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Abstract

In this paper, we introduce a notion of barycenter in the Wasser-
stein space which generalizes McCann’s interpolation to the case of
more than two measures. We provide existence, uniqueness, charac-
terizations and regularity of the barycenter, and relate it to the multi-
marginal optimal transport problem considered by Gangbo and Swigch
in [8]. We also consider some examples and in particular rigorously
solve the gaussian case. We finally discuss convexity of functionals in
the Wasserstein space.
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1 Introduction

In this paper, we consider a nonlinear interpolation between several probabil-
ity measures on R?. By analogy with the Euclidean case where the barycenter
of points (1, ..., x,) with barycentric coordinates (A1, .., A,) is obtained as the
minimizer of x — Y 7 | \|x — z;]?, we propose the same procedure in the
Wasserstein space by simply replacing the squared euclidean distance with
the squared 2-Wasserstein distance. The notion of barycenter as a minimizer
of an averaged squared distance is not new and has already been investi-
gated in depth by Sturm [14] in the framework of nonpositively curved metric
spaces. It turns out however that the Wasserstein space is not nonpositively
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curved as illustrated by example 7.3.3 in the book of Ambrosio, Gigli and
Savaré [1] and that much less is known on existence, uniqueness and prop-
erties of barycenters outside of the nonpositively curved case (see however
the recent article of Ohta [12] for the case of Alexandrov spaces of curva-
ture bounded from below). The properties of barycenters in the Wasserstein
space (uniqueness issues in particular) therefore deserve in our opinion to be
studied in their own right.

In the case of two probability measures, such an interpolation is already
known as the McCann’s interpolation [11] that led to the concept of displace-
ment convexity that has proved to be a very powerful tool in the theory of
gradient flows in the Wasserstein space as explained in [1]. Our interest in
interpolating between more than two probability measures by minimizing an
averaged sum of squared Wasserstein distances originated from the recent pa-
pers in mathematical economics by Carlier and Ekeland [4], and Chiappori,
McCann and Nesheim [5] who studied matching and hedonic pricing prob-
lems by means of optimal transport techniques. Interestingly, such problems
also arise in a very different applied setting in image processing for which we
refer to the recent paper of Bernot, Delon, Peyré and Rabin [2].

We will therefore study the following minimization problem
p
inf Y~ N W3 (v, v) (1.1)
i=1

where the 1;’s are probability measures with finite second moments, the \;’s
are positive weights summing to 1, and W3 denotes the squared 2-Wasserstein
distance. We will establish existence and uniqueness (provided one of the v;’s
vanishes on small sets) of the solution to (1.1), and we will naturally refer to it
as the barycenter of the measures v;’s with weights \;’s. We will also provide
characterization and regularity results, and finally discuss some examples.

In section 2, we introduce a dual problem to (1.1) from which optimality
conditions and uniqueness of the barycenter are derived in section 3. Section
4 relates the barycenter problem to the quadratic multi-marginal optimal
transport problem considered by Gangbo and Swigch in [8]. In Section 5, we
establish an L* regularity results for the barycenter. Section 6 is devoted to
some examples. Finally, section 7 discusses various convexity properties of
functionals of measures.



2 The primal problem and its dual

The space of continuous functions with at most quadratic growth,

f
1+]. ]2

Y o= (14| . ))Cy(RY) = {f e C(RY) : is bounded }

will be equipped with the norm

Iflly == sup |/ ()]

were 14 [f*

Let X be the closed subspace of Y given by

X = (1+].)Co(RY) = {f c C(RY : lim @) 0}.

We denote by M(R?) the space of bounded Radon measures on R%, as usual
identified with the dual of Cy(R?) (space of continuous functions that vanish
at infinity) and by MY (R?) the set of Radon probability measures on R?.
We shall naturally identify the dual of X with

X' ={peMRY : (1+z])pe MR}

Given two probability measures with finite second moments p and v (i.e.
poand v in X' N ML (R?), the 2-Wasserstein distance between p and v,
Wa(u, v), is defined as the value of the following Monge-Kantorovich optimal
transportation problem:

W3 (u,v) := inf {/Rded |z —y[Pdy(z,y), v € T(p, V)} (2.1)

where I1(u, v) denotes the set of transport plans between p and v i.e. the set
of probability measures on R? x R? having ;1 and v as marginals.

Given an integer p > 2, p probability measures vy, ..., 1, in X' N M (R9)
and p real numbers Ay, ..\, such that A; > 0 and > 7 ;A\, = 1, we are
interested in the following problem:

(P) inf )J@):Z%Wg(w,y). (2.2)

veX'NML (R4

In analogy with the Euclidean case, a solution of the previous problem will
be called the barycenter of the probabilities v; with weights \;.



To study existence and uniqueness of the barycenter, we introduce the
dual (this terminology will be justified later on) of (P),

(P5) sup {F(fl,...,fp)=Z/RdSAifidui :Zfizo, fieX} (2.3)

where

A
Syf(x) := inf {—|x T — f(y)}, Ve e RY fe X, \>0. (2.4)

yeRd | 2

Fori e {1,---,p}, we define
Hi(f) =~ [ Sxf(e)dvi(z).
R

Note that S\ f defined as above may take the value —oco. It is easy to check

that H; is convex and l.s.c. on Y. By definition, the Legendre-Fenchel
transform of H; is

1:0) = sup{ [ gav— )}

fex

:sup{ fdl/+/ S)\Z.fdl/i}, Vv e X'.
fex R4 R4

Since the supremum in (P}) may not be attained, we consider its "relaxed”
problem

p
(P*) sup {F(fl, ...,fp) : Zfl =0, fl S Y} .
i=1
Now, let v € X' N ML(R?), v; € I(v;,v) and (fy, ..., fp) € XP which sum to
0. Integrating the inequality

Ai
|93i —?/|2

Sy filzi) + fily) <

=

with respect to v; and summing over ¢, we have after using that > 7, f; =0,

p p
Ai
Z/ Sy, fidv; < Z 5/ |z — yPdyi(zi, y).
i=1 /R i=1 RéxR4
We then deduce that
inf(P) > sup(P*) > sup(Py). (2.5)

To prove the converse inequality, we first establish the following interme-
diate result:



Lemma 2.1. For every v € X', one has

H*(l/) = %W;(Vi’y) ZfI/GX/ﬂM}i_(Rd)
Z +00 otherwise.

Proof. We first prove that H}(v) = +oo whenever v € X"\ M! (R?). Indeed,
if v is not nonnegative, there exists f € X, f < 0 such that f]Rd fdv > 0.
Then Sy, (tf) > 0 for every ¢t > 0, and we have

H(v) >supt [ fdv = +oo.
>0 Jrd
But if v € X’ is nonnegative and v(R?Y) # 1, say v(R?) < 1, using f(z) = —t
with ¢ > 0 in H;(v), we have

H} (v) >supt< / dl/+/ dl/,) l—u(Rd)) supt = 4o0.
R Rd

t>0 t>0

We conclude that H}(v) = +o0o whenever v € X"\ M (R?).

Now let v € X’ N ML (R?). The well-known Kantorovich duality formula
(see for instance [15]) reads as:

w3 = sw{ [ gavs [ odu, 1. g€ G ) +at) < Yo -
= sup{/ fdv + S,\ifdl/i}:Hf(u). (2.6)
fexX (J/Rrd R4

This ends the proof.

We then easily deduce the following duality result:

Proposition 2.2.
inf(P) = sup(Py) = sup(P").

Proof. Thanks to lemma 2.1, we have on the one hand

P P *
inf(P) = 1§1If H =— (; HZ> (0)

i=1

Defining H as the inf-convolution of Hy,..., H.

D

H(f) = (g HZ-) ()= inf{Zfoi) - fieX, Zfizf}, vf € X,

b}



we have on the other hand
sup(Py) = —H(0).

It is a well-known fact of convex analysis (which can be checked by a straight-
forward computation) that

Then

inf(P) = —H™(0) > —H(0) = sup(Py).
Hence, using (2.5), the desired result amounts to prove that H(0) = H**(0).
And since H is convex, it is enough (see [7], propositions 3.3 and 4.1) to
show that H has a continuous affine minorant and is l.s.c. at 0 for the norm
topology of X (i.e. the topology induced by that of Y').To prove that, we
rewrite H; as

Ai

() = [ s {0 = Flo - o ana),
R4 yeRd

which yields in particular

Ai

H;(f;) = fi(0) — D) |37|2d’/i(37)
Rd
so that
P A
H(f) 2 J0) =3 5 | laPdv(a) > —oc, Vf € X

i=1
which gives a continuous affine minorant for H. Now, let f € Y be such that
4| flly < pmin{Ay,..., A\, }. Choosing f; = f/p in H(f), we have

n <Y (2) <3 [ s {Gae b -3 - panio

i—1 Y R4 yeRd

2 AN
- ;/}Rd <Z + E|:):| )dl/,-(:v)
p

S W
-5 5 | JePdnto)

Note that we have used in the above computations that f(y) < 2¢ (1 + |y|?)
and Y P | A; = 1. We thus proved that the convex function H never takes
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the value —oco and is bounded from above in a neighbourhood of 0 in Y.
By a standard convex analysis result (see [7], proposition 2.5), it is therefore
continuous at 0. Hence, H(0) = H**(0) and the result follows.

U

The next proposition gives existence of an optimizer to the primal problem
(P) and its dual (P*).

Proposition 2.3. Both problems (P) and (P*) have solutions.

Proof. Let v™ be a minimizing sequence of (P). It is easy (for instance,
by using (2.6)) to check that [, |z|*dv"(x) is bounded; hence " is tight.
It then follows from Prokhorov’s Theorem (see [6]) that a (non relabeled)
subsequence converges narrowly to some v € M}F(Rd), and it is easy to check
that v € X’. Using (2.6), we then immediately get J(v) < liminf J(v") =
inf(P), which shows that (P) has a minimizer.

Proving the existence of a solution to (P*) requires some preliminaries.
First we show that in (P*), one can choose the f; such that (Sy, o S),) fi = f;
forall i = 1,---,p — 1. Indeed, if (fi,..., f) is admissible for (P*), then
setting ¢; := S\, fi, hi 1= S),¢; for all i, it is easy to check that f; < h;,
h; € X and S, f; = Sxhi. Now, define (fy, ..., fy_1) := (hq,...,hy—1) and

fpi= =SV fi. Since f; < fifori=1,.,p—1,then f, < =S fi=f,
. Fori =1,...,p— 1, we then have Sy, f; = S\, fi, and since S, is order-

reversing, then Sy f, > Sy f, which shows that F(fi, ..., f,) > F(f1, .., f)-
This proves that in (P*), one may assume that f; = S),¢; with g; = S, f; for
t=1,...,p— 1. The relation f; = S),¢; can equivalently be written as

Ai Ai
2 = o) = sup { Ny = el + )}

2 zeRd

which implies that )‘7 2 _ f;is convex for i = 1,...,p— 1. Finally, we remark
that, since the functional F' and the constraint of (P*) are invariant, when
one adds constants that sum to 0 to the f;’s, there is no loss of generality in
assuming f;(0) = 0 for all 1.

Now let f" := (f',.., ;) be a maximizing sequence for (P*) which, as
explained before, can be chosen such that f"(0) = 0 and f/* = Sy,¢/ for
i =1,..,p—1with ¢ := S),f] for i = 1,...,p. In particular, %H2 — flris
convex for i = 1,...,p — 1 and every n. Using the fact that f/*(0) = 0 and
g := Sy, f' we then have

|z|?. (2.7)



Since f™ is a maximizing sequence for (P*), there exists a constant C such
that

p
> / gMx)dvi(z) > C, Vn. (2.8)
=1 YR?
Then (2.7) and (2.8) imply that for all j =1,--- ,p,

/R Gy > G- / g7 (@) v

i#]

> Oy — Z |:L'|2dl/, (2). (2.9)

i#]

And since the v; have finite second moments, we deduce from (2.7) and
(2.9) that the integrals [, gZ x)dv;(x) are bounded. Now integrating the
inequality f"(y ) < \ilz — y|*/2 — g*(x) with respect to v;(z) and using the
bound on fRd g (x)dv;(z), we see that there exists a constant Cy such that

fiy) < Co(1+ |yl?), Vi, Vn, Vy € R™. (2.10)

Applying the above inequality to f)' and recalling that f}' = — Zfz_ll
also have

Zf" ) > —Co(1 + |y|?), Vn, Vy € RY

Then we deduce by using again (2.10) that

) = =Co(L+ yl?) = Y f1(y) = —pCa(1 + [yl?), Vi, Vn, Yy € RY.
J#i

The subsequent inequality combined with (2.10) show that f/* is bounded
in Y for every ¢. Since % |* — f is convex for every n and i = 1,...,p — 1,
passing to a subsequence if necessary, we may assume that f" converges
uniformly on compact subsets to some f = (fi,...f,) with each f; € Y
(indeed, if a sequence of convex functions is bounded on the ball Bs, of
center 0 and radius r then it is equi-Lipschitz on the ball B, and one can
therefore invoke Ascoli-Arzela’s theorem together with a diagonal extraction
argument). Finally, the fact that f solves (P*) follows from Fatou’s Lemma,

the positivity of 2 2L[.|> — g and the inequality
Ai
limsup ¢'(z) < inf {lim sup <—|:L' — y|2 - fzn(y)>}
n yeRd n 2
by 9
= mf §|ZE—CU| — fily) ¢ = Sy fi(x).

yeR




3 Characterization of barycenters
With the results of the previous section at hand, namely,
min(P) = max(P"),

our aim now is to further exploit this duality to characterize the barycenters
i.e. the solution of (P).

Let (fi,..., f,) be a solution of (P*). It follows from the previous duality
relation that there exists v € X’ N MY (R?) solution of (P*) such that

p P » )
N o B -
ZZ:; 5W2 (vi,v) = ;/Rd S, fidv; = ;/}Rd S, fidv; + ;/Rd fidv. (3.1)

And since \;W3 (v4,v)/2 > [ga Sx, fidvi+ [ga fidv because of (2.6), then (3.1)
is equivalent to

Ai

5W22(Vi,V) = [ S\ fidv; +/ fidv, Vi€ {1,....p}. (32)
R R

Now, let ; € II(v;,v) be an optimal transportation plan between v; and v
(ie. v € U(vi,v) and W3 (vi,v) = [pu,ga|Z — y|*dvi(x,y)). We deduce from
(3.2) and ~; € II(v;, v) that

A A
_W22(Via’/) = _/ |z — y|2d%~(x,y) = / S, fidv; + fidv
Réx R4 R4 R4

2 2
— [ (Suh@ + £)duten)
Rex R4
But since by definition of Sy, fi(z), 3|z — y|* > S, fi(z) + f;(y), we get:

Sl =3l = S5 5i@) + ily), yene (33

We have already noticed that S, (S,\i f2> > fi. So (3.3) implies that for
Ad

f}/i_a‘e‘(']:?y)v one has fl(y) = 3T — y‘2 - S)\Zf(flf) > SAi (S)\zfl> (y)7 so that
fi =S, <S,\Z.fi) v-a.e.. Therefore using the constraint > > f; = 0 of (P*),

we have ) ,
3 S, (SM fi) >0, )5, (SM f,-) —0 vae (3.4)
i=1 1=1




Now, we consider the convex function ¢; defined by

Ai| 9
Aigi(x) = fal” = S fil2), (3.5)

and we denote by d¢; the graph of its subdifferential, i.e.

0¢; == {(z,y) €ER X R": ¢;(z) + ¢} (y) =2 -y},

where ¢ denotes the conjugate of ¢, i.e.

* . )\1 2
A (y) = 5 lyl™ = S (Sxifz> (y)-
Combining (3.3) and (3.4), we have that the support of +; is included in d¢;,

and

Z Xidi (y) < %‘ Vy € RY, with equality v-a.e. (3.6)

Moreover, it is easy to check that ¢; solves

inf{ » o(z)dv;(z) + » ¢*(y)dv(y) : ¢ convex Ls.c. } . (3.7)

The previous conditions are of course very related to classical results from
optimal transportation theory. To be more precise, let us first recall some
definitions.

Definition 3.1. Let € X'N M (R?) and o be a Borel map R* — R®. The
push-forward of p through o is the measure denoted ofu defined by

F()d (o) / F(o(2))du(z),Vf € Cy(RA.
Rd

Definition 3.2. A probability measure i € X' N ML (R?) is said to vanish
on small sets if and only if u(A) = 0 for every Borel set A of R, having
Hausdorff dimension less than or equal to d — 1.

Let us now recall the following classical results from optimal transporta-
tion theory which initially are due to Brenier and later generalized by Mc-
Cann (see [3], [10] or [15]):

Proposition 3.3. Let p and v be in X' N ML (R?), and v € I1(p,v). Then ~
is an optimal transportation plan between p and v if and only if the support
of v is included in ¢ for some convex l.s.c. function ¢; in this case ¢ solves

mf{ 5 o(z)du(x) + /R ) ¢o*(y)dv(y) : ¢ convex L.s.c. } (3.8)
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If in addition p vanishes on small sets, then there is a unique optimal trans-
portation plan vy which is of the form v = (id, V@)iu with ¢ convex. Unique-
ness also holds in the sense that if Vi = Vot = v and ¢ is convex, then
Vi = V¢ p-almost everywhere.

Definition 3.4. Let y and v be in X’ N ML(R?) such that u vanishes on
small sets. Then the Brenier map transporting p to v is the unique (up to
p-a.e. equivalence) map of the form V¢ with ¢ convex such that v = Voiu.

Note that although Brenier’'s map V¢ is uniquely defined p-a.e., the po-
tential ¢ is not (for instance, it is easy to build counter-examples if the
support of p is disconnected).

Thanks to the duality between (P) and (P*) and the extremality relations
between these variational problems, we then deduce the following uniqueness
result and characterization of the barycenter:

Proposition 3.5. Assume that there is an index i € {1,...p} such that v;
vanishes on small sets. Then (P) admits a unique solution v which is given
by v = Vv, where ¢; is the convex potential defined by (5.5).

Proof. Let v solve (P), let (¢;);=1,., be the convex potentials defined by
(3.5) (these potentials do not depend on v but only on a solution to the dual
problem (P*)) and let v; € II(v;, ) be an optimal transport plan between v;
and v. Thanks to (3.3)-(3.4), we know that the support of ~; is included in
the graph of J¢;. Since v; vanishes on small sets, ¢; is differentiable v;-almost
everywhere so that v; = (id, V¢;)tr; which implies that v = V¢,fr; and this
determines v uniquely.

U

This enables us to define unambiguously barycenters as follows:

Definition 3.6. Given (v1,...,1,) in X' N ML (R?) one of which vanishes on
small sets, and given positive reals (A1, ..., \p) that sum to 1, the barycenter
of (1, ..., vp) with weights (A1, ..., \,) is the unique solution of (P). It will be
denoted by (bar(v;, \;)i=1,..p)-

Remark 3.7. If all the v;’s vanish on small sets, defining ¢; by (3.5) (with
(f1,..., fp) an arbitrary solution of (P*)) we see that v = V¢,fy; for every i.
The condition that V¢;fiv; does not depend on i then appears as an optimality
condition for (P*).

The following proposition further characterizes the barycenter.

Proposition 3.8. Assume that v; vanishes on small sets for everyi =1, ..,p,
and let v € X' N M}r(Rd). Then the following conditions are equivalent:

11



1. v solves (P).
2. v =Nolly; for every i, where ¢; is defined by (3.5).

3. There exist convex potentials 1; such that V1; is Brenier’s map trans-
porting v; to v, and a constant C' such that

P 9
Z Ni(y) < C \y\ . Vy € RY, with equality v-a.e. (3.9)

Proof. The equivalence between 1. and 2. follows from proposition 3.5. Next
we prove that 1. is equivalent to 3. Indeed, if 1. holds, then it is enough
to take 1; = ¢; where ¢; is defined by (3.5); then (3.9) directly follows from
(3.6). Finally, if 3. is satisfied (with C' = 0, say), then (3.9) together with
the Kantorovich duality formula gives

i%wﬂm, ZA/ (@— (@) ) dvi(x).

Now let p € X' N ML (R?). Using the inequality z -y < ¢;(x) + 7 (y), i.e

|z

A
2

2 Ai
M)+ M 3 ) < N -y

we have after integration

(Ev)ant o x [ ()i

Summing these inequalities over i, and using (3.9), we get
p )\z 2 2 p
i=1
| @ _ 2
- ; & /Rd ( Vil ) Z S Wi

which proves that v solves (P). 0O

Ai
§W22(Vz'>,u) 2 )\z'/

R

Remark 3.9. If v and the potentials ); satisfy the third statement of the
previous proposition, then the support of v-almost every point is included
in the contact set where the convex function ¢ := ) ., A\jt); agrees with its

quadratic majorant C' + g Since these two functions are continuous, this

12



implies that the support of v, Supp(v) is actually included in this contact
set. Now let us remark that at such a contact point x, we have

Do N0U (@) = {3 N i € DWi(2)} € Opla) € {a}

so that each potential ) is differentiable at . The potentials ¢} are therefore
differentiable on Supp(r) and satisfy on this set the relation

p
D> VY =id. (3.10)
=1

We also remark that if (3.10) holds everywhere for Brenier’s maps V; trans-
porting v; to v, then v is optimal for (P).

4 Multi-marginal formulation

Our aim in this section is to prove that (P) is equivalent to a linear program-
ming problem of multi-marginal optimal transportation type similar to the
one solved by Gangbo and Swiech in [8].

For every = := (1, ...,1,) € (RY)P, we define

T(z):= Z i (4.1)

Of course the Euclidean barycenter T'(x) is characterized by the property

p p
; | ()] yeRd{; |z =y } (4.2)

Let us now introduce the multi-marginal optimal transportation problem

inf {/(Rd),, (zp; %\x ~T@)P)dy(ar. ). 7 € Mo, o yp)} (4.3)

1=

where II(vy, ..., 1) is the set of probability measures on (R%)? having vy, ..., v,
as marginals. Developing the squares in (4.3), it is easy to see that (4.3) is
equivalent to

(Q) sup {/(Rd)p ( Z N\ T; - xJ-)dv(xl, xp), v € (v, ., Vp)} . (4.4)

1<i<j<p
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The previous multi-marginal problem (Q) has been solved by Gangbo and
Swigch in [8]. As usual, a key tool is the dual problem

(Q") inf{i/ g;dv;, igi (x;) Z Nidjzi -z, Yo € (RY)P }
Rd

i=1 i=1 1<Z<]<p
(4.5)

As the classical optimal transportation problem with quadratic cost is solved
by Brenier, (Q) and (Q*) have a very special structure that we next discuss
heuristically. Firstly, in (Q*), one can restrict to potentials that satisfy

1
glw) = sup {5 D Adwioay =D ay(ay)} (4.6)
(@5)52 1<k#j<p J#

which, in particular, implies the convexity of the potentials g;’s. Secondly,
the duality relation between (Q) and (Q*) expresses that, v solves (Q) and
(91, .., gp) solves (Q*) if and only if

Zgz x;) = Z NNz - T5, y-a.e.. (4.7)

1<z;£]<p

Finally, if, in addition the potentials g;’s are differentiable y-a.e.; then one
can deduce from (4.6) and (4.7) that for y-a.e. x = (21, ..., z4), one has

Vgilw:i) =\ Y A\
J#i

which can be rewritten as
V(31 P+ L)) Zm— (3P + L)

or in a more explicit way

7 = v(% P+ i—) ov(% P+ %)(zl).

This (formally) yields that the optimal v is in fact supported by the graph
of a map of the form z; — (z1, Vus(Vuy(21)), ..., Vuy(Vuy(z1))) for some
potentials u; such that u;— ;| . |*/2 is convex. The previous discussion being
informal, we refer to the paper of Gangbo and Swi@ch [8] for the details. Here,
we simply summarize their main results as follows:

14



Theorem 4.1. Assume that v; vanishes on small sets for i = 1,..,p. Then
(Q) admits a unique solution v € Il(vy,...,15,). Moreover, v is of the form
v = (T}, ... Tt with T} = Vu; o Vuy fori = 1,...,p where the u;’s are
strictly convex potentials defined by

>\i 7
ui(z) = Saf + gf), Yz € R (4.8)

and (g1, ..., gp) are convex potentials that solve (QF).

In the sequel, we will refer to the maps T} of the previous theorem as

the Gangbo—Swi@ch maps between v; and v;. Note that the Gangbo—Swi@ch
maps a priori depend on the whole collections of the v;’s and the weights \;’s.
These maps are transport maps in the sense that T, = v;. Of course, by
permuting the indices, one can similarly define the Gangbo-éwi@ch maps
T/ := Vu o Vu; between a reference measure v; and v;.

The next result gives the precise relationship between our initial barycen-
ter problem (P) and the multi-marginals problem (Q).

Proposition 4.2. Assume that v; vanishes on small sets for i = 1,..,p.
Then the solution of (P) is given by v = Ty, where T is defined by (4.1)
and vy 1is the solution of (Q).

Proof. For every i € {1, ..., p} denote by m; the i-th canonical projection from
(RYP to R? (i.e. m;(w) = z;) and define ~; := (m;, T)fy. By construction,
vi € (v, v). Then

W2 v) < / 2, — T(2)Pdry (@),
@)y

and thus,

i %WE(V@F v) < /(Rd)p (i %m - T(x)\2)d7(:c). (4.9)

i=1

Now let u € X' N ML(RY) and n; € (v, pu) for i = 1,...,p. By the disin-
tegration theorem (see [6]), we can write 17; = 1/ ® u for a Borel family of
(conditional) probability measures (7;),cge Which precisely means that

[ sina) = [ ([ fdn@)du). vf e Comixre)
R4 x R4 R4 R4
Now, let us define n € M? ((R4)P*1) by

[ fenaten = [ ([ st
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for every test-function f € C,((R?)P*). Let § € M ((R?)P) be the canonical
projection of 7 on (RY)? i.e.

flaas) = | o, F@dnl@)dif(z,) )duty), ¥F € CR)

(Rd)P

By construction, 6 € II(vy,...,1,). Using (4.2) and the fact that v solves
(4.3), we then obtain

p )\ ) p )\ )
iZ:; 2 /]RdX]Rd |x y‘ " (I y> /(Rd)p+1 Z D) |LE y‘ 77($ y)

1=1
p
Ai

- /(Rd)p <i %|1’z B T(:L’)|2> d@({l?)

> /() @g —T(@)P)dr(a).

Since in the previous inequality, the 7;’s are arbitrary transport plans between
v; and u, we conclude with (4.9).
O

Combining Theorem 4.1 and Proposition 4.2, we see that the barycenter
of the (v;, \;)’s is also characterized by

v = (i >\Z-T,-1>ﬁu1 - (i Aﬂ’g)ﬁyj (4.10)

where the Tij are the Gangbo—SWi@Ch maps between v; and v; which are given
by Tij = Vu; o Vu;, where the u;’s are strictly convex potentials defined by
(4.8). As an immediate consequence, we deduce that the support of the
barycenter bar((v;, \;);) is included in Y7, A\;Supp(;). Let us also remark
that the center of mass of bar((v;, \);) is D b_; Ai [ga xdvi(x).

5 Regularity of the barycenter

The relation between the barycenter and the Gangbo-Swiech maps easily
enables us to obtain a regularity result on the barycenter.
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Theorem 5.1. Let (11, ...,v,) in X' N ML(RY) vanish on small sets and let
(A1, .oy Ap) be positive reals that sum to 1. Also, assume that vy € L™ (i.e. is
absolutely continuous and has a bounded density with respect to the Lebesque
measure) and define U := bar((v;, \;)). Then 7 € L™ and more precisely:

_ 1
Pl < glivallr. (5.1)
1
Proof. By proposition 4.2, 7 = THv; where

p p
T=> A\VuoVu =\id+ Y AVuj o Vi

i=1 1=2

and the potentials u; are defined as in the previous section, in particular each
u; is strictly convex and more precisely u; — %H2 is convex so that one has
in the sense of distributions

D?u; > \;id, (5.2)

(given two symmetric matrices A and B, the notation A > B means, as
usual, that A — B is semi-definite positive). Since u; — 2].|? is convex, u? is
C*' and for every p and ¢ in R?, since p € u;(Vui(p)) and q € du;(Vui(q)),
we have
(Vi (p)) = Vi (@) - (0 — a) > | Vi (p) — Vi (o)
which shows that Vu} is A, !_Lipschitz, so that v} € C™!', and
2, % 1 :
D7u; < —id. (5.3)
Ai

For ¢ > 0, we regularize u; as follows:

g .__ 3
Uy = pe * U]

where p. :=c74p(./e), p € C=, p >0, [p =1 and Supp(p) C By, and we
define v{ as the usual Moreau-Yosida regularization by infimal-convolution:

€. * E 2>*
e (u1+2\.| .

By construction, uj is smooth and strictly convex, and by the same arguments
as above, we precisely have

. . 1 1. . A .
eid < D2(u1) < <)\_1 —i—é‘) id, e Lid > D2u1 > <1+1>\1€) id . (5.4)
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Moreover, it is classical to check that Vu§ converges to Vu; in Li,.. We can
now define the Lipschitz map

p
T =\ id+ Z AiVu; o Vuj

1=2

and the image measure 7° := T #v1. We first claim that T  is injective.
Indeed, if 0 = T" (z) =T  (y), taking the scalar product with Vus(z) — Vus (y)
and using the monotonicity of Vu}, we get

0= Mz —1) - (Vi () — Vi)

£ M(Vui (Vui(e) - Vui (Vui() - (Vui () - Vui(y)

=2
2
1

which proves that = y. The same argument applies to show that 7" is also
injective when restricted to the set of points where u; is differentiable.

Since Vuj is a smooth diffeomorphism with Jacobian bounded away from
zero, and since the maps Vu] are Lipschitz, the singular set S of points x such
that Y7, \;Vu; fails to be differentiable at Vuj(z) is Lebesgue negligible.
For x ¢ S, by the usual chain rule, we have

p
DT (x) = Aid+ Y _ N D% (Vs (2)) D5 (x)

1=2

which we rewrite as \; id +AB where both matrices A := D?u}(Vu$(z)) and
B := D%u5(z) are symmetric and positive definite. Now, we claim that this
implies

det DT (z) = det(\ id +AB) > X, (5.5)

Indeed, if z € R? and p € R, we have ABz = uz if and only if
(BY2ABY?)BY?z = uB'Y?2. So AB has a basis of eigenvectors (because
B2 AB'/? has one and B'/? is invertible) and all its eigenvalues are positive
since they are eigenvalues of the definite positive matrix BY/?2ABY?. Hence
A1id +AB has a basis of eigenvectors and all its eigenvalues are larger than
A1, which proves (5.5). By standard results (see for instance lemma 5.5.3 in
[1]), we obtain that 7* € L* and

_ 1
17 l[ze < sgllvallze.
1
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We easily deduce (5.1) by remarking that for some sequence &, converging
to 0, V., converges narrowly to 7 because T’ o converges a.e. to T'.
O

Remark 5.2. In the previous L™ estimate, it is actually not necessary to
require that all the measures 1v; vanish on small sets; this assumption just
allowed us to use results of [8]. Indeed, if we simply assume that vy € L™
vanishes on small sets, it follows from proposition 3.5 that 7 = bar(y;, \;);
is uniquely defined. Moreover it is easy to check that if we approximate
(V4)iza..p by measures that vanish on small sets, the barycenter of the ap-
proximations converges narrowly to 7. We thus recover the estimate (5.1) by
approximation.

6 Examples

6.1 The case d =1

In the unidimensional space case, d = 1, the description of the barycenter is
quite simple and this is (roughly speaking) due to the fact that gradient of
convex functions are simply nondrecreasing functions, and this property is
stable by composition. Let vy, ..., v, be nonatomic probability measures on
the real line that have finite second moments, and let A4, ..., A, be positive
reals that sum to 1. From formula (4.10), the barycenter 7 := bar(v;, A;); is

given by
- A
U= ( ;:1 AT )jjl/l

where T}! is the Gangbo-Swiech map between 14 and v;. Therefore, T}! is a
nondecreasing map that pushes v; forward to ;. There is only one such map,
and that is of course the Brenier map which is given by the usual rearrange-
ment or quantile-like formula T}! := F; ' o F|, where F} is the cumulative
function of F; i.e. Fj(a) = v;((—o0,a]), and F; ' denotes the generalized
inverse of Fj,

F7Ht) = inf{a : Fj(a) >t}

7

Therefore, bar(v;, A;); is simply obtained as the image of v, by the linearly
interpolated transport map Y, ;7. Of course, one also has

V= (Z)\iﬂj>jjl/j
i=1
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where T/ is Brenier’s map between v; and v;. The fact that the resulting
measure does not depend on j is very specific to the unidimensional case and
does not hold in general in higher dimensions.

6.2 The case p =2

In the case of two measures 1y and vy (regular enough), and ¢ € (0,1), it is
reasonable to expect that the barycenter of (v, (1—t)) and (v, t) is McCann’s
interpolant [11]

v = ((1 = t)id + tVo)tvy = (td + (1 — t) V™)t

where V¢ is Brenier’'s map between 1 and v4. This is indeed an easy conse-
quence of the triangle inequality but we would like to take advantage of this
simple case to illustrate the duality characterization of proposition 3.8. To
show that v, satisfies the optimality condition of proposition 3.8 it is enough
to prove that

(1= 0)fitta =P +C 6.1)

where C' is constant, and V f; and Vg, are respectively Brenier’s maps be-
tween 1, and v, and v; and vy, i.e.,

_ (1 — t) 2 * _ t 2 * *
fi= (51 +10) o= (1P + (1 -097)
To prove the identity (6.1) (with C' = 0 in fact), we first write

2
, x
o) = it {1 - 0Ly ()
z€R4 2
which, thanks to the Fenchel-Rockafellar duality theorem, can be rewritten

as
1

—filp) = S;lﬂgi{—tsﬁ*(—Z/t) BT Ip+z*}.
Therefore
~(1= Oflp) = sup{=t(1 = 6" (s) = 5lp — ol*}
= 3P+ tsup {py — (Gl + (1= 0 (0)

y€ERd
1 2
= —§\p| + tg:(p).

We thus conclude that the set of barycenters of vy and v, is nothing but the
geodesic curve t € [0, 1] — v, given by McCann’s interpolation [11].
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6.3 The gaussian case

Let us now consider the case where for i = 1,...,p, v; = N(0,5;) i.e. 1
is a gaussian measure with mean 0 and covariance matrix S;. We assume
that each S; is positive definite and, given weights \; > 0 that sum to 1,
we consider again the barycenter problem (2.2). This gaussian case was
already considered by Knott and Smith [9] who suggested an almost explicit
construction for the barycenter (which turns out to be gaussian as well).
But the existence and uniqueness of the barycenter was not proved in their
paper. The following theorem addresses these issues and also gives an explicit
construction of the barycenter in this case.

Theorem 6.1. In the gaussian framework of this paragraph, there is a unique
solution U to (2.2). Moreover, v = N(0,S) where S is the unique positive
definite root of the matriz equation

P 1/2
3 Ai<51/25i51/2> —S. (6.2)

i=1

Proof. Step 1: existence of a solution to (6.2). Let «; and (3; denote re-
spectively the smallest and largest eigenvalue of S;, and a and (§ be such

that » »
52 (YAVE) =Y (wa) za
=1 =1

Let K, g be the (convex and compact) set of symmetric matrices S such that
Bl >S>al. For S € K, g, define

P 1/2
F(S):=Y >\Z-<Sl/2SZ-Sl/2> .

i=1

It is easy to see that

p p
BI > N/BBI > F(S) > Avawl > al, VS € Kqp.

i=1 =1
Then F is a self-map of K, 3. It is also continuous on K, g. The existence of
a solution to (6.2) in K, g then directly follows from Brouwer’s fixed-point
theorem.

Step 2: sufficiency. Set v := N(0,S) where S is a positive definite

solution of (6.2). The optimal transport between 7 and v; is then the linear
map

(2

T, = S/ (5.1/235.1/2) Y]
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Let us now prove that > 7 | \;7; = I that we already know, from proposition
3.8, to be a sufficient condition for 7 to solve (2.2). Set K; = e

/7 and
K =357 Using the identity

(RK?R)? = KK(K.K K;)Y*K.K

we may rewrite F'(S) = S as
= —2 — =2
Y NKE(KEK K) '"KGK =K
i=1
and since K is invertible, this yields

zp: NEGKGKCK) 2K, = zp: AT =1

i=1 =1

which proves that 7 is optimal.

Step 3: We already know that (2.2) admits a unique solution and from
the previous step, we have for any positive definite solution S of (6.2), N'(0, S)
solves (2.2). This proves that (6.2) has a unique positive definite solution.

U

The crucial role played by the nonlinear matrix equation (6.2) and the
sufficiency step in the proof above is due to Knott and Smith [9]. But the
authors left open the existence and uniqueness issues for (6.2); indeed the
fact that barycenters of gaussians are also gaussians was not proved in their
paper. Let us point out here that Riischendorf and Uckelman proved in
[13] existence of a solution to (6.2) by a completely different argument than
Brouwer’s fixed point, but they did not study its uniqueness.

7 Convex functionals

Here we extend the notion of displacement convexity introduced by McCann
[11] for two probability measures, to any finite number of probability mea-
sures. For simplicity, we assume from now on that all probability measures
are absolutely continuous with respect to the Lebesgue measure. Also, the
space X' N ML (R?) will be equipped with the Wasserstein metric (2.1); it
will then be called the Wasserstein space.

Definition 7.1. A functional F : X' N ML(R?) — R is said to be convex
along barycenters in the Wasserstein space X' N Mfr(Rd), if given any p >
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2 probability measures v1,--- v, in X' N ML(RY) and any p positive real
numbers A1, -+, \, that sum to 1, we have

F (bar(vi, A)it... p) < Z NF (1), (7.1)

where bar(v;, A;)i=1,... , denotes the barycenter of the probability measures v;
with the weights A;.

To compare the convexity along barycenters with McCann’s displacement
convexity, let us first recall the definition of displacement convexity as intro-
duced in [11].

Definition 7.2. A functional F : X' N ML(RY) — R is said to be dis-
placement convex in the Wasserstein space X' N ML(R?), if given any two
probability measures vy and vy in X' N ML (R?), the function [0,1] > t —
F () € R is convex; here vy is McCann’s interpolant between vy and vy given
by vy = ((1 — t)id + tT') fvo, where T = V¢ is Brenier’s map transporting v
to V.

The following proposition shows that the convexity along barycenters
generalizes McCann’s displacement convexity.

Proposition 7.3. If a functional F : X' N ML(R?) — R is convez along
barycenters, then it is displacement convex.

Proof. Let vy, 11 € X'NML (R?) and ¢ € [0, 1]. From section 6.2, we have that
the barycenter of vy and 14 with weights A\g = 1 —t and A\; = ¢ respectively, is
McCann’s interpolant v;. Then if F is convex along barycenters, then (7.1)
implies that

Fn) < (1 —t)F(w) +tF(n),

which proves the displacement convexity of F.
O

Contrarily to the Euclidean case, definitions 7.1 and 7.2 may not be equiv-
alent, except in dimension d = 1 (see proposition below). But they are re-
lated to a third notion of convexity, that is the convexity along generalized
geodesics joining any two probability measures v and v, with base a proba-
bility measure v (see [1]). In fact, the convexity along generalized geodesics
is the strongest among these three notions of convexity, while McCann’s
displacement convexity is the weakest. Before justifying this statement, let
us first recall the definition of generalized geodesics and its corresponding
convexity, as presented in [1].
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Definition 7.4. Let vy, vy, v € X’ﬁMi(Rd). Denote by T; = V¢; Brenier’s
map transporting v to v; for i = 1,2. Then the generalized geodesic joining
vy and vo with base v is the interpolated curve

v, ) = (1 —t)Th +tTy) v, te[0,1]. (7.2)

Moreover, a functional F : X' 0 ML (R?) — R is said to be convezr along

generalized geodesics, if given any three probability measures vy, vs, v € X' N
ML (RY), we have

F ([, ) < (1 =) F () + 1F (1), (7.3)
where [v1, 5]} is defined as above.

The definition of convexity along generalized geodesics could as well be
given with any finite number of probability measures. Indeed, we have:

Proposition 7.5. A functional F : X' N ML(R?) — R is conver along
generalized geodesics if and only if, given any p > 2 probability measures
vi, 1 € XN ML(RY), any p positive real numbers Ay, -+, \, that sum
to 1, and a reference measure v € X' N ML (R?), we have

a (M, - ,,,p];i) < i NF (vy) (7.4)

where
p
1, )y, = (Z )\iVCI)Z) % (7.5)
i=1

and V®; is Brenier’s map transporting v to v;.

Proof. The proof is done by induction on the number p of probability mea-
sures. We start with three measures vy, 5,175 in X' N Mi(]Rd) with respec-
tive weights Aj, Az, A3 such that 32 A; = 1. We have that 32> \,V®; =
)\12V®12 + )\3V®3, where )\12 = )\1 + )\2, and @12 = )?\_52@1 + ;\—122<I>2 is convex.
Since Ao + A3 = 1 = (A1 /A12) + (A2/A12), then using (7.5) and (7.3), we have
f([V1>V2,V3]Ki) = F((A2VPip + A3V P3) fiv)

)\12f (vq)lgﬂl/) —|— )\3f (V(I)gﬂl/)

A1

)\12 <—f(vq)1jjl/) + ﬁf(vq)gﬂl/)) + )\3f (V@gﬂl])
>\12 )\12

IN

IN

3

S ONF (Vitv) =Y NF ().

i=1 =1

(7.4) then readily follows by an induction argument on p.
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The next proposition shows that convexity along barycenters is interme-
diate to the other two notions of convexity.

Proposition 7.6. If F : X' N ML(R?) — R is convex along generalized
geodesics, then it is convex along barycenters (and therefore displacement
convez because of proposition 7.3).

Moreover if d = 1, then displacement convexity implies convexity along gen-
eralized geodesics; hence in this case, these three notions of convexity are
equivalent.

Proof. Let vy, v, € X'N ML (R?), and consider the barycenter
bar(v;, A;)iz1,... , of these measures with respective weights Ay, -- -, A,. From
the multi-marginal characterization (4.10) of barycenters, we have

p p
bar(v;, Ai)iz1,... p = <Z AiVu; o Vu1> v = <Z )\iVuf) 1
i=1

1=1

where 7 := Vuifv,, the u; are strictly convex on R?, and the TZ-1 = VuoVu,
satisfy Ty = v;. So if F is convex along generalized geodesics, then using
(7.4) and (7.5), we conclude that

F((bar(vi, A)iztmp) < 3 NF (Vuitin) = NF (TH) =Y NF (),
i=1 =1

1=1

that is the convexity of F along barycenters.

Next assume that d = 1, and consider v,vg,14 € X' N ML(R). Then
Brenier’s map transporting v to v; is @, where ®; is nondecreasing for i =
0,1. So T = &} o(®))~" is nondecreasing and Ty = 11, so that T is Brenier’s
map transporting vy to v;. Therefore, the generalized geodesic joining vy and
v, with base v coincides with McCann’s geodesic, since

[vo, 1]y = [(1 = )@ + t@1] 8 ((95) ') = [(1 — t)id + 1] £
Hence if F is displacement convex, we have

F (o, ml) = F(1 —t)id +tT]fwo)
< (1 —=t)F(r) + tF (Ttwo)
= (1 -t)F (Dpftv) +tF (Pitv),

which shows that F is convex along generalized geodesics.
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We end this section by remarking that the three basic examples of func-
tionals, i.e. the internal energy, the potential energy and the interaction
energy, are convex along barycenters, since they are all convex along gener-
alized geodesics in X’ N MY (R?) as shown by Ambrosio, Gigli and Savaré
n [1], propositions 9.3.2, 9.3.5 and 9.3.9. In the next statement, we identify
the absolutely continuous probability measures belonging to X’ with their
density functions that we denote by p.

Proposition 7.7. Let F : [0,00) — R be continuous on [0,00), and V,W :
R? — R be continuous on RY, with W being an even function.

1. If F(0) = 0 and (0,00) > t tdF(t_d) is conveaz and nonincreas-
ing, then the internal energy E(p fRd ) dx is convex along
generalized geodesics in X' N /\/l1 (Rd)

2. If V is convex, then the potential energy E(p fRd x) dx is
convex along generalized geodesics in X' N /\/l1 (Rd)

3. If W 1is convex, then the interaction energy

B =5 [, Wen@p e =5 [ [ W= ppwip(y) dedy

is convex along generalized geodesics in X' N ML (R?).

Therefore, all these functionals are convexr along barycenters in the Wasser-
stein space X' N ML (R?).
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