supposed to hold, is nonempty.) Then

wk_cl;—l(zkﬂ_zk)e T(zk+1):af(zk+l),
where

4.4) Iw“l=ew/ci > 0.
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Let z*™ be the weak limit of {z*} (Theorem 1). Then 0 3f(z%), and the defining
inequality for subgradients yields

fEY =2 W e T =) = f(27) =min f,
so that
fE =) S = 27w+ il = 2.

Applying (4.4) and (2.5), we reach the desired conclusion (4.3).

Remark 3. The quantity dist(0, d¢, (z**")) occurring in criteria (A’) and (B')
for T=0f is generally convenient as a measure of how near zZ**'isto being a
minimizer of ¢,. Exact minimization corresponds, of course, to
dist (0, 3¢ (z* 1)) =0. Many methods that might be used for minimizing ¢
depend on the calculation of gradients or subgradients, and one can use the
estimate

dist (0, 3¢ (z** ")) =|lu|| forany wueadi(z*"). .

This is not the place to describe all of the possible structures of d¢y
corresponding to minimization problems of different types, but we nevertheless
mention an important case. Suppose f is of the form

fo(z) if zeD,
fz)= { .
+00 if zeD,

where D is a nonempty closed convex set and f, is a function which is convex on D
and differentiable on a neighborhood of D. Then minimizing f on H is equivalent
to minimizing f, on D, while minimizing ¢, on H is equivalent to minimizing

duz) = fo(2) +3alz - 2"}
on L/) Furthermore,
3 (2) =Vi(z)+ Np(2),

where Np(z) is the normal cone to D at z, and hence dist (0, d¢, (z**")) is the
norm of the projection of —Véy(z**") on the tangent cone to D at z**' (where
+1
z' " eD).
In particular, if D = H, i.e., f itself is differentiable on all of H, we have

dist (0, Sc(z*™) =[[Vepu(z“ )

in (A") and (B').

It remains now to show how the various conditions in the hypotheses of
Theorems 2 and 3 are realized in the case of T =4f.

Let f* be the lower semicontinuous convex function conjugate to f. Thus
af* = T~ for T =af. (For the theory of conjugate functions, see [19], [30].)

PROPOSITION 6. The following conditions are equivalent for T = df:

(a) T is strongly monotone with modulus a,

(b) fis strongly convex with modulus «,

(c) whenever w € 3f(z), one has for all z'€ H:

f(2)Zf(z)+(z' —z, wy+3a|z’ — z|F.
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Proof. (b)=>(a). Suppose w e T(z) and w'e T(z'), and let 0<<A <1. Then
f(1=A)z+A2)=f(2)+ (1 - ANz +Az']— 2z, w)
=f(2)+ Az~ 2z, w),
and hence by (4.2) for f:
M@+ A(Z)=3ar (1= Mz =2 = Az — 2, w),

or equivalently,

(z—z',wyzZ3a(1 =Mz — 2P +f(z)— f(2). .
By symmetry it is also true that

(z'—z, w)Zia(l1 -z’ — 2| +f(z') - f(2),
and in adding these two inequalities we obtain

(z—2',w=w)=a(l-A)|z'—z|.

This holds for arbitrary A € (0, 1), so it must also hold for A =0, which is the
assertion of (a).

(a)=(c). As observed in the proof of Proposition 5, the strong monotonicity
implies that T ' is single-valued and satisfies the global Lipschitz condition (3.9).
But T~ '=4f* 1In particular, therefore, af* is single-valucd and continuous
everywhere, from which it follows that f* is differentiable everywhere and Vf*
reduces to the gradient mapping of f* (see Asplund/Rockafellar [1, p. 461]). For
any w and w', we have

[V/*(w +t(w' = w) = VAW = (/a)w' —w|| for 1>0,
so that
(VA (w+t(w' = w)), w —w)=(Vf¥(w), w' = w)+(t/a)|w —w[> for 1>0.

From this we obtain

fX(w)—f*(w)= J’ (VF*(w+t(w' —w)), w —w)dt
1
=(Vf*(w), w'— W>+j2—l!W'~ wll”.
@
Fixing arbitrary z and w with w € 3f(z), we have z = V¥(w) and f(z)+f*(w)=
(z, w). Then for any 2/,
f(Z’) :f**(z') = S'uli’ {(Z’, w’)-—f*(Wl)}

1 2
= sup {(z', w)— A (w)—(Vf*(w), w — w)—;);“w'- wl| }

w'c H

1 2
= sup {f(z)+(z’—z, w')"”z"“W'“ W“'}
weH a
=f(z)+(z'—z, wy+3allz’ - 2.
Thus (c¢) holds.
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(0)=>(b). Let G ={(z, w)|w € 8f(z)}, and for each (z, w) € G define the func-
tions g, ,, and h,,, by
gn(2)=f(2)+(z'~ 2, w>+%anz'—zu’,
h.w(z)=f(z)+(z"— 2z, w).

Then f=g,, =h,,. It is a known fact, however, that

f(z')= sup h,,(z') forall z'

{z,w)e G

(Brgnsted/Rockafellar [6, Thm. 2]). Hence
f(z')= sup g .(2).

(z, w)eG

Each function g, ,, is strongly convex with modulus «, and therefore f has this
same property. This completes the proof of Proposition 6.
PROPOSITION 7. The following conditions are equivalent for T = df and Z € H.
(@ T 'is Lipschitz continuous at 0, and Z is the unique solutwn to0e T(z).
(b) Z is the unique minimizing point for f, and

f(Z) f(2)
z—zF

(c) Z is the unique element of 3f*(0), and
lim sup [(f*(u) = f*(0) ~(Z, u))/|lull] < 0.
Proof. (a)=>(c). Since T ' = f*, we have

(4.5) |z—z||=a|w| whenever zedf*(w) and |w]|=e.

11m —=>0.

This implies the boundedness of the set
(4.6) U aff(w),

lIwll=e
which contains Z; in other words, df™ is locally bounded at 0, which is a point of the
effective domain
@.7 - D(f*) ={wlof*(z) # D}.
But 3f* is a maximal monotone operator, so this property necessitates 0e
int D(3f*) (see Rockafellar [25, Thm. 1]). Since
(4.8) D(3f*) = dom f* = {w|f*(w) < o}

it follows that f* is finite on a neighborhood of 0. This implies in turn that f* is
continuous on a neighborhood of 023, Cor. 7c] and hence that for all 4 in some
neighborhood of 0, say for |Ju]|=8(0 < 6 < ¢) we have df*(u) nonempty weakly
compact and

4.9) f¥(w; u)y=max {(z, u)|z €3f*(w)} forall ueH,

where

*(w;u)= liin [F*(w+Au)—F*(w))/A.
A0
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(Moreau, [17]). Moreover (4.5) and (4.9) give the estimate
(4.10) fYwswy=(z, uy+alwll - [lu]l if [wli=s.

Observe next that if [ul|= & and ¢(1) = f*(tu), then £ is a finite continuous convex
function on [0, 1}, and hence

1
(1) = §<O)+L £(0) d,

where {’, is the right derivative of { [26, Cor. 24.2.1]. This formula says that
1 .

= O+ | s w d
and hence by (4.10),
(4.11) FA SOz wy+salul? if (ull=8.

Therefore (c) is valid.
(c)=(b). Under (c), we have (4.11) for some a >0 and 6 > 0. Let

zas® if |s|=8,
&(s)= ,
+oo  if |s]>8.
Then (4.11) can be expressed as
(4.12) W) —=f*0)—(Z, uy=&(Jul) forall ueH,
where £(|Juf)) is convex in u. Taking conjugates on both sides, we obtain

fE+v)+ RO ZE(ol) forall veH,

where
(4.13) £ = {éaq'z o=
8lri—3as® if |r|=as.
But
(4.14) fZ)+0)=(z, 0),
since 7 € af*(0). Therefore
(4.15) (D) =f(2)z&*(lz—2|) forall zeH,
and in particular
f)—f@za lz—2| it |z—-z|=as.

Thus (b) holds.
(b)=(c). The hypothesis means that for a certain a >0 and 6 >0 we have

(4.16) f(2)—f(£)z3a Yz—z| whenever |z —z||=2as.

We shall show first that this implies (4.15). Of course, since &(s) Z3as’forall s € R
we have (taking conjugates on both sides) that £*(r)<3a' r* for all re R, and
hence the inequality in (4.15) follows from the one in (4.16) if ||z — Z[| = 2a8.
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and the inequality in (4.18) becomes
1a z—z2P =z -zl - [wl.
Thus (4.18) gives us
lz—z||=2a]w|| whenever |w|=6/2 and weT(z),

and (a) is verified.

Remark 4. The proof of Proposition 7 shows that the infimum & of the
numbers a >0 such that the Lipschitz condition in Theorem 2 holds (for T = 3f)
satisfies 3 '=a=b"", where

f(z)-f(2) [“msupf*(u)"f*(o)'(i u)]"
u—0

b=liminf ————= .,
llz -zl fluell”

(Z being the unique minimizing point for f; 0~' =00 and o ' =0).

ProrosiTION 8. Suppose that H is finite-dimensional and f is polyhedral
convex (i.e. the epigraph of f is a polyhedral convex set). If f attains its minimum at a
unique point Z, then 0cintdf(Z), so that Theorem 3 is applicable to T =4f.
However, even if f does not attain its minimum at a unique point but merely is
bounded below, the proximal point algorithm with exact minimization of ¢, at each
step (and with ¢, bounded away from zero) will converge to some minimizer of fina
finite number of iterations.

Proof. The conjugate f* is also polyhedral [26, p. 173]. If Z is the unique
minimizer of f, it is the sole element of 3f*(0). Then f* is differentiable at 0[26, p.
242], hence actually affine in an open neighborhood W of 0 by polyhedral
convexity, implying Z = Vf*(w) for all we W. Thus w € af(Z) for all we W.

More generally, if f is merely a polyhedral convex function which is bounded
below, we still have f*(0) = —inf f finite and attained [26, p. 268]. By Theorem 1,
the proximal point algorithm with ¢, bounded away from zero generates from any
starting point z” a sequence {z*} such that Q,(z*) > 0. We must show that in the
case of exact minimization (g, =0 in (A")) finite convergence is still obtained.

There is no loss of generality in supposing for convenience in the rest of the
proof that min f =0, so that f*(0)=0. Let

M = 8f*(0) ={z|f(z) = min f}

0 if zeM,
h(z)=
+o0o if z&€M.

and

Then M is a polyhedral convex set, so that h is a polyhedral convex function. The
conjugate h* is then polyhedral too, and we have

h*(w)=f*(0; w) = lAl?g [F*(aw)—f*(0)]/A
[26, p. 216], since the polyhedral property of f* implies that of f*(0; -). It is clear

from the latter formula that h* coincides with f* in some open neighborhood of 0.
Moreover c; ' Q,(z"*) lies in this neighborhood for all k sufficiently large, since
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Q.(z*) > 0 and ¢, is bounded away from 0. Thus
oh*(ci' Qu(z") = of*(ck ' Qu(z*¥)) foralllarge k.
Since of* = T~ for T = 4f, we can conclude from Proposition 1(a) that
¢ Qu(z*) € (3h*) ' (Pu(z*)) = ah(P(2"))

for all k sufficiently large. This tells us that ultimately the algorithm acts on {z*}
just as if the multifunction T = df were replaced by T =oh, or equivalently if f
were replaced by h. Butin that event P (z*) is just the point of M nearestto z .

Thus, as soon as we reach the stage where ¢ Qu(z¥) liesin the neighborhood
where f* coincides with h* = f*'(0; -) we have z**' = P,(z") e M. Since M con-
sists of the fixed points of the mappings Py, the sequence {z*} is constant
thereafter.

Remark 5. In the case of Proposition 8, quadratic programming algorithms
can be employed, at least in principle, to calculate the exact minimum of ¢, at
each iteration. Then the exact form of the proximal point algorithm is reasonable,
and according to Theorem 3 it will yield the unique minimizer Z of f in a finite
number of iterations. We shall show elsewhere [31] that this result, when applied
to the dual of a linear programming problem, yields a fact proved by Polyak and
Tretyakov [20]: when the “method of multipliers” is used on a linear program-
ming problem with exact minimization of the augmented Lagrangian at each
iteration, one has convergence to an optimal solution in a finite number of
iterations.

5. Application to calculating saddle points. Let L(x, y) be a convex—concave
function on the Hilbert space H, X H, which is closed and proper in the sense of
[24], [28], and let T, be the maximal monotone operator corresponding to L, as
defined in the introduction. Then

(0,0)e T;.(x, y)&(x, y) = arg minimax L.

The proximal point algorithm for T= T, is thus capable of computing saddle
points of L, and some of the results in the preceding section have analogues for this
case.

Let us say that a function A: H, X H, - [—00, +0] is strongly convex-
concave (with modulus ) if A(x, y) is strongly convex in x and strongly concave in
y, both with modulus «.

THEOREM 5. Let T= T;. Then one has S, = Ty, in criteria (A') and (B'),
where A, is the function defined by (1.11), and A, is closed, proper and strongly
convex—concave with modulus 1/c,. Furthermore, if {z*=(x", y")} is any sequence
generated by the proximal point algorithm under the hypothesis of Theorem 1 with
criterion (A"), then (x*, y*) > (x*, y*) weakly, where (x™, y™) is a saddle point of
L and

(5.1 ’!im L(x* y*)=L(x*, y*) = minimax L.

Proof. This is mostly an easy extension of the argument for T = df in Theorem
4, but the justification of (5.1) is trickier and deserves some attention. Since
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(x™, y*) is a saddle point, we have
(5.2) LM x®)z=L(x™, y?)=L(x™, y*™) forall k.

Let w*=(v* u*) denote the element of S, (x*, yk) nearest the origin. Thus
(0%, u*) - (0,0) strongly and

(5.3) (0 = T = x5, u = (T =y ) e LT, YR,
The latter relation gives us
Lx™, y* )z LG, y )+ (=2 T o* e (T =),
LMy =L,y ) ===y u* =i (" =y ).
Combining these inequalities with (5.2), we obtain
~y =y L e =y N Z LG, y) - LTy
=(xC—x" o* = (T = xF)),

where the outer expressions converge to 0 by virtue of the limits already
mentioned and assertion (2.5) of Theorem 1.

The analogue of Proposition 6 is valid for T'= T}, but the other results in § 4
do not have obvious extensions to the minimax context. For Proposition 7, this is
seen from the example of L(x, y) = xy on R X R, which has T, (x, y) = (y, —x) and
therefore T, ' globally Lipschitz continuous with modulus 1.
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