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A VARIATIONAL MODEL FOR URBAN PLANNING WITH TRAFFIC
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Abstract. We propose a variational model to describe the optimal distributions of residents and
services in an urban area. The functional to be minimized involves an overall transportation cost
taking into account congestion effects and two aditional terms which penalize concentration of residents
and dispersion of services. We study regularity properties of the minimizers and treat in details some
examples.
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1. INTRODUCTION

Mathematical models for optimal urban planning may raise challenging questions both from the theoret-
ical and applied point of view. Such models may be traced back to the work of Beckmann [2] who, in the
early 50’s, introduced the so-called continuous transportation model in urban economics, leading to a minimal
flow like problem. Roughly speaking, the minimal flow problem consists in finding a vector-field with prescribed
divergence with minimal L' norm. For such problems, one of course has to properly define generalized (i.e.
vector-valued measures) solutions, and this can be achieved by using the recent developments in the L' opti-
mal transportation theory in particular the notion of transport density (see de Pascale and Pratelli [7]). More
generally, thanks to recent advances in optimal transportation theory, new variational models in optimal urban
planning have emerged: for instance Buttazzo and Stepanov [6] studied the design of an optimal transportation
network in a city with given densities of populations and workplaces. In [5], Buttazzo and the second author
proposed a model to describe the optimal distributions of residents and services in a prescribed area by mini-
mizing a cost functional taking into account the transportation costs (according to a Monge-Kantorovich type
criterion) and two additional terms which penalize concentration of residents and dispersion of services.

Asin [5], given a urban area © (a subset of R? in the applications), we look for the distribution of residents (or
consumption), denoted by p, and the distribution of services (or production), denoted by v, so as to minimize a
cost involving three terms: an overall transportation term for moving customers to services, a term penalizing
dispersion of services and a term penalizing concentration of residents. We mainly depart from the framewok
of Buttazzo and Santambrogio in our choice of the first two terms. In [5], the transportation cost term is given
by a p-Wasserstein distance between p and v, whereas, in the present paper, in order to take into account (in a
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special case) congestion effects, we are lead to consider as a transportation cost the squared norm of p— v in the
dual space of some subspace of H(Q) (see Sect. 2 for details). In dimension 2, this in particular prevents the
presence of atoms of y — v. Hence, contrary to [5], who considered a term forcing the distribution of services v
to be concentrated in at most countably many locations, we rather consider an interaction term of the form:

H(v) ::/7 5Vd(z/®z/),

Qx

where V(z,y) is, for instance, an increasing function of |z — y|. Such a term, studied in [9] as well, has already
been proposed in [10] as a concentration term useful in similar urban planning problems.

The next section is devoted to modelling traffic congestion. In Section 3, we write down the variational
problem and establish existence of minimizers. In Section 4, using the strict convexity of the functional with
respect to p, we characterize the optimal p for fixed v. In Section 5, after reformulating the initial problem with
respect to v only, we give necessary optimality conditions. In Section 6, we introduce approximated problems,
from which we are able to recover regularity properties of the minimizers. The approximation strategy consists
in adding two terms to the functional : a squared L? norm term and a squared 2-Wasserstein distance term.
Using elliptic regularity theory and optimal transportation arguments, we obtain L> estimates when {2 is convex
and L% _ estimates in the general case. In Section 7, qualitative properties of the support of optimal v’s are
established (nonempty interior, simple-connectedness). Finally, in Section 8, we study in details some examples;
we first treat the unidimensional case, in which one can use a special displacement convexity property to derive
a uniqueness result, then we treat the case when the interaction term is the variance of v in two dimensions.

2. TRAFFIC CONGESTION

In this section, we formally describe how we model congestion effects in the transportation cost functional.
Our analysis builds upon the continuous transportation model of Beckmann (see [2,3]).

We are given an urban area €2, which is an open bounded connected subset of R? satisfying some smoothness
assumptions that will be made precise later, and we denote by p and v the respective distributions of residents
and services in the city. As a normalization, we may assume that p and v are probability measures on Q and
that p (respectively v) also gives the distribution of consumption (respectively of production) so that the signed
measure ( — v represents the local measure of excess demand. Following [2], we assume that the consumers’
traffic is given by a traffic flow field, i.e. a vector field Y: ©Q — R? whose direction indicates the consumers’
travel direction and whose modulus |Y] is the intensity of traffic.

The relationship between the excess demand and the traffic flow is obtained from an equilibrium condition
as follows. There is equilibrium in a subregion K C  if the outflow of consumers equals the excess demand
of K:

Y ndH" ! = (p—v)(K).
oK
Since the previous has to hold for arbitrary K, this formally yields:

divY = p— . (2.1)

It is also assumed that the urban area is isolated, i.e. no traffic flow should cross the boundary of the city,
hence:
Y -n =0 on . (2.2)

If the transportation cost per consumer is assumed to be uniform, then one may define the transportation cost
between p and v as the value of the minimal flow problem:

inf |Y (2)|dx : Y satisfies (2.1)—(2.2) » .
Q
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Of course, one generally has to look for generalized (i.e. vector-valued measures) solutions of the previous
problem. Let us also mention that the previous problem (or its extension to measures) is tightly connected
to the notion of transport density in the Monge-Kantorovich optimal transportation problem (where cost =
euclidean distance), and its value coincides with the 1-Wasserstein distance between p and v. We refer to
De Pascale and Pratelli [7], for details and very interesting regularity results for transport density in the
Monge-Kantorovich problem.

Now, in order to take into account congestion effects, it is more realistic to assume that the transportation
cost per consumer at a point x depends on the intensity of traffic at x itself. Let g : Ry — Ry be a given
nondecreasing function, and assume that if the traffic flow is Y then the transportation cost per consumer at x
is g(|'Y (z)|). It is natural, at this point, to define the transportation cost between p and v as:

Cy(p,v) := inf {/Qg(|Y(x)|)|Y(a:)|da: : Y satisfies (2.1)(2.2)} .

For the sake of simplicity, we will assume, from now on, that g(t) = ¢ for all t € Ry, and define the cost:

C(p,v) := inf {/ Y (2)|?dz : Y satisfies (2.1)(2.2)}. (2.3)
Q
where (2.1)—(2.2) are understood in the weak sense, hence read as:

/Y-V(Z)z/_cf)d(u—y),for all ¢ € C*(Q).
Q Q

X:{d)eHl(Q): /ngo}.

X is a Hilbert space, when equipped with the following inner product and norm:

Let us define:

(6,4) ¢ = / Vo Vo, 6% = (6.6)x -

As usual, we shall identify X and its dual X’ by Riesz’s isomorphism: for every f € X', there exists, unique,
¢ € X such that:

(9, ) ¢ = f() for all ¥ € X. (2.4)
This implies:
1fllxr = [l x-
We shall also write (2.4) in the form:
—-Ap=f inQ,
o (255)

0 ondQ, éc X.
on

With those definitions in mind, it is easy to check that our cost functional given by (2.3) may also be written as:

lu=vl% fp-veX,

Clp,v) = { +00 otherwise. (2.6)

Equivalently, we have:

Clu)t =sww{ [ o= ser@), [o=0. follx <1}. (2.7
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3. THE MINIMIZATION PROBLEM

In what follows,  is a bounded and connected open subset of R?, V is a nonnegative l.s.c. function on R?
and £2? denotes the 2-dimensional Lebesgue measure on ). We consider the variational problem:

inf { F(p,v) = C(p,v) + G(n) + H(v): p,v probabilities on O} (3.1)
where:
—v||% ifp—veX’,
Gy [ vl i
400 otherwise;
2 . 2 2
u” ifp=u-L? ue L¥(Q),
ai = { J i @
400 otherwise;
and

H(v) = /, Vi@ w)(ds,dy).

Theorem 3.1. Assume that V' is bounded from below, ls.c. and there exist probability measures po and vo
on Q such that F(uo, o) < +0o. Then the minimization problem (3.1) has at least one solution.

Proof. First it is clear that the infimum of (3.1) is finite. Due to the weak-* compactness of the space of
probability measures on (denoted by P (ﬁ) in the sequel), the existence will directly follow from the weak-x
lower semicontinuity of F. The weak-*x lower semicontinuity of G is clear, that of the interaction functional H
is easy to establish and that of C follows from formula (2.7). d

4. MINIMIZATION WITH RESPECT TO v’

In this paragraph, we consider for a fixed probability v (with ¥ € X’) the minimization of F' with respect
to p:
inf {C(u,v) + G(p) : p probability measure on Q }. (4.1)

Proposition 4.1. Given v € P (ﬁ) N X', then (4.1) admits a unique solution p which is characterized by
pw=¢- L% where ¢ € H(Q) is the solution of:

—Ap+op=v inQ,
9¢ (4.2)

— = Q.
n 0 on O

Proof. It is obvious that (4.1) admits a unique solution u = u - £2 with u € L?(Q). Let p be a probability
measure on ) with p = v - £2? and v € L?(Q) (which implies at once p € X’). For ¢ € (0, 1), one has:

0<Clp+elp—p)v)+Gu+elp—p)—Cluv) - Gu). (4.3)

Let ¥ € X be the solution of:
AY=p—v in{,
4.4
8_1/1 =0 on 0N). (44
on
Similarly, let n € X be the solution of:
An=p—p infQ,
on (4.5)

n =0 on 0f).
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‘We then have:
Clutelp—p),v)=lp-—v+ep—wli =v+enlk
=C(p,v) +2E/ Vw-VnJrEQ/ [Vn|?
Q Q
= Cuw) =2 [ v =)+ o= sl (4.6)

Similarly

Glu+e(p— 1) = Glu) + 25/Qu(v )4 /Q(v — ), (4.7)

Replacing (4.6) and (4.7) in (4.3), dividing by € and letting ¢ — 07, yields:
[o-u@-v =0 (45)
Q

Since p = v - £? is an arbitrary probability measure (with v € L?(£2)), (4.8) can also be written as:
there exists m € R such that: u —1¥ > m, u — ¥ = m p-a.e. (4.9)
Since u > 0, this also implies u = (¢ +m)4 (as usual, t; := max(0,t), t_ := max(0, —t), for all t € R).

Define then ¢ := (1) + m). Let us prove that ¢ > 0 so that we get u = ¢. First notice that ¢_ = 0 p-a.e.
(using (4.9)), and then get:

/Qwsw/{¢<O}|V¢|2/Q¢>d(uu>/g¢duzo.

This proves ¢_ = 0 and hence u = ¢; replacing in (4.4), we get that ¢ is the solution of (4.2).

5. OPTIMALITY CONDITIONS

Thanks to Proposition 4.1, we can reformulate the problem (3.1) in terms of v only. More precisely, define
for every probability measure v on 2

J(v) :=inf {F(p,v) : p probability measure on Q }.
By Proposition 4.1, we have:

/(|V<Z)|2 +¢?) + H(v) with ¢ the solution of (4.2) if v € X,
Q

+o00 otherwise.

J(v) =
Identifying H*(Q) and its dual H'(Q)’ via Riesz’s isomorphism for its usual Hilbertian structure:
Oy = [ (V0-V0+00),

||¢H%{1(Q) = (o, ¢>H1(Q)7
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we may also rewrite J as:

J(V) _ { HVH%F(Q)' + H(V) ifve I.{l(Q)lv
+00 otherwise.

Finally, the reformulation of (3.1) reads as:
inf {J(v) : v probability measure on Q }. (5.1)
In what follows, for every v € HY(2)', we will say that ¢ € H(Q) is the potential of v if:

(6, ) i1y = V(). for all ¢ € H'(Q). (5.2)

Put differently, the potential of v is the weak solution of:

—A¢p+¢=v inQQ,
99 _

T 0 on 0f2.

Let us also remark that if, in addition, v is a probability measure on Q and ¢ its potential, then ¢ - £2 is a
probability measure on €2 as well.
Let us denote by C the set of probability measures belonging to the domain of J:

C="P (ﬁ) NHY(Q) = {z/ cHY(Q) : v>0in HY(Q), v(1) = 1}. (5.3)
In general, the interaction functional H is not convex. However, in the small case, i.e. when either V or 2 is
small (in a sense quantified below) then, due to the term ||.H§{1(Q),, the quadratic functional J is in fact strictly

convex.

Assume that V € C?(Q x Q,R) and define:

1
2

e i= ([ (IVG@ ey + 1007 @iy + 102V (i) ) (5.4)

Proposition 5.1. Assume that V € C?(Q2 x Q,R) and let cqv be defined by (5.4). If cav < 1, then J is a
strictly convex functional on C; (5.1) then admits a unique solution.

Proof. Given v € C, let us define:

Since T}, € H'(Q), we have, on the one hand:

|H(v)| = [v(T)] < vl @y 1 Toll @) (5.5)
On the other hand:

2

7 + VI = ([ V<x,y>u<dy>>2+ [ V.vgiay

< 3y (V@ sy + 100V (@, ) ) + 1002V (@, sy ) -
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Integrating the previous inequality and using (5.5), we then get:
2
[H ()| < covllvlizm g

so that:
J(v) = (1= cav) [Vl oy
and the claim of the proposition easily follows using the fact that J is quadratic. O

Let V* denote the symmetric part of V:
) 1

The first-order optimality conditions for (5.1) are given by the following result:

Proposition 5.2. Assume that V € C?(Q x Q,R). Given v € C, let ¢ be the potential of v and let TS be
defined, for all x € Q0 , by:

TS () = v(V*(z,.)) = /ﬁ V(2 y)w(dy).

If v is a solution of (5.1), then there exists a constant m such that:
o+TS>m, o+T; =m v-a.e. (5.7)
Proof. Let p € C, and n € H*(Q2) be the potential of p — v. Let € € (0,1); since v solves (5.1), we have:
0<Jw+elp—v)—Jw). (5.8)

We also have:
v+ el =)y = I6+enling = Jv) + 2 /ﬁfbd(p —v) +&2nlF )

Similarly:

Q aQxQ
Replacing in (5.8), dividing by ¢ and letting e — 07 yields:

H(v +e(p— ) = Hv) + 2 / Tsd(p - v) + / Vd((p— 1) ® (o — ).

/_<¢+Ts>d<p—u>zo.
Q

Since p € C is arbitrary in the previous inequality, setting:
m = /7(41) +T))dv
Q

and using the fact that ¢ + T3 € H'(Q2) we then have (in the H'(Q2) sense):
o+T;>m, o+ T, =m v-a.e. d

Remark 5.1. Firstly, let us remark that, thanks to Proposition 5.1, if, in addition, c¢q,v < 1, problem (5.1)
being strictly convex, condition (5.7) is in fact sufficient and fully characterizes the minimizer. This fact will
be used several times in the examples of Section 8. Secondly, it should be noticed that in (5.7) v appears only
indirectly through its potential and 7.
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6. REGULARITY VIA APPROXIMATION

The aim of this section is to get some regularity results on the optimal measure v by approximating the
minimization problem and then looking for some properties of minimizers passing to the limit.

Before considering the approximation, we need to recall useful results regarding: first, the Wasserstein
distance from optimal transport theory and, second, elliptic regularity.

Definition 6.1. For every p > 1 we call p—Wasserstein distance between two probability measures y1 and o
on 2 the quantity

1/p
W, (r. i) — in < [ e ymmz,dy))
QxQ

where the infimum is taken on all transport plans A between p1 and g2, that is on all probability measures A
on 2 x ) whose marginals w#)\ and wi)\ coincide with p; and pg respectively.

To recall some properties of Wasserstein distances we need another definition:

Definition 6.2. We say that a function v is c—concave with respect to the cost |z — y|P if it can be written in
the form

Y(r) = inf |z —yP —x(y).
yeN

With the same notation we will also say that v is the c—transform of y (and so a function is c—concave if and
only if it is the c—transform of some function), and write ¢ = x°.

Proposition 6.1. The space P (ﬁ) equipped with any p— Wasserstein distance turns out to be a compact metric
space with the same topology as that given by the weak™ convergence of measures. Moreover, it holds

Wf(ﬂl; ) = sup /

9 c—concave J Q)

b + /5 v dpiz. (6.1)

Q

In our discussion we will make use only of 2—Wasserstein distance and so we will only deal with c—concave
functions with respect to |z — y|?. Notice that those functions coincide with the functions v such that x +
Y(x) — 2% is concave in the usual sense. Moreover, being expressed in terms of an inf, it is clear that they
are all L—Lipschtiz functions, with L = 2diam ). Just a last notation: the c—concave functions realizing the
maximum in (6.1) will be referred to as Kantorovich potentials in the transport between p; and po.

As a second tool we need some result on elliptic regularity theory in the case of Neumann conditions. Precisely,
we will use the following.

Proposition 6.2. Consider the elliptic equation (4.2), which is always endowed with an unique solution for
every v € X’'. Then it holds:

e if Q is an open set with C? boundary and v € LP(Y) then ¢ € WP(Q);

e if Q is an open set with C** boundary and v € C%(Q) then ¢ € C>*(R).

We refer to [1] for both implications. For the Holder theory we can refer also to [8], whose results in Chapter 6,
Section 7, have to be adapted, while for the LP theory in the case p = 2 the ninth chapter in [4] can be seen as
well. From now on, we will call “regular” those open sets whose boundary is C?® for at least a positive value
of a.

In our approximation, we want to retrieve information on all minimizers of our problem (in general, when J is
not convex they could be more than one), and so we define some functionals J. for every choice of 7 € argmin J.

We set, for small € > 0,

Jo(v) = T0) + W ,v2) + 00|20y,

where (v¢). is a sequence of measures which are absolutely continuous with a strictly positive density, approxi-
mating 7 in the Wy distance, and d. is a small parameter depending on € to be properly chosen.
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Since the semicontinuity of the terms we have added with respect to weak™ topology is clear, we get the
existence of at least a minimizer 7. for each functional J.. We have the following result, which is nothing but
an ad hoc modification of general I'—convergence concepts.

Proposition 6.3. It is possible to choose the parameters d. and the sequence (V:)e in such a way that the
sequence of minimizers (Uz)e of J. tends to U in the weak™ topology (or, equivalently, with respect to the Wa
distance).

Proof. We choose v. € L?(Q) such that J(v.) < J(7) + £2/2, and maintaining the fact that v. > 7. This
is possible thanks to Lemma 6.4, choosing an L? sequence (v.). which approximates ¥ in the strong topol-
ogy of H(Q)" and noticing that also the interaction term is in fact continuous with respect to this conver-
gence. It is not difficult to choose the densities of the measures v. to be positive as required. Then we
set 0 = 52(HV6HL2(Q))_2/2-

So we have

J(@2) + W3 (Te, ve) + 0 |[Tel| 2y < T(ve) + 0c [Vell72g0) < T (@) + €2

Since 7 is a minimizer for J we have J(7.) > J(7), and so we get
J(@) + eWi(Pe,ve) < J(D) + €2,
where we have neglected the positive term 4. HﬁEHiQ(Q). By simplifying and dividing by ¢ we get
W3 (ve,v:) < e,

and so

Wa(7e,7) < Ve + Wa(7,ve) — 0,
which is the thesis. O
Lemma 6.4. The subspace C°(Q) C L?(Q) is dense in the Hilbert space H'(Q)'.

Proof. 1t is sufficient to show the following implication:
€ S Hl(Q)Ia <€af>H1(Q)/ = O fOI' all f = CEO(Q) = é’ o 0

After calling ¢¢ and ¢ the potentials of £ and f, respectively, we have

6 Doy = Websh ey = [ vevs + [ VeV = [ wer

Consequently, the condition of being ¢ orthogonal to every f € C2°(£2) in H'(Q)’ implies that the potential of ¢
must be orthogonal in L?(Q2) to all C2° functions. So ¢ must be identically 0 and then £ = 0. O

Having established the convergence of the minimizers 7. to 7, we look for uniform estimates of such mini-
mizers. From now on, we will make use of the following assumption on the function V:

Vdiod (V depends increasingly on distances): V is a function of the form V(x,y) = v(jx — y|?) for a C?
strictly increasing function v with v/(s) > 0 for s > 0.

Obviously, under this hypothesis, V' is a symmetric function and so V= V?® and T,, = T} for every probability
measure v.
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6.1. L°° estimates in the convex case

Theorem 6.5. Suppose that  is a bounded, reqular and strictly convex open subset of R? and that Vdiod holds.
Then, every minimizer V. of J. is an absolutely continuous measure with L°° density, bounded by a uniform
constant depending on Q and on ||VHCQ(Q). Consequently, U has a density bounded by the same constant as
well.

Proof. We write down a necessary optimality condition on .. To obtain it, we act as in the proof of Propo-
sition 5.2. We have only to consider two additional terms. The L? term is easy to deal with: if we set
Vet =ve +t(p— ve) for small ¢, t € [0,1] and an arbitrary probability p € L%(Q), we have

2 — 112
Weilagey — 1722 -
m =2 (p_Va)Va-
t—0 t Q

For the Wasserstein term, we behave as in [5]. Let us choose for each ¢t a Kantorovich potential 1. ; for the
transport between v, ; and v, and let 1. be the only Kantorovich potential (up to additive constants) between T,
and v, (uniqueness comes from the fact that the density of v, is positive everywhere on the connected open
set ). We can choose all these Kantorovich potentials to vanish on a same point. Remember that they are all
L—Lipschitz functions. We then have

W22(Va,t; VE) - Wg(va; VE) < t/ we,t d(p - ﬁe),
Q

and so

2 2 (=
lim sup W3 (Va’t’ye)t Wa (e, ve) S/Tl)ed(]!)*ﬁe).
t—0 Q

We have used the fact that, up to subsequences, the sequence (¢¢); has a limit and such a limit must be a
Kantorovich potential between 7. and v., and so it must be 1)..
By this considerations and the same technique as in Proposition 5.2, we get

5.7 + gws + e+ Ty, > coin (6.2)

0.V + gwg + ¢ +Tp. = cc for U — a.e.z € Q. (6.3)

Here ¢. is the potential of 7., and we have identified 7. with its density (obviously 7. € L?(2)). We may write

Ve = (% (CE — ¢ — Ty, — §¢a> : (6'4)
e +
Since 7. is L? we have ¢. € H2(Q) C C%%(Q), and this shows that 7. is Holder continuous, since all the
functions appearing in the positive part are at least Holder continuous. Consequently, since 7. € C%(2), the
function ¢. turns out to be a C%< function.
We look for a maximum point z. of Z.: in it we have a local minimum of the sum §. + ¢ + T3, . Thanks to
x +— 1. (z) — 22 being concave, we may write ¢. < [ + @, with equality in z., where [ is an affine function and
Q(z) = 2%. Consequently z. is a local minimum for the sum 5(I + Q) + ¢ + T5.. Lemma 6.6 shows that .
does not belong to the boundary of €2, at least for small . So, since x. is an interior point and all the functions
involved are at least twice differentiable, we may write, taking the laplacians,

0 <2+ A¢(x:) + ATy, (x.). (6.5)
In this case we can use U, = ¢. — A¢. to estimate U.(x.). In fact in 2. we have T.(z.) > 0 and so

¢E(I€) - M <ec, (66)
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where M = sup |¢¢| + |T5.| can be uniformly estimated, 1. being L—Lipschitz functions vanishing at a given
point in Q and |T,| < sup|V| for every probability v. So it is sufficient to estimate c.. To do this we can
integrate (6.4), obtaining

5. > Q| — M|Q| - 1, (6.7)

where we used the fact that both 7. and ¢. are probability measures. Putting together (6.6) and (6.7) we get
¢ < C, being C' a constant depending on 2 and sup V, and so, by recalling the equality 7. = ¢. — A¢. and
the inequality (6.5) we get

Ve(ze) <C+2e+ HVHC2(Q) :

Since z. is a maximum point we have got an L°° estimate on 7. (I

Lemma 6.6. Suppose that ) is a bounded, regular and strictly convex open subset of R? and that Vdiod holds.
Then, at least for small ¢ we have x. € Q.

Proof. Suppose, on the contrary, to have a sequence (z.). contained in the boundary 9. Such z. is a local
minimum point for 4. + ¢. + T3, . In a local minimum point on the boundary the normal exterior derivative
should be non positive. The derivative of 1. may also not exist, but we may use the fact that . is an
L—Lipschitz function. Being multiplied by ¢, and vanishing by definition the normal derivative of ¢., it is not
difficult to check that we should have

15
lim sup a@ng (ze) <0. (6.8)

e—0

On the other hand, we have

%(Ie) = 2/QU'(|JUa — Y (2. — y) - n(z) T(dy) > asovL(Q\ Ss(z.)),

where as is the minimum value of v’ on [0%,diam Q2] and, for every point x € 99, we define Ss(z) =
{y € Q| (x —y) -n(x) < d}. Condition (6.8) implies that, for every § > 0, it holds 7.(Q2 \ Ss(z.)) — 0. Taking
a limit point zo of the sequence (z.)., we will show that this implies that the measure which is the limit of the
sequence (U.) is concentrated on xg. This is impossible, since this limit measure is 7, which is optimal for J,
and so it belongs to H'(2)’. Yet in two dimensions a measure concentrated on a single point does not belong
to such a space. To conclude, it is then sufficient to show that, for each ball B(xg, ), it holds S5(z.) C B(xzg,r)
for sufficiently small ¢ and e, thus getting lim. 7. (B(zo,r)) = 1 for every r > 0. If not, we would have a
sequence (yse)s.e such that (x. — ysc) - n(ze) < 6 and |x — ys| > r. At the limit we get a point y € 99 such
that (zo —y)-n(xe) < 0 (which implies, in a strictly convex Q, ¢ = y), but |z¢o —y| > r, and this is absurd. O

Remark 6.1. If we want to consider the one-dimensional case (with €2 an interval) the proof of Lemma 6.6
has to be modified: it is sufficient to say that a measure concentrated at a single point, which is a terminal
point of the interval, cannot be optimal. The potential of such a measure can be explicitely computed, being
an exponential function, and it can be proven that the optimality condition of proposition 5.2 cannot hold, at
least under the additional assumption v'(0) = 0 in Vdiod.

We conclude this part of the section by a consideration on the consequences of this result on the regularity
of the potential ¢.

Corollary 6.7. The potential ¢ of an optimal measure is a WP function for any 1 < p < 400 and then a O
Sfunction too.

Proof. Just apply Proposition 6.2 and consider that 7 € L>(Q) C LP(Q) for any finite p. The second part of
the statement is just a consequence of well-known embedding theorems. (Il
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6.2. Interior L? estimates in the general case

In this section, we look for weaker estimates which are valid in the case of a non convex domain 2. Let us
write 9Q =Ty UTy, where 'y = 9Q N9 (co) and T'y = 9N\ 9 (co ).

Theorem 6.8. Suppose that 'y is a strictly convex regular boundary and that Vdiod holds. Then, given a
Lipschitz function 0 such that d(spt8,T's) > 0, the sequence of functions (0V.). is bounded in L?.

Proof. We start by testing equation (4.2) for 7. against the function §27.:

|70 = [ o007+ [ vo.-viem) (6.9)

Since on spt 7. we have V¢, = —6. VU, — V(5¢. + T5,), we get
/ 720% = / 0D, — 65/ V7. - V(0*7.) 7/ V(fu)e +Ty.) - V(0*7.)
Q Q Q o 2

g/(;559276—56/92|Vv€|2—25€/759V75~V9
Q Q Q

£ v\ g2 o (O1y, ¢
—|—/QA(2¢5+T,,5)0 7, /me ye( = QL). (6.10)

Using once more 6. V7, = =V, — V(59 + Ty, ) on spt 7. in (6.10), we get:

/5592 < / @92?6—65/ 92|Vv6|2+2/vaev¢a-v9
Q Q Q Q
7.0V (S + 75 ) - S, 0o — [ g (O _E
+2/Qy€9v(2wg+Tya) ve+/QA(2¢E+T%)9 7, /mo y5< £ 2L>. (6.11)

Notice that the Laplacian appearing in the fifth term is composed by two parts: the Laplacian of a C? function
and the Laplacian of a concave one, which is a negative measure. We have six terms that must be estimated:

e the first one is bounded by [0V | 12 [|60¢¢ | 123

e the second is negative;

e the third is bounded by ||V | 12(q) [167: 12(q) Lip 6;

o the fourth by [|67c|| ;2o (5L + lip V) lip 6;

o the fifth by (2¢ + [|V][02(q)) HGQHLw(Q)?

e the last one is negative for small € and it can be proven exactly as in the proof of Lemma 6.6.
The proof is then achieved, since the sequence (¢ ). is bounded in H*(£2), thanks to ||¢E||iQ(Q) + HVQZ)EH%Q(Q) <
Je(V.). Moreover, the left hand side in (6.11) is quadratic in [|67.||;»(q) and the right hand side at most linear,
which gives the estimate we were looking for. (I

Theorem 6.8 gives a local L? bound on the densities 7.: this enables us, together with the optimality
conditions of Section 5, to state a stronger regularity result.

Theorem 6.9. Suppose that I'y is a strictly convex regular boundary and that Vdiod holds. Then any optimal
measure U for J can be expressed as v = v + 7%, with 7* € L>®(Q) and 7° a singular measure supported on Ta.

Proof. By Theorem 6.8 we get that ¥ is locally L? in € \ T's. This means, by interior elliptic regularity theory,
that its potential ¢ is locally H? in the same set, and thus continuous. Hence the equality ¢ = ¢ — Ty given by
optimality conditions holds true on the whole spt7. So the following holds

¢lsprw = (¢ — T)lsprw € L(Q). (6.12)
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Moreover, £2—almost everywhere on spt 7, we also have A¢ = —ATy, and so
ALy = —ATplpew € L(). (6.13)

(6.12) and (6.13) together, imply
vip = (¢ - A¢)Ispt7 € LOO(Q)v
where A =0 \ I'y. Finally, set v* =7I4 and v* =7Ir,. O

Remark 6.2. In Section 8, an example will be given to show that it is in fact possible that an optimal v gives
a positive mass to I'y

7. QUALITATIVE PROPERTIES OF THE MINIMIZERS

In this section, we give some qualitative properties regarding the support of an optimal measure v. This
turns out to be very important, thanks to the following result. In all the section 2 will be strictly convex,
regular, and condition Vdiod will hold.

Proposition 7.1. The L density of any optimal measure v coincides almost everywhere in sptv with a
continuous function.

Proof. Thanks to the regularity of the potential ¢ we may say that the equality ¢ = ¢ — T, holds eveywhere in
the support and that, for the laplacian of ¢, which is an LP function, it holds A¢ = —AT), a.e. From v = ¢— A¢
and V € C%(Q), which implies T,, € C?(Q), we get the thesis. O

As a consequence of the previous result, we may say that the reason for possible irregular behaviour of v
must be traced back to the shape of its support. As far as this shape is concerned, we can only give two general
results, whose statements are quite weak.

Proposition 7.2. Suppose, other than the general assumptions of the section, that V is strictly convex. Then
the support of v has non-empty interior.

Proof. We will show that sptr contains a small ball around the point zy defined by x¢g = argminT,. The
function T, inherits strict convexity from V', and so there exist just one minimizer and just one critical point
for T,,. We start by saying that, under the assumption of Theorem 6.5, we must have spt v N 9Q = 0. Indeed,
¢ being a C'1** function, it holds V¢ = —VT,, on the whole support and this, by calculating VT, as in Lemma 6.6,
would otherwise prevent the normal derivative of ¢ from vanishing on 0.

We now want to show that xg € sptv: to do this consider a maximum point T for ¢. Such a point must
be placed in spt v, since outside it holds A¢ = ¢ and on an interior maximum point we should have a strictly
positive value for ¢. The same consideration can be performed on the boundary, since we already know that
the normal derivative vanishes and no maximum point on the boundary with vanishing normal derivative and
positive laplacian is allowed. Notice that outside spt v the function ¢ is an analytic function because of standard
elliptic regularity theory and so it makes sense to consider its laplacian on 052 too.

Now, it must hold

0=Vo¢(@) =-VT,(T),
and so T = xy. Consequently x( is a point in spt v and then in €.
Let us now consider for a fixed small value of ¢ > 0 and for § in a ball near 0 € R? the functions

fea(@) = 8(a) = fa = (z0 + 9) 2

The parameter € has to be chosen in such a way that in any maximum point of f. 5 it holds ¢ > ¢ (it is in fact
sufficient to satisfy the inequality |Q2]~1 > £(1 + (diam Q)2/2)). After choosing ¢ > 0 in such a way, we will
think of it as a fixed parameter.
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Now consider x5 € argmin f; s. Such a point cannot lie on the boundary because of the sign of the nor-
mal derivative, and it cannot be outside spt v, by computing the laplacian. So x5 € sptr. The point x; is
characterized by

[eId+ VT,)(xs) = e(xg + 0),
the application on the left hand side being injective since it is monotone (in the usual sense for vector-valued
maps). If § = 0 the solution is given by zs = xp, and so, by standard local inversion theorems, the set of
points x5 covers a small ball around xg. Such a ball must consequently be contained in spt v. (I

Our next result deals with the topology of the support

Proposition 7.3. Suppose, other than the general assumptions of the section, that V is strictly subharmonic,
i.e. AV > 0. Then the support of v is simply connected, in the sense that, if w C Q is an open set such that
Ow C sptv, then w C sptv.

Proof. We consider a maximum point xg for ¢ + T, in w. Let us recall that ¢ =c—T, insptrvand ¢ > c—1T,
everywhere. So, if the maximum point belongs to spt v, we have ¢ = ¢ — T, on w. On the other hand, it is
impossible to have zp € w \ sptv because there we have A(¢ + T,) = ¢ + AT, > ¢ > 0, since T, inherits
strict subharmonicity from V. Consequently, xo must belong to w N sptv. Then we have ¢ = ¢ — T, and so
A¢ = —AT, in the whole w and so

v=¢p+AT,>¢>0in w,

which obviously implies w C sptv. O

8. EXAMPLES

8.1. The unidimensional case

It’s worthwhile to consider the case where Q@ = (—R, R) is a bounded interval in R, instead of a two-
dimensional open set. Obviously from the point of view of applications it sounds less interesting, even if
sometimes in urban economics unidimensional models have been used to deal with the case of very long and
narrow cities (and in fact some towns on the sea shore are not far from being one dimensional). From a math-
ematical point of view, the main interest lies in the fact that we can show the functional J to be displacement
convex (or strictly displacement convex), under convexity assumption on V. This gives uniqueness of the mini-
mizer, but it is also important since displacement convexity has never been studied for functionals of the form
of the squared (H')' norm. Anyway, the techniques here used to get this term geodesically convex are very
specific to the unidimensional case .

Let us recall the notion of displacement convexity, which has been introduced and developed by McCann
in [9].

Definition 8.1. Let p and v be two probability measures on Q and let T' : © — Q be an optimal transport
map (unique if 4 is absolutely continuous) between them with respect to the cost function |z —y|?. We consider
the curve 47 with values in P (Q) endowed with the 2—Wasserstein distance, given by

ts AT (t) = [(1— ) Id + tT) gp.

A functional F' defined on P (ﬁ) is said to be displacement convex if all the maps t +— F(y7(t)) are convex
on [0, 1] for every choice of p, v and T.

Before presenting the displacement convexity result, we need to recall the concept of Green function and its
link to the squared (H')" norm. The following result can be adapted to any dimension.

Proposition 8.1. For every measure v € HY(Q)' it holds

sy = / G, ) v(de)r(dy),
QxQ
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the function Gy = G(x,-) being for every x € Q the solution to

—A,Gy + Gy =0, inQ,

8.1
% =0 on 052, ®.1)
on

i.e. G is the Green function for the operator —A + Id with Neumann boundary conditions.

Proof. First, we notice that it holds

Wy = [ ¢+ [ (voP = [ oav

Then the general theory on Green functions allows us to say that it holds ¢(z) = [, G(z,y)v(dy). Integrating
once more with respect to v gives the thesis. (I

Now we will take 2 = (—R, R) C R and we will divide the square (—R, R) x (—R, R) into two triangles:
T+ = {(.ﬁ,y) € (_R7 R) X (—R,R)|$ < y}
T~ ={(x,y) € (=R, R) x (=R, R) |z >y}

Theorem 8.2. If Q = (—R,R) C R and if V is a convex function of the pair (x,y) then the functional J is
strictly displacement convex. Consequently, it admits an unique minimizer.

Proof. An easy computation shows that the Green function in (8.1) is given, in the case of the interval (—R, R), by

cosh(z + R) cosh(y — R)

: +

Gloy) = sinh(2R) if (wy) €T,

L,Y) = cosh(z — R) cosh(y + R) it (¢,y) € T~
sinh(2R) oY

denoting by cosh and sinh the hyperbolic cosin and sin, respectively. It is also easy to check that both expressions,
the one valid in 7+ and the one in 7'~, are strictly convex functions.
Let us now consider a displacement interpolation vy = [(1 — t)Id + tT]xv and take

R R
J@n:/ /<G+W@+aﬂm—@w+uﬂw—wwmmw@»
-RJ-R

Since T must be an optimal transport with respect to the cost |z —y|? it is well-known that it is a nondecreasing
map: consequently (z,y) — ((1 —t)z + tT(z), (1 — t)y + T(y)) sends each of the triangles T, T~ into itself.
Then, in order to get t — J(v4) strictly convex, it is sufficient to have strict convexity of G4V in each triangle.
Our hypothesis ensures it and we get the thesis. (I

Remark 8.1. In the assumptions of Theorem 8.2 the convexity in each triangle T+, T~ of G + V is sufficient:
in particular, also some concave functions V' are allowed.

8.2. The case of a quadratic kernel in two dimensions

We now develop the particular case where V(z,y) = |z — y|?. For such a choice for V and particular Q we
are able to give an almost explicit solution.
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First, we make some general considerations on the quadratic kernel. Notice that, for every probability
measure v, we have:

T,(x) = |z — barv|* + Varv, H(v) =2 Varv,
30) = vl ey +2 [ JoPo(da) -2 bars? (82)
Q
denoting by bar and Var the barycenter and the variance of a probability measure, respectively.

We also compute the variation of our functional J when we pass from v to v + h, being h an admissible
perturbation, i.e. h =p — v with p € P (Q)

Jw+h)=Jw)+ 2/9((1) +T,)dh + HhH%_Il(Q)/ +/Q . |z — y|? h(dz)h(dy).

By using that h is a zero-mean signed measure, we may re-write the last term and get

2

J(v+h)=J®) +2/Q(¢)+T,,)dh+ 1213 0y — }/Qxh(dm) (8.3)

8.2.1. The case of the whole space

In the case Q = R? it is clear that we face a lot of symmetries, with respect both to rotations and to
translations. This second kind of symmetries enables us to consider just the problem where the barycenter of v
is fixed at 0. Given the set of minimizers for this sub-problem, we will get all the minimizers for the original
problem by translating them of an arbitrary vector in R2.

The problem

inf{J(v) : v probability measure on R? barv =0 }, (8.4)

thanks to (8.2) or (8.3), turns out to be a strictly convex minimization problem. We will then find its unique
minimizer by finding a measure v satisfying the optimality condition, i.e. such that z +— ¢(z) + |z|? is minimal
v—almost everywhere. Equation (8.3) can be used to convince oneself that such a condition is in fact sufficient
to have a minimum.

We will build a solution to the minimization problem by looking for a radial measure with radial potential
satisfying proper conditions. The following useful result is given without proof because it is only a (nontrivial,
we must admit) second-year exercise.

Lemma 8.3. Consider the Cauchy problem

tul (1) +ul (t) = % for t € (a,+0)

ug(a) =Cq —a (8.5)
up(a) = —1,

depending on a parameter a € (a™,a™), where Cy is a decreasing function of a in the interval (a=,a™) and the

following conditions hold: lim,_,q+ Cy —a < 0 and lim,_,,- Cy = +0c. Then there exists a numbera € (a™,a™)
such that:

e fora < @ the solution u, is convex and decreasing up to a point T'(a) where ua(T(a)) > 0 and ul,(T'(a)) =
0 and then increasing with non-zero derivative;

e for a =a the solution u, is convezx, decreasing and positive on the whole (a,+00) and it is infinitesimal
together with its derivative as t — +o00;

e for a > a the solution becomes negative.
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Moreover, the map a — T(a) is increasing and continuous and it holds

lim T'(a) = +o0.

a—a

Theorem 8.4. The unique solution to problem (8.4), and so to the whole minimization problem in R? (up to

translations) can be obtained by using lemma 8.8, with a= = 0, arbitrary large a™ and
14 Zg2
C,=—2——4,
Ta

Then the solution is the measure v whose density is given in the following, together with its potential ¢:

Cz+4—|z]2 for|z|><a Cqz—|z|*>  for|z|? <@
wm{ [ e <a 2 a

0 for |z|>>a’ uz(|z|?)  for|z|? >a.

Proof. Thanks to the considerations made before, it is sufficient to check that ¢ is the potential of v (by
computing the laplacian) and that v is a probability, i.e. [v = 1 (but C has been properly chosen); the
optimality condition being immediately satisfied by construction (¢(x) + |z|? is constant for x € sptv and
outside it is greater than this constant as a consequence of the convexity of ugz). Similar computations are
detailed in the proof of Theorem 8.6 O

8.2.2. The case of a small ball

The case of a bounded ball in R? may be interesting as well. In this case, however, we may suffer of a loss
of convexity, because we cannot reduce the problem to the simpler one with fixed barycenter. To avoid this
difficulty, we will consider a small ball, such that cqy < 1. Under this assumption, any critical point of the
functional will be actually the unique minimizer. We will build the minimizer exactly as in the case of R2, by
using Lemma 8.3. We keep the same choice of C, a~ and a™. By inverting the map 7" in Lemma 8.3 we define
a map R — a(R) given by T'(a(R)) = R?: this map is continuously increasing as well, and it obviously holds
a(R) < R2.

Theorem 8.5. The unique solution to problem (5.1), when V(x,y) = |z —y|?, @ = B(0,R) and R is small
enough so that we have cqy < 1, is the measure v whose density is given in the following, together with its
potential ¢:

_ 2 2<
y@){qwa+4 o for [of? < a(R)

0 for a(R) < |z|* < R?,
o(z) = Cary — |2/? for |z* < a(R)
Ua(r)(|2]?) for a(R) < |x|* < R2.
Proof. Just act as in the proof of Theorem 8.4 or have a look at computations in Theorem 8.6. 0

8.2.3. The case of a small crown

Let us now consider a circular crown with radii R; < Ry, that is the open set Q = B(0, Ry) \ B(0, Ry).
To give a solution to the problem we will use once more Lemma 8.3, but this time we will slightly change the
function C'. Moreover, exactly as in the case of the ball, we will only deal with a small crown.

Theorem 8.6. The measure v described in the following, together with its potential ¢, is the unique solution
to problem (5.1), when V(z,y) = |z —y|?, Q = B(0, R2) \ B(0, R1) and Ry and Ry are small enough so that we
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have cqyv <1 and 4R} < 1:

v=v"*+0°%

Ve (z) = {Ca(Rz) +4—|z*  for R} < |z|* < a(Rs)
0 for a(Ry) < |x|?> < R3,
v = 2R/H'LOB(0, Ry),
o(x) = {C‘“Rﬂ = |zf? for RY <|z* < a(Ra)
Ua(ra) (|2]%) for a(Ry) < |z|* < R3,

where we have chosen, in Lemma 8.3

c. — 1 —47R} + Z(a®> — RY) .

m(a — R?) ’

putting a~ = R?, and choosing a(Rz) so that it satisfies T(a(Rz)) = R2.

Proof. This time we give a quite detailed proof. We start by computing the mass of v to show that it is a
probability on .

_ _ _ Va(R2)
V(Q) = VS(Q)+ya(Q) :47TR%+/R (Ca(R2)+4—p2) 27Tpdp

4R} + (Co(ry) +4) 7 (a(R1) — RY) — g (a(R1)* — R}) = 1.

To show that ¢ is the potential of v we divide Q into two crowns: Q; = {z € Q| R} < |z|* <a(R;)} and
Q2 = {z € Q|a(R:) < |z]> < R}}. Then we have, for any ¥ € C'(Q),

¢ ¢
— + n(/}_
Qnen On 20100, On

0 0
+[veaowas [ wly w22,
Qo o

Q2NN on 092NN on

/ Yo+ Vi Vo = w<fA¢+¢>>+/
Q Q1 o

1UQ2

Let us have a look at the six terms in the right hand side:

e the first one equals fﬁ dr?, because in 0 we have v* = ¢ + 4 and Ap = —4;

e the second term is zero because ¢ has, by construction, vanishing normal derivative at || = Ra;

e the third and the sixth one are opposite and so they give a vanishing sum, because ¢ is C! by construc-
tion;

e the fourth term vanishes because outside B(0, v/a(Rz2)) we have A¢ = ¢ as a consequence of (8.5);

e the fifth one equals fﬁ 1dv® by construction of v°.

After checking that ¢ is the potential of v it is immediate to notice that, by construction, the optimality

conditions are satisfied.
O

Remark 8.2. Theorem 8.6 gives an example of an optimal v composed by an L*> part and a singular part on
'y = 0B(0, Ry), while giving no mass to 0B(0, Rs), which is the convex part of the boundary.
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